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PREFACE
This volume contains the full-length papers presented in the International Conference on
Uncertainty Quantification in Computational Sciences and Engineering (UNCECOMP 2021) that
was streamed from Athens, Greece on June 28-30, 2021.
UNCECOMP 2021 is a Thematic Conference of ECCOMAS, with the objective to reflect the recent
research progress in the field of analysis and design of engineering systems under uncertainty,
with emphasis in multiscale simulations. The aim of the conference is to enhance the knowledge
of researchers in stochastic methods and the associated computational tools for obtaining reliable
predictions of the behavior of complex systems. The UNCECOMP conference series, held in
conjunction with the COMPDYN conferences, gives the opportunity to the participants to interact
with the Computational Dynamics community for their mutual benefit.
The UNCECOMP 2021 Conference is supported by the National Technical University of Athens
(NTUA) and the Greek Association for Computational Mechanics (GRACM).
The editors of this volume would like to thank all authors for their contributions. Special thanks go
to the colleagues who contributed to the organization of the Minisymposia and to the reviewers
who, with their work, contributed to the scientific quality of this e-book.

M. Papadrakakis
National Technical University of Athens, Greece
V. Papadopoulos
National Technical University of Athens, Greece
G. Stefanou
Aristotle University of Thessaloniki, Greece
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NONLINEAR GAUSSIAN PROCESS LATENT FORCE MODELS FOR
INPUT ESTIMATION IN HYSTERETIC SYSTEMS
T.J. Rogers1 , J. D. Longbottom1 , K. Worden1 & E. J. Cross1
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Abstract. One outstanding challenge in structural dynamics is lack of access to measurements
while systems are in operation. For example, this could be wind or wave loads on offshore
structures, contact forces between a vehicle’s wheels and a roadway, the action of an earthquake
on a tall building. In view of this, one speciﬁc and important problem is to infer both the
unknown inputs to a dynamic system and its internal states. The difﬁculty of this task is linked
to the inherent uncertainty in the system, which has two key sources. The ﬁrst issue is the
presence of noise on the measurements or uncertainty in the dynamics of the system (process
noise); the second, is that it may not be possible to deﬁne a priori a functional form for the
loading signal. The Gaussian process latent force model is a tool to address both of these
tasks, it couples a known dynamic system with a ﬂexible non-parametric representation of the
unknown forcing. This representation is chosen to be a Gaussian process in time, which is
used to estimate the distribution of possible functions which could have been the unmeasured
inputs to the system. One key beneﬁt of this approach is that it provides closed-form expressions
for the process noise in the system, based on the characteristics of this function. This paper
extends the range of systems for which this type of model can be applied to those exhibiting
hysteresis. These systems represent a signiﬁcant increase in difﬁculty; not only do they introduce
a nonlinearity into the system parameters, but this nonlinearity requires an additional hidden
state. It will be shown in this paper how a particle Gibbs approach allows Bayesian inference
over the intractable state-space model that describes these systems. This approach allows joint
input-state inference to be performed even in these highly nonlinear systems.
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1

INTRODUCTION

This paper will address the problem where output measurements from a nonlinear dynamic
system are available, from which the practitioner would like to infer the internal (hidden) states
of that system and its unmeasured inputs. A motivating example may be the situation where
a suspension system for a vehicle is identiﬁed in a laboratory environment, then in use, one
wishes to investigate the displacement and velocity of that dynamic element and the unmeasured excitation from the road, based on measurements of the acceleration in the vehicle. One
important class of systems for which input estimation is particularly difﬁcult is hysteretic systems. Hysteresis, informally, introduces a memory effect into the system which can greatly
complicate identiﬁcation, including input-state estimation. The contribution of this work is to
extend previous work on nonlinear input-state estimation [1] to the case of a hysteretic nonlinearity in order to demonstrate the general and powerful approach of nonlinear Gaussian process
latent force modelling.
One sensible framework for attempting the challenge of input (load) estimation is that of a
Bayesian state-space model (SSM) [2]. If measurements of the input to the system are available,
recovering the hidden states of the system is achieved by inferring the ﬁltering or smoothing
distribution of the model. However, in the situation being considered here, these inputs are
unknown. It would be possible to assume that the system was excited with a white-noise;
however, this is often not true. It is necessary then to also model the unknown inputs to the
system with a view to inferring them. The challenge becomes that of making an appropriate
choice of tool to model these unknown inputs and how this may be incorporated into the model
of the dynamical system.
It is desirable that the model chosen to represent the forcing should be ﬂexible enough to
accommodate the diversity of functions which may represent these unknown inputs. For this
reason, a white-noise assumption on the input may be too restrictive. Instead, it may be appropriate to describe some of the characteristics of the function which may have generated the
forcing, for instance how many times differentiable it is. Such a tool exists in the Gaussian
process (GP), a ﬂexible Bayesian nonparametric regression model (for an introduction see [3]
or [4]). Given the existence of such an approach, a system can be imagined which has some
deﬁned dynamical structure where the input to that system is modelled as a GP in time which
provides a richer class of possible forcing signals.
Alvarez et al. [5] proposed such an approach for linear systems which could be modelled
as a dynamical system forced by a GP; they term this the Latent Force Model. By introducing
this ﬁrst or second-order dynamic component to the data-modelling process, they increased the
range of scenarios which could be effectively modelled using the Gaussian process. However,
the implementation and training of such models can be difﬁcult and time consuming. A signiﬁcant reduction in this complexity can be achieved given work by Hartikainen and Särkkä
[6], which shows that a temporal GP can be written as an equivalent linear Gaussian state-space
model (LGSSM) and an identical solution to the full GP is recovered by application of a Kalman
ﬁlter and Rauch-Tung-Striebel (RTS) smoother. It is then possible to transform the GP latent
force model of Alvarez et al. [5] into an LGSSM, where the states represent the dynamic system augmented by one or more additional states which are equivalent to the GP input to the
system. This link was noted in [7]; however, one limitation remains — the dynamic model is
restricted to linear systems. This paper will present a methodology for removing this limitation
such that a nonlinear latent force model can be learnt, also within the state-space framework.
In particular, the extension to more difﬁcult hysteretic nonlinearities is attempted. The main
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question being investigated is: ”Does the introduction of additional dynamic states, because
of hysteresis, impede joint input-state estimation with nonlinear Gaussian process latent force
models?”.
2

NONLINEAR LATENT FORCE MODELS

Beginning with the case of a linear latent-force model, for a second-order dynamic system,
the model being considered is,
Ms q̈ + Cs q̇ + Ks q = U,

U ∼ GP (0, k(t, t ))

(1)

where Ms , Cs , and Ks are the mass, damping and stiffness matrices of a second order system
which is forced by an unknown input U ; the subscript s is used to indicate that these are the
system matrices. The unknown input U is modelled as a Gaussian process with a zero mean and
a covariance kernel (function) in time, k(t, t ). Deﬁning the states of the model x = [q, q̇, u]T ,
with u being the augmented states which correspond to the GP, this model has an equivalent
continuous-time state-space representation,
ẋ(t) = F x(t) + v(t)
y(t) = Hx(t) + w(t)

(2)
(3)

with H being the matrix which deﬁnes the observation of the states; for example, in the case
of observing the acceleration of the system, q̈, H = [−Ms−1 Ks , −Ms−1 Cs , Ms−1 , 0]. This observation is subject to white noise w(t) on the measurements. The dynamics of the process are
captured in the matrix F which can be considered to be made up of four block matrices,
⎡
⎤


0
I
0
F
F12
F = 11
= ⎣ −Ms−1 Ks −Ms−1 Cs M −1 ⎦
(4)
F21 F22
0
0
FGP
In the top left, F11 is a block of the matrix which corresponds to the linear second-order
dynamics of the system; in the top right, F12 relates the forcing states u to this dynamical
system. The F21 block is zero, as the dynamics are assumed not to affect the forcing evolution
in time, i.e. the applied forces are independent of the dynamics. Finally, the matrix F22 contains
the state-space representation of the Gaussian process in time. How this matrix F22 is formed
will be brieﬂy reviewed now and it will be seen how it, along with the process noise v(t) is fully
deﬁned by the GP over U .
Following [6], for a GP with a stationary covariance function k(t, t ), it is possible to consider
the power spectral density of that covariance. Taking the popular Matérn 3/2 kernel as an
example, with r = |t − t |, one has,
 √
√
3r
3r
k(r) = σf2 (1 +
) exp −
(5)


which is governed by two hyperparameters; the length scale  and the signal variance σf2 . Taking
the Fourier transform gives the spectral density of the process as,
S(ω) = 4σf2 λ3 (λ2 + ω 2 )−2

(6)

√
where λ = 3/. Observing that this is a rational function with a denominator which is a polynomial in ω 2 , Hartikainen and Särkkä [6] apply a spectral factorisation on this density to show
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that this is equivalent to a stochastic differential equation (SDE) of order p, if the denominator is
a polynomial of order (ω 2 )p . More intuitively, the mode can be seen as an ordinary differential
equation (ODE) of order p forced by a white noise. Interestingly, this formulation links back to
the interpretation of a Gaussian process as a linear ﬁlter on a continuous white noise sequence.
For the Matérn 3/2 kernel being used as an example, this gives the SDE,
du
d2 u
− 2λ − λ2 = ν(t)
2
dt
dt
where ν(t) is a white noise process with spectral density q,
√
12 3σf2
q=
3

(7)

(8)

It should be noted at this point, that this formulation gives the state-space form for a single
output GP; however, it is trivial to extend this to a number of independent GPs acting on the
different degrees of freedom in equation (1).
Therefore, for a single-degree-of-freedom harmonic oscillator forced by a GP with a Matérn
3/2 covariance function, the equation of motion,
u ∼ GP (0, k(t, t ))

mq̈ + cq̇ + kq = u,

(9)

has an equivalent state-space form,
⎡ ⎤
⎤
0
0
1
0
0
⎢0⎥
⎢−k/m −c/m 1/m 0 ⎥
⎥ x(t) + ⎢ ⎥ ν(t)
ẋ(t) = ⎢
⎣0⎦
⎣ 0
0
0
1 ⎦
2
0
0
−2λ −λ
1

(10)

y(t) = −k/m −c/m 1/m 0 x(t) + w(t)

(11)

⎡

when one is observing acceleration and if the augmented state vector is x = [q, q̇, u, u̇]. The
solution to this system can then be found by discretising and applying the Kalman ﬁlter and
RTS smoother, since this is a LGSSM. For examples of the linear case, see [8], where inference
over the model is extended to include the hidden states of the oscillator, the unknown input U
and the parameters of the model Ms , Cs , Ks .
This paper however, is concerned with a more general case where the ODE which describes
the dynamic system is nonlinear. Considering a single-degree-of-freedom system, this means
inferring the displacement and velocity of an oscillator with an unknown input which can be
expressed as,
(12)
mq̈ + f (q, q̇) = u, u ∼ GP (0, k(t, t ))
under the same assumption that the unmeasured inputs can be modelled as a GP in time with
zero mean and some stationary covariance k(t, t ). Here f (q, q̇) is some function of the displacement and velocity of the oscillator, it is possible to recover the linear case as a subset of
this model by setting f (q, q̇) = cq̇ + kq.
It will now be seen how a similar procedure as for the linear case can be followed to develop
a nonlinear latent force model. This approach is discussed in further detail in [8] where a similar
methodology is applied to a Dufﬁng oscillator. Inspecting the structure of the SSM in equations
(10) and (11), it is clear that the state vector x can be viewed in two parts. The states related to
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the “physical” dynamical system (states related to q and q̇) and the augmented states which are
the GP modelling the forcing (in the case of the Matérn 3/2 kernel, u and u̇). This interpretation
gives some indication of how a nonlinear equivalent may be structured. The change in the
system equation to include nonlinear dynamics will result in the system states related to q and
its derivatives becoming nonlinear; however, the representation of the GP remains unchanged.
It is now possible to construct a nonlinear SSM with a similar structure to that seen in the
linear case,
⎤ ⎡ ⎤
0
q̇
⎢ u − 1 f (q, q̇)⎥ ⎢0⎥
m
m
⎥ + ⎢ ⎥ ν(t)
ẋ(t) = ⎢
⎣
⎦ ⎣ 0⎦
u̇
2
−2λu − λ u̇
1
1
u
− f (q, q̇) + w(t)
y(t) =
m m
⎡

(13)

(14)

This form covers many commonly-encountered nonlinearities; however, for certain types
— notably hysteretic systems — additional states also need to be included in the model. For
the purposes of this paper, the important point is that to apply the GP latent force approach,
it is possible to augment the state vector of the system with a number of states which are a
direct equivalent to assuming a GP in time as the input signal. The challenge then is to perform
inference over this extended state-space model, to recover the smoothing distribution; in the
vast majority of cases, this distribution will not be available in closed form and some numerical
estimation must be employed. As a point of interest that will not be covered in any more depth,
it would also be possible to accommodate inputs to the system which appear in a nonlinear
manner as opposed to a simple additive forcing.
2.1

Inference

While the modiﬁcation to the linear version of the GP latent force model may seem minor, it
unfortunately severely complicates the inference procedure. Remembering that the quantities of
interest are the hidden states of the model x, which include the internal states of the oscillator
and those related to the GP, the task to be solved (from a Bayesian ﬁltering perspective) is
one of inferring the smoothing distribution of this state-space model. That is to recover the
distribution1 p (x1:T |y1:T ). Since the model is no longer linear with Gaussian noise, it is not
(generally) possible to recover this distribution exactly. Instead some approximation must be
made.
The problem being addressed is one of estimating a high-dimensional intractable posterior
distribution, which is the smoothing distribution of the nonlinear ﬁlter. This challenge will be
addressed by the use of a particle ﬁlter. The particle ﬁlter can be used to form an efﬁcient approximation to the ﬁltering distribution of a nonlinear state-space model in a Monte Carlo manner. A number of weighted point masses (or particles) propagate through time and by repeated
proposal, weighting and resampling, they form an importance sampling approximation to the
ﬁltering distribution at every time step; an introduction is given in Doucet and Johansen [9].
In general, algorithms of this type are referred to as Sequential Monte Carlo (SMC) methods
and their applicability has been shown to extend beyond inference of the ﬁltering distributions
The notation a : b is adopted to indicate the discrete index from time a to time b inclusively, e.g. x1:T would
denote the state vector x at all time points from step 1 to step T .
1
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of nonlinear state-space models; for example, Andersson Naesseth et al. [10] show how this
approach can be applied to probabilistic graphical models.
However, in this case, the object of interest is the smoothing distribution of the state-space
model. A naı̈ve approach to determining this distribution would be to apply a Markov Chain
Monte Carlo (MCMC) approach; there are two major limitations to this, ﬁrstly, the likelihood
of the system is not available in closed form. Secondly, the smoothing distribution can be very
high-dimensional and it becomes far harder to deﬁne efﬁcient proposals within standard MCMC
schemes such as the Metropolis-Hastings algorithm. Andrieu et al. [11] show how the SMC
approach can be combined with an MCMC framework, to allow more efﬁcient inference over
high dimensional distributions encountered in nonlinear state-space models. By showing that
the estimate of the marginal likelihood of the ﬁlter provided by the SMC algorithm p̂θ (x1:T |y1:T )
can be used within a Metropolis-Hastings step, they create a valid MCMC algorithm. It is also
shown that it is possible to construct an equivalent to the Gibbs sampling procedure, an approach
which will be used in this paper.
In the case considered here, it will possible to employ a slightly more sophisticated approach,
where multiple variables are sampled at once, speciﬁcally sampling all of the states together
x1:T . A form of particle ﬁlter over the nonlinear state-space model will be able to provide
an efﬁcient proposal for the high-dimensional distribution being considered; in fact, it will be
possible to ensure that the proposal generates a valid sample from the smoothing distribution on
every iteration. In order to ensure the ergodicity of the Markov kernel which samples these states
they are conditioned upon the previous sample, this gives rise to the Conditional Particle Filter
(CPF) [12]. In a CPF, one state trajectory is ﬁxed a priori which is included in the weighting
and resampling steps. Conceptually, one could think of this as “anchoring” the particle ﬁlter to
the previously-sampled state trajectory and ensuring it does not drift too far in a single iteration.
One challenge encountered when learning the smoothing distribution in an MCMC manner
with a CPF is poor mixing in the chain because of path degeneracy, a phenomenon where resampling can mean particles all share a few common ancestors. This poor mixing more acutely
affects samples of the states close to the beginning of the time series. To overcome this shortcoming a simple yet powerful modiﬁcation to the CPF approach was made by Lindsten et al.
[13]. The contribution of that work is to include an ancestor sampling step in the CPF algorithm.
At every point in time a new ancestor for the reference trajectory is sampled. Before presenting
this algorithmically, it is worth considering what is being asked in the ancestor sampling step:
“Given the location of the reference trajectory at time t, which of the particles at time t − 1
could have generated this sample?”. This possible ancestor for the reference trajectory at time t
is then sampled based on those proposal probabilities.
The algorithm for inferring the smoothing distribution using an MCMC approach incorporating the CPF with ancestor sample will now be given, a more thorough review and comparison
with an alternative method can be found in [12]. It should also be noted that, should the (hyper)parameters of the system need to be inferred this can be done as part of a full Particle Gibbs
with Ancestor Sampling [13] scheme; an example of this approach in the context of a GP latent
force model can be found in [1].
The algorithm for sampling P state trajectories using this approach can be found in Algorithm 1. Starting from some initial trajectory X[0], each trajectory is drawn conditioned on the
previous sample X[p − 1] by means of a CPF with ancestor sampling. The CPF runs as in the
literature, a particle system is proposed from a prior q (x1 ), except the ﬁnal particle which is
assigned the reference trajectory value; all particles are assigned equal weights. These particles
are then weighted by some operation Wθ,1 (xi1 ); in the case of the bootstrap ﬁlter, this is the
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Algorithm 1 MCMC Smoothing From a Conditional Particle Filter with Ancestor Sampling
1: Set X[0]
 Initial reference trajectory.
2: for p=1,. . . ,P do
3:
Sample xi1 ∼ q (x1 ) for i = 1, . . . , N − 1
4:
Set xN
1 = X[p − 1]
5:
Calculate w1i = Wθ,1 (xi1 ) for i = 1, . . . , N
6:
for t = 2, . . . , T do
N
7:
Sample {ait , xit }i=1 ∼ Mθ,t (at , xt )

N
i
8:
Calculate w̃t−1|T
i=1

9:
10:
11:

N
i
Sample aN
t with P(at = i) ∝ w̃t−1|T

Set xN
t = x
t

ait
Set xi1:t ← x1:t−1
, xit for i = 1, . . . , N

Calculate wti = Wθ,t (xi1:t ) for i = 1, . . . , N
end for
Draw k with P(k = 1) ∝ wTi
(k)
15:
return X[p] = x1:T
16: end for
12:
13:
14:

observation likelihood. Then, sequentially for every time point, the whole particle system is
moved from t − 1 to t by means of a move kernel Mθ,t (at , xt ) which describes the resampling
and proposal steps. At this point the ancestor sampling operation takes place, the ancestral

N


i
i
i
weights of the reference w̃t−1|T
, are given by w̃t−1|T
= pθ x N
t |xt−1 the probability of
i=1
the value of the reference trajectory at time t given all the particles (including the reference) at
time t − 1. The ancestor for this point on the reference trajectory at time t can then be sampled
with probability proportional to these ancestral weights. The N th particle at this time step t
is then replaced with the reference, and the ancestral paths of the particle system are updated.
Finally, the weights of the particles at time t are calculated, Wθ,t (xi1:t ). This pattern continues
up to the end of the available time data, i.e. for t = 1, . . . , T . Once the CPF has completed this
forward pass, a path can be sampled with probability proportional to the weights at the ﬁnal
time step, P(k = 1) ∝ wTi ; this is then assigned as the pth sample X[p]. These P samples then
provide a Monte Carlo approximation to the smoothing distribution of the state-space model.
Remembering that the aim is to recover the distribution over the unknown internal states
and inputs to the nonlinear system, given the augmentation of the states with the state-space
representation of the GP, this smoothing distribution is the object of interest. Therefore, employing this inference on the state-space model described in equations (13) and (14), will allow
the input-state estimation task to be carried out.
3

INPUT ESTIMATION OF A BOUC-WEN SYSTEM

In this work, the Bouc-Wen hysteretic system [14] is considered as a typical and interesting
benchmark. The model is formed in the same manner as in [15], with the equation of motion
given as,
mÿ + cẏ + ky + z(y, ẏ) = u(t)



ż(y, ẏ) = αẏ − β γ|ẏ||z|
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ν−1

z + δ ẏ|z|

ν



(15a)
(15b)
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The parameters of the system are chosen here to be m = 2, c = 100, k = 5 × 104 , α = 5 × 104 ,
β = 1 × 103 , γ = 0.8, δ = −1.1, ν = 1. The response of this system is simulated subject to
two different loading scenarios. First, the response of the system is simulated when the load is a
random sample drawn from a Gaussian process in time, the exact form of the proposed model.
Secondly, the response of the system to a sine wave excitation at 30 Hz, an input which is not
explicitly drawn from the GP prior over the forcing, but for which the GP may be a suitable
prior. It will now be shown that in both of these cases, very good estimates of the internal states
of the Bouc-Wen system and estimates of the unmeasured forcing signals can be recovered. In
both cases, the measured quantity is the acceleration of the oscillator, which is corrupted by
an additive white Gaussian noise with a variance of approximately 2% of the variance of the
measured acceleration. For both experiments a Matérn 5/2 kernel is used to model the unknown
latent force which adds three additional states to the nonlinear SSM being identiﬁed.
3.1

Loaded with GP

Initially, loading the oscillator with a sample of a Gaussian process with a Matérn 5/2 kernel,
the measured acceleration response to this load is simulated and shown in Figure 1.

Figure 1: Measured acceleration from the Bouc-Wen oscillator when forced by a random sample from a Gaussian
process with a Matérn 5/2 kernel.

This measured acceleration is used as the observed quantity in the model, as described in the
previous section. The Bouc-Wen equations are used to describe a nonlinear state-space model of
the dynamic system, which is coupled with the state-space representation of a Gaussian process
in time with a zero mean and a Matérn 5/2 kernel (the same as used to generate the data).
Given this known model form, it is expected that the model should perform well, provided the
inference scheme used (PGAS) converges appropriately.
In Figure 2, the estimated states from the proposed inference scheme are shown. On the left
hand side of the ﬁgure, the MCMC sampled paths are shown; the Markov chain was run for
5000 iterations with the ﬁrst 1000 discarded as burn-in and the chain thinned by a factor of two.
The particle ﬁlter was run as a bootstrap ﬁlter with 15 particles included; notably, even with
this low number of particles the smoothing distribution can be seen to be well approximated. If
the samples are used to construct a Gaussian approximation of the smoothing distribution, as
shown in the left hand column of the ﬁgure, then it can be observed that all of the ground truth

8

T.J. Rogers, J. D. Longbottom, K. Worden & E. J. Cross

Figure 2: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the
samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,
two and three sigma intervals shaded. The four rows correspond to the ﬁrst four states of the model: displacement,
velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

states lie within a three-sigma conﬁdence interval.
To consider the quality of the ﬁt in a purely deterministic sense, a normalised mean-squared
error metric is used such that,
N
100 
{(yi − ŷi )}
N M SE =
N σ 2 i=1

if y is the measured “true” signal of length N with variance σ 2 and the point estimates are given
by ŷ. Intuitively, this leads to values bounded at the lower end by zero which corresponds to
an exact ﬁt and, as the quality of the ﬁt degrades, the value increases. For some sense of this
quality, a prediction where every point was equal to the sample mean of {y}N
i=1 will give an
NMSE of 100. Anecdotally, one can consider a value less than 5 to be a ‘very good’ ﬁt and
below 1 an ‘excellent’ ﬁt.
For the estimations shown in Figure 2, if the mean of the samples is used as the expectation
over the states to provide a point estimate, the NMSE values are calculated. For the displacement (frames (a) and (b)) the NMSE is 0.38; for the velocity (frames (c) and (d)), 0.33; for
z(y, ẏ) (frames (e) and (f)) 0.25; and for the force estimate (frames (g) and (h)) 2.18. These
metrics indicate that the method is performing well and conﬁrms what is presented visually in
Figure 2. Excellent recovery of the dynamic states of the oscillator is observed, including the
additional hidden state related to the hysteresis in the system, and the estimate of the forcing
is also very good. Some of the increase in the NMSE when considering the forcing can be
attributed to the high-frequency components of this force which are smoothed out when the
mean over the samples is used as the point estimate. Since the uncertainty in the forcing is also
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quantiﬁed and shown in the ﬁgure, it can be seen that the behaviour of the forcing has been
captured remarkably well in this complex system.
3.2

Loaded with Sine Wave

In the previous experiment, it was known that the form of the latent force model exactly
matched the true forcing signal being applied to the system, i.e. the system was loaded with
a sample of a Gaussian process. A more challenging and realistic test case is one where the
loading signal is not a draw from a Gaussian process, but instead some known deterministic
function. A sine wave is chosen to be such a function with the forcing deﬁned as u(t) =
120 sin (30 · 2π · t).

Figure 3: Measured acceleration from the Bouc-Wen oscillator when forced by a 30 Hz sine wave.

The response of the system to this sinusoidal forcing is shown in Figure 3. It is worth noting
at this point that, if it were known that a sine wave had been used to load the system, then it is
likely far less involved methods would work well to recover that signal. However, the power
of the proposed approach is that it uses the GP as a functional prior over the loading function,
which removes the need for prior knowledge with respect to the functional form of the forcing
which has been applied. This ﬂexibility is particularly important where the system may be
subject to complicated and varying loads which are not easily expressed as a known function,
e.g. wind or wave loading on offshore structures.
As previously, the nonlinear GP latent force model is used to draw samples from the smoothing distribution of a nonlinear SSM which is the Bouc-Wen model augmented by a GP with a
Matérn 5/2 covariance function. 5000 samples of the states are sampled using PGAS, of which
1000 are discarded and 15 particles are used in the bootstrap particle ﬁlter. Doing so allows the
results in Figure 4 to be constructed in the same way as Figure 2. In the left hand column, the
samples obtained from MCMC are shown in blue, with the ground truth shown in red and on the
right Gaussian assumed densities created by taking the expectation and variance of the samples
at every point in time. The rows again correspond to the states: displacement, velocity, z(y, ẏ)
and force. Reassuringly, the methodology continues to perform well, visually, even when the
loading signal does not match the prior functional form of the GP very closely.
As with the previous case it is possible to consider the NMSE between the ground truth and
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Figure 4: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the
samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,
two and three sigma intervals shaded. The four rows correspond to the ﬁrst four states of the model: displacement,
velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

the expected values of the smoothing distributions. Considering the mean estimates gives values
of 0.48, 0.36, 0.31 and 5.22 for the displacement, velocity, z(y, ẏ) and force states respectively.
These values are larger than those observed in the previous experiment but only marginally so,
which reinforces the visual quality of the ﬁt seen in Figure 4. This slight increase in the error
of the pointwise predictions is accompanied by an increase in the uncertainties estimated for
all states. This uncertainty manifests as increased variance in the samples which have been
generated from the Markov chain. These increases are most prominent in the forcing state,
which sees a far larger degree of uncertainty, and in the velocity state where signiﬁcant increases
in uncertainty are seen close to the peaks of the response. It may be the case that the strong
dependence of z(y, ẏ) on ẏ causes uncertainty to be pushed onto the velocity state when the
effect of the nonlinearity on the observed acceleration is greatest.
Considering more closely the estimate of the forcing, the estimates in Figure 4 are also shown
in Figure 5 for the forcing state only. It can be seen that relative to the case study in Section
3.1 the uncertainty in the forcing estimate is far higher. However, clearly the main trend of the
sine wave has been recovered, and the ground-truth signal lies close to the expected values of
the smoothing distribution. In the lower frame of Figure 5, the Gaussian approximation to the
smoothing distribution more clearly shows how well the method is performing, despite the slight
increase in NMSE for this case. Remembering that this distribution has been approximated by a
set of Monte Carlo samples, it can be seen that the main cause of error is high-frequency content
in the mean estimate. These errors may well be a consequence of the limited number of samples
used to form the estimate, which will be discussed with reference to the computational load of
the proposed method. It is the opinion of the authors that the results shown here represent a
good recovery of the unknown load on the system.

11

T.J. Rogers, J. D. Longbottom, K. Worden & E. J. Cross

Figure 5: Estimated sine wave loading on the Bouc-Wen oscillator from the nonlinear latent force model. Ground
truth shown in red. Above, samples of the possible loading signals. Below, mean estimate in blue and three sigma
intervals shaded, of the approximated Gaussian distribution.

The results shown from these two case studies with the Bouc-Wen system provide reassuring
evidence that the approach proposed for joint input-state estimation in nonlinear systems has the
potential to work equally well when there are hysteretic nonlinearities present in the system. It
would appear that the additional states introduced in the model do not cause signiﬁcant observability issues, in that the estimates of the states and the unknown loads remain very good.
However, it should be noted that there is still room for improvement. One shortcoming of the
methodology presented in this work is the signiﬁcant computational burden. This stems from
the requirement to run multiple particle ﬁlters, which signiﬁcantly increases the computation
time relative to the linear case [8]. To overcome this practical limitation, it may be necessary to
consider more efﬁcient inference schemes in the future, or to resort to a different approximation
of the nonlinear system, for example, a Gaussian ﬁlter which approximates the nonlinearity.
This is expected to be of most beneﬁt when the nonlinearity is weak in the system.
4

CONCLUSION

This paper has sought to understand the performance of a nonlinear input-state estimation
methodology proposed in [1] when the nonlinear system contains a hysteretic nonlinearity. A
Bouc-Wen system was chosen as a typical example of such a nonlinear dynamic model. It was
shown that, adopting the nonlinear Gaussian process latent restoring force approach based on
Particle Gibbs with Ancestor Sampling, it was possible to perform highly-accurate nonlinear
input-state estimation on this challenging dynamical system. Errors in state estimates were
seen to be consistently below 1%, including the additional internal state of the model, z(y, ẏ).
The estimates of the forcing were also seen to result in low pointwise error: 2.18% in the case
where a GP was used as the loading signal and 5.22% when a sine wave forcing was used. In
conjunction with these low error values, reasonable estimation of the uncertainty in the states
was also recovered which may be of more value when this type of identiﬁcation is coupled with
further analyses. Finally, it was discussed how the major drawback of the proposed method, i.e.
its computational burden, is a promising area for further investigation.

12

T.J. Rogers, J. D. Longbottom, K. Worden & E. J. Cross

5

ACKNOWLEDGEMENTS

The authors gratefully acknowledge funding from the Engineering and Physical Sciences
Research Council (EPSRC), UK, under grants: EP/S001565/1 and EP/R003645/1. Thanks is
also extended to Ramboll Energy for their support of J. D. Longbottom.
References
[1] Timothy J. Rogers, Keith Worden, and Elizabeth J. Cross. Bayesian joint input-state estimation for nonlinear systems. Vibration, 3(3):281–303, 2020.
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Abstract
Advances in computational power and numerical optimization routines enable the application
of rigorous simulation and optimization techniques for the design and assessment of structural and geotechnical (S&G) systems. Nowadays, the state of practice in the seismic design of
high-importance structures has progressively moved toward the use of time-history dynamic
analysis that are highly sensitive to the way of modelling the dynamic action. To be reliable,
this type of analysis requires efficient methodologies for the selection of the seismic inputs
used as ground excitations.
In this paper, a new stochastic approach, based on the use of the wavelet transform is proposed to generate an arbitrary number of seismic records having the same characteristics of
a target accelerogram. The choice of the amplitude and number of bands in which to partition
the frequency domain is a key source of variability to consider for the generation of samples
with the desired time-varying amplitude and frequency content.
To evaluate the influence of the use of an alternative fully non-stationary artificial accelerograms generation methods, a comparison between the proposed method and the one recently
proposed by the first two authors is also presented in this paper. Specifically, in order to
quantify the influence of accelerograms models on the seismic response, a structural system
with viscoelastic damping is analysed, representative of a broad range of frequencydependent S&G assets.
Keywords: Fully non-stationary models, Harmonic Wavelet Transforms, Artificial accelerograms, Time-history dynamic analyses, Maxwell Model.
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1

INTRODUCTION

The pseudo-acceleration response spectrum, typically used by international seismic codes for
modelling the earthquake-induced ground shaking, significantly facilitates the design of regular structure through proper modal combination rules. However, there are many cases (e.g.
seismic site response analysis and seismic design of structures with energy dissipation devices)
in which the use of the elastic design response spectrum is not considered appropriate and
non-linear dynamic time-history analyses are preferred. In these situations, the use of a suite
of real accelerograms is an attractive option for modelling the seismic excitation; thus, different Ground Motion Selection and Modification methods have been proposed in literature (see
e.g. [1-4]).
As evidenced in [5-7], the result of the selection procedures is influenced by multiple
sources of uncertainties related to the seismic hazard at the site of interest and to the mechanical characteristics of the soil layers. As a consequence, it could be very difficult, if not impossible, to select an adequate number of recorded accelerograms without applying large scale
factors to each record of the set, which in turn would distort the original signals characteristics.
A suitable alternative for the definition of the input ground motion consists in the use of
sets of artificial accelerograms, generated by procedures able to capture the large variability
of the seismological parameters observed in recorded time-histories (see e.g [8,9]).
The wavelet transform represents a useful tool to perform a joint-time frequency representation of non-stationary signals; for this reason, different wavelet-based approaches have been
used for simulating artificial non-stationary accelerograms (see e.g. [10,11]).
In this paper, a new stochastic artificial accelerograms generation method, based on the use
of circular wavelets transform (CWT), is presented.
In comparison to other generation strategies available in the literature, the proposed procedure enables the generation of artificial time histories without the need of defying the evolutionary power spectral density (EPSD) function of the ground acceleration.
The correct choice of the amplitude and number of bands in which to partition the frequency domain is one of the main sources of variability to consider to achieve the generation of
samples with the desired non-stationary characteristics.
In order to quantify the influence of different accelerograms models on the seismic response, a comparison between the proposed method and the piecewise EPSD function method, recently proposed in [12] is also reported in this paper.
The second stochastic generation method, for a given target accelerogram, requires the following steps: i) find a fully non-stationary model of earthquake ground motion such that the
target accelerogram may be considered as one of its samples; ii) evaluate the mean elastic response spectrum of a set of generated fully non-stationary accelerogram samples; iii) satisfy
the compatibility with the elastic target response spectrum by means of an iterative procedure.
In order to highlights the performance of these two alternative probabilistic models on the
seismic response, a structural system with frequency-dependent damping, based on the viscoelastic Maxwell model, is analysed in this paper.
2

WAVELET-BASED FULLY NON-STATIONARY GENERATION METHOD

The wavelet analysis consists in the expansion of a given signal in terms of “wavelets”, which
are generated by scaling and shifting a chosen function called “mother wavelet”. Among all
different types of wavelets, the “harmonic” and “musical” ones proposed in [13] are particularly useful for dynamic analysis. These families of wavelets are complex-valued functions in
the time domain, with a rectangular box-shaped Fourier transform in the frequency domain.
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Another approach to decompose a real-valued signal into the superposition of complexvalued wavelets \ {m,n},k (t ) having complex-valued combination coefficients a{m,n},k consists
in the use of the circular wavelets. The whole set of band circular wavelets is generated by:

\ ^m,n`,k (t )

1 n 1
exp ªi 2 π j t  W {m,n},k º
¬
¼
nm ¦
j m

(1)

where the notation {m, n} is used to denote a wavelet occupyng the band of circular
frequencies from 2 π m to 2 π n , with n ! m ; W {m,n},k k / (n  m) is a deterministic time
shift of the wavelets belonging to the {m, n}  indexed frequency band; k

0,..., (n  m  1) is

1 is the imaginary unit.
an integer number; and i
In the discrete wavelets transform, the complex-valued combination coefficients a^m,n`,k of
a target signal in the time domain are calculated by a discrete convolution of the signal, say
U g (t ) , with the band wavelets \ {m,n},k (t ) [3]:
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where the over-bar denotes the complex conjugate, t

 't
't is the th of the N

t f / 't

discrete time instants at which the signal is discretized, being 't and t f the sampling interval
and the time duration of the selected signal, respectively.
In this paper, the circular wavelets have been used for the randomisation of the target signal U g (t ) . Specifically, the generation of the rth fully non-stationary artificial sample of the
random process can be evaluated by the following formula:

f ( r ) (t )
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where I{(mr ),n},k is the rth realization of a random variable uniformly distributed over the interval [0, 2π] while T {m,n},k

^

`

arg a{m,n},k is the corresponding deterministic phase of the com-

plex-valued coefficient of the target signal.
3

EVOLUTIONARY POWER SPECTRAL DENSITY FUNCTION METHOD FOR
MODELLING SEISMIC ACTION

For the sake of completeness, the four-step method recently proposed in [12] for generating
random samples of a fully non-stationary zero-mean Gaussian process consistent with a target
accelerogram is summarized in this section.
First, the time axis is divided in n contiguous time intervals, in which a uniformly modulated process is introduced as the product of a deterministic modulating function, a (t ) , times
a stationary zero-mean Gaussian sub-process X k (t ) , whose power spectral density (PSD)
function GX k Z is filtered by two Butterworth filters:
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where E k is evaluated in such a way that the sub-process X k (t ) possesses unit variance. The
predominant circular frequency :k and the frequency bandwidth Uk in Eq. (4) depend on the

occurrences of maxima Pk and of zero-level up-crossings N 0,k
of the target accelerogram, in
the various k intervals:

2 π N 0, k
; Uk
:k #
'Tk


π N 0,00,k
k
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»
«π  2
Pk »¼
«¬

(5)

Second, the modulating function a (t ) is evaluated by least-square fitting the cumulative
expected energy function of the stochastic process to the cumulative energy function EU g (t )
of the target accelerogram subdivided in three-time intervals:
a (t )

2

¦ a (t )
j

j 1

ª
§
t  t2 ¨ U g t f
«
(t j 1 , t j )  a (t2 ) exp
ln
« t f  t2 ¨ a t2
«¬
©

( t 2 , t3 ) .

(6)

(t  t j )  (t  t j 1 ) is the window function and

(t j 1 , t j )

in which

·º
¸»
¸»
¹ ¼»

(t ) the Heaviside

unit step function.
Third, the ith sample of the random process is generated via the superposition of harmonic
functions with random phases:
ª

n mN

F0 i (t ) a(t ) 2'Z «¦¦
¬k

1r 1

º

(tk 1, tk ))sin r 'Z t +T r i

GX k r 'Z »

(7)

¼

being T r the random phase angles, uniformly distributed over the interval [ 0, 2π ] and mN
i

the number of parts in which the kth PSD function GX k Z is discretized with a 'Z
frequency sampling interval.
Finally, the spectrum-compatibility is obtained by reducing the gap between the mean
spectrum of the generated samples S

j 1

(Z , ] 0 ) and the target one S (T ) (Z , ] 0 ) , through

the introduction of a corrective iterative PSD function GX k (Z ) :
j

G (Z ) G
j
Xk

j 1
Xk

S (T ) (Z, ] 0 )2
(Z ) j 1
S
(Z, ] 0 )2

(8)

being GX k (Z ) 1 [14] and ] 0 the viscous damping.
0

According to the formulation described in [15], the generic spectrum-compatible sample
can be generated as:
(i )
0

F (t )

ª n mN
a(t ) 2'Z « ¦¦
¬k 1 r 1

(tk 1, tk ))sin r 'Z t +T r i
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Different types of spectrum-compatibility can be achieved, modifying the corrective
j
iterative PSD function term GX k (Z ) as shown in [16].
4

NUMERICAL APPLICATION

In order to quantify the influence of the way of modelling the expected seismic action, two set
of one hundred Fully Non-Stationary samples consistent with a target seismic accelerogram
have been generated using the proposed wavelet-based method (CWT) and the evolutionary
piecewise power spectral density (EPSD) function procedure proposed in [12].
A comparison in terms of displacement response spectra, computed for SDoF oscillators
with viscoelastic damping based on the Maxwell model is also presented in the paper.
4.1

Target Motion

The North-South component of the ground motion recorded at Vasquez Rocks Park during
the 1994 Northridge earthquake has been used in the following as target accelerogram U g (t ) .
The selected ground motion, downloaded from the Peer database [17], having a moment
magnitude Mw = 6.7 and a site-source distance RJB = 23.1 km [18], has been recorded with a
sampling time 't 0.02s by a station having an average shear wave velocity in the upper
30 m equal to Vs,30 = 996 m/s (EC8 [19], soil class “A”). The total Intensity of the target accelerogram, having an overall duration t f 36.6 s , is equal to I0 = 1.9 m2/s3, while the total
number of zero-level up-crossings and peaks are N0+ = 196 and P0 = 212, respectively.
In Figure 1, the trend of the time-history of the analysed target accelerogram is reported.

Figure 1: Time histories of the 1994 Northridge earthquake accelerogram.

4.2

Wavelet-based method

A fundamental step of the proposed Circular Wavelet Transform (CWT) method consists in
the correct choice of the amplitudes of bands in which to divide the frequency domain of the
selected signal U g (t ) .
In this paper, three different schemes have been investigated considering a different subdivision of the cumulative Fourier energy function evaluated as:
fc

E f

³ (|F

[ U g (t ) ] | ) 2 df

(10)

0

fc being the cut-off frequency and F [ U g (t ) ] the Fourier transform of the target signal.
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Accordingly, the frequency domain has been subdivided in frequency bands of:
1) equal-spaced bandwidths (ESB);
2) constant energy bandwidths (CEB);
3) non-uniform energy bandwidths (NUEB).
In the latter case, the choice of the bandwidths has been made according to the main
changes in the slope of the E f function. In all three investigated schemes a subdivision
into 10 parts has been carried out.
The representation of the subdivision of the cumulative Fourier energy function for the
three analysed schemes is reported in Figure 2.
In Figure 3, the mean values of the modules of the Fourier spectra, obtained for the three
analysed configurations, are compared with the target one. It can be observed that the mean
value of the module of the Fourier Spectrum of the generated samples is in a good agreement
with the target one only in the case of subdivision of the frequency domain with energy criterium (schemes 2 and 3).

Figure 2: Representation of cumulative Fourier energy function (black line) together with the frequency bands
subdivision (grey vertical lines) for the three investigated schemes: a) equal-spaced bandwidths (ESB); b) constant energy bandwidths (CEB); c) non-uniform energy bandwidths (NUEB).

Figure 3: Comparison among mean Fourier spectrum module of the generated samples by the CWT method and
the target one (black line) considering: a) equal-spaced bandwidths (ESB); b) constant energy bandwidths (CEB);
c) non-uniform energy bandwidths (NUEB).
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In Figure 4, three generic samples (coloured lines) are plotted against the target accelerogram (black line), showing that in all cases the variation in amplitude appears to be preserved
in the time domain.
In Figure 5, the acceleration spectrum of the target accelerogram (red line) is compared to
that obtained as the mean value of 100 samples (black solid line). The confidence interval
evaluated as the mean value plus/minus the corresponding standard deviation (black dotted
lines) and the envelope of the maximum and minimum values of all samples (shaded area) are
also reported in Figure 5.
In Figures 6a and 6b, further comparisons are offered in terms of the cumulative energy
functions I 0 (t ) and the cumulative zero-level up crossing functions N 0 (t ) , respectively.
From the observation of the results obtained in the time and frequency domain, it emerges
that a subdivision of the frequency domain in non-uniform energy bandwidths (third scheme)
leads to outcomes statistically closer to those of the target event.

Figure 4: Comparison among the target accelerogram (black line) and the ith generated sample by the proposed
CWT method, considering a subdivision of the frequency domain in: a) equal-spaced bandwidths (magenta line);
b) constant energy bandwidths (yellow line); c) non-uniform energy bandwidths (blue line).

Figure 5: Comparison among the acceleration response spectrum of the target accelerogram (red solid line) with
statistics of the artificial ones: mean value function (black line); mean value plus/minus standard deviation functions (black dashed lines); envelope of the maximum and minimum values of all samples (shaded area); considering a subdivision of the frequency domain in: a) equal-spaced bandwidths (ESB); b) constant energy
bandwidths (CEB); c) non-uniform energy bandwidths (NUEB).
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Figure 6: Comparison between the target (black line) and the averages a) cumulative energy functions, b) zero
level up crossing functions, considering: equal-spaced bandwidths (ESB); constant energy bandwidths (CEB); c)
non-uniform energy bandwidths (NUEB).

4.3

Evolutionary Power spectral density function (EPSD) method

Using the iterative procedure described in Section 3, through 4 iterations, a set of 100 artificial accelerograms has been generated using appropriate modulating and PSD functions which
allowed to preserve the amplitude and the frequency content of the target ground motion. Further details about the parameters that characterize these functions can be found in [15].
4.4

Dynamic analyses of linear visco-elastic systems

In this section, displacement response spectra have been computed to illustrate the structural
response of SDoF oscillators provided with linear viscoelastic damping ruled by:
..

m u (t )  r (t ) U g (t )

(11)
..

where m is the mass of the system, u (t ) is the second-order derivative of the displacement relative to the ground u (t ) and r (t ) is the reaction force that in the Maxwell Model is given by:

r (t ) k0 u(t )  kM O (t )

(12)

being k0 the equilibrium modulus and O (t ) the additional internal variable taken as the deformation of the Maxwell element, ruled by the state equation:
.

.

O (t ) u (t ) 

O
W

(13)

where:
cM
(14)
W
kM
kM and cM being the elastic stiffness and the viscous coefficient of the Maxwell element, re.

spectively, while u (t ) is the first-order derivative of the displacement u (t ) .
In this paper the values of kM 400 N/m and cM 40 Ns/m have been assumed, according to case examined in [20].
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In Figure 7, the displacement spectra of the target accelerogram (red lines) are compared to
that obtained as the mean value of 100 samples (black continues lines), using: a) the Circular
Wavelet transform method, with a subdivision of the frequency domains in non-uniform energy bandwidths (case 3); b) the Evolutionary Power spectral density function method.
The confidence intervals are evaluated as the mean values plus/minus the corresponding
standard deviations (black dotted lines); the envelope of the maximum and minimum values
of all samples (shaded area) are also reported in Figure 7.

Figure 7: Comparison between target displacement spectrum (red line) of a system with linear viscoelastic
damping based on the Maxwell model together with statistics of the artificial ones: mean value function (black
solid line); mean value plus/minus standard deviation functions (black dashed lines); envelope of the maximum
and minimum values of all samples (shaded area): a) CWT method with non-uniform energy bandwidths
(NUEB), b) EPSD function method.

5

CONCLUSIONS

Seismic response of structural and geotechnical systems is often highly sensitive to the way of
modelling the dynamic action. In order to verify the influence of different fully non-stationary
artificial accelerograms generation procedures, two stochastic methods, have been compared.
The CWT-method, proposed in this paper, consists in a phase angle rotation of the circular
wavelets in the complex-valued space and allows the generation of the required number of
fully non-stationary samples without the need of defying the evolutionary power spectral density function of the ground acceleration.
The choice of the number and the amplitude of bands in which to divide the frequency
domain is an important step to generate samples with the desired time-variation of amplitude
and frequency content.
The numerical results show that the generated samples obtained by the CWT method are
close to the target one in the case of the subdivision of the frequency domain in non-uniform
energy bandwidths; furthermore, the average displacement spectrum of the artificial samples
generated by the CWT method and computed for SDoF oscillators with viscoelastic damping
has a trend close to the target one.
The application of iterative corrections in the EPSD method allows the target displacement spectrum to completely fall into the confidence interval evaluated as the mean value
plus/minus standard deviation of the displacement spectrum of the generated samples. It appears that the EPSD function method allows to obtain samples having a displacement response spectrum closer to the target one; however, it tends to be more complex and requires
several iterative steps.
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Abstract. In many practical situations, the only information that we know about the measurement error is the upper bound Δ on its absolute value. In this case, once we know the
measurement result x, the only information that we have about the actual value x of the corresponding quantity is that this value belongs to the interval [x − Δ, x + Δ]. How can we estimate
the accuracy of the result of data processing under this interval uncertainty? In general, computing this accuracy is NP-hard, but in the usual case when measurement errors are relatively
small, we can linearize the problem and thus, make computations feasible. This problem is well
studied when data processing results in a single value y, but usually, we use the same measurement results to compute the values of several quantities y1 , . . . , yn . What is the resulting set of
tuples (y1 , . . . , yn )? In this paper, we show that this set is a particular case of what is called
a zonotope, and that we can use known results about zonotopes to make the corresponding
computational problems easier to solve.
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1
1.1

FORMULATION OF THE PROBLEM
Main objective of science and engineering

What do we want? We want to predict what will happen in the future – this is what science
does, and what we want to select the actions that will leads to the best possible future – this is,
crudely speaking, what engineering is for.
Both to predict the future state of the world and to select the best action, we must have
information about the current state of the world, i.e., about the values of all the quantities that
characterize this state. This information mostly comes from measurements. To predict the
future value y of a quantity or to describe each control parameter y, we use the known relation
y = f (x1 , . . . , xN ) between this future value (or control parameter) and the current values of
several related quantities x1 , . . . , xN :
• we measure the values of the quantities x1 , . . . , xN , and
• we apply the algorithm f (x1 , . . . , xN ) to the results x1 , . . . , xN of measuring the quantities x1 , . . . , xN , and return the value y = f (x1 , . . . , xN ).
1.2

Need for uncertainty quantiﬁcation

Measurements are never absolutely accurate; see, e.g., [9]. The result x of each measurement
is, in general, different from the actual (unknown) value x of the corresponding quantity. In
def
other words, the measurement error Δx = x − x is, in general, different from 0.
Since, in general, the measurement result xi is, in general, different from xi , our estimate
y = f (x1 , . . . , xN ) based on the measurement results is, in general, different from the desired
value y = f (x1 , . . . , xN ).
def
How different can they be? What can we say about the estimation error Δy = y − y?
This is very important to know in many practical situations. For example, suppose that we are
prospecting for oil, and we estimated that in some location, there is y = 150 million tons. What
shall we do? It depends on the accuracy of this estimate:
• if y = 150 ± 20, this is very good news; we should dig a well and start producing oil;
• on the other hand, if y = 150 ± 200, then maybe at this location, there is no oil at all; in
this case, it is better to perform some additional measurements ﬁrst, to decrease the risk
of wasting money on the expensive well.
Estimating the approximation error Δy based on the known information about the measurement
errors Δxi is one of the main problems of uncertainty quantiﬁcation.
1.3

Traditional probability-based approach to uncertainty quantiﬁcation and its limitations

Traditional engineering approach to uncertainty quantiﬁcation assumes that we know the
probability distributions of each measurement error Δxi [9]. And indeed, in many real-life
situations we have this knowledge. However, there are many important practical situations
when we do not know these probabilities. To explain why, let us recall where the information
about the probabilities comes from.
In the ideal world, for each measuring instrument, we should compare, several times, the
measurement result x with the actual value x of the corresponding quantity – and for each
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such comparison, compute the measurement error Δx = x − x. After a sufﬁcient number of
measurements, we would get a large sample of values Δx. Based on this sample, we will then
be able to ﬁnd the corresponding probability distribution.
Of course, in reality, we never know the exact actual values of the physical quantities. However, in many cases, there exists another – much more accurate – measuring instrument, whose
measurement error Δxs is much smaller than the measuring error of the tested instrument; such
much-more-accurate measuring instruments are known as standard ones. In this case, with high
accuracy, the value xs measured by the standard measuring instrument is approximately equal
def
to the actual value, and the difference δx = x − xs between the results of the two measurements
is approximately equal to the desired measurement error Δx. Thus, we can measure, several
times, the same quantities by both measuring instruments, and use the resulting sample to ﬁnd
the probability distribution of the corresponding measurement error.
In many cases, such a calibration is indeed performed, and we get the corresponding probability distributions. However, in many other cases, such a calibration is not done – and thus, we
do not know the corresponding probabilities. There are two main reasons why calibration is not
done.
The ﬁrst reason is that sometimes, we use state-of-the-art measuring instruments, for which
no other instrument is more accurate. This happens a lot in advanced science: e.g., it would be
nice if near the Hubble telescope, we would have a 5 times more accurate instrument – but the
Hubble telescope is the best we have. This often happens in applications as well. For example,
geophysical companies often use state-of-the-art measuring equipment: this equaipment costs
money, but it is still cheaper to use such expensive measuring instruments than to risk wasting
even more money on, e.g., drilling oil well where there is no oil at all.
The second reason is more mundane: yes, potentially, in a manufacturing plant, we can, in
principle, calibrate all the sensors, and get the corresponding probability distributions, but there
is a problem. Many sensors are very cheap nowadays: kids play with robotic toys that measure
distances to the walls etc. as they go, and these sensors can be bought for a few bucks. However,
calibrating each sensor requires access to an expensive accurate measuring instrument – and it
would cost several orders of magnitude more than the sensor itself. This is too expensive for a
manufacturing plant — which already usually operates at a very low proﬁt margin.
1.4

Enter interval uncertainty

If we do not know probabilities of different values of measurement error Δx, what do we
know? For a device to be called a measuring instrument, we need to know at least some upper
bound Δ on the absolute value of the measurement error: |Δx| ≤ Δ. If we do not even
know such an upper bound, this means that after a measurement by this instrument, we cannot
say anything about the actual value of the measured quantity: it can be as far away from the
measurement result as we can imagine. In other words, what such a device would produce
is a wild guess, not a measurement result. Thus, such a bound is always produced by the
manufacturer of the measuring instrument.
And if we cannot ﬁnd the probabilities of different values Δx, this upper bound is all we
know. In this case, once we know the measurement result x, the only information that we have
about the actual value x of the measured quantity is that this value is somewhere in the interval
[x − Δ, x + Δ]. Such uncertainty is naturally called interval uncertainty.
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1.5

Need for interval computations

Let us go back to the situation when, instead of the actual (ideal) value y = f (x1 , . . . , xN ),
we have an estimate y = f (x1 , . . . , xN ) based on the measurement results x1 , . . . , xN . If for
each of N measurements, we only know the upper bound Δi on the absolute value of the
corresponding measurement error Δxi , then all we know about the actual value y is that it is
equal to f (x1 , . . . , xN ) for some xi ∈ [xi − Δi , xi + Δi ].
Thus, all we can say about the value y is that it belongs to the set
def

Y = {f (x1 , . . . , xN ) : xi ∈ [xi − Δi , xi + Δi ] for all i}.

(1)

For continuous functions f (x1 , . . . , xN ) this set is also an interval. The problem of computing
the endpoint of this interval is known as the problem of interval computations; see, e.g., [7, 8].
In general, the interval computation problem is NP-hard; see, e.g., [6]. This means that
unless P = NP (which most computer scientists do not believe to be true), it is not possible to
have a feasible algorithm that solves all particular cases of this problems. However, in many
practical situations, there exist efﬁcient algorithms that either compute the desired range Y – or
at least compute a good approximation to Y .
1.6

Possibility of linearization

One of the cases when a feasible algorithm for uncertainty quantiﬁcation is possible is when
the weasurement errors Δxi are reasonably small – and usually, they are reasonable small. In
this case, we can use one of the main ideas of computations in physics (see, e.g., [2, 12]): expand
the corresponding expression in Taylor series in terms of the corresponding small quantities, and
keep only linear terms in this expansion. In our case, by deﬁnition of the measurement error
Δxi = xi − xi , we have xi = xi − Δxi , thus:
Δy = f (x1 , . . . , xN ) − f (x1 , . . . , xN ) = f (x1 , . . . , xN ) − f (x1 − Δx1 , . . . , xN − ΔxN ). (2)
Expanding the expression in the right-hand side of (2) in Taylor series in terms of Δxi , we get
f (x1 − Δx1 , . . . , xN − ΔxN ) = f (x1 , . . . , xN ) −

N


ci · Δxi ,

(3)

i=1
def

where we denoted ci =

∂f
. Thus, the formula (2) takes the following form:
∂xi
Δy =

N


ci · Δxi .

(4)

i=1

In this linearized case, we can feasibly compute the bounds on Δy. Indeed, since each
measurement error Δxi takes values from the interval [−Δi , Δi ], and different measurement
errors do not depend on each other, the largest possible value of the sum (1) is attained when
each term ci · Δxi attains the largest possible value. The corresponding linear function ci · Δxi
is increasing when ci > 0 and decreasing when ci < 0. Thus:
• when ci > 0, the largest possible value of the quantity ci · Δxi is attained when Δxi is the
largest possible, i.e., when Δxi = Δi ; the resulting largest value of the quantity ci · Δxi
is equal to ci · Δi ;
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• when ci < 0, the largest possible value of the quantity ci · Δxi is attained when Δxi is
the smallest possible, i.e., when Δxi = −Δi ; the resulting largest value of the quantity
ci · Δxi is equal to −ci · Δi .
In both cases, the largest possible value of the quantity ci · Δxi is equal to |ci | · Δi . Thus, the
largest possible value Δ of the sum (4) is equal to
Δ=

N


|ci | · Δi .

(5)

i=1

By using this formula, we can explicitly compute Δ in N steps – i.e., in feasible time.
Comment. While, strictly speaking, this algorithm is feasible, still, in situations when we have
a large number N of inputs, it requires a large amount of computation time. It should be
mentioned that there exist more efﬁcient algorithms for computing Δ; see, e.g., [5].
1.7

Need to estimate the joint uncertainty of several data processing results – the main
problem that we analyze in this paper

All the above discussions are about estimating a single quantity y. In reality, we usually
estimate several different characteristics y1 , . . . , yn based on the same data x1 , . . . , xN :
y1 = f1 (x1 , . . . , xN );
...

(6)

yn = fn (x1 , . . . , xN ).
For example, when we predict weather, we do not just predict temperature at one locations, we
predict weather, wind speed and direction, and humidity at several locations.
What is the accuracy of the resulting estimations? In other words, what can we say about the
corresponding approximation errors
def

Δyj = yj − fj (x1 , . . . , xN ).

(7)

As we have mentioned earlier, in many practical situations, we only know the upper bounds on
the measurement errors – so that we have interval uncertainty, for which the only information
that we have about each measurement error Δxi is the upper bound Δi on its absolute value:
|Δxi | ≤ Δ. Also, in many practical situations, measurement errors are relatively small – so that
we can ignore quadratic (and higher order) terms in the Taylor expansions. Then, we get the
linearized formulas
Δy1 = c1,1 · Δx1 + . . . + c1,N · ΔxN ;
...

(8)

Δyn = cn,1 · Δx1 + . . . + cn,N · ΔxN ,
∂fj
.
∂xi
For each value yj , we can use the above techniques and ﬁnd the interval of possible values
of the approximation error Δyj . However, this is not enough: we also need to also know
what combinations of the values (y1 , . . . , yn ) – i.e., equivalently, of the approximation errors
(Δy1 , . . . , Δyn ) – are possible. For example, when we predict weather, in some cases, the
def

where we denoted cj,i =
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future temperature in two nearby locations can range from 15 to 25 degrees. However, unless
these two locations are separated by a mountain – as we have in our city of El Paso – the
temperatures at these two locations cannot differ two much: we can have (15, 16) and even,
probably, (15, 17), but we cannot have (15, 25). How can we take this into account? How can
we describe the corresponding set of tuples (y1 , . . . , yn )?
This is the problem that we analyze in this paper.
2
2.1

ANALYSIS OF THE PROBLEM: ENTER ZONOTOPES
General approach to solving problems: reduce and/or reformulate

A usual approach to solving a new problem is to try to ﬁnd similar problems that have been
already solved – or at least for which there are some partial solutions. If we cannot immediately
come up with such a similar somewhat-solved problem, a natural idea is to try to reformulate
our problems in equivalent terms so that it will be easier to ﬁnd a similar problem.
2.2

Enter zonotopes

For our problem, this reformulation becomes possible if we reformulate the formulas (8) in
vector terms, as
Δy = c1 · Δx1 + . . . + cN · ΔxN ,
(9)
where Δxi ∈ [−Δi , Δi ], and we denoted
def

(10)

def

(11)

Δy = (Δy1 , . . . , Δyn )
and

ci = (c1,i , . . . , cn,i ).

For each j, the set Si of all the vectors Δxi ·ci for Δxi ∈ [−Δi , Δi ] forms a straight line segment
connecting the points Δi · ci and −Δi · ci . The desired set S of all possible values of the sum
(9) is thus equal to the set of all possible sums of vectors from the corresponding sets Si :
S = {s1 + . . . + sN : s1 ∈ S1 , . . . , sN ∈ SN }.

(12)

In geometry, the construction (12) is known as a Minkowski sum of the sets S1 , . . . , SN ; this
sum is denoted by
(13)
S = S1 + . . . + SN .
The Minkowski sum of several straight line segments is known as a zonotope. Thus, our
conclusion is that the desired set of posisble values of the tuple Δy = (Δy1 , . . . , Δyn ) is a
zonotope.
2.3

Main conclusion of this section

So, to solve our main problem – of estimating the joint uncertainty of several data processing
results – we need to be able to deal with zonotopes.
2.4

An interesting observation: every zonotope can be thus represented

We have shown that every set of possible values of the tuple (Δy1 , . . . , Δyn ) – and thus,
of the tuple (y1 , . . . , yn ) – is a zonotope. Let us show that, vice versa, every zonotope can be
thus represented. Indeed, in the above representation, we use straight-line segments centered at
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0. Every straight-line segment Ti can be represented as the sum Ti = mi + Si of its midpoint
def
mi and a segment Si = Ti − mi centered at 0, i.e., a segment connecting one of its endpoints
ci = (ci,1 , . . . , ci,N ) with the opposite endpoint −ci = (−ci,1 , . . . , −ci,N ). Thus, each zonotope
T = T1 + . . . + TN

(14)

T = (m1 + . . . + mN ) + (S1 + . . . + SN ).

(15)

can be represented as

The set S1 + . . . + Sn can be interpreted as the set of possible approximation errors for a data
processing algorithm
fi (x1 , . . . , xN ) = ci,1 · x1 + . . . + ci,N · xn ,

(16)

when we take Δ1 = . . . = ΔN = 1. Thus, every zonotope can indeed be represented as the set
of possible tuples (y1 , . . . , yn ) for some data processing algorithm.
2.5

Historical comment

The idea of using zonotopes was described, e.g., in [10], where it is shown that for a speciﬁc
data processing algorithm – namely, for the least square estimation under interval uncertainty
– the resulting set of possible tuples is a zonotope. In this paper, we show that this is true for
all data processing algorithms – and we also show that, vice versa, every zonotope can be thus
represented.
3
3.1

HOW TO DEAL WITH ZONOTOPES: WHAT IS KNOWN, WHAT WE PROPOSE,
AND WHAT ARE THE REMAINING OPEN PROBLEMS
What is known

In computational geometry, there are several efﬁcient algorithms for dealing with zonotopes;
see, e.g., [3, 4]. Some of these algorithms have been efﬁciently used in [10].
3.2

What is the difﬁculty with the known algorithms

The main problem with these algorithms is that the exact description of the uncertaintyrelated zonotope in an n-dimensional space requires as many n-dimensional parameters ci as
there are measured quantities x1 , . . . , xN . In many practical problems, e.g., in seismology, N is
in thousands, so this description becomes difﬁcult to process.
3.3

What we propose: general idea

The possibility to make computations easier comes from the fact that the number n of desired properties y1 , . . . , yn is much smaller than N . So, to speed up computations, we propose
to use the known results [1, 11] about the possibility of approximating zonotopes with “lowcomplexity” sets, i.e., sets determined by a much smaller number of n-dimensional parameters.
By approximating a set S, we mean, as usual, producing a set A for which, for some small
number δ:
• each element s ∈ S is δ-close to some element a ∈ A, and
• each element a ∈ A is δ-close to some element s ∈ S.
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In mathematics, this closeness is usually described by saying that the Hausdorff distance
dH (A, S) between the sets S and A is smaller than or equal to δ, where the Hausdorff distance
dH (A, S) is deﬁned as the small distance for which the above two conditions are true.
We can also say that the set A approximates the set S with relative accuracy ε if dH (A, S) ≤
δ · diam(S), where the diameter diam(S) is deﬁned as the largest distance between two points
from the set S – this is a natural generalization of the width of an interval and the diameter of a
disk or of a sphere to general sets.
3.4

First simplifying result

The ﬁrst simplifying result from [1, 11] is that each n-dimensional zonotope S can be approximated, with any given relative accuracy ε > 0, by a “low-complexity” zonotope, which is
the sum of N  = c(ε) · n · (log(n))3 segments for some constant c depending on ε.
Since n  N , the new number of n-dimensional vector parameters is much smaller than N
– thus, the problem becomes easier to handle.
3.5

Second simplifying result

The second simplifying result from [1, 11] is that each symmetric convex polyhedron – in
particular, each zonotope – can be approximated, with any given relative accuracy ε > 0, by
a convex polyhedron with “low” number of vertices v1 , . . . , vN  – namely, by a polyhedron for
which the number N  is also bounded, from above, by the value c(ε) · n · (log(n))d  N , for
some small constant d.
In this case, the approximating set A is the convex combination of these vertices vj . In other
words, all elements a = (a1 , . . . , an ) from the approximating set A have the form
a = c 1 · v 1 + . . . + cN  · vN 

(17)

c1 + . . . + cN  = 1.

(18)

where ci ≥ 0 and
3.6

What are the remaining open problems

The results from [1, 11] (that we propose to use) are effective – they drastically reduce the
complexity of the corresponding problem – but at present, they are not supported by efﬁcient
computational algorithms for producing the corresponding approximations. These results are
still useful – we spend time on computing the approximation only once, and then, we can enjoy
the beneﬁts of this reduction for every single way we want to process this set.
However, it would be nice to have efﬁcient algorithms for producing the corresponding approximations. Designing such efﬁcient algorithms is the main open problem that we want to
emphasize. Hopefully, the fact that – as we have shown – such algorithms will be very helpful:
• not just in somewhat obscure computational geometry problems,
• but also in generic problems of uncertainty quantiﬁcation
will hopefully encourage researchers to design such algorithms.
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Abstract
The present study focuses on reliability analysis of linear discretized structures subjected to
ground motion acceleration modeled as a zero-mean Gaussian stationary random process
fully characterized by an imprecise power spectral density (PSD) function i.e. with interval
parameters. The bounds of such interval parameters are determined by analyzing a large set
of accelerograms recorded on rigid soil deposits. To discard outliers from the set of
accelerograms, the Chauvenet’s Criterion is applied. Then, to assess structural safety, the
imprecise PSD function of ground motion acceleration is incorporated into the formulation of
the classical first-passage problem. Due to imprecision of the excitation, the reliability function of the selected extreme value response process turns out to have an interval nature. It is
shown that the bounds of the interval reliability function can be readily evaluated by exploring suitable combinations of the endpoints of the interval spectral moments of the selected
response process identified relying on structural dynamic properties and taking advantage of
the dependency of the proposed imprecise PSD function on three interval parameters only.
Keywords: Ground Motion Accelerograms, Gaussian Stationary Processes, Imprecise Power
Spectral Density, Interval Analysis, Interval Solution of First-Passage Problem.
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1

INTRODUCTION

In seismically active regions, seismic forces represent the most critical actions on structural
systems. These forces are closely related to ground motion accelerations due to earthquake,
which vary during the seismic event. It follows that seismic accelerations are the main functions to be analyzed in earthquake engineering.
Although the seismic accelerograms should be considered as samples of zero-mean nonstationary Gaussian random processes, within the strong-motion time duration, earthquake
ground motions can be reasonably modeled as samples of zero-mean stationary Gaussian stochastic processes. The power spectral density (PSD) function, which fully characterizes the
stationary model, must account for the site properties as well as for the dominant frequency of
the ground motion [1]. Indeed, it is widely recognized that the parameters of the PSD function
are strongly influenced by the geotechnical characteristics of the soil deposits on which the
seismic accelerograms are recorded [2]. Stationary models have also been developed to obtain
sets of acceleration time histories consistent with response spectra (see e.g., [3, 4]). Recently,
a new model of the PSD function depending on the frequency of peaks and of zero-level upcrossings as well as on the total intensity of recorded accelerograms has been proposed by
Muscolino et al. [5]. Unfortunately, the main parameters of the PSD function are very often
only vaguely known.
It is now widely recognized that, when available information on the various sources of uncertainty is vague, incomplete or fragmentary, the use of non-probabilistic approaches (see
e.g., [6, 7]) is more appropriate to model non-deterministic properties. Accordingly, in this
paper, the main parameters characterizing the seismic acceleration spectrum are modeled as
interval variables whose bounds are estimated by analyzing a set of accelerograms, recorded
by stations located on rock subsoil. In particular, according to the international seismic code
EC8 [8], accelerograms recorded on soil class A, in areas of high and moderate seismicity
(surface-wave magnitude M S ! 5.5 , Type 1 spectrum), are here analysed.
Since the total number of both zero-level up-crossings and peaks, and the total energy in
the strong-motion time region are different from one accelerogram to another, in order to define the PSD function parameters of the model developed by Muscolino et al. [5], and to
quantify the uncertainty affecting ground motion representation, the spectral content of
accelerograms in such time region is studied. In particular, the histograms associated with the
main properties characterizing the recorded accelerograms are analyzed once the Chauvenet’s
Criterion [9] is iteratively applied [10] to discard outliers. As a final outcome of the statistical
analysis of the selected accelerograms, the ranges of variability of the main parameters of the
PSD function are determined. Thus, it is shown that the PSD function, representative of
accelerograms recorded on soils with specific geotechnical characteristics, can be appropriately modeled as a function of interval parameters [11, 12] whose ranges reflect the main properties of the excitation. A notable feature of the proposed model of the imprecise PSD function
is that it depends on three interval parameters only.
Once earthquake excitation within the strong-motion time region is modeled as a zeromean Gaussian stationary random process, fully characterized by an imprecise PSD function,
in this study the attention is focused on reliability analysis of seismically excited linear discretized structures. In the framework of random vibration theory, under the assumption that a
structure fails as soon as the generic structural response process of interest (e.g., displacement,
strain or stress) firstly exceeds a prescribed safe domain within a specified time interval, the
probability of failure is usually identified with the first-passage probability. The reliability
function is the complement to unity of the first-passage probability. It represents the probability that the maximum value of the generic structural response process of interest is equal to or

36

F. Genovese, G. Muscolino and A. Sofi

less than the critical level. Here, the Vanmarcke model [13] is adopted. According to this
model, the reliability function depends on the first three spectral moments of the selected stationary random response process of interest. As a result of the imprecision of the PSD function of seismic excitation, the spectral moments as well as the reliability function turn out to
be interval functions too. The lower bound (LB) and upper bound (UB) of the interval reliability function, which define a p-box [14] representative of structural performance, and of the
interval failure probability can be readily evaluated by exploring selected combinations of the
three interval parameters characterizing the imprecise PSD function. Such combinations are
identified as those providing the bounds of the spectral moments of the selected response process and are shown to depend on the dynamic characteristics of the structure.
Seismically excited linear oscillators are analyzed to investigate the influence of imprecision of earthquake acceleration spectrum on structural safety as well as to demonstrate the
accuracy of the proposed procedure for the evaluation of the LB and UB of the interval reliability function.
2
2.1

ESTIMATION OF PARAMETERS OF THE PSD FUNCTION BY ANALYSING
RECORDED ACCELEROGRAMS
Statistical analysis of accelerograms recorded on rigid soil deposits

In order to characterize uncertainties affecting the power spectral density (PSD) function
of seismic action, a set of 44 accelerograms, recorded on rigid soil deposits, is downloaded
from the Engineering Strong Motion database (ESM) [15]. All the accelerograms considered
in this work are recorded by stations located on rock subsoil (soil class A type 1 [8]), in areas
of high and moderate seismicity (surface-wave magnitude M S ! 5.5 , Type 1 spectrum). Attention is focused on the following properties characterizing the accelerograms: i) the strongmotion time duration, TD , defined as the portion of time between the 5% and 95% of the cumulative energy; ii) the frequency of zero-level up-crossings, Q N ; iii) the frequency of the
peaks, Q P ; iv) the normalized total intensity, V U2 g ; v) the predominant circular frequency, : 0 ;
vi) the frequency bandwidth, U 0 . By analyzing statistically the set of recorded accelerograms,
the aforementioned properties are characterized through the following quantities reported in
Table 1: the lower bound (LB), the upper bound (UB), the midpoint (mid), the normalized deviation amplitude (dev/mid), defined as (UB-LB)/(UB+LB) [11], the mean-value (MV), the
standard deviation (SD), the skewness (skew) and the kurtosis (kurt) [16].
In the framework of the statistical analysis of experimental data, the first step is to identify
and discard outliers. For this purpose, in the present study the Chauvenet’s Criterion is applied iteratively until the number of complying accelerograms remains stable [10]. Discarding
outliers, a set of 20 accelerograms for rigid soil deposits into high and moderate seismicity
regions is obtained. The main parameters characterizing such set of accelerograms are reported in Table 2. Notice that the iterative application of the Chauvenet’s Criterion leads to
smaller scatters of the parameters, as can be inferred from the lower values of the normalized
deviation amplitudes. However, further statistical analyses are needed to reduce the range of
variability of the variance V U2 g which exhibits huge fluctuations around the midpoint value.
As will be shown through numerical results, such fluctuations yield a very wide range of the
reliability function of seismically excited structures whose performance, therefore, might
cover high safety levels as well high failure probabilities.
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LB

UB

mid

dev/mid

MV

SD

skew

kurt

TD [s]

3.690

19.470

11.580

0.681

10.894

3.850

0.144

2.426

Q N [Hz]

1.704

13.980

7.842

0.783

6.268

2.651

1.329

4.287

Q P [Hz]

4.158

20.858

12.508

0.668

10.370

3.664

1.077

3.879

V U2 ª¬ m2 /s4 º¼

0.010

2.062

1.036

0.990

0.181

0.420

3.741

16.392

:0 > rad/s@

10.708

87.838

49.273

0.783

39.380

16.654

1.329

4.287

U0 > rad/s@

6.216

36.583

21.399

0.709

18.644

6.788

1.147

3.897

g

Table 1. Main characteristics of selected accelerograms.

LB

UB

mid

dev/mid

MV

SD

skew

kurt

TD [s]

5.025

19.470

12.248

0.598

12.523

3.883

-0.004

2.252

Q N [Hz]

3.746

7.802

5.774

0.351

5.591

1.166

0.192

2.031

Q P [Hz]

6.006

11.406

8.706

0.310

8.955

1.629

-0.132

1.672

V U2 ª¬ m2 /s4 º¼

0.010

0.092

0.051

0.804

0.036

0.028

0.958

2.457

:0 > rad/s@

23.534

49.024

36.279

0.351

35.127

7.327

0.192

2.031

U0 > rad/s@

11.145

20.899

16.022

0.304

16.442

2.897

-0.240

1.582

g

Table 2. Main characteristics of selected accelerograms evaluated through the iterative application of the
Chauvenet’s Criterion.

2.2 Interval PSD function
In this paper, the seismic acceleration, U g (t ) , is characterized by the unimodal one-sided
power spectral density (PSD) function recently proposed by Muscolino et al. [5]:

GU Z
g

§ Z 2 ·§ ZL4 · ( CP )
VU2 E0 ¨ 2
Z
G
2 ¸¨
4
4 ¸ 0
© Z  ZH ¹© Z  ZL ¹
g

(1)

where ZL and ZH are the control frequencies of the second-order low pass and first-order
high pass Butterworth filters, respectively, G0(CP ) Z is a unimodal one-sided PSD function,
which can be viewed as the linear combination of the displacement and velocity responses of
a second-order oscillator subjected to two statistically independent Gaussian white noise
processes [17], given by:

G0( CP ) Z

U0 ª

º
1
1
.
 2
«
2
2
2»
π ¬ U0  (Z  :0 )
U0  (Z  :0 ) ¼
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In the previous equation, U 0 and :0 are the circular frequency bandwidth and the predominant circular frequency of the filtered stationary processes, respectively. Furthermore, in
Eq.(1) the coefficient E 0 is evaluated in such a way that the process U g (t ) possesses unitary
variance [5]. To define the main parameters of this model, the total number of both zero-level
up-crossings and peaks, and the total energy have to be evaluated [5]. However, as shown in
the previous section, these quantities are different from one accelerogram to another. It follows that, in order to define the PSD function parameters of the model proposed by
Muscolino et al. [5], and to quantify the uncertainty affecting ground motion representation,
the spectral content of accelerograms in the strong-motion time regions has to be analyzed.
In this paper, the above described uncertainties affecting the PSD function of ground motion acceleration are modelled via interval analysis [11, 12]. In particular, the so-called ImI
proved Interval Analysis [18] is adopted. Accordingly, the generic interval variable xi is
defined as follows:
xiI

ª¬ x i , xi º¼ { xmid,i (1  DiI )

xmid,i (1  'Di eˆiI )

(3)

where the symbols x i and xi denote the LB and UB of the interval, respectively; the apex
I characterizes the interval variables; eˆiI

> 1,1@ is

the so-called i-th extra unitary interval

(EUI), associated with the i-th interval variable [18]. In Eq.(3), xmid,i and 'Di are the midpoint value (or mean) and the normalized deviation amplitude (or radius) of xiI , given, respectively, by:
xmid,i

where 'xi

xi  xi
2

;

'Di

'xi
xmid,i

Di  Di
2

!0

(4a,b)

( x i  x i ) / 2 is the deviation amplitude of xiI ; 'Di represents the deviation

amplitude (or radius) of the dimensionless interval fluctuation DiI

'Di eˆiI around xmid,i such

that 'Di  1 .
Notice that, in the framework of interval symbolism, a generic interval-valued function f
and a generic interval-valued matrix/vector function A of the interval variables D iI ,

i 1, 2,... or E jI

j 1, 2,... and of classical, not interval, quantities bk

k 1, 2,... and c

1, 2,... will be denoted in equivalent form, respectively, as:

f I (b1, b2 , ) { f (b1, b2 , D1I , D2I , ); A I (c1, c2 , ) { A(c1, c2 , E1I , E2I , ).

(5a,b)

The PSD function introduced in Eq.(1) depends on three parameters: the predominant circular frequency, :0 ; the circular frequency bandwidth, U 0 ; and the variance, V U2 g . These parameters are herein treated as interval variables i.e.:
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:0I

ª¬:0 , :0 º¼

:0,mid (1  D :I 0 )

U 0I

ª¬ U 0 , U 0 º¼

U 0,mid (1  D UI )

V U2

I

:0,mid (1  'D :0 eˆ:I 0 );

U 0,mid (1  'D U eˆUI );

0

0

0

(6a-c)

ªV 2 , V 2 º V 2
(1
(1
(  DVI 2 ) V U2g ,mid
(  'DV 2 eˆVI 2 ).
id
mid
id
U g ,mid
¬ Ug Ug ¼
Ug
Ug
Ug

g

The midpoints, :0,mid , U 0,mid , V U2g ,mid , and the normalized deviation amplitudes, 'D:0 ,
'D U0 , 'DV 2 , are assumed equal to those listed in the fourth and fifth columns of Table 2.
Ug

Under this assumption, the PSD function representative of accelerograms recorded on soils
with specific geotechnical characteristics is consistently modelled as an interval function. This
implies that the seismic spectra with deterministic parameters proposed in literature provide
only indicative models of recorded accelerograms in seismic areas which may differ from the
actual ones. Note that, since the PSD function in Eq. (1) depends linearly on (V U2g ) I , this variable could be set a posteriori as a function of site seismic hazard or as a function of the expected peak ground acceleration. Based on this observation, the following expression of the
interval extension of the PSD function given in Eq.(1) is assumed:

GU Z; :0I , U0I ,((VU2 ) I { (VU2 ) I GUI Z
g

g

g

(7)

g

with
I
Ug

G

Z { GU Z; : , U
I
0

g

I
0

§
Z2
¨
E
¨ Z 2  ZHI
©
I
0

4
·§
ZLI
¸¨
2
¸ ¨ Z 4  ZLI
¹©

·
¸ G0( CP ) Z; :0I , U 0I
4
¸
¹

(8)

where [5]

E0I { E0 :0I , U0I ; ZHI { ZH (:0I ) 0.1 :0I ; ZLI { ZL (:0I , U0I ) :0I  0.8U0I .

(9a-c)

For illustration purposes, Fig. 1 shows the realizations of the imprecise PSD function
I
I
G (Z ) pertaining to the extreme values of the interval parameters Ω0 and U 0 along with the
I
Ug

nominal spectrum. Notice that imprecision causes a significant variation of the PSD function.
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Figure 1: Realizations of the imprecise PSD function of ground motion acceleration GUI g Z .
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3

EQUATIONS GOVERNING THE PROBLEM

3.1

Interval equations of motion

Consider now a structural system subjected to the normalized interval stationary process

U (t ) { U g (t; :0I , U0I ) U g (t; :0I , U0I , VUI g ) / V UI g , whose equations of motion can be written as:
I
g

MU
U I (t )  C U I (t )  K U I (t )

M τ U gI (t )

(10)

where M , C and K are the n u n mass, damping and stiffness matrices, respectively; τ
is the n -array listing the influence coefficients; U I (t ) { U(t; :0I , U0I ) is the interval stationary
Gaussian vector process of normalized displacements; and a dot over a variable denotes differentiation with respect to time t . Under the assumption of classically damped system, the
equations of motion can be decoupled by applying modal analysis. To this aim, the following
modal coordinate transformation is introduced:
s

U I (t )

ΦQ I (t )

¦ Ij Q Ij (t )  UiI (t )
j 1

s

¦I

ij

Q Ij (t )

(11)

j 1

where Q I (t ) is the vector of modal coordinates; Φ ª¬I1 I2 ... Is º¼ is the modal matrix, of order n×s , collecting the s d n eigenvectors Ij , normalized with respect to the mass
matrix, M , solutions of the following eigenproblem:

K 1 M Φ ΦΩ2 ;

ΦT M Φ I s .

(12)

In the previous equation, Ω is a diagonal matrix listing the undamped natural circular frequencies Z j ; I s is the identity matrix of order s ; and the superscript T denotes the transpose
operator. Once the modal matrix Φ is evaluated, by applying the coordinate transformation
(11) to Eq.(10), the following set of decoupled interval second-order ordinary differential
equations is obtained:
QI (t )  ΞQI (t )  Ω2QI (t )

p U gI (t )

(13)

where Ξ ΦT C Φ is the generalized damping matrix, and p ΦT M τ is the vector of
participation factors. For classically damped structures, the modal damping matrix Ξ is a diagonal matrix listing the quantities 2[ jZ j , being [ j the modal damping ratio.
3.2

Characterization of interval stochastic response processes

The interval zero-mean stationary Gaussian stochastic response process U I (t ) , ruled by
the equations of motion in Eq.(10), is completely characterized in the frequency domain by
I
the interval one-sided PSD function matrix, GUU
(Z) { GUU (Z; :0I , U0I ) , given by:
I
GUU
(Z)

I
ΦGQQ
(Z)ΦT

ΦH*M (Z)ppT HTM (Z)ΦT GUI g (Z)

(14)

I
(Z ) is the interval PSD function matrix
where the asterisk means complex conjugate; GQQ

of the modal coordinate vector Q I (t ) ; H M (Z ) is the modal frequency response function
(FRF) matrix, defined as:
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HM (Z)

ª¬ Z 2I s  jZ Ξ  Ω2 º¼

1

(15)

with j
1 denoting the imaginary unit.
The interval one-sided PSD function matrix, which fully characterizes the stochastic response vector process of geometric interval displacements U I (t ) , can be derived from Eq.(14)
I
as GUU
(Z) { GUU (Z) Z; :0I , U0I ,(V U2g ) I

I
(V U2g ) I GUU
).
U (Z )

The generic response quantity of interest, YhI (t ) (e.g., displacement, strain or stress at a
critical point) can be determined from the knowledge of the interval displacement vector
U I (t ) as follows:

YhI (t ) { Yh t; :0I , U0I ,(VU2g ) I

qTh U I t

VUI qTh U I (t )
g

(16)

where q h is a vector collecting the combination coefficients relating the response process

Y (t ) to U I (t ) .
The complete probabilistic characterization of the interval stationary Gaussian random response process in Eq.(16) requires the knowledge of the interval one-sided PSD function
GYIh Yh (Z ) of YhI (t ) defined as follows:
I
h

GYIh Yh (Z)

I
(VU2g ) I qTh GUU
(Z)qh

(17)

I
is given by Eq. (14).
where GUU

4

BOUNDS OF INTERVAL RELIABILITY FUNCTION

Under the assumption that a structure fails as soon as the response at a critical location exceeds a prescribed safe domain for the first time, the probability of failure is usually identified
with the first-passage probability, i.e. the probability that the extreme value random process
for the generic structural response process of interest (e.g., displacement, strain or stress) firstly exceeds the safety bounds within a specified time interval [0, T ] .
For the generic response quantity YhI (t ) (see Eq.(16)) of a structure under imprecise seismic excitation, the extreme value random process, over the time interval [0, T ] , has an interval
nature and is mathematically defined as:
I
I
I
2 I
Ymax,
h T { Ymax,h T ; :0 , U 0 ,(V Ug )

max Yh t; :0I , U0I ,(VU2g ) I
0dt dT

(18)

where the symbol | x | denotes absolute value.
The interval cumulative distribution function (ICDF), LYI max,h b, T , of the extreme value
random process, often called in literature interval reliability function, represents the probabilI
is equal to or less than the barrier level b within the time interval [0, T ] . In
ity that Ymax,
h T
random vibration theory, the evaluation of the CDF function is a quite challenging task. Even
in the simplest case of the stationary response of a SDOF linear oscillator under zero-mean
Gaussian white noise, the exact solution of this problem is not available. Hence, several approximate techniques have been proposed in literature, which differ in generality, complexity
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and accuracy. In the framework of approximate methods, the first-passage failure criterion by
Vanmarcke [13] is usually adopted. According to this criterion, the ICDF function of the exI
treme value random process Ymax,
can be written as:
h T
LYI max,h b, T { LYmax,h b, T ; :0I , U 0I ,(V U2g ) I
ª
«
I
«
1 O 2,2,Yh
# exp «  T
π O 00,I Yh
«
«
«
¬

ª
§
12
1.2
π
«1  ex
exp ¨  b GYIh
2 I
2(V Ug ) O 00,I Yh
¨
«
©
«
§
·
«
b2
¸
exp ¨
1
«
¨ 2 (V U2 ) I O 00,I Yh ¸
«¬
g
©
¹

· ºº
¸ »»
¸ »»
¹ »»
»»
»»
»¼ »
¼

(19)

where G YIh is the so-called interval bandwidth parameter of the stationary process

YhI t

YhI t / V UI g defined as:

GYI { GY :0I , U 0I
h

1

h

^ `.

the

previous

h

O 0,I Y { O00,,Y :0I , U0I ,

equations,

h

(20)

O 00,I Y O 2,2I Y
h

In

2

Re O 1,I Yh

h

O1,I Y { O11,,Y :0I , U0I
h

h

and

O 2,I Y { O22,,Y :0I , U0I are the interval spectral moments [19] of zero-, first- and second-order,
h

h

YhI t / V UI g . Indeed, introducing the

respectively, of the normalized random process YhI t

interval function GYIh Yh (Z) { GYIh Yh Z; :0I , U0I ,(V U2g ) I / (V U2g ) I (see Eq. (17)), the following relationship holds:
f

O I,Y { O ,Y :0I , U0I { ³ Z GY Y Z; :0I , U0I dZ
h

h

h h

0

f

³Z

GYIhYh (Z ) dZ,

0, 1, 2. (21)

0

The LB and UB of the ICDF are formally defined as:
LYmax,h b, T {
LYmax,h b, T {

:0:0I ,

min
I
2

U0  U0 ,

VU (VU2 ) I
g
g

max

:0:0I , U0  U0I , VU2 (VU2 ) I
g

g

^L
^L

`
`.

Ymax,h

b, T ; :0 , U 0 , V U2g ;

Ymax,h

b, T ; :0 , U 0 , V

2
Ug

(22a,b)

The previous bounds can be evaluated by performing global optimization for each value of
the barrier level b under the constraint that the uncertain parameters range within the pertinent intervals. In the present study, a more efficient approach is proposed which takes advantage of the dependency of the imprecise PSD function on three interval parameters only.
The key idea is to estimate the bounds of the ICDF starting from the knowledge of the LB and
UB of the interval spectral moments of the normalized response process YhI t YhI t / VUI g ,
which are formally defined as follows:
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O ,Y {
h

O ,Y {
h

min
i

:0:0I , U0  U0I

max
I

:0:0 , U0  U0I

^O
^O

,Yh

:0I , U 0I

,Yh

:0I , U 0I

`
,
`

0, 1, 2.

(23a,b)

Notice that only two optimization parameters appear in Eqs. (23a,b) i.e. U0  U0I and
0, 1,2 ), in general, are not monotonic func:0 :0I . The interval spectral moments O I,Yh (
tions of the uncertain parameters affecting the PSD function of seismic excitation (see e.g.,
[20]). However, in the framework of the proposed model of the imprecise PSD function (see
Eq.(7)), the combinations of the values of the parameters U0  U0I and :0 :0I which yield

the bounds of the interval spectral moments O I,Yh (

0, 1,2 ) can be readily predicted relying

on the dynamic behaviour of the seismically excited structure. In particular, attention should
be focused on the possibility that resonance with some vibration modes of the structure occurs
as the predominant frequency of the excitation :0 :0I ranges over the pertinent interval.
5

NUMERICAL APPLICATION

The presented procedure is applied to a single-degree-of-freedom (SDOF) system under
seismic excitation characterized by the proposed imprecise PSD function (see Eq.(7)) with
interval parameters defined in Table 2 for moderate and high seismicity areas. The SDOF system is characterized by stiffness k 23500 kN/m and modal damping ratio [0 0.05 . In order to show the influence of resonance on the proposed procedure, two different values of the
mass are assumed: m(1) 52200 kg (Case 1); m(2) m(1) / 2 26100 kg (Case 2).

k / m(1) 21.217 rad/s and
In Case 1, the natural frequency of the SDOF system is Z0(1)
no resonance can occur for values of the fluctuations of the predominant circular frequency
:0 :0I of the seismic excitation within the assigned range. In Case 2, the natural frequency
of the SDOF system is Z0(2)

k / m(2)

30.006 rad/s and resonance may occur when the di-

mensionless fluctuation of the predominant circular frequency : 0I takes the value

D:( R0)

0.173 , such that D:( R0)  'D:0 (see Eq.(6a)). Attention is focused on the interval dis-

placement zero-mean stationary Gaussian random process U I (t ) .
I
Figures 2a and 2b display some realizations of the imprecise PSD function GUU
U (Z ) of the

displacement process U I (t ) U I (t ) / VUI g for Case 1 and Case 2, respectively. For both cases,
samples pertaining to all possible combinations of the endpoints of the uncertain parameters

: 0I and U 0 (see Table 2) as well as to the nominal values are plotted. In addition, for Case 2
I

(2)
the realizations associated with Ω0 Z0 (resonance condition) and U 0 equal to its UB or LB
are plotted. By inspection of Fig. 2a, it is observed that, in Case 1, among the considered
samples of the PSD of the response, those yielding the UB and LB of the zero-order spectral

I

moment O00,I U are associated with Ω0 , U 0 and Ω0 , U 0 , respectively. In Case 2, Fig. 2b shows
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that, the sample corresponding to the resonance condition :0

Z0(2) and U 0 is expected to

yield the UB of O00,I U , while the LB is associated again with Ω0 , U 0 .
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Figure 2: Realizations of the imprecise PSD function of the displacement process U I (t ) U I (t ) / VUI g : a) Case 1
and b) Case 2.

Figures 3 and 4 display the 3D plots of the spectral moments O I,U
,U (
ª¬ 'D:0 , 'D:0 º¼ and D U0  D UI 0

dimensionless fluctuations D:0  D:I 0

0, 1,2 ) versus the

ª¬ 'D U0 , 'D U0 º¼ of the

uncertain parameters :0 :0I and U0  U0 for Case 1 and Case 2, respectively. As inferred
I

from Fig. 2, the LB of O I,U
,U (

0, 1,2 ) is obtained when the uncertain parameters are set equal

to the extreme values : 0 and U 0 for both Case 1 and Case 2. As far as the UB is sought, it is
observed that in Case 1 it is achieved when the predominant circular frequency, : 0I , and the
circular frequency bandwidth, U 0 , are both equal to their LB, in agreement with the prediction
suggested by Fig. 2a. Conversely, Fig. 4 shows that in Case 2 the spectral moments are not
monotonic functions of :0 :0I and it can be reasonably assumed that they achieve the UB
I

when Ω0

Z0(2) and U0

U0 , as suggested by Fig. 2b.

O00,U

O22,U

O11,U

D U0

D Ω0

D Ω0

D Ω0

a)

D U0

D U0

b)

c)

Figure 3: Spectral moments of the displacement process U I (t ) U I (t ) / VUI g versus the dimensionless fluctuations of the uncertain predominant frequency Ω0 and circular frequency bandwidth U 0 : a) zero-order; b) firstorder; c) second-order (Case 1).
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D Ω0
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Figure 4: Spectral moments of the displacement process U I (t ) U I (t ) / VUI g versus the dimensionless fluctuations of the uncertain predominant frequency Ω0 and circular frequency bandwidth U 0 : a) zero-order; b) firstorder; c) second-order (Case 2).

Figures 5 and 6 show the bounds of the ICDF, LUI (b, T ) , and of the interval failure probmax

I
f ,U max,1

ability function, P

(b, T ) 1  LU (b, T ) , along with the nominal solutions pertaining to
I

max

Case 1 and Case 2, respectively. The observation time is set equal to T 30 s . The proposed
bounds are contrasted with the “Exact” ones provided by the scanning method. An excellent
agreement is observed. The proposed LB and UB of the ICDF are obtained from Eq. (19) setting the variance of ground motion acceleration (V U2g ) I and the spectral moments O I,U
,U
(
0, 1,2 ) simultaneously equal to their UB and LB, respectively. Notice that the width of the
intervals of LUI (b, T ) and PfI,Umax,1 (b, T ) is very large mainly due to the high degree of uncermax

tainty affecting the variance of ground motion acceleration (V U2g ) I (see Table 2). In order to
obtain results useful for design purposes, tighter bounds of the variance need to be derived by
analyzing the selected set of recorded accelerograms. Furthermore, Figures 5 and 6 show that
neglecting imprecision of the PSD function of seismic excitation may lead to a significant
overestimation of the safety level of the structure. Indeed, for a given threshold b , the worstcase scenario identified by the LB of the ICDF and UB of the interval failure probability is
highly underestimated compared to the nominal values obtained assuming deterministic parameters of the PSD function of the excitation.
1
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Figure 5: a) ICDF and b) interval failure probability (in semi-logarithmic scale) of the extreme value displaceI
ment process U max
(T ) : bounds obtained by applying the proposed approach and the scanning method; nominal
solution (Case 1).
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Figure 6: a) ICDF and b) interval failure probability (in semi-logarithmic scale) of the extreme value displaceI
ment process U max
(T ) : bounds obtained by applying the proposed approach and the scanning method; nominal
solution (Case 2).

6

CONCLUSIONS
x Reliability analysis of linear discretized structures under seismic excitation has been addressed in the framework of the first-passage theory taking into account uncertainties affecting the definition of the input described by a zero-mean Gaussian stationary random
process.
x By analysing a set of accelerograms recorded on rigid soil deposits it has been recognized that the power spectral density (PSD) function of ground motion acceleration has
an imprecise nature. Indeed, the three main parameters characterizing the PSD function
i.e. the predominant circular frequency, the circular frequency bandwidth and the variance of the process, assume very different values from one accelerogram to another.
Moreover, the analysis has shown that the PSD function representative of accelerograms
recorded in soils with specific geotechnical characteristics is more appropriately described by an interval function.
x This entails that the well-established seismic spectra, with deterministic parameters proposed in literature, provide only indicative models of recorded accelerograms in seismic
areas which may differ from the actual ones.
x Numerical results have demonstrated the remarkable influence of imprecision of earthquake excitation on structural performance. In particular, it has been shown that neglecting uncertainties affecting the main parameters of earthquake spectrum may lead to
significant overestimation of the safety level.
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Abstract. The aim of this work is to study an influence of environmental and mechanical
uncertainties on reliability assessment of some steel mast subjected to the given dynamic wind
spectrum. Some exemplary steel guyed mast structure has been tested including geometrical
non-linearities inherent in its dynamic response history spectra for the ultimate and
serviceability limit states. Numerical solution of dynamic excitation problem has been obtained
using the Finite Element Method system ROBOT. Further research, which has been performed
in computer algebra system MAPLE 2019, included sensitivity study regarding an order of
polynomial approximation of structural response functions and also the resulting structural
probabilistic characteristics presented as the functions of the input uncertainties. The Weighted
Least Squares Method with triangular weight functions has been applied to recover some
structural response polynomials. Probabilistic analysis has been performed with the use of the
Iterative Stochastic Perturbation Technique, where accuracy of this method has been compared
with the Monte-Carlo simulation and also with the semi-analytical approach. A coincidence in
this comparison for the first two probabilistic moments of structural response has been
discussed in this paper accordingly.
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1 INTRODUCTION
This work contains a study of the influence of environmental and mechanical uncertainties
on reliability index of some guyed steel mast subjected to the given dynamic wind spectrum.
This excitation has been defined using relatively short period spectrum following some
experimental measurements. A structure of this mast has a height equal to 198.0 m and its shaft
has been designed with the use of S235J2 steel in form of three-walled lattice with side width
equal to 1.30 m. Leg members have been modelled as round pipes with diameter of 168.3 mm
with the cross-section wall thickness adjusted to the ultimate limit state conditions. The mast
face lacing elements have been designed as round pipes of the diameter 63.5 mm and their wall
thickness has been designed quite similarly. Mast guys have been attached to the shaft at the
altitudes equal 60.0 m, 120.0 m and 180.0 m from the ground level and they are introduced with
the inclination angle equal to 45 degrees. A spiral single strand steel rope 1x37 with the
diameter of 32.0 mm has been applied with the mean strength equal to 1960.0 MPa. The mean
elasticity modulus of the cables has been assumed as 150.0 GPa, whereas elasticity modulus of
the mast shaft elements has been adopted as 210.0 GPa. An initial tension for the mast guys has
been provided by prestressing equivalent to 11.0 cm, 22.0 cm and 31.0 cm, correspondingly for
the consecutive attachment levels with ascending order starting from the bottom.
Numerical model prepared in the Finite Element Method system ROBOT consists of 903
finite elements. Mast shaft has been modelled by 2 node bar elements described by linear shape
functions and 6 degrees of freedom at each end – mast structure consists of 894 of such
elements. Mast guys has been modelled as cable finite elements implemented in this system
according to the small-sag theory. This furtherly contributes to assumptions such as the
equilibrium of the cable is being found considering constant tensile force of the cable along its
length.

2 UNCERTAINTY ANALYSIS
Several environmental and mechanical uncertainties have been taken into account for
computer analysis of the dynamic response spectra in the most fragile elements of the mast.
They have been defined as Gaussian variables with the given expectations and some interval of
coefficient of variation. Both types of uncertainties and their implementation methods into
numerical analysis have been discussed here as the functions of the approximating polynomial
order and the input uncertainty level. The final graphs attached below include only these
parameters, which appeared to be decisive for the mast reliability analysis.
2.1 Environmental uncertainties
The first environmental uncertainty is the external temperature applied to the mast structure.
Two ranges of temperature load applied uniformly to the entire structure have been taken into
consideration, namely from -10°C to +40°C, and also from -50°C until ±0°C. These two case
studies of external temperature have been additionally discretized into 11 sub-cases with an
increase equal to °5°C. The second environmental uncertainty has been described by the
uncertain wind velocity distribution. This wind load has been modelled according to the
Eurocode 1 guidelines for towers, chimneys and masts including an effect of the local wind
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gusts [1]. A dynamic analysis of the wind influence on this structure has been performed for a
time interval of 10 minutes according to the spectrum included in Fig. 1.

Figure 1: Wind velocity fluctuations in 10-minute interval

The uncertainty description of dynamic wind action upon this structure has been performed
similarly to the temperature load case. It means that 11 types of dynamic wind load histories
have been analyzed, each of them described by a different multiplication factor applied to the
spectrum presented in Fig.1. Values of peak wind velocity taken into account are specifically
presented and discussed further in section 3.2. Wind action expressed as pressure applied to the
mast consists of some mean load and supplementary patch load simulating additional wind
gusts along certain parts of the mast according to [1]. An example of the wind load distribution
applied to the mast shaft, which consists of both load types, has been presented in Fig. 2.
a)

b)

Figure 2: Wind load distribution along the mast height: a) mean load, b) patch load
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2.2 Mechanical uncertainties
Mechanical uncertainties considered in this analysis are - the elasticity modulus of mast guys
and, independently, elasticity modulus of mast shaft. In both cases 11 representative values of
elasticity modulus have been taken into account. These representative test values of elasticity
moduli have been calculated based on expected value, which refers directly to Eurocodes
namely 210.0 GPa for mast shaft elements and 150.0 GPa for mast guys respectively.
Multiplication factors for these representative values have been introduced as 0.90, 0.92, 0.94,
0.96, 0.98, 1.00, 1.02, 1.04, 1.06, 1.08, 1.10, consecutively.
2.3 State variables
State variables for the steel guyed mast structure have been chosen according to the
Eurocode guidelines [2], [3], which indicates that verification of the Ultimate Limit States
(ULS) and Serviceability Limit States (SLS) in probabilistic context is sufficient for its
reliability. Analyzed state variables of the greatest interest represent both ULS and SLS states
and they refer to the stress-state of main leg element, stress-state of face lacing element, global
horizontal displacement of the top of mast shaft and also extreme twisting of the shaft. First
two obviously have been taken upon with respect to ULS and the remaining two – for the SLS.
3 NUMERICAL SOLUTION
3.1 Dynamic response spectra
Numerical solution has been obtained via simulations performed in the system ROBOT
using non-linear dynamic analysis procedure based on the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm. Integration of equations of motion induced by the wind spectrum has been
performed with the use of Hilber-Hughes-Taylor (HHT) solver [4]. An accuracy of the HHT
method for geometrically non-linear guyed mast structure has been studied by a contrast with
the Newmark solver [5], which has been presented in Figure 3.

Figure 3: Response history for the stress in main leg computed using the HHT and the Newmark methods
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The HHT solver is based upon specific time discretization, where the structural
displacements and velocities in the given time step are described using displacements, velocities
and accelerations in the previous time step as
 xi 1
°
®
°̄

xi  't  xi  1/ 2  E  't
xi 1

2

 xi

(1)

xi  1  J  't  xi

Time step of the method has been set here as 0.10 s and the output response results have
been saved every tenth time steps (at every 1.0 s). The mast dynamic response has been
recalculated for several realizations of each random parameter about its expected value, so that
176 series of the Stochastic Finite Element Method computations have been performed
resulting in 105,600 discrete results of the principal state variables.
3.2 Structural Response Function approximation
The Weighted Least Squares Method (WLSM) has been selected in order to perform the
Structural Response Function (SRF) approximation in the form of polynomials of order varying
from the 5th until the 10th one [6]. This has been completed for each state variable in the time
step corresponding to the extreme values in the limit states. Let us note that the uniform,
triangular and Dirac weight functions distributions have been initially considered for this
approximation procedure. Triangular weight functions exhibited the best accuracy for the
provided series of dynamic response data with respect to least square error minimization and
also overfitting phenomenon minimization criterium, so that they have been applied in further
SFEM analysis. The prescribed weights for each uncertain parameter have been given in such
a way that the greatest weight corresponds to the expected value. Referring to Table 1, one can
notice that weights for WLSM approximation of the temperature load case should be
(1,2,3,4,5,6,7,8,9,8,7), while for the peak wind are proposed as (1,2,3,4,5,6,5,4,3,2,1). The
discrete values of each uncertain parameters have been presented in Table 1.

No.

1
2
3
4
5
6
7
8
9
10
11

Temperature
load 1
°C
-10.00
-5.00
0.00
5.00
10.00
15.00
20.00
25.00
30.00
35.00
40.00

Input uncertain parameter
Temperature
Peak wind
Elasticity
modulus – guys
load 2
velocity
GPa
°C
m s-1
-50.00
19.80
135.0
-45.00
20.24
138.0
-40.00
20.68
141.0
-35.00.
21.12
144.0
-30.00
21.56
147.0
-25.00
22.00
150.0
-20.00.
22.44
153.0
-15.00
22.88
156.0
-10.00
23.32
159.0
-5.00
23.76
162.0
0.00
24.20
165.0

Elasticity
modulus – shaft
GPa
189.0
193.2
197.4
201.6
205.8
210.0
214.2
218.4
222.6
226.8
231.0

Table 1: Discretization of the two uncertain parameters (expected values underlined)
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Each data of the response history has been approximated by 5th to 10th order polynomials.
Finally, 4 uncertain parameters, 4 state variables and 600 time steps have been analyzed and
the WLSM approximation by 6 different polynomials has been performed. So that general
database consists of 57,600 polynomials obtained solely by finding the solution with the HHT
solver. For a brevity of this work presentation, the SRF representing extreme value of some
state variables have been taken into account only. It has been assumed that this moment in
dynamic analysis would be considered as the most dangerous from structural engineering
perspective and its SRF should be serve in further mast reliability index estimation.
4 PROBABILISTIC ANALYSIS
Probabilistic analysis has been performed with the Stochastic Perturbation Technique (SPT),
and independently using Monte-Carlo simulations (MCS) and semi-analytical method (SAM)
also [7], [8]. The results obtained by SPT are marked with asterisk, these coming from the MCS
- with a cross, while these obtained by SAM - with a diagonal box. The main study has been
performed to verify how the order of approximation would affect the resulting basic
probabilistic characteristics and, finally, reliability index determination. A coincidence inbetween three different probabilistic methods has been also investigated. Each SRF has been
independently approximated as a function of some uncertain parameter. To pursue the
abovementioned investigation it has been assumed that the SRF are some functions of a random
variable with unknown standard deviation. Then, the SRFs have been presented as a result
related directly to the coefficient of variation of this particular variable.
Expected values of normal stresses in the mast leg are presented in Fig. 4 below as the
functions of the input coefficient of variation of Young modulus of the guys and also of the
response polynomial order. As it is demonstrated, an increase of the input uncertainty leads
each time to a decrease of this expectation. Further, one may notice that the resulting extreme
expectation seems to be quite sensitive to the chosen approximation order, especially for larger
values of the coefficient α. Higher orders of this approximation make these variations more
remarkable. The resulting coefficients of variation of these stresses in addition to a wind
pressure coefficient of variation have been presented further in Fig. 5. An interrelation inbetween these coefficients is almost linear and the impact of the polynomial approximation
order is definitely smaller than in Fig. 4. On the other hand, the resulting coefficients of
variation of these stresses with respect to Young modulus of the mast guys shown in Fig. 6
presented more nonlinear interrelation to coefficient α. Increase of parameter α in such case
results in non-linear increase of output coefficient of variation.
The expected values of the normal stresses in face lacing elements are contained in Fig 7 as
the functions of the input coefficient of variation of Young modulus of the guys and also of the
response polynomial order. Fifth and sixth order polynomials in this case presented opposite
monotonicity to higher order polynomials which can be observed for values of parameter α
greater than 0.10. Once again one may notice that obtained expectations are sensitive to
polynomial order for larger values of abovementioned parameter α. The resulting coefficient of
variation of this stresses has been presented in Fig. 8. In this case an interrelation in-between
input and output variations is expotentially related. Some additional inaccuracy in between SPT
and SAM has been observed for tenth order polynomial approximation. It is seen that this
randomness is the largest one, which confirms a fundamental role of the Ultimate Limit State
for this structure safety.
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Figure 4: Expected value of response function describing stress in main leg in reference to guys elasticity
modulus coefficient of variation

Figure 5: COV of response function describing stress in main leg in reference to wind load coefficient of
variation

Figure 6: COV of response function describing stress in main leg in reference to guys elasticity modulus
coefficient of variation
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Figure 7: Expected value of response function describing stress in face lacing in reference to guys elasticity
modulus coefficient of variation

Figure 8: COV of response function describing stress in face lacing in reference to guys elasticity modulus
coefficient of variation

Expected values of global horizontal displacement are shown in Fig. 9 below as the functions
of the input coefficient of variation of Young modulus of the guys and also of the response
polynomial order. As it was demonstrated, an increase of the input uncertainty leads each time
to a increase of this expectation except for tenth order polynomial approximation. Further, one
may notice that the resulting extreme expectation seems to be quite sensitive to the chosen
approximation order, especially for larger values of the coefficient α. The resulting coefficients
of variation of these stresses related to guys Young modulus coefficient of variation have been
presented further in Fig. 10. An interrelation in-between these coefficients is expotentially
monotonous. The best approximations of these coefficients of variations in-between all three
probabilistic techniques has been observed for fifth, sixth and seventh order of polynomial
approximation.

56

R. Bredow, M. Kamiński

Figure 9: Expected value of response function in reference to guys elasticity modulus coefficient of variation

Figure 10: COV of response function in reference to guys elasticity modulus coefficient of variation

Expectations of a twist of the mast shaft are collected in Fig. 11 below as the functions of
the input coefficient of variation of Young modulus of mast shaft and also of the response
polynomial order. As it is demonstrated, an increase of the input uncertainty leads to a decrease
of this expectation except for fifth order polynomial approximation where minor increase is
observed. Further, one may notice that the resulting extreme expectation seems to be quite
sensitive to the chosen approximation order, especially for larger values of the coefficient α.
The resulting coefficients of variation of these stresses related to mast shaft Young modulus
coefficient of variation have been presented further in Fig. 12. An interrelation in-between these
coefficients is nonlinearly monotonous. The best approximations of these coefficients of
variations in-between all three probabilistic techniques has been observed for fifth, sixth,
seventh and eighth order of polynomial approximation.
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Figure 11: Expected value of response function in reference to shaft elasticity modulus coefficient of variation

Figure 12: COV of response function in reference to shaft elasticity modulus coefficient of variation

5 RELIABILITY ASSESSMENT
Eurocode 0 statements regarding reliability of structures it should be noted that structures
such as guyed steel masts undoubtedly belong to the highest reliability class RC3 thus their
reliability assessment should be available at hand. The Authors propose in this paper to express
reliability of the mast structure by the Cornell theory exposed in Eurocode 0. According to [2]
the minimum reliability index value regarding ULS for RC3 class is equal to 4.3. For SLS the
Eurocode 0 does not provide target reliability values with respect to the reversible SLS states
and their arbitrary assumption must comply with the expectations of the investor as well as
allow safe exploitation of the equipment attached to the structure.
The reliability index has been calculated as a function of coefficient of variation of the given
input parameter and results of such investigation has been presented for most significant
random parameters with respect to considered state variable under assessment. Significance of
chosen random parameters once again has been dictated by the sensitivity of the mast structure
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which has been visualized in probabilistic response spectra presented in chapter 4. From Figs.
13-16 can be deduced that all proposed polynomial approximations produces similar outcome
in form of reliability responses related to input parameter α. From all uncertainties taken into
account it can be noticed that the mast structure exhibits the greatest sensitivity towards
uncertain Young modulus of guys and towards wind pressure. This observation can be
expressed directly through determination and presentation of the reliability index as for Figs.1415 reliability drops below some arbitrary level of acceptance at relatively small values of input
α parameter. When acceptance level is set as reliability index equal to 2.0 for example, then the
mean wind pressure and Young modulus should be described using random distributions with
a coefficient of variation smaller than 0.08.

Figure 13: Reliability index in function of input COV of shaft elasticity modulus with respect to ULS state of
stress in face lacing elements

Figure 14: Reliability index in function of input COV of wind velocity with respect to SLS state of global
horizontal displacement
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Figure 15: Reliability index in function of input COV of guys elasticity modulus with respect to SLS state of
global horizontal displacement

Figure 16: Reliability index in function of input COV of shaft elasticity modulus with respect to SLS state of
twist of mast shaft

6 CONCLUDING REMARKS
The Iterative Stochastic Perturbation Technique shows quite satisfactory coincidence in
comparison with both Monte-Carlo simulation estimators and also with the semi-analytical
method moments and it requires also remarkably less computational time and effort. This is
very important considering the fact that nonlinear geometrical effects are considered during
dynamic excitation of the structure, which undoubtedly is large scale civil engineering
structure. More interestingly, higher order polynomials have returned neither more stable nor
predictable random responses. Different orders of polynomials used in WLSM show exquisite
accuracy when the input coefficient of variation is smaller than about 0.10 – 0.12. When the
input COV is above this value, the differences in-between various orders of polynomials
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become more significant and even some of them show opposite monotonicity than the others.
Some differences in between the SPT and referential techniques are observed above this
uncertainty level. Nevertheless, material uncertainties or these associated with the dead loads
are well known and undergo smaller deviations than this limit in civil engineering. In such case
it has been proven that an order of the polynomial used in reliability index assessment can be
arbitrarily assumed and may result in quite satisfactory outcome. On the other hand, when
uncertainties taken into account exhibit larger deviations such as wind velocity history or some
other environmental phenomenon, the technique presented in this paper might be used to firstly
verify and choose proper other of polynomial or other function in such manner that it would
perform satisfactory coincidence in comparison with referential techniques. Such a function
then might be used in non-stationary reliability assessment of the structure exhibiting some
nonlinearities and subjected at the same time to the dynamic excitation.
One can notice that the given guyed mast structure exhibits different sensitivities with
respect to the chosen uncertainty sources. What is more, the structural sensitivity can be
associated with the certain state variable under consideration. In example let us imagine
considering the twist of mast shaft – one can assume that the general structural stiffness of the
mast towards twist could be directly associated with the stiffness of mast shaft itself. Obtained
results confirms that the uncertainty in mast shaft elasticity modulus contributes in the greatest
manner to its dynamic response to the wind excitation. The output COV of structure response
function correlated with shaft elasticity modulus increases most significantly with increasing
parameter α of elasticity modulus of mast shaft. Similar observations can be made with respect
to the other state variables. From this analysis it can be furtherly concluded that for both ULS
states (stress analysis in both main legs and the face lacing elements) the wind velocity is the
most significant random parameter and for the SLS state expressed by horizontal displacement
the mast structure exhibits the greatest sensitivity to elasticity of mast guys. What is more the
temperature load is the least significant uncertain parameter considered in this paper with
respect to all four state variables taken into account.
Sensitivity analysis and reliability index estimation are strictly related with each other as it
may be observed from in this paper. Reliability index reaches the lowest values for the uncertain
parameter to which the structure is the most sensitive – regarding limit state under
consideration. In summary for both ULS associated with stress the structure presents the
greatest sensitivity towards uncertainty expressed in wind velocity. Then for SLS associated
with horizontal displacement the structure exhibits significant sensitivity with respect to both
wind velocity and elasticity of mast guys and finally for SLS associated with structural rotation,
the structure exhibits the greatest sensitivity towards elasticity modulus of mast shaft.
From another perspective it can be also noticed that various orders of approximating
polynomials usually lead to similar results of probabilistic computer analysis and also, in
consequence, to similar reliability index values.
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Abstract. Fissile matter detection and characterisation are crucial issues; especially in nuclear
safety, safeguards, matter comptability, reactivity measurements. In this context, we want to
identify a source of ﬁssile matter knowing external measures such as instants of detection of
neutrons during an interval of measure. Thus we observe the neutrons detection times emitted by
the ﬁssile matter and going through the detector, then we compute the moments of the empirical
distribution of the number of neutrons detected during a time gate T. In order to identify the
source we have to get the following parameters: the multiplication factor k of the system, the
intensity of the source S, the ﬁssion efﬁciency εF .
Given the parameters of the source there are some models that allow us to predict the moments of counted number of neutrons during a time gate T. We consider a point model stating monokinetic neutrons are moving in an inﬁnite, isotropic and homogeneous medium. The
method makes it possible to compute the ﬁrst moments of the count number distribution.
Then, given the moments of counted number of neutrons during a time gate T we want to
get the parameters of the ﬁssile source. In order to achieve this goal, we will use the following
method
• Bayesian approach in order the get the distribution of parameters. The a posteriori distribution is non-trivial, samples can be achieved with Markov Chain Monte-Carlo methods
with covariance matrix adaptation (MCMC with CMA).
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Nomenclature
Nuclear constants
α

Decreasing coefﬁcient of the neutronic system

ν̄

Mean number of neutrons emitted by a ﬁssion event

ν̄S

Mean number of neutrons emitted by a source event

λC

Capture rate by time unit

λF

Fission rate by time unit

D2S

Diven factor of the source of order 2

D2

Diven factor of the ﬁssion of order 2

D3S

Diven factor of the source of order 3

D3

Diven factor of the ﬁssion of order 3

fν

Probability the ﬁssion emits ν neutrons

fν,S

Probability that source emits ν neutrons during a source event

p

Probability that a neutron causes a ﬁssion

Nuclear parameters
p

Vector of the parameters of the system

p∗

Vector of the parameters of the system to estimate

εC

Capture efﬁciency

k

Multiplication factor

S

Intensity of the source (neutron/units of time)

Observations and model outputs
M

Vector of the ﬁrst three simple statistical moments, the model

M̂

Vector of the ﬁrst three simple empirical moments, the measures

T

Time gate (units of time)

1

Introduction

We are interested in ﬁssile matter detection and characterisation. We want to determine the
ﬁssile source with external measures. Times of neutron detections during an interval of measure
provides the observations.
We study here an inverse problems under limited data. The inverse problem is ill-posed, getting
the entries of the model is challenging. To tackle this issue we use bayesian methods, the a
posteriori distribution provides the relative probability of the entries knowing the measures,
our observation [12]. In order to sample this distribution we will use a MCMC method: the
Metropolis-Hastings algorithm.
Since the distribution is degenerate when the measures are extensive, we will use an AdaptiveMetropolis algorithm with Covariance Matrix Adaptation.
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The paper is organized as follows. First, we introduce the neutron point model and expose the
expressions of the simple moments of the neutrons count distribution [7].
Secondly, we will recall Bayes rules, present the requirements for the sampling and expose the
given covariance for the measures. And we will also present the sampling of the a posteriori
distribution, the discretisation with 3 parameters.
Finally, we will expose the results of the sampling with a benchmark. We will analyse the
features of the sampled distribution with an explicit sampling and MCMC one, and settle how
the work can be improved.
2

Stochastic neutronics problem, forward problem
The simplest model in neutronics is the point model approximation.

Deﬁnition 2.1 Point model [11]
The medium is inﬁnite, homogeneous and isotropic. The neutrons are supposed point particles
moving at the same speed. Moreover, we consider the neutron’s life ends with a capture (with
or without a detection) or a ﬁssion. These events are poissonian type. Neutrons are produced
by ﬁssion and by the Poisson or compound Poisson type sources. A ﬁssion chain is modeled as
a branching process.
The model is governed by the following parameters
2.1

Source

We model the source as a compound Poisson process with a strength
Deﬁnition 2.2
S := Intensity of the compound Poisson process

(1)

The probability distribution of the number of neutrons emitted by a source event is given by
fν,S

(2)

where ν goes from 0 to the maximum number of neutrons emitted by the source νmax,S . The
mean number of neutrons emitted by one source event is


νmax,S

ν̄S :=

νfν,S .

(3)

ν=0

From this, we can derive the following nuclear constants.
Deﬁnition 2.3 The Diven factors of order 2 and 3 of the source probability distribution are


ν(ν − 1)(ν − 2)fν,S
ν ν(ν − 1)fν,S
D2S :=
, D3S := ν
(4)
2
ν̄S
ν̄S3
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2.2

Fission

Deﬁnition 2.4 Let p be the probability that a neutron causes a ﬁssion (so 1 − p is be the probability that a neutron be captured).
The probability distribution of the number of neutrons produced by a ﬁssion is
fν

(5)

where ν goes from 0 to the maximum number of neutrons emitted by the ﬁssion νmax , and
ν̄ :=

ν
max

νfν

(6)

ν=0

the mean number of neutrons emitted by one source event. When a ﬁssion occurs ν̄ neutrons are
emitted on average.
Then
k := ν̄p
(7)
is the mean number of children of a neutron. We will call it the multiplication factor [2].
In our case 0 < k < 1, so the system is stationary which is the most important conﬁgurations
for nuclear safety applications [9].
As previously, we obtain the formulas of the Diven factors of the ﬁssion of order 2 and 3.


ν ν(ν − 1)fν
ν ν(ν − 1)(ν − 2)fν
,
D
:=
(8)
D2 :=
3
ν̄ 2
ν̄ 3
Deﬁnition 2.5 The ﬁssion rate is
λF

2.3

(9)

Capture

The neutron count is the action of detecting the neutron presence.
Deﬁnition 2.6 The capture rate is
λC

(10)

Deﬁnition 2.7 We deﬁne the capture efﬁciency by
εC := Probability that a captured neutron is detected

(11)

This efﬁciency is linked to the ﬁssion one εF by the equality
Deﬁnition 2.8

λ C εC
(12)
λF
this is the ratio of the mean number of detections over the mean number of induiced ﬁssions.
εF := Detector efﬁciency =
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2.4

Measurements

We get our observations from a detector with Helium 3 [15]. Neutronicians choose this
element because its cross-section is large, so the capture probability is high. Neutrons are
absorbed in the detector with the reaction
3
2 He

+01 n →11 H +31 H + 765keV

then the proton emerging from the reaction causes an electric current. During a time interval
of duration Tmeas , each instant of detection is stored as a list in ﬁle (see ﬁg. 1). Then we obtain
realizations of N[0,T ] the counted neutrons during a time gate T , and we compute
n = Tmeas
T
the empirical moments of this distribution

Figure 1: A measurement during t0 and tmax = t0 + Tmeas , with a time gate T
2.5

Forward model

Deﬁnition 2.9 Let N[0,T ] be the random variable representing the neutron counts during T . The
three ﬁrst associated moments of this distribution are
• E[N[0,T ] ] := the ﬁrst moment of the neutron counted during T distribution
2
• E[N[0,T
] ] := the second simple moment of the neutron counted during T distribution
3
• E[N[0,T
] ] := the third simple moment of the neutron counted during T distribution

These are the outputs of our model.
In the case of the point model the simple moments can be expressed as a function of the socalled Feynman moments Y2 (T ), Y3 (T ) [9].
Proposition 2.10 The ﬁrst three simple moments of N[0,T ] are of the form
εF k
T
(1 − k)ν̄
2
E[N[0,T
] ] = E[N[0,T ] ](1 + E[N[0,T ] ] + Y2 )

E[N[0,T ] ] = ν̄S S

(13)

3
2
3
E[N[0,T
] ] = E[N[0,T ] ](1 + 3Y2 + Y3 ) + 3E[N[0,T ] ] (1 + Y2 ) + E[N[0,T ] ]

where the Feynman moments are given by



εF D2 k
ν̄S D2S
1 − e−αY T
1−ρ
1−
Y2 (T ) =
(k − 1)2
ν̄D2
αY T



2 
−αY T
εF D2 k
1
−
e
ν̄S D2S
1−ρ
Y3 (T ) = 3
1 + e−αY T − 2
−(1 − k)2
ν̄D2
αY T



εF D3 k 3
k − 1 ν̄S2 D3S
3 − 4e−αY T + 2e−2αY T
−
1−
1−
(k − 1)3
k ν̄ 2 D3
αY T
where αY = λC + λF (1 − ν̄)
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A proof of this result can be found in [7].
Our forward model is
M : R 3 → R3
p → M(p)

(15)

j
where p = (εC , k, S) and Mj (p) = E[N[0,T
] ].

3

Bayesian inverse problem

3.1

Bayes principle

We have the observations M̂ which are the estimated moments of N[0,T ] . Bayes theorem [13]
states
∝ P(M̂|p)
P(p)
(16)
P(p|M̂)
a posteriori distribution

likelihood a priori distribution

where the likelihood and the a priori distribution are as follows
1. Thanks to the Central Limit Theorem, given the parameter p the measures are Gaussian
with mean M(p) and covariance n1 Cov(p) where M refers to the expression of the exact
simple moments of the distribution of N[0,T ] , Cov(p) the covariance matrix of the three
ﬁrst simple moments, n the number of realizations.
This gives explicitly
P(M̂|p) ∝ 

1

1 t
(M̂−M(p))Cov(p)−1 (M̂−M(p))n

det( n1 Cov(p))

e− 2

(17)

which is the expression of the likelihood up to a multiplicative constant.
The computation of Cov(p) needs the expression of the simple moments up to the order
6, and this is too complex to be computed analytically. So we will use the empirical

covariance matrix Cov.
P̃(M̂|p) ∝ 

1

1 t
 −1 (M̂−M(p))n
(M̂−M(p))Cov


det( n1 Cov)

e− 2

(18)

2. The a priori distribution is assumed to be uniform on [εC,min , εC,max ] × [kmin , kmax ] ×
[Smin , Smax ].
Our goal is to sample the a posteriori distribution 16. We will use two different methods: a
discrete sampling with a regular mesh and Adaptive Metropolis with Covariance Matrix Adaptation.
3.2

Explicit sampling of the a posteriori distribution

A simple way to obtain the explicit sampling of the a posteriori distribution is to use a regular
mesh of the domain [εC,min , εC,max ] × [kmin , kmax ] × [Smin , Smax ] and compute the a posteriori
distribution on each point of the mesh. The computations were done with Ne points in each
directions. The overall number of evaluations of the forward model 15 is therefore Ne3 . We
also compute the moments in order to have some quantitative information: mean, variance,
expectation to be compared with MCMC results.
Remark 3.1 By 16 the computation of the likelihood is true up to a multiplicative constant.
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3.3

MCMC sampling of the a posteriori distribution

The principle of the method is to build a Markov chain that has the target distribution as its
stationary distribution. Hence one can obtain a sample of the target distribution by sampling
and recording states from the chain. Various algorithms exist for constructing such Markov
chains, including the Metropolis-Hastings (MH) algorithm. The states of the MH chain are
produced iteratively. At each iteration, the algorithm picks a random proposal according to
some instrumental distribution that may depend on the current sample value. The proposal is
the candidate for the next sample value and it is either accepted (in which case the proposal value
is used in the next iteration) or rejected (in which case the proposal value is discarded, and the
current value is used in the next iteration) with some probability. The probability of acceptance
is determined by comparing the values of the target density at the current and proposal values
so as to ensure that the MH chain has the target distribution as its stationary distribution.
We implement here a speciﬁc MCMC method [10]: the Adaptive Metropolis algorithm with
Covariance Matrix Adaptation in order to sample a target distribution π.
The adaptation uses the Covariance matrix of the all the points proposed by the instrumental
law and accepted by the rejection procedure in order to accept more.
We implemented the following algorithm using [1] and [6]. Here
p = (p1 , p2 , p3 )

(19)

and we deﬁne p1,min = εC,min , p1,max = εC,max , p2,min = kmin , p2,max = kmax , p3,min =
Smin , p3,max = Smax The target distribution is denoted π.
We ﬁrst initiate
• The empirical acceptance xrate .
• The initial scale factor of the instrumental law f rac
• The target acceptance rate xobj
• The frequency of update of the scale factor NM C,1
• The burnin phase duration Nbp
• The initial parameter p0 is chosen with the uniform distribution over

3

k=1 [pk,min , pk,max ]

Iteration i → i + 1
1. During i ≤ Nbp , we use as instrumental law
qi+1 ∼ N (pi , f rac2 Cbi )

(20)

where qi+1 the proposal, pi the last accepted point, Cbi = diag(((pk,max − pk,min )2 )3k=1 ).
2. After the burnin we use the instrumental law as in algorithm 4 of [1]
qi+1 ∼ N (pi , f rac2 Ci )
where Ci is deﬁned by 24.
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3. Finally we compute the acceptance rate α using the likelihood ratio of the proposal and
the previous accepted point
α(qi+1 , pi ) = min(1,

π(qi+1 )
)
π(pi )

(22)

4. The acceptance-rejection criterion
u ∼ U ([0, 1])
If u ≤ α(qi+1 , pi ) then qi+1 is accepted: pi+1 = qi+1 otherwise pi+1 = pi

(23)

is applied
5. We update the scale factor when i ≡ 0( mod NM C,1 ). We update the scale factor f rac
f rac = f rac exp(xrate − xobj )
Number of acceptation
xrate =
Number of iterations
This is an algorithm with global scaling and with vanishing adaptation sothe ergodicity of
the algorithm is achieved. The vanishing factor γi = 1i , it must be chosen as i γi = +∞ [1].
So that
k
1 
pi pTi + (k + 1)p̄k p̄Tk )
(24)
Ci =
(
k + 1 i=0
i
1
where p̄i = i+1
k=0 pk as in [6]. The covariance matrix is updated as in [8]
Ci+1 = (1 − γi+1 )Ci + γi+1 (qi − p̄i )
p̄i+1 = (1 − γi+1 )p̄i + γi+1 qi

(25)

The empirical covariance matrix and the mean proposal are updated as follows
The target xobj = 0.234 is chosen thanks to [4]. Since the a posteriori distribution can be really
degenerate the use of C and the global factor adaptation allows to sample well the distribution,
even if highly degenerated.
4

Test-cases, numerical application
The real parameter will be

⎛

⎞ ⎛
⎞
εC
0.25 10−3
p∗ = ⎝ k ⎠ = ⎝0.5 or 0.75 or 0.95⎠
S
70 ms−1

(26)

In the following ﬁgures the cross represents p∗ , the observations M̂ are the values of the simple
moments of p∗ .
We use the following bounds for the a priori distribution
εC,min
εC,max
kmin
kmax
Smin
Smax

= 0.1 10−2
= 0.4 10−2
=0
=1
= 20
= 200
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The quantity of interest is N[0,T ] when T = 10 ms and for a time of measurement of Tmeas =
36, 360, 3600 s. We have also considered αY = 2 ms−1 and
ν̄ = 2.4130
D2 = 0.7992
D3 = 0.4819

ν̄S = 1.000
D2S = 0
D3S = 0

(28)

The initialization parameters of the AM algorithm are
xrate = 1
xobj = 0.234
frac = 0.1
Nbp = 107
NM C,1 = max(

(29)
NM C
, 1)
10000

Regarding the explicit sampling there are Ne3 points in the grid with Ne = 400.
The 2D-a posteriori distribution of the parameter p are estimated by histograms with 100 × 100
from the AM sample.
Tmeas = 360s

Tmeas = 3600s

k = 0.95

k = 0.75

k = 0.5

Tmeas = 36s

Figure 2: A posteriori distribution for (k, S) using 3P3M with explicit sampling
We can compare it to the result using the MCMC method
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Tmeas = 360s

Tmeas = 3600s

k = 0.95

k = 0.75

k = 0.5

Tmeas = 36s

Figure 3: A posteriori distribution for (k, S) using 3P3M with MCMC sampling
We can also observe the a posteriori distribution for (k, εC )
Tmeas = 360s

Tmeas = 3600s

k = 0.95

k = 0.75

k = 0.5

Tmeas = 36s

Figure 4: A posteriori distribution for (k, εC ) using 3P3M with explicit sampling
We can compare these results to the MCMC method results
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Tmeas = 360s

Tmeas = 3600s

k = 0.95

k = 0.75

k = 0.5

Tmeas = 36s

Figure 5: A posteriori distribution for (k, εC ) using 3P3M with MCMC
5

Discussion

The explicit sampling of the distribution is really effective when the dimension of p is up to
three.
When the dimension is larger than four, the AM algorithm is efﬁcient whatever the dimension
of p is.
We observe the higher the multiplication factor k the more the distribution is degenerate. The
same effects appear when the time of measurement Tmeas is large. The real value p∗ is in the
support of the distribution, but this support is large.
6

Conclusion

To sum up, in the context of the neutron point model we have used the analytic expression
of the three ﬁrst simple moments which deﬁne the forward model of our inverse problem. Our
observations are the estimation of the three ﬁrst empirical moments of the neutron count distribution. Then using the Bayes principle, we have exposed the estimation of the a posteriori
distribution of the parameters. Then we have implemented two sampling methods of this a
posteriori distribution:
• The ﬁrst method is a simple sampling with a regular grid whose cost dramatically increases with the dimension of the parameter.
• The second method is obtained by the use of the Adaptive Metropolis algorithm with
Covariance Matrix Adaptation
On an example with synthetic data, we observed that the support of the distribution contains the
true parameter. The distribution is more degenerate when the multiplication factor k is high,
and also when Tmeas is large.
The explicit sampling is well adapted when dim(p∗ ) ≤ 3, but it is too expensive when this
condition is not satisﬁed. Then the use of the AM-CMA approach is required.
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The present work shows that the sampling (explicit or with AM-CMA) is satisfactory to
retrieve the true for parameter for one time gate T when dim(p∗ ) ≤ 3. Considering two time
gates T1 and T2 will enable recovering a parameter of higher dimension.
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Abstract
This paper presents the study in the machine learning aided stochastic slope stability analysis
through the finite element method. The probability of failure of a dam with cohesive slope has
been investigated. The numerical model has been built by the finite element method. An advanced machine learning algorithm called Extreme Learning Machine (ELM) is adopted to
establish the regression model. The applicability and effectiveness of the presented approach
are compared by the Monte-Carlo simulation method.
Keywords: Slope stability analysis, machine learning, finite element method, experimental
design.

75

Z. Liu, D. Wu, D. Sheng, B. Fatahi and H. Khabbaz

1

INTRODUCTION

Slope stability is one of the principal considerations in soil mechanics such as rainfall induced landslide analysis and strength limit design of dam embankment. A series of research
can be found in the slope stability analysis [1-11]. Herein, D.V. Griffiths presented research in
slope stability analysis by finite elements methods [1], followed by the probabilistic slope stability analysis [2,3]. Nonlinear behaviour includes the nonlinear failure criterion and the
yielding criteria on the elasto-plasitc analysis are investigated [4,5]. Reliability analysis for
slope stability is presented by J.T. Christian et al. [6] and J.M. Duncan [7]. C.C. Huang et al.
have conducted research in 3D slope stability analysis [8, 9]. Research shows, because of the
uncertainty of the soil properties and the large-scale variation of the nature environment, the
deterministic analysis is not always leading the results that reflect the real-world situation.
Thus, the non-deterministic analysis is of favoured in such a design, especially the reliability
analysis for the slope stability.
This study presents a machine learning aided stochastic slope analysis by using extreme
learning machine (ELM). ELM is a single hidden layer forward neural network (SLFN) that
originally proposed by G.B. Huang [11], based on the four-layered feedforward neural network versus three [12, 13]. Figure 1 illustrates the architecture of the classical ELM algorithm.
The performance of the regression and multiclass classification is further discussed in [14, 15].
Researchers investigated on the improvements of the ELM algorithms and the effectiveness of
its extension including bidirectional extreme learning machine (B-ELM) [16]; incremental
extreme learning machine (I-ELM) [17-19]; on-line sequential extreme learning machine
(OS-ELM) [20]; OS-ELM with kernel [21] and so on. G. Huang has summarised the current
research work in ELM in a review article up to 2015 [22]. In this paper, a numerical investigation has been conducted for the dam embankment model demonstrated in Figure 2. The results are compared with the conventional Monte Carlo Simulation method to demonstrate the
accuracy and the efficiency of the presented method.

Input weight vector
wi,j

Xi

H1

Output weight vector
βj

H2

Target

Hj
Input Layer

Random Hidden Neurons

Output Layer

Figure 1: Classical ELM algorithm architecture

76

Z. Liu, D. Wu, D. Sheng, B. Fatahi and H. Khabbaz

Water level

Seepage level

Figure 2: The illustration of the dam embankment
2
2.1

PRELIMINARIES
Deterministic slope stability analysis by FE models

The deterministic slope stability analysis has been widely investigated by finite element
analysis [1-6], due to the page limitation, the fundamental of the finite element analysis will
not be repeated. In this study, the slope stability analysis has been conducted by shear strength
reduction method according to previous research [1-7]. The factor of safety (FOS) is used to
reduce the cohesion thus results in a reduction of the soil shear strength; the FOS is formulated as:
FOS

c
c'

(1)

where c is the material cohesion and c’ is parameterised cohesion.
The Mohr-coulomb yield function is adopted, the associated plasticity can be demonstrated
as:
F

V 1 ' V 3 '
2

sin I ' 

V 1 ' V 3 '
2

 c 'cos I '

(2)

where when F>1, the soil is yielding thus the stresses are redistributed. The failure of slope is
determined in displacements, at a certain FOS value, the result does not converge due to the
increment of reduction of the soil shear strength, which indicated the slope failure due to the
instability.
2.2

Reliability analysis through Extreme Learning Machine (ELM)

In this section, the algorithm of the extreme learning machine is introduced. As a single
hidden layer forward neural networks, the goal is to minimise the cost function:

§ Ni
·
¨ ¦ E i g wi  x j  bi  t j ¸
¦
j 1© i 1
¹
N

Y

2

(3)

i hidden nodes. The input weight vector w is randomly generated based
for N samples and N
on a continuous probability density function in an interval [-1, 1] [11], b is the bias vector.
The g ( x) is an activation function, in this study, Sigmoid function is adopted:
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g ( x)

1
1  e x

(4)

The hidden layer output matrix H is formulated as:

H

ª g w1  x1  b1
«
...
«
«
¬« g w1  x N  b1

g w Ni  x1  bNi º
»
...
...
»
»
... g w Ni  x N  bNi ¼»
...

(5)

leads to the output of ELM is given as follow:
N

¦ E h ( x)

f ( x)

i i

HE

(6)

i 1

where β is known as the output weight vector that connects the hidden nodes and the output
nodes, β can be calculated by:

E

H †T

(7)

where H † is the Moore-Penrose generalized inverse of the hidden layer output matrix H [11].
3

NUMERICAL INVESTIGATION

For the purpose of demosntration, a numerical example is investigated by adoping the
presented ELM algorithm and then compared with the Monte Carlo Simulation (MCS)
method. In this example, the horizontal displacement and vetical displacement of a point P
within the dam body are selected as targets for the ELM regression. The finite element model
is illustrated in Figure 3. Soil properties are choosen to be random varibles, the Young’s
modulus, Poisson’s ratio and soil porosity are uniformly distributed [1],
where E ~ U 0.995 u 105 ,1.005 u 105 kPa, v ~ U (0.2487, 0.2512) and prosity p ~ U (0.398,
0.402); the soil density, soil cohesion and parameter tan I are lognormal distributed [2, 7],
where ρmean = 2000 kg/m3 ρsd = 60 kg/m3, cmean = 10 kPa csd = 3 kPa, tan Isat

tan Isat

sd

0.0115 , and

tan Iunsat

mean

0.3640

tan Iunsat

sd

mean

0.5774

0.0073 . 100 training

samples are generated by latin hyper cube sampling method, computed by FEM and trained
by ELM. In result verification, 10,000 samples are generated by the MCS method and
computed by FEM. The results are compared between the trained ELM and MCS. The
accuracy of the presented method is illustrated in Figure 4 and Figure 5. For the results
presented in Figures 4 and 5, the total computional time of the MCS is over 200 hours, versus
the presented ELM in 2 hours. It worth to mention that, FEM computation dominants the time
consumption of ELM, by using the trained ELM, the testing time of newly generated 10,000
samples is within 1 second. In this example, following computer configurations are used:
System: Microsoft Windows 10
CPU: Intel Core i7 – 8665U 1.9 GHz
RAM: 16.0 GB

78

Z. Liu, D. Wu, D. Sheng, B. Fatahi and H. Khabbaz

5m

9m

4m
1m

P
24m

Figure 3: Numerical example in FEM

R2 (ELM) =0.9984
R2 (ELM) = 0.9984

Figure 4: Horizontal displacement of the selected point. Unit: meter

R2 (ELM) =0.9961

R2 (ELM) = 0.9961

Figure 5: Vertical displacement of the selected point. Unit: meter
4

CONCLUSIONS

In this study, the machine learning aided stochastic slope stability analysis by extreme
learning machine is conducted. Finite element method is adopted in the deterministic analysis.
In order to verify the accuracy of the presented approaches, results are compared with Monte
Carlo simulation. Results show the presented method agreed well with the Monte Carlo simulation while the computation efficiency is improved from 200 hours to 2 hours. Furthermore,
the results have been illustrated and compared by probability density function and cumulative
density function.
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Mona M. Dannert1,∗ , Johannes L. Häuﬂer1 and Udo Nackenhorst1
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Keywords: Imprecise random ﬁelds, interval valued correlation length, Karhunen-Loève expansion, stochastic ﬁnite element method
Abstract. In order to describe spatially uncertain parameters by random ﬁelds, the underlying
autocorrelation structure in engineering structures is usually not known.. The idea of imprecise random ﬁelds is to acknowledge this lack of knowledge by adding epistemic uncertainties.
Within this contribution the inﬂuence of the correlation length is studied. In particular, it is
shown that there exist bounds that limit the case of having no idea at all. This “absolutely no
idea p-box” is deﬁned by white noise and the random variable corresponding to the mean value
and standard deviation of the imprecise random ﬁeld. By this, the limits of having “absolutely
no idea” can be described without the need of Karhunen-Loève expansion and random ﬁeld
propagation. Then, at least for linear problems, every response in between can be estimated by
linear interpolation without any need for sampling.
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1

INTRODUCTION

Stochastic ﬁnite element (FE) method aims to describe a models response depending on
random input variables such as loads or material parameters. In this context, uncertainties are
distinguished into aleatory and epistemic [5]. The former describe the irreducible, intrinsic randomness of a parameter and is classically described by probability theory. The latter is caused
by a lack of knowledge or data. However, gaining enough information to reduce epistemic uncertainty is usually limited by ﬁnite resources or limited technical capabilities in engineering
reality. To consider such epistemic uncertainties, several possibilistic approaches can be used,
e.g. interval [9] or fuzzy [8] analyses. An honest approach usually considers both, aleatory and
epistemic uncertainties. Alternative approaches on the treatment of these mixed uncertainties,
e.g. evidence theory, fuzzy probabilities or probability boxes, have been reviewed for example
in [1].
In probability theory, random ﬁelds can be used to describe spatially uncertain values in
terms of their mean value, standard deviation and autocorrelation structure. While mean value
and standard deviation can be estimated by experiments quite easily, the autocorrelation between the random ﬁeld values at two different locations can hardly be measured. To describe
such mixed aleatory and epistemic uncertainties, imprecise random ﬁelds have been introduced
lately [6]. This approach can be understood as an extension of probability box (p-box) approach
towards random ﬁelds. The random ﬁeld parameters that cannot be determined precisely, e.g.
the correlation length, can be described as interval [3] or fuzzy valued [10]. Propagating such
imprecise random ﬁelds through an FE model, the quantity of interest is described by a p-box,
meaning a lower and upper bound instead of a crisp distribution. However, by introducing a
second loop over the epistemic uncertainties the sampling process can become very expensive.
Discretising the individual random ﬁelds for each correlation length by Karhunen-Loève (KL)
expansion furthermore leads to high-dimensional problems, especially when small correlation
lengths are involved [3, 4].
This contribution focuses on the autocorrelation structure where the lack of information is
incorporated by an interval valued correlation length. For this purpose, the concept of imprecise random ﬁelds and the KL expansion as a method to discretise random ﬁelds are introduced
in Section 2. It is important to ensure that the imprecise response is not affected by the local
or global error arising from the truncation of the KL expansion [4]. Therefore, an imprecise
random ﬁeld input is carefully investigated in Section 3 in terms of the affect of the correlation length and truncation order. Furthermore, the limits of the correlation length towards zero
(white noise) and inﬁnity (random variable) are studied. Afterwards, the propagation of imprecise random ﬁeld input parameters is studied for a linear problem including load and material
uncertainties within Section 4. Finally, the results are summarised and concluded in Section 5.
2

IMPRECISE RANDOM FIELDS

The concept of imprecise random ﬁelds allows to model one or several parameters of a
random ﬁeld by interval or fuzzy variables. This way, epistemic uncertainties can be added to a
classically aleatory random ﬁeld. Mixed uncertainties are usually propagated by a double loop
approach. After discretising the epistemic parameters within an outer loop, the probabilistic
problem resulting for each crisp parameter can be solved within the inner loop, e.g. by Monte
Carlo (MC) sampling. In case of imprecise random ﬁelds this means that each resulting random
ﬁeld needs to be discretised. A well known method for this purpose is given by Karhunen-Loève
(KL) expansion [7] which will be shortly summarised in the following subsection. Afterwards
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the main idea of the probability box (p-box) approach is illustrated in order to describe and
propagate imprecise random ﬁelds.
2.1

Random ﬁeld discretisation

Random ﬁelds X(z, ω) are parameters depending on space z ∈ Dd and chance ω ∈ Ω. They
can be described in terms of a mean value μX (z) and an autocovariance function Cov(z1 , z2 ) =
σX (z1 )σX (z2 ) Γ(z1 , z2 ), where σX (z) is the standard deviation and Γ(z1 , z2 ) describes the
autocorrelation between the random variables assigned to two arbitrary locations z1 and z2 .
Within this contribution, the standard deviation is assumed to be constant, σX (z) = σX .
Then the random ﬁeld can be described in terms of μX (z), σX and ΓX (z1 , z2 ) and its series
expansion reads [11]
X(z, ω) = μX (z) + σX

∞


λi φi (z)ξi (ω),

(1)

i=1

where ξi are independent standard normal distributed random variables. The eigenpairs {λi , φi }
are gained by solving
!
ΓX (z1 , z2 )φi (z2 ) dz2 = λi φi (z1 ),

(2)

D

where ΓX (z1 , z2 ) can be decomposed as
ΓX (z1 , z2 ) =

∞


λi φi (z1 )φi (z2 ).

(3)

i=1

To propagate random ﬁeld parameters through a model, e.g. a stochastic ﬁnite element
(FE) problem, the inﬁnite sum in Equation (1) needs to be truncated and the random ﬁeld is
approximated by
T

λi φi (z)ξi (ω).
(4)
X̂(z, ω) = μX (z) + σX
i=1

The corresponding expanded autocorrelation function then reads
Γ̂X (z1 , z2 ) =

T


λi φi (z1 )φi (z2 )

(5)

i=1

and maintains an error (z) depending on T
(z) = 1 −

T


λi φ2i (z).

(6)

i=1

With Cov(z1 , z2 ) = σX (z1 )σX (z2 ) Γ(z1 , z2 ), Equation (6) is the normalised equivalent to the
often used error variance σ2 (z), deﬁned e.g. by [2]. Furthermore, the mean error over the
whole domain, equivalent to the mean error variance ¯σ2 , can be estimated by
¯ = 1 −

T


!
φ2i (z) dz.

λi

i=1

D
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(7)

In case of an analytical solution, the eigenfunctions are orthonormal, φi (z)φj (z) = δij , and
Equation (7) simpliﬁes to [2]
T
1 
λi .
(8)
¯ = 1 −
|D| i=1
Random ﬁelds are classically categorised with aleatory uncertainties, meaning that they describe the intrinsic randomness of a phenomena itself, which cannot be further reduced. However, the describing parameters may contain epistemic uncertainty caused by a lack of knowledge or data. For this reason, the concept of imprecise random ﬁelds is introduced in the following subsection.
2.2

Probability box approach

If one or several parameters cannot be determined precisely, the classically aleatory random
ﬁeld includes also epistemic uncertainties, e.g. by interval or fuzzy valued parameters [10].
To avoid further assumptions on the fuzziness, this work considers epistemic parameters to be
interval valued. This leads to the concept of an imprecise random ﬁeld [6],
[X](z, ω) =

μIX (z)

+

I
σX

∞ 


λIi φIi (z)ξi (ω),

(9)

i=1

where the index I denotes the interval valued random ﬁeld parameters. The interval valued
eigenvalues and -functions originate from an interval valued correlation length LI .
In this work imprecise random ﬁelds are propagated through an FE problem using the probability box (p-box) approach [1]. By this, the quantity of interest Y can be described by a left
and right bound [F Y , F Y ] of the cumulative distribution function (CDF). If further information
is available, e.g. the interval ranges μIY and σYI of the mean value and the standard deviation
or the probability family F, these can be added and the p-box is described by the quintuple
(F Y , F Y , μIY , σYI , F).
The eigenvalues λi are not monotonically dependent on the correlation length L. For this reason, a pure vertex analysis does not necessarily guarantee to gain the outer bounds of the p-box
in case an imprecise random ﬁeld contains an interval valued correlation length. A straightforward possibility is to discretise LI , to perform a stochastic analysis with each Li ∈ LI and to
determine the p-box bounds by the minimum and maximum of all results [3]. Alternatively, if
the used model is monotonic, the relevant intermediate correlation lengths L∗i ∈ LI of the imprecise random ﬁeld input can be determined by optimisation a priori [6]. This may reduce the
computational effort of propagating multiple random ﬁelds, especially when several imprecise
random ﬁelds are involved.
Note that when the constant standard deviation is considered to be interval valued (as well),
the choice to decompose the autocorrelation function instead of the autocovariance function as it is usually done in literature - becomes beneﬁcial in terms of the computational cost. As
ΓX (z1 , z2 ) is independent of σX , Equation (2) needs to be solved only once (per Li ) and not for
I
(in combination with each Li ).
each σX,i ∈ σX
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3

INVESTIGATION ON CRUCIAL RANDOM FIELD PARAMETERS

Within this contribution one-dimensional (1D) random ﬁelds depending on the spatial parameter z ∈ D are investigated. Furthermore, an exponential autocorrelation function ΓX (z1 , z2 ) is
considered,
"
#
|z1 − z2 |
ΓX (z1 , z2 ) = exp −
,
(10)
L
which describes the decay of the autocorrelation in terms of the correlation length L. Note that
the stochastic dimension N of the random ﬁeld depends on the truncation order T , see Equation (4). Due to the non-differentiability of Equation (10) at z1 = z2 , the corresponding random
ﬁeld can become very high-dimensional when L is small compared to the domain length l.
However, the availability of an analytical solution, described e.g. in [11], justiﬁes the effort for
the purpose of this paper.
The parameters which describe a random ﬁeld are investigated in this section. Equation (1)
can be interpreted as an expanded standard normal distributed random ﬁeld (μS = 0, σS = 1)
that is scaled by σX and shifted towards μX (z). The mean value and the standard deviation
therefore do not inﬂuence the expansion itself. Beside the chosen autocorrelation function, the
main effect on the random ﬁeld is caused by the correlation length. Therefore, in this section
a 1D standard normal distributed random ﬁeld S(z, ω) deﬁned on D = [0, 1] is investigated
for the correlation length values L = [0.01, 0.1, 1.0, 10.0] in Subsection 3.2. The results are
compared to the limits L → 0, which deﬁnes white noise, and L → ∞, which is equal
to a constant standard normal distributed random variable S(ω). However, the impact of the
truncation order T on the expansion error needs to be studied before.
3.1

Inﬂuence of the truncation order

When different correlation lengths Li ∈ LI are considered for an imprecise random ﬁeld,
special care must be taken regarding the truncation order T . To ensure that the p-box bounds
2
Γ̂X (z1 , z2 ),
are not affected by different errors within the input variance σ 2 {X̂(z, ω)} = σX
the truncation needs to be chosen individually for each Li , e.g. in terms of an equal mean
error ¯i . As it can be seen in Figure 1a, the convergence of the latter and consequently the
stochastic dimension N = T is highly dependent on the correlation length ratio. For large L/l
the corresponding ¯ is already small for very few truncation terms. It is therefore practical to use
the upper bound of LI to decide on ¯. However, by this approach one can be forced to accept
extremely high dimensions for the lower bound of LI when the range of the interval valued
correlation length is large.
Table 1: Truncation orders T resulting to the mean errors ¯ ≈ 3.2 %, ¯ ≈ 1.3 % and ¯ ≈ 0.8 % regarding an
exponential autocorrelation function with different correlation length ratios L/l.

L/l [−]

¯ ≈ 3.2 %
T [−]
¯ [%]

¯ ≈ 1.3 %
T [−]
¯ [%]

¯ ≈ 0.8 %
T [−]
¯ [%]

10.0
1.0
0.1
0.01

1
7
63
625

2
16
156
1551

3
26
254
2534

3.2441
3.0997
3.2382
3.2420
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1.2977
1.3064
1.3029
1.3068

0.7963
0.7948
0.7993
0.7998

In Table 1, for three possibly aimed errors ¯ ≈ 3.2 %, ¯ ≈ 1.3 % and ¯ ≈ 0.8 % (guided by
the lowest possible truncation terms T = 1, T = 2 and T = 2 of the maximum L/l) the closest
possible error ¯i and the corresponding value Ti are listed for the different considered Li /l. As
can be seen for ¯ ≈ 3.2 %, not all Li /l can match this error well. The next possible error referred
to L/l = 10 is ¯ ≈ 1.3 %. Here the errors of the different Li /l are better comparable already
but T has more than doubled. Furthermore, if further relatively large correlation length ratios,
e.g. L/l = 5, were included, the corresponding error could again not match perfectly. For
this reason, the truncation has to be investigated for each problem considered with imprecise
random ﬁelds and the comparable error needs to be chosen individually depending on the involved values Li to be propagated. Regarding the local error (z) depicted in Figure 1b, another
difﬁculty becomes clear in terms of different correlation lengths to be considered. Although all
Li /l fulﬁl the same mean error (z) ≈ 1.3 %, the local error still varies signiﬁcantly when T is
small. Depending on the quantity of interest, this can lead to localisation effects [4].

(b) local variation of (z) for a ﬁxed ¯ ≈ 1.3 %

(a) convergence of ¯ with increasing T

Figure 1: Inﬂuence of different correlation length ratios L/l and truncation orders T on the mean error ¯ and the
local error (z) of a 1D random ﬁeld using an exponential autocorrelation function.

3.2

Inﬂuence of the correlation length

As already mentioned, the correlation length L is a parameter indicating how fast or slow
the autocorrelation between the random ﬁeld values X(z1 , ω) and X(z2 , ω) decays with the
distance |z1 − z2 |. When L/l → 0, the values of the ﬁeld are completely uncorrelated which
is called white noise. On the other hand the random ﬁeld converges towards a random variable
for L/l → ∞. In this subsection, the inﬂuence of Li /l on a standard normal distributed random
ﬁeld S(z, ω) is studied and the convergence of the random ﬁeld properties towards these two
limits are investigated. The corresponding truncation orders Ti are chosen according to a mean
error ¯i ≈ 0.8 %, compare Table 1.
In Figure 2 the effect of the different considered correlation length ratios as well as the limits
of L/l is visualised. On the left side, the autocorrelation function Γ(z1 , z2 ) is depicted in its
closed form. It can be easily seen that the non-differentiability at z1 = z2 becomes more and
more crucial for decreasing L/l. On the right, three standard normal distributed random ﬁeld
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(a) L/l → 0 (white noise)

(b) L/l = 0.01

(c) L/l = 0.1

(d) L/l = 1.0

(e) L/l = 10.0

(f) L/l → ∞ (random variable)
Figure 2: Inﬂuence of the correlation length ratio L/l considering a 1D standard normal distributed random ﬁeld.
Left: closed form of the exponential autocorrelation function Γ(z1 , z2 ), right: three random ﬁeld realisations
Ŝj = Ŝ(z, ωj ) (solid lines) and their corresponding mean values μ̂S,j = μ{Ŝj } (dashed lines).
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realisations Ŝj = Ŝ(z, ωj ) are depicted for the different ratios L/l. Furthermore, the individual
mean value μ̂S,j = μ{Ŝj } corresponding to the realisation j is given in a dashed line of the
same colour. It can be seen that the variation of the random ﬁeld increases with a decreasing
L/l. However, the higher the variation is, the more likely μ̂S,j falls close to the input mean
value μS = 0 of the random ﬁeld. Therefore, the convergence behaviour of μ̂S,j is investigated
further in terms of the number nMC of random ﬁeld realisations.
The variation of the mean value μ̂S,j of an individual random ﬁeld Ŝj = Ŝ(z, ωj ) seems
to depend on the correlation length ratio L/l. In the following the mean value μ{μ̂S,j } and
standard deviation σ{μ̂S,j } of the individual random ﬁeld mean values μ̂S,j , j = 1, ..., nMC , are
discussed in terms of an increasing sample size nMC . As can be seen in Figure 3a, considering
a sufﬁciently large sample size the mean value μ{μ̂S,j } of all random ﬁeld mean values converges towards the input mean value μS = 0 that has been used in Equation (4) to create the
realisations. On the contrary, the standard deviation σ{μ̂S,j } of all random ﬁeld mean values is
not generally converging towards the input standard deviation σS = 1 but towards individual
values σ ∈ [0, 1]. Furthermore, L/l → 0 describes the lower bound with σ{μ̂S,j } converging to
zero, L/l → ∞ the upper bound with σ{μ̂S,j } converging to one.

(a) μ{μ̂S,j } converging to μS

(b) σ{μ̂S,j } converging to a value σ ∈ [0, σS ]

Figure 3: Convergence of the mean value μ{μ̂S,j } and the standard deviation σ{μ̂S,j } of the individual mean
values μ̂S,j = μ{Ŝj } of nMC standard normal distributed random ﬁeld realisations Ŝj = Ŝ(z, ωj ).

In this case, a standard normal distributed random ﬁeld Ŝ(x, ω) has been used. It has been
found that μ{μ̂S,j } → μS = 0 and σ{μ̂S,j } → σ ∈ [0, σS = 1]. However, understanding
an arbitrary random ﬁeld X(z, ω) as a standard normal distributed random ﬁeld S(z, ω) that
has been scaled by σX and shifted towards μX (z), one can conclude in general that for j =
1, ..., nMC and nMC sufﬁciently large
μ{μ̂X,j } → μX

independent of L/l,
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(11)

and σ{μ̂X,j } is bounded by the limits of L/l,

0
σ{μ̂X,j } →
σX

for L/l → 0
.
for L/l → ∞

(12)

For this reason it can be worth the effort to once determine σ{μ̂S,j } of a standard normal distributed random variable as a function of the correlation length ratio L/l. Having this standardised result for a given autocorrelation function one can estimate σ{μ̂X,j } of any random ﬁeld
X(z, ω) by
(13)
σ{μ̂X,j }(L/l) = σX · σ{μ̂S,j }(L/l),
where σX is the input standard deviation that is used to create random ﬁeld realisations in
Equation (4). Then, if the random ﬁeld propagates linearly through the applied model, the
mean value and standard deviation of a quantity of interest can be estimated immediately for
any further Li /l as soon as two correlation length values have been propagated.

Figure 4: Standard deviation σ{μ̂S,j } of the individual mean values μ̂S,j = μ{Ŝj } of nMC = 106 standard normal
distributed random ﬁeld realisations Ŝj (z, ω) with respect to the correlation length ration L/l.

In Figure 4 the standard deviation σ{μ̂S,j } resulting from nMC = 106 individual random
ﬁeld mean values μ̂S,j = μ{Ŝj } is depicted as a function of L/l. Note that the results of a
white noise property depend on the discretisation of the domain, here nel = 3000, and therefore
σ{μ̂S,j } is not exactly zero. However, it can be expected that for nel → ∞ it is σ{μ̂S,j } → 0.
It can be estimated that for correlation lengths L which are larger than ten times the domain
length l, the resulting random ﬁeld starts to converge towards a random variable and the effort
of discretising the random ﬁeld by KL expansion might not be justiﬁed. On the lower bound,
L/l is rather restricted by the feasibility in terms of the stochastic dimension than by converging
towards white noise.
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4

LINEAR BEAM STUDY

Considering a linear model Y = M(X) to propagate (imprecise) random ﬁelds X(z, ω), it
can be assumed that the mean value μ{Y } and the standard deviation σ{Y } depend linearly on
μ{μ̂X,j } and σ{μ̂X,j }. Instead of simulating several Li ∈ LI to determine the p-box of Y , the
computational cost could therefore be reduced signiﬁcantly by just propagating the limits of L,
meaning white noise and a random variable, through the model to gain the p-box of “absolutely
no idea”. Any further needed Li /l could then be simply gained by linear interpolation. The
standard deviation σ{μ̂X,j } corresponding to a speciﬁc random ﬁeld X(z, ω) with any standard
deviation σX deﬁned on an arbitrary D can be gained by sampling, which is much cheaper
when the random ﬁeld does not need to be propagated. Alternatively, it even can be estimated
by the standardised results depicted in Figure 4 by reading σ{μ̂S,j } corresponding to L/l from
the graph and multiplying this value with σX as given in Equation (13).
This assumption is further studied within this section. For this purpose, the beam problem
depicted in Figure 5 is considered assuming a linear elastic material. To gain a good representation of white noise, the beam is discretised by nel = 3000 1D beam elements. The
investigated random ﬁelds are assumed as a function along the beam length l = 1 m and to be
constant within the cross section A = 0.01 m2 (1D random ﬁeld). The maximum deﬂection
wmax = w(z = 0.5 m) in the middle of the both-sided supported beam is the quantity of interest. For a deterministic simulation using a Young’s modulus E = 210 · 109 mN2 and a constant
N
, the quantity of interest results in wmax = 3.72 · 10−5 m.
line load q0 = 5000 m
N
q0 = 5000 m

h
wmax
l = 1m

b
b = h = 0.1 m

Figure 5: Linear-elastic beam with Young’s modulus E = 210 · 109
maximal deﬂection: wmax = 3.72 · 10−5 m.

N
m2

under constant line load, deterministic

In the following subsections, both, the line load and the Young’s modulus are considered as
imprecise random ﬁelds in ﬁrst two studies independently, and in a third study combined.
4.1

Investigation on different imprecise random ﬁeld input parameters

In the following, two studies on the correlation length ratio L/l are performed, each with one
parameter considered as imprecise random ﬁeld input with the parameters given in Table 2. For
both studies, the discretised correlation length intervals L(1) /l = [0.01 : 0.01 : 0.1], L(2) /l =
[0.1 : 0.1 : 1.0] and L(3) /l = [1.0 : 1.0 : 10.0] as well as L/l → 0 (white noise, abbreviated by
WN) and L/l → ∞ (random variable, abbreviated by RV) are investigated chosing ¯ = 0.8 %.
A closer look is spend on the results of the values L(∗) /l = [WN, 0.01, 0.1, 1.0, 10.0, RV]. Each
Li /l simulation is performed using brute force MC with nMC = 10000 samples.
In the ﬁrst study, the line load q is modelled as an imprecise random ﬁeld with μq = q0 =
N
N
5000 m
and σq = 0.1μq = 500 m
. As q is in the numerator of the beam deﬂection solution,
it can be assumed that the propagation of Li /l through the FE model is linear. The Young’s
modulus E, considered with μE = E = 210 · 109 mN2 and σE = 0.05μE = 10.5 · 109 mN2 within
the second study, can be found in the denominator of the beam deﬂection solution. Therefore,
the results are expected to depend inversely on E(z, ω) and might not be Gaussian distributed
anymore.
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Table 2: Random ﬁeld parameters considered for two studies including each one random ﬁeld input parameter.

random ﬁeld input

mean value

standard deviation
N
m

study 1

line load q(z, ω)

μq = 5000

study 2

Young’s modulus E(z, ω)

μE = 210 · 109

N
σq = 0.1μq = 500 m
N
m2

σE = 0.05μE = 10.5 · 109

N
m2

The CDFs resulting from each Li /l are depicted in Figure 6 for both studies. The axis describing wmax is scaled uniquely such that both p-boxes can be directly compared qualitatively.
The deterministic result is given as a vertical dash-dot line, the results of L(∗) /l in different
colours and these of all other Li /l as grey dotted lines. Both results appear to be Gaussian distributed, which corroborates the assumption of a linear dependency between input and output.

(a) study 1: line load as input random ﬁeld

(b) study 2: Young’s modulus as input random ﬁeld
Figure 6: CDFs for different correlation length ratios L/l bounded by white noise L/l → 0 and a random variable
L/l → ∞ considering one random ﬁeld input parameter.

In the ﬁrst study, the input standard deviation is assumed to be ten percent of the input mean
value, σq = 0.1μq , while it is only ﬁve percent, σE = 0.05μE , in the second study. For this
reason, the resulting p-box is much wider in Figure 6a than in Figure 6b. The CDF gained by a
random variable spans the widest range of wmax . With decreasing L/l the CDFs become steeper.
The CDF of the white noise is very close to the deterministic value. It can be assumed that it will
converge towards a vertical line for nel → ∞. By this, one can estimate an “absolutely no idea
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p-box” by even just one stochastic simulation, the one assuming just a random variable. The
white noise result deﬁning the second part of the p-box bound can be considered as a vertical
RV
}. In addition to the qualitative impression gained by Figure 6, the mean value and
line μ{wmax
standard deviation of both, input random ﬁelds and the quantity of interest according to each
L(∗) /l can be compared quantitatively in Table 3.
Table 3: Mean value μ{μ̂X,j } and standard deviation σ{μ̂X,j } of the considered input random ﬁelds as well as
mean value μ{wmax } and standard deviation σ{wmax } of the maximum beam deﬂection wmax resulting from a
propagation through a linear FE model for different L/l.
(a) study 1: line load as input random ﬁeld

input realisations

quantity interest

L/l [−]

N
μ{μ̂q,j } [ m
]

N
σ{μ̂q,j } [ m
]

μ{wmax } [m] σ{wmax } [m]

WN

5.0001e+03

9.1424e+00

3.7223e-05

7.5621e-08

0.01

4.9986e+03

7.0213e+01

3.7213e-05

5.8664e-07

0.1

4.9998e+03

2.1207e+02

3.7214e-05

1.7917e-06

1.0

5.0002e+03

4.2623e+02

3.7221e-05

3.2960e-06

10.0

5.0013e+03

4.9965e+02

3.7231e-05

3.7368e-06

RV

5.0039e+03

5.0130e+02

3.7251e-05

3.7319e-06

deterministic

5e+03

-

3.72e-05

-

(b) study 2: Young’s modulus as input random ﬁeld

input realisations

quantity interest

L/l [−]

μ{μ̂E,j } [ mN2 ] σ{μ̂E,j } [ mN2 ]

μ{wmax } [m] σ{wmax } [m]

WN

2.1000e+11

1.9224e+08

3.7249e-05

4.3169e-08

0.01

2.0998e+11

1.4680e+09

3.7299e-05

3.3463e-07

0.1

2.1001e+11

4.4876e+09

3.7293e-05

9.9669e-07

1.0

2.0994e+11

8.9484e+09

3.7310e-05

1.6989e-06

10.0

2.0000e+11

1.0341e+10

3.7295e-05

1.8649e-06

RV

2.0990e+11

1.0457e+10

3.7313e-05

1.8716e-06

deterministic

2.1e+11

-

3.72e-05

-

As it was expected based on the behaviour of random ﬁelds investigated in Subsection 3.2,
the mean values μ{wmax } of the maximum beam deﬂection turn out to lay close to the deterministic result, independent of the correlation length. The standard deviation σ{μ̂X,j } of the input
random ﬁelds have been determined by the generated samples. Alternatively, σ{μ̂X,j } can be
determined by Equation (13). The values of both options are compared in Table 4 for both considered random ﬁeld inputs, the line load q(z, ω) and the Young’s modulus E(z, ω). Note that
σ{μ̂S,j } has been determined by nMC = 106 samples, while the q(z, ω) and E(z, ω) have been
sampled only nMC = 104 times each. Still, the results are comparable already. Furthermore, it
can be seen that Equation (12) holds true for both input parameters E and q.
Regarding the standard deviation σ{wmax } of the quantity of interest, it can be seen that the
value is very small for white noise and increases with increasing L/l for both studies in Ta-
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Table 4: Comparison of the standard deviation σ{μ̂X,j } of the input random ﬁelds determined by nMC = 10000
samples with the result gained by factorising σ{μ̂S,j } of a standard normal distributed random ﬁeld Ŝ(z, ω) by σX .

L/l [−]

σ{μ̂S,j } [−]

N
line load q(z, ω) [ m
]
σq · σ{μ̂S,j } σ{μ̂q,j }

WN
0.01
0.1
1.0
10.0
RV

0.0183
0.1408
0.4243
0.8593
0.9836
0.9999

9.1500e+00
7.0400e+01
2.1212e+02
4.2965e+02
4.9180e+02
4.9995e+02

9.1424e+00
7.0213e+01
2.1207e+02
4.2623e+02
4.9965e+02
5.0130e+02

Young’s modulus E(z, ω)[ mN2 ]
σE · σ{μ̂S,j } σ{μ̂E,j }
1.9215e+08
1.4784e+09
4.4552e+09
9.0227e+09
1.0328e+10
1.0499e+10

1.9224e+08
1.4680e+09
4.4876e+09
8.9484e+09
1.0341e+10
1.0457e+10

bles 3a and 3b. To investigate a possible linear dependence between input and output, σ{wmax }
is plotted versus σ{μ̂X,j } in Figure 7. The axis denoting σ{wmax } is scaled equally for both
studies. This way, the different percentages in the input standard deviations, σq = 0.1μq and
σE = 0.05μE become visible again. The values L(∗) /l are highlighted in red while all other
Li /l pairs are depicted as grey crosses. The blue line represents the assumed linear dependence
between white noise, for which it is σ{wmax } → 0 for nel → ∞, and the random variable. It
can be seen that the dependence between input and output standard deviation is not perfectly
linear, as the results lay above the blue line. Assuming a linear dependence and interpolating
any L/l response from the CDF gained by a random variable would therefore underestimate the
real standard deviation.

(a) study 1: line load as input random ﬁeld

(b) study 2: Young’s modulus as input random ﬁeld

Figure 7: Dependence of the output standard deviation σ{wmax } on the input standard deviation σ{μ̂X,j } of the
individual mean values μ̂X,j = μ{X̂j } with nMC = 10000 random ﬁeld realisations X̂j (z, ω) when one input
random ﬁeld is considered.

The CDFs resulting from a linear interpolation of Li /l within the “absolutely no idea p-box”
are compared to the ones gained by sampling and propagation in Figures 8 and 9 for both studies. The underestimated standard deviation is clearly visible by the dashed lines, which denote
the interpolated CDFs, being slightly steeper than the corresponding CDF gained by sampling
(solid line). However, with respect to the spectrum resulting from “having no idea at all” about
the correlation length, the linear interpolation leads to a good estimate. Furthermore, if it is
supposed to represent the lower bound of L, the estimate returns a slightly more conservative
but save bound.
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(a) Lq /l = 0.01

(b) Lq /l = 0.1

(c) Lq /l = 1.0

(d) Lq /l = 10.0

Figure 8: Comparison of the CDFs gained by sampling and interpolation within the “absolutely no idea p-box” for
different correlation lengths Lq /l considering the line load as an imprecise random ﬁeld input.

(a) LE /l = 0.01

(b) LE /l = 0.1

(c) LE /l = 1.0

(d) LE /l = 10.0

Figure 9: Comparison of the CDFs gained by sampling and interpolation within the “absolutely no idea p-box” for
different correlation lengths LE /l considering the Young’s modulus as an imprecise random ﬁeld input.
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4.2

Investigation on the interference of two imprecise random ﬁeld input parameters

The more parameters are considered as imprecise random ﬁelds the more expensive a simulation becomes. If the underlying interval valued correlation lengths need to be discretised,
each combination of Li /l corresponding to each parameter needs to be propagated. In this case,
a cheap estimate gained by linear interpolation can still become valuable. The beam problem
deﬁned in Figure 5 is simulated again but with both parameters, the line load q(z, ω) and the
Young’s modulus E(z, ω), considered as imprecise random ﬁelds. The corresponding mean
values μq and μE as well as standard deviations σq and σE are still chosen as given in Table 2.
For both parameters, the correlation length values L(∗) /l = [WN, 0.01, 0.1, 1.0, 10.0, RV] are
chosen and each combination Lq,i /l × LE,i /l is propagated. The corresponding random ﬁelds
are truncated such that ¯i = 0.8 %. For the propagation of each Li /l combination, nMC = 30000
samples are generated.
The resulting CDFs for the quantity of interest wmax are depicted in Figure 10. The combination of twice white noise and twice a random variable are depicted in bold lines while the vice
versa combinations are depicted in bold dashed lines. For the sake of clarity, the combinations
where it is Lq,i /l = LE,i /l are depicted in coloured lines, all other combinations are plotted in
grey dotted lines.

Figure 10: CDFs for different combinations of correlation length ratios Lq /l and LE /l bounded by the combinations of white noise Lq /l → 0, LE /l → 0 and random variables Lq /l → ∞, LE /l → ∞ considering two random
ﬁeld input parameters.

As before, the mean value μ{wmax } is not affected but the standard deviation σ{wmax }. It
can be seen that all Li /l combinations lay within the p-box deﬁned by the white noise combination and the random ﬁeld combination. Furthermore, the former seems again to converge
towards the deterministic result. The “absolutely no idea p-box” can therefore be deﬁned by
only propagating the combination of both parameters being a random variable.
The resulting standard deviation σ{wmax } depending on the input combination of σ{μ̂q,j }
and σ{μ̂E,j } is depicted in Figure 11. The blue surface is spanned by the results corresponding
RV,q
RV,E
}] × [0, σ{wmax
}]. The results σ{wmax } gained by propagating the pairs Lq,i /l,
to [0, σ{wmax
LE,i /l are marked by a cross, while the interpolated value corresponding to this input is marked
by a dot on the surface. Furthermore, the interpolated and simulated values corresponding to
each other are connected by a line. This way the distance between the simulation cross and the
interpolation surface is visualised.
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Figure 11: Dependence of the output standard deviation σ{wmax } on the input standard deviations σ{μ̂q,j } and
σ{μ̂E,j } of the individual mean values μ̂q,j = μ{q̂j } and μ̂E,j = μ{Êj }, respectively, with nMC = 30000 random
ﬁeld realisations q̂j (z, ω) and Êj (z, ω) when two imprecise random ﬁelds are considered.

Compared to the two studies discussed in Subsection 4.1, the bilinear interpolation surface
matches most of the simulation results even better. The computational cost could therefore
be reduced drastically by only propagating the parameters modelled by random variables and
avoiding the propagation of several correlation length combinations. Additionally, this would
completely save the cost to determine the KL expansion, which can become expensive when
no analytic solution is available. The cost of each individual realisation can be furthermore
reduced signiﬁcantly when the random property is constant for each realisation. Finally, propagating one or several random variables means a low stochastic dimension which enables more
sophisticated sampling techniques than brute force MC sampling. As discussed in Subsection 3.1, the propagation of just one random ﬁeld can become highly dimensional. Therefore
sophisticated sampling methods often suffer from the curse of dimensionality when they are
used to propagate random ﬁelds.
5

CONCLUSION AND PERSPECTIVES

In this contribution imprecise random ﬁelds described by interval valued correlation lengths
have been investigated. In a ﬁrst study, the inﬂuence of the correlation length L on a standard
normal distributed random ﬁeld has been studied in general. To describe the variability of
a random ﬁeld X(z, ω) corresponding to L, the mean value μ{μ̂X,j } and standard deviation
σ{μ̂X,j } of the individual random ﬁeld realisations mean values μ̂X,j have been introduced. It
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could be shown that the former converges towards the mean value μX used to deﬁne the random
ﬁeld, while the converged value of the latter depends on L. However, the bounds of σ{μXˆ, j}
are deﬁned by the limits of the correlation length, L → 0 describing white noise and L → ∞
standing for a random variable. For the applied linear elastic example, these limits propagate to
a p-box which includes all other solutions corresponding to any L. As L ∈ (0, ∞) represents
all possible correlation lengths when no information is available, this p-box has been called
“absolutely no idea p-box”.
In a second step the dependence between input and output of the simple linear mechanical
model has been investigated in terms of different imprecise random ﬁeld input parameters. As
the mean value of the quantity of interest Y is barely affected by the correlation length, the
focus has been on the standard deviation. It has been shown that the dependence between
the standard deviation σ{Y } of the quantity of interest and σ{μX,j
ˆ } is not perfectly linear.
However, determining it by assuming a linear dependence within the “absolutely no idea pbox” has shown to result in a good estimate. Furthermore, as the real standard deviation σ{Y } is
underestimated, a linear interpolation of the lower interval bound results in a conservative p-box,
when L ∈ [L̃, ∞) is considered. According to the fact that the correlation length (as well as the
autocorrelation function itself) is usually unknown, interpolating within an “absolutely no idea
p-box” can be a computational cheap method in terms of engineering application. As the white
noise converges towards a vertical line of the mean value μ{Y } corresponding to the random
ﬁeld, only the random variable needs to propagated to determine this limit representation of the
p-box, avoiding the need for computationally expensive random ﬁeld discretisation. By that,
the stochastic dimensions are reduced drastically and perhaps, more efﬁcient low dimensional
sampling schemes could be applied to further reduce the computational cost for engineering
analysis.
For engineering applications the suggested approach appears very attractive. Further investigations are needed to investigate nonlinear problems. Here, for some parameters the dependence
between input and output can become more complex. Still, a ﬁrst linear estimate can be used to
reduce the sampling effort.
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Abstract
3D concrete printing technology is getting increasing recognition in the construction industry. The extrusion-based printing method represents the most popular and promising one
among the 3D printing techniques for concrete. However, mostly time-consuming trial-anderror explorations, i.e. mainly experimental studies have been performed so far.
By utilizing numerical simulation, a fundamental understanding of the relations between process - process parameters - product properties could be achieved. Also, they enable us to
study the dependencies of properties of the printed product on process parameters and material behavior. The extrusion-based 3D concrete printing process can be reliably controlled
and optimized by taking into account the uncertain nature of the process and material parameters.
In this study, the Finite Element (FE) method combined with a pseudo-density approach, following the soft-killing approaches in topology optimization is applied. The numerical simulations allow to reliably estimate the strength-based failure mechanisms that might occur
during the 3D concrete printing of a wall structure by varying one of the printing process parameter printing velocity.

Keywords: 3D concrete printing, Uncertainty, SFEM simulation, Pseudo-density approach,
Random Process, Reliability, Strength-based failure
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1

INTRODUCTION

Very recently, additive manufacturing techniques for concrete technology have gained
wide attention. They indicated their potential to become a serious supplement to conventional
concrete casting in molds. 3D concrete printing (3DCP) is one of the fastest evolving technologies in construction engineering, which is illustrated by the rapid growth of both research
and industry projects carried out worldwide [1]. The main reason for this is it directly addresses the challenges related to the sustainability and productivity of the construction industry.
However, the current practice is based on the trial-and-error procedure, which makes the
research of the 3DCP process expensive and time-consuming [2].
One of the reasons is that there exist significant knowledge gaps regarding the relations between the design, material, and process parameters. The quality of the fabricated product is
significantly influenced by these parameters which also exhibit interdependency [3].
Therefore, it is of vital importance to establish a relation between the process parameters
and the printed product to avoid unreliability and failure [1, 4]. By implementing a numerical
simulation of the 3DCP process, a more fundamental understanding of the relations between
the printing process, the process parameters, and the properties of the printed product could be
achieved.
Since the technology is new, the deterministic approach, i.e. applying safety factors to account for the uncertainty of the system, may not be applicable. Accordingly, the Stochastic
Finite Element Method (SFEM) incorporating the spatially varying pseudo-density approach
is proposed to include the uncertain nature of the process and material parameters of the extrusion-based 3D concrete printing. Also in the numerical modeling along with the progressing printing process, a previously generated finite element (FE) mesh is activated layer by
layer that includes all material parameters. These vary spatially and temporarily due to the
time dependency of the curing process. The numerical simulations allow to reliably estimate
strength-based failure mechanisms that might occur during the 3D concrete printing of a wall
structure.
2

STATE OF THE ART

To obtain a stable and reliable printed product, two criteria have to be considered and controlled during the manufacturing: the overall failure probability and the geometrical dimensions of the single layers. Non-sufficient strength, stiffness, or stability may already cause the
failure of the structure during the printing process. These properties are strongly dependent on
the printing process parameters, e.g. printing velocity, temperature, nozzle diameter, as well
as on the concrete mixture.
In this context, Van der Putten et al. [21] studied the effects of the linear printing speed and
the time gap between two subsequent layers on the microstructure of printed concrete. Accordingly, the two parameters significantly influence the surface roughness, the compressive
strength, and the interlayer bonding strength. Therefore, it is of vital importance to establish a
relation between the process parameters and the mechanical properties of the printed product
in order to avoid unreliability and failure [1,4].
Structural reliability analysis aims at computing the probability of failure, by accounting
for different sources of uncertainties. These include inherent randomness of the material or
lack of data [10], geometrical imperfection, random loading [11], uncertainties due to human
error, and adopted model [12]. For example, for printable concrete Wolfs et al. [4] showed
that the mechanical characteristics of printable concrete are random in nature with different
values of coefficient of variation minimum of 3.8% to a maximum of 23%.
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Since it includes safety definition and uncertainties in the analysis the probability of failure is a more reliable and complete measure of safety [19].
To compute the failure probability, it is necessary to formulate a limit state function g(x)
which, for instances can include the displacements, stresses, or strains where X is a vector of
basic random variables, which describe the randomness in the geometry, material properties,
and loading, etc. [ 15,19].
Pf

³ fx

x dx

(1)

g ( x )d0

where f x is the joint probability density function (PDF) of random vector X and g(x) is the
limit state function, with g(x) ≤ 0 denoting the failure domain and g(x) > 0 is the safe domain.
Making its direct estimation for Eq. (1) is computationally expensive in the general case, but
various approximation methods have been developed to evaluate the failure probability, here
the method used is the Adaptive Kriging Monte Carlo Simulation (AK-MCS), Which saves
the costly evaluation of the actual limit state function [15]. It is based on Monte Carlo Simulation (MCS) and Kriging meta-model [24], by using the Kriging meta-model to approximate
the limit state function, which is then combined with MCS to evaluate the probability of failure [22].
The limit state function for the extrusion-based 3D printing processes of the wall is elastic
buckling and plastic collapse. The elastic buckling mechanism reflects failure caused by a loss
of geometrical stability, while plastic collapse is characterized by the maximum stress reaching the material yield strength [23].
The value of the yield strength is dependent on the type of failure criterion adopted for the
printing material. Two representative failure criteria are pressure-dependent shear failure following the Mohr-Coulomb theory and compressive failure described by the maximal stress
theory [23].
To determine the maximum shear stress developed as a result of the self-weight, deterministic FEM is typically restricted to average values of the input variables, it fails to consider the
uncertainties and leads to a rough representation of reality [10,13,14].
To account for the various uncertainties arising in the model description (geometry, material properties, or loading) encountered in engineering practice, researchers have been trying
to extend the standard FEM into the Stochastic Finite Element Method (SFEM) by incorporating random variables into the mathematical and computational formulations [10, 12, 15]. It
has been named the Random Finite Element Method (RFEM) and the Probabilistic Finite Element Method (PFEM) [10].
SFEM consists mainly of discretization of stochastic fields, a FEM analysis part, and estimation of system response statistics [16]. Different approaches are available for the discretization of a stochastic field, some of them are the midpoint method, the interpolation method, the
local average method. Once the stochastic fields are generated, Monte Carlo simulation is the
most straightforward method, since it only needs repeated execution of an existing deterministic solution by utilizing many realizations of the random variables [16,18,19].
2.1

Compressive failure

Plastic collapse is reached when the compressive strength becomes lower than the vertical
compressive stress. Wolfs et al. [4], experimentally determined the evolution of the compressive strength over the time of the curing process and have developed equations based on the
average result for 3D printable concrete.
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σ y r, t = σ y,0 + σ y,1 t r

(2)

where σ y ,0 is the initial yield strength of the printable concrete at the moment it leaves the
printing nozzle, σ y ,1 is the gradient of temporal increment, and t r is the curing time at a specific location.
However, experimental variations were observed in a series of compression and shear tests
conducted at different ages of the fresh concrete [4]. It is shown that the experimentally obtained results exhibit a large scatter with coefficients of variation ranging from 13 to 21 % for
the compressive strength. Furthermore, as indicated in Eq. (2) the experiments have revealed
that the studied material properties increase linearly over time. From these findings, it is obvious that reliability-oriented modeling needs to account for both temporal changes and the randomness of the material parameters.
Random fields are more frequently applied in structural engineering analyses related to
concrete. A parameter considering spatial variability is mainly determined by the mean, the
variance, and the scale of fluctuation [28,31]. For concrete structures in some literature, the
correlation properties are usually taken into account by utilizing exponential functions [30].
Bottenbruch et al. [29], have done a numerical investigation on spatial correlation of concrete
and identified that it is significant along with the layers for pouring concrete in layers by slip
forming.
Nonetheless, in most literature, the correlation length is assumed and these assumptions
are not consistent with each other [32], the reason for this is the lack of available data [30,31].
The probability of failure can be underestimated resulting in an unconservative design if this
value is ignored or implicitly assumed to be infinite [12,16,33,35]. To avoid this the modeling
needs to account for the correlation length.
The compressive stress σp (r,t) depends on the height of the wall h (r) to be printed. This
compressive stress acting on any of the layers can be written as follows [8]:
σp r = ρc g h r

(3)

Where ρ c is the material density, g is the acceleration of gravity. Similarly, Wolfs et al. [4]
experimentally determined the density of the printable concrete.
3

NUMERICAL MODELING OF 3D CONCRETE PRINTING

During the extrusion process the rheological properties of the concrete change. The material should be flowable at the pumping and extruding stage and after deposition, it should gain
rapid strength to have a stable shape and to carry the subsequent layers [5, 6].

Figure 1: Gradient of the strength development of 3D printed concrete wall.
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To ensure the bond strength between layers the time gap between consecutive layers
should be kept as low as possible [7]. This time dependency of the evolution of the yield
stress is one of the main components in numerical modeling.
Fig.1 shows the gradient of the concrete strength due to the different ages and resting times
of the layers. Compared to the other layers, the concrete of the bottom layer is more mature
than in the subsequent layers. To analyze the shape stability or buildability of the printed
structure at a given time, this gradient of the strength over the height of the structure should
be considered [8]. As each layer is activated in the numerical modeling this spatial variation is
considered.
For each of the printed layer, the curing time (t c ) can be calculated based on the printing
velocity (ν p ), counting the number of layers from bottom to top according to the printing progress and assuming that there is no time gap between layers, the ith layer will have a curing
time of:

tci

i  N  1

L

Qp

,

(4)

where N is the total number of layers and L is the length of the printed layer.
The numerical model is based on the finite element method (FEM) following the layerwise production process, i.e. each layer is activated separately. However, the problem arises
when the layer thickness of the concrete and the size of the FE mesh do not coincide because
the size of the FE is much lower than the thickness of the layers, see Fig.2.

Figure 2: 3D Concrete printed layers and the FE mesh

This has been addressed by introducing a novel modeling approach, applying the FE while
considering a pseudo density approach similar to the soft-killing approach in topology optimization, for more detail, see [9].
In addition to the above-mentioned modeling procedure, as mentioned in the previous section uncertainties arising in the model description (geometry, material properties, or loading)
are also included by utilizing structural reliability analysis.
Numerical simulation is performed using the commercially available programing language
MATLAB, and UQLab (which is an open-source scientific module, a framework for Uncertainty quantification developed at ETH Zurich), to investigate the buildability of 3D concrete
printing wall structures during the printing process.
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3.1

Numerical example

The wall is modeled as a two-dimensional structure and constructed in a layer-wise process
to perform failure analyses. Finite Element analysis with 4-node bi-linear finite elements is
applied. The boundary condition considered is the bottom layer fixed as a result of friction on
the printed bed [17]. The geometry of the numerical simulation includes wall width w =
43.5mm, wall-length L = 1000mm, the thickness of each layer t = 10mm, the Poisson ratio of
the printing material (which is assumed to be constant during the curing process) taken as 0.3.
The analysis was limited to a number of 17 layers to avoid the elastic buckling according to a
parametric model developed by Suiker et al. [2]. Deterministic uniform load configuration is
used only considering the self-weight as a result of the layer-wise production process and activated as the printing progresses.
3.1.1 Numerical simulation of the compressive failure
The temporal changes and the randomness of the compressive strength are represented by
random variables [30], generated from the normal distribution [25,26,27]. This random field
is characterized statistically by three parameters defining its first moments, the mean, the
standard deviation, and the correlation length. Therefore, results obtained from Eq. (2) are
taken as the mean value for each Finite Elements(FE), for this process one of the discretization methods i.e. midpoint method is used [16].
In particular, this numerical simulation is focused on buildability (part of overall failure
probability) of the 3D printed concrete wall by varying one of the printing process parameter
i.e printing velocity. Also, different values of the correlation length have been investigated in
the numerical simulation.
The mean and standard deviation can conveniently be combined in terms of the dimensionless coefficient of variation, taking the result from Wolfs et al. [4], to be 0.168. For example,
for printing velocity of 1.4 m/mm, the temporal development of compressive strength at the
bottom layer is described as a Gaussian random field with a mean based on Eq. (2) is 7.8 kPa
and the standard deviation is 1.31. For all the other layers temporal development of compressive strength can be calculated similarly.
In this research, a “Markovian” correlation function is used where the spatial correlation is
assumed to decay exponentially with distance [28]. It has the form of:
ρτ

§ -2 τ
ij
= exp ¨
¨ θ
¨
©

·
¸
¸
¸
¹

(5)

where T is the correlation length and τ i j is the separation distance between two finite elements.
Realizations of the random compressive strength fields are produced using covariance matrix decomposition. It is a direct method of producing a homogeneous random field [36]. A
covariance matrix is formulated for a single layer, then the covariance matrix is decomposed
into a lower and upper triangular matrix via a LU Decomposition, to generate correlated normally-distributed random variables for each layer.
Additionally, the layer-wise production process of the concrete structure is included in the
FE model while considering a pseudo-density approach [9].
σ y x = σ y,min + ρ P x σ y -σ y,min
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Where σ y ( x ) denotes the resulting compressive strength of the concrete, σ y ,min > 0 is a
lower bound to avoid zero entries, σ y refers to the nominal compressive strength, spatiallyvarying pseudo-density ρ ( x ) Ѯ[ 0,1] , and p >1 denotes a power-law correlation that is implemented to achieve density values closer to the lower and upper bounds of the design variables.
Based on Wolfs et al. [4] experimental result concrete density is taken as a random variable
with normal distribution [25,26,27], the mean value of 2020 kg/m³, and the coefficient of variation is 1.96% for the determination of the compressive stress.
To generate the random field for the concrete density, here also the Markovian correlation
function Eq. (5) and the covariance matrix decomposition are applied. Correspondingly, material density is modeled considering a pseudo-density approach.
ρc x = ρc,min + ρ P x ρc -ρc,min

(7)

where ρ c (x) denotes the resulting concrete density, ρ c ,min (x) > 0 is a lower bound to avoid
zero entries, ρ c is the nominal concrete density, ρ and p are similar to Eq.(6).
In a random field, the value assigned to each cell or finite element, in this case, is itself a
random variable, thus the mesh which has 1050 finite elements, contains 1050 random variables. For both the compressive strength and the compressive stress for each analysis,3000 realizations were performed with input shown in Table 1, by varying the printing velocity (ν p )
and Correlation length (θ).
Parameter Values considered
νp (m/min) 0.7, 1.4, 2.1, 3
0.1, 1, 10, 100
T (m)
Table 1: Parameters varied in the numerical example while holding the other parameters constant.

Figure 3: Single realization of the compressive strength for the printing velocity of 2.1m/mm and correlation
length 10m.

A single realization of the compressive strength is shown in Fig.3, both the randomness
and time dependency are observed, and the effect of the correlation length is also included in
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the realization. Correlation between the properties of the neighboring freshly printed elements
is noticed.
The strength-based failure of the structure is studied by comparing the temporal evolution
of the compressive yield stress with the increasing hydrostatic pressure caused by subsequently placed concrete layers (compressive stress). Gravity-induced stresses increase with the
height of the printed product, whereby the maximum stress values occur in the bottom layer.
For each realization, the mean and standard deviation is taken to perform the failure probability at the bottom layer.
Combining the written MATLAB script and UQLab, the result for the printing velocity of
2.1m/min is shown in Fig.4.

(a)

(b)

Figure 4: UQLab output for Adaptive Kriging Monte Carlo Simulation printing velocity of
2.1m /min and correlation length of 0.1 m.

Fig.4 shows graphical visualization of the convergence of the AK-MCS analysis (Fig.4b),
a Kriging surrogate model from a small initial sampling of the input vector produces an experimental design iteratively refined close to the currently estimated limit-state the surface g(x) =
0 (Fig.4a).

(a)

(b)

Figure 5: Effect of printing velocity and correlation length on the Probability of failure of
compressive strength.
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The numerical simulation output, see Fig.5a, indicates that with increasing printing velocity, the probability of failure of the buildability of the printed wall increase. This fact was expected because the 3D concrete printing process is a time-dependent process. Increasing the
printing velocity means lowering the curing time, which also results in a lower compressive
strength. Another important observation from Fig.5a is the influence of spatial correlation
length on the probability of failure. Different correlations cause a large difference in results. If
the spatial correlation length for selected printing velocity increases, then the probability of
failure also increases.
Furthermore, it can be observed the probability of failure of the top layer is different. The
reasons for that are: (1) for the 3D printed wall the concrete age at the top layer is smaller
compared to the other layers which affect the compressive strength and (2) to check the accuracy of the numerical simulation. Fig. 5b shows that the probability of failure is higher at the
bottom than the other layers as expected even if the curing time for the top layer is smaller
than the bottom layer but it is subjected to higher stress, the aforementioned result is for
3m/min printing velocity.
4

CONCLUSION

A numerical modeling procedure of a 3D concrete printed (3DCP) wall is proposed, in
which uncertainties implemented via the Stochastic Finite Element Method (SFEM) and a
spatially varying pseudo-density approach are considered. To minimize the computational
cost, Adaptive Kriging Monte Carlo Simulation (AK-MCS) is utilized.
The aforementioned method enables to predict the probability of failure of the 3D printed
concrete wall. The influence of the printing velocity and the spatial correlation length on the
probability of failure was studied. For a simple 2D example of a wall, it was shown clearly
that the influence of spatial correlation length on the probability of failure is significant. Different correlation lengths cause a difference in the results. However, in practice correlation
lengths are often assumed based on literature and these assumed values for the correlation
length of concrete properties are not consistent with each other [32]. The suggested values for
the correlation length could be the initial values for further investigations.
In the future, additional failure mechanisms, the influence of additional mechanical
properties, and process parameters will be studied. It will give rise to a more realistic 3DCP
model.
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Abstract. The advent of single-cell or single-molecule sampling techniques allowed the study
of abnormalities in small subsets of cell populations as well as subtle differences of evolving
biological phenomena. A major challenge in this effort is the quantiﬁcation of statistical differences between the probability distributions of measured quantities; particularly when small
perturbations or small distributional changes need to be detected. Here, we propose to use as
a discriminative tool the Rényi divergence whose key advantage is its ability to highlight differences between probability tails. In addition, we describe an algorithm which is based on a
variational representation formula for the Rényi divergence and implicitly estimates it by solving an optimization problem. We evaluate the discrimination performance on both synthetic
and real datasets. The proposed algorithm is able to detect distributional differences which are
below 0.5% and quantify the trade-off between number of samples and neural network complexity. The comparison with existing density ratio approaches reveals that the proposed method is
signiﬁcantly better when the dimension of the data is moderately high (e.g., larger than 10).
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1

INTRODUCTION

Population datasets emerge in many scientiﬁc ﬁelds such as biology [1, 2], ecology [3],
epidemiology [4] and molecular motion in biochemistry [5, 6] to name a few. Particularly in biology typical population datasets now consist of tens of thousands of samples measuring dozens
of quantities of interest. For instance, high dimensional single-cell technologies, such as ﬂow
and mass cytometry [7], are able to capture the abundance of up to 40 proteins on thousands of
cells simultaneously. Such moderate to high dimensional datasets cannot be screened out manually (e.g. through scatter plots) and computational approaches are required for the detection
of clusters and differences in the data. Despite the recent proposal of computational tools that
handle single-cell population data [2, 8], a major challenge in the characterization of cellular
heterogeneity still remains. Indeed, it is often the case that rare sub-populations exist in the
samples which are very difﬁcult to be detected due to their low abundance levels. For instance,
stem and progenitor cells are underrepresented in the total cell population therefore; they are
rarely detected using general-purpose methodologies over large populations of cells.
Statistical quantities such as the mean value and the covariance matrix are not sufﬁcient discriminative metrics because they do not capture the complete probabilistic characteristics of the
two populations. On the other hand, a probability distance or a divergence could capture all the
statistical information induced by the observed sample distributions. Additionally, probability
distances which are sensitive to small perturbations and be able to detect small distributional
changes are ideal choices. In this paper, we suggest using Rényi divergence as an approach
to discriminate between two population datasets. Rényi divergence has the advantage that its
hyper-parameter controls how much weight to put on the tails of the distributions thus it can
become very sensitive to rare sub-populations inside the population datasets (see Figure 2 for
three examples).
The estimation of the Rényi divergence becomes feasible with the use of a variational representation [9, 10, 11]. Variational representations essentially transform the estimation of a
divergence to an optimization problem over an inﬁnite-dimensional function space. Then, the
function space is approximated by a neural network parametrized space in a similar fashion to
[12, 13, 14, 15]. Thus, we present and then evaluate an algorithm that estimates the Rényi divergence which we named NERD (Neural-based Estimation of Rényi Divergence) algorithm.The
utilization of neural networks offers additional advantages such as the ability to handle high
dimensional data as well as any type of input data with the trade-off being the requirement for a
large sample size; a limitation which is already alleviated in practice by the production of large
amounts of single-cell measurements per experiment.
We ﬁrst evaluate NERD algorithm on synthetic data where the ground truth is known. NERD
is capable of handling high-dimensional data better than state-of-the-art methods such as ITE
[16]. We assess the behavior of the estimator as a function of various hyperparameters such as
the number of samples, the rarity of the sub-population and the choice of function space. We numerically show that NERD algorithm is capable of accurately estimating the Rényi divergence
in high dimensions given enough sample size. We also compute the discriminative capabilities
of NERD between single-cell populations. The two populations consist of cells from healthy
participants as well as healthy cells contaminated by a small portion of “sick” cells. We show
that NERD algorithm can discriminate conﬁdently when the percentage of rare subpopulation
is above 0.2% and the number of available samples is above 40K.
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2

DEFINITION AND PROPERTIES OF THE RÉNYI DIVERGENCE

Let Q and P be two probability measures (or distributions) on a measurable space (Ω, M).
The Rényi divergence of order α > 0 with α = 1 of Q with respect to P is deﬁned as [17, 18]
$ %α 
1
dQ
(1)
log EP
Rα (Q||P ) :=
α(α − 1)
dP
when Q and P are mutually absolutely continuous1 with respect to each other, otherwise,
is the Radon-Nikodym derivative of Q with respect to P
Rα (Q||P ) = ∞. The ‘ratio’ dQ
dP
which always exists due to the imposed absolute continuity condition. The deﬁning properties
of a divergence are that (a) it is non-negative and (b) it equals to zero if and only if Q = P .
Despite not being a distance since it is neither symmetric nor satisﬁes the triangular inequality,
divergences are widely used for the comparison of probability distributions.
1
(cf. [19, 20, 9])
In some studies, the deﬁnition of Rényi divergence utilizes the factor α−1
1
instead of α(α−1) , nevertheless, we prefer the deﬁnition (1) due to the symmetry property
Rα (Q || P ) = R1−α (P || Q)
when 0 < α < 1. Using this symmetry property, the deﬁnition of Rényi divergence is straightforwardly extended to α < 0 (e.g., R−1 (Q || P ) := R2 (P || Q)).
The deﬁnition of Rényi divergence is extended to α = 1 where the limit equals to the
Kullback-Leibler divergence deﬁned by
!
dQ
DKL (Q||P ) := log
dQ
(2)
dP
when Q  P , otherwise DKL (Q||P ) = +∞ as well as to α = 0 where the limit equals to
the reverse2 Kullback-Leibler divergence. Interestingly, several other divergences are linked
to Rényi divergence. Rényi divergence has an one-to-one and onto correspondence with αdivergence [21] where Rényi divergence can be obtained as an afﬁne transformation of the logarithm of the α-divergence. Rényi divergence is also related to Hellinger distance [22] as well
as to χ2 -divergence [22] for particular values of α. Figure 1 summarizes those relationships.
Further properties of the Rényi divergence can be found for instance in [23, 20, 9].

Figure 1: Rényi divergence as a function of its order α and its connections to other divergences. The case α = 0.5
relates with the Hellinger distance while the cases α = 1 & 2 relate with Kullback-Leibler and (Pearson’s) χ2
divergence, respectively. Rényi divergence is reverse symmetric around 0.5 thus the cases α = 0 & − 1 relate with
reverse Kullback-Leibler and reverse (i.e., Neyman’s) χ2 divergence, respectively.

We say that Q is absolutely continuous with respect to P if for every measurable set A ∈ Ω, P (A) = 0 ⇒
Q(A) = 0. It is written as Q  P .
2
In the sense that the order of Q and P has been reversed.
1
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2.1

Rényi Divergence Highlights Distributions’ Tail Differences

Existing literature has shown that Rényi divergence is capable of efﬁciently bounding the
probability of rare events and more generally of risk-sensitive observables of a distribution
[18, 24, 25] through its order parameter. Intuitively, the order parameter as a power factor of the
density ratio leverages the amount of weight put on the tails of the distributions. For instance, in
[24], to discriminate between rare events from distributions with inﬁnitesimal small differences
the order had to be sent to inﬁnity.
We demonstrate this sensitivity property of the Rényi divergence through a series of examples. First, we consider two zero-centered univariate Gaussian distributions with different
standard deviations3 , Q ≡ N (0, σ12 ) and P ≡ N (0, σ02 ). The Rényi divergence of Q with
respect to P is given by [26]

Rα (Q||P ) =

1
α

log σσ01 +

σ2

0
log ασ2 +(1−α)σ
if ασ02 + (1 − α)σ12 > 0
2
0
1
.
+∞
otherwise

1
2α(α−1)

(3)

σ2

1
As α approaches to the ‘ﬁniteness’ limit σ2 −σ
2 , the Rényi divergence takes exponentially-large
1
0
values resulting in an unequivocal discrimination between the two distributions. Going one step
further, if σ12 = σ02 (1 + ) with  being a small number then α should be of order O(−1 ) in order
to efﬁciently discriminate between the two distributions. Figure 2(a) demonstrates this behavior
for two values of . Analogous discriminative capacity is observed when the Rényi divergence
between a Gaussian distribution with full covariance matrix and a Gaussian with diagonal covariance structure is calculated.

 In this second example, let Q be a zero-mean Gaussian with
1 ρ
and P a zero-mean Gaussian with covariance matrix equal to
covariance matrix Σ1 =
ρ 1
the identity matrix (i.e., independent components). Figure 2(b) presents the Rényi divergence
as a function of its order. As it is evident from the plot, there are both positive and negative α’s
of order O(ρ−1 ) that assign very large values to the Rényi divergence implying that even very
small correlations between variables could be detected when |α| becomes sufﬁciently large.
Additionally, both Gaussian examples show that large values for the order may result to inﬁnite
Rényi divergence and there is a ﬁniteness limit for α that should not be exceeded. Therefore,
caution must be placed on the choice of the order value. As a rule of thumb, the ”closer” the
two distributions are the larger the value of α can (or must) be set.
In this paper, we suggest exploiting this sensitivity property and distinguish between statistical populations of data that differ slightly by containing samples from rare sub-populations.
Rare sub-populations are hard to detect exactly because of their rarity. Therefore, we aim to
search for the highest value for Rényi divergence by tuning α. As a third and more relevant
motivation example, Figures 2(c) & (d) present the Rényi divergence between a mixture of two
Gaussians (Q ≡ (1−w)N (μ0 , σ02 )+wN (μ1 , σ12 )) with w corresponding to the percentage of the
less probable population and a Gaussian (P ≡ N (μ0 , σ02 )). Under this particular setting, there
is an optimal α that maximizes the Rényi divergence. Additionally, the smaller the percentage
of the less probable population the larger the value of the optimal α is. This is consistent with
the two previous examples in the sense that distributions with smaller differences require larger
values of α in order to obtain larger Rényi divergence values.

3

In this paper, we always consider P to be the baseline (or unperturbed) distribution while Q is the different or
perturbed one.
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Figure 2: Rényi divergence of Q (perturbed) with respect to P (unperturbed) as a function of α between: (a)
two 1D zero-mean Gaussian distributions with different variances (σ02 = 1, σ12 = 1 + ), (b) two 2D zero-mean
Gaussian distributions with different covariance structure (ρ: correlation coefﬁcient between the two elements
of the perturbed Gaussian) and (c)-(d) between a mixture of two Gaussians and a Gaussian distribution (w: the
percentage of the second mode in the mixture).

2.2

A Variational Representation Formula for the Rényi Divergence

By deﬁnition, the estimation of Rényi divergence requires either the knowledge of the densities of the probabilities involved or an approximation of their ratio. An alternative approach is
to transform the estimation problem into an optimization problem via the utilization of a variational representation. A variational representation formula is essentially a lower bound of the
divergence for which the optimal solution gives rise to the divergence value. It consists of two
mathematical ingredients: the function space where the optimal solution will be searched for
and, the representation expression, called here the ‘objective functional’, whose optimization
leads to the value of the divergence.
The following theorem, proved in [11], states that Rényi divergence is the solution of a variational optimization with an objective functional which is the difference of two risk-sensitive
observables (i.e., the expression inside the curly brackets in (4)).
Theorem 1. Let P, Q be two probability measures on (Ω, M) and α ∈ R \ {0, 1}. Then,
#
"
1
1
(α−1)g
αg
log EQ [e
] − log EP [e ] ,
Rα (Q||P ) = sup
α−1
α
g∈Mb (Ω)

(4)

where Mb (Ω) is the space of all (real-valued) measurable and bounded functions from Ω to R
and we assume the conventions +∞ − ∞ = −∞ and −∞ + ∞ = −∞.
The optimal solution under appropriate conditions provided in [11] can be explicitly written
, and, the aim of this paper is to approximate g ∗ as accurately as possible. Finally,
as g ∗ = log dQ
dP
taking α → 1, we recover the Donsker-Varadhan variational formula for the Kullback-Leibler

116

A. Tsourtis, G. Papoutsoglou and Y. Pantazis

divergence [27] which is given by
DKL (Q||P ) =

sup {EQ [g] − log EP [eg ]} .

(5)

g∈Mb (Ω)

Hence, equation (4) can be seen as a generalization of the Donsker-Varadhan formula to the
Rényi divergence. Similarly, the Donsker-Varadhan formula with the order of Q and P reversed
is obtained when α → 0.
3

NEURAL-BASED ESTIMATION OF RÉNYI DIVERGENCE (NERD)

The variational formula in (4) is still not fully practical because (a) the expectations cannot be
explicitly computed since Q and P are not known, and (b) the inﬁnite dimensional space of test
functions (i.e., of g’s) needs to be restricted to a parametric representation that can be handled by
a computer. Regarding the ﬁrst issue, the expectations are replaced by their statistical averages
using a ﬁnite number of samples. This approximation ﬁts well with our setting since we only
have access to samples from the distributions of interest. Moreover, as the number of samples
tends to inﬁnity, the statistical averages converge to the respective expectation values.
For the latter issue, we concentrate to Ω = Rd and parametrize the space of all measurable
and bounded functions with neural networks of bounded activation function for the output layer.
Letting θ ∈ Rp be the parameter vector with the weights and biases of the neural network, our
aim is to optimize gθ : Rd → [−M, M ] where M is a user-deﬁned clipping
 ·  factor. In our
experiments we enforce the boundedness condition via the use of M tanh M as the activation
function of the output layer. The error induced by this second approximation can be controlled
using (a) Lusin’s theorem [28] where the space of all measurable and bounded functions is
replaced with all continuous and bounded functions with arbitrary accuracy and (b) the fact that
a large enough neural network is a universal approximator of continuous and bounded functions
[29, 30].
The parameters of the neural network are estimated using stochastic gradient ascent because
we are searching for the solution that maximizes the objective functional. The pseudo-code of
the neural-based Rényi divergence estimator is provided in Algorithm 1. When α = 1 or 0,
we apply the ﬁnite sampling approximation formulas stemming from the Donsker-Varadhan
variational representation (5).
3.1

Statistical Properties of NERD

The asymptotic consistency of NERD has been shown in [11, Theorem 2]. However, stability and consistency results as well as bias-variance trade-offs for ﬁnite number of samples
is an open and active problem even for the Kullback-Leibler case [31, 32, 33]. The main encumbrance stems from the fact that both terms in the objective function of Rényi’s variational
representation are sensitive to tail events and the variance of the estimator could grow exponentially with the true value of the divergence [33]. A partial solution proposed in [33] sets a small
clipping factor M applied to the output of the ﬁnal layer which results in reduced variance for
the estimator at the cost of larger bias especially when the value of Rényi divergence is high
since the maximum possible value for the estimator is 2M . As it is already presented, NERD
algorithm has adopted the clipping operator. In the following section, we propose a different
approach to reduce the variance by utilizing a different, more regularized function space for the
optimization problem.
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Algorithm 1 Neural Estimation of Rényi Divergence (NERD)
Input: Sample matrix X ∈ RN ×d ∼ Q, sample matrix Y ∈ RN ×d ∼ P , order parameter α,
neural network gθ (·), batch size m and learning rate λlr
Output: Rényi divergence estimate: R̂αN
1: θ ← Initialize_Neural_Network()
2: while not converged do
m
3:
Choose randomly m samples from X: {xi }m
i=1 and from Y : {yi }i=1
4:
Compute the variational expression:
1
1  (α−1)gθ (xi ) 1
1  αgθ (yi )
R(θ) =
e
− log
e
log
α−1
m i=1
α
m i=1
m

5:

m

(6)

Update the neural net’s parameters:
θ ← θ + λlr ∇θ R(θ)

6: end while
7: Compute the variational estimate using all samples:

R̂N
α

3.2

N
N
1
1  (α−1)gθ (xi ) 1
1  αgθ (yi )
=
e
− log
e
log
α−1
N i=1
α
N i=1

(7)

Using Lipschitz Continuous Functions as Test Functions

The space of test functions can be selected differently. The cost of choosing a subset of
Mb (Ω) is that a lower bound –but not necessarily strictly lower– for the divergence is obtained.
Given that we are interested in alleviating the impact of ﬁnite sampling on the approximated
risk-sensitive observables, we propose to use Lipschitz continuous functions with Lipschitz
constant K as the function space over which the optimal solution will be sought for. The 1Wasserstein distance, which is also deﬁned on the Lipschitz function space but uses a different
objective functional, has shown signiﬁcantly better stability and convergence properties during
the training of GANs [14, 15]. Thus, we anticipate improved statistical properties such as
reduced variance in our experiments. Theoretically, it has also been shown that the function
space replacement from measurable to Lipschitz functions retains the divergence property for
the α-divergence [34] hence it is also retained for the Rényi divergence.
From an implementation perspective, the only difference for NERD algorithm is the removal
of the clipping function and the addition of a gradient penalty term in (6). The new formula is
given by
m
m
1  (α−1)gθ (xi ) 1
1  αgθ (yi )
1
e
− log
e
log
R(θ) =
α−1
m i=1
α
m i=1
(8)
m


1 
2
+ λGP
max 0, ||∇x gθ (zi )|| − K ,
m i=1
where zi = ui xi + (1 − ui )yi and ui ∼ U (0, 1) for i = 1, ..., m. We remark that this is the onesided gradient penalty and it is only activated when the square of the gradient’s norm is above
K. The two-sided gradient penalty which is valid for the Wasserstein distance is not applicable
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for the Rényi divergence since the norm of the gradient is not everywhere equal to one for the
optimal test function.
4

RESULTS

In this Section, we test the accuracy of the proposed algorithm on two synthetic examples
as well as its discriminative efﬁcacy on one real biological dataset. Our aim is to numerically
evaluate the performance of NERD algorithm on the statistical estimation of Rényi divergence
and also explore the Rényi’s order parameter that leads to the most efﬁcient discrimination between two sample distributions with small sub-population differences. Our results are compared
against a state-of-the-art density ratio approximation algorithm implemented by the Information
Theoretical Estimators (ITE) toolbox [16].
4.1

Experimental setup

In Section 3, we presented two variants of the NERD algorithm depending on the chosen
space of test functions: i) the space of continuous and bounded test functions referred to as
NERDCb , and ii) the space of Lipschitz continuous test functions referred to as NERDLip . The
boundedness condition of NERDCb is enforced through a bounding factor M > 0 on the activation function of the ﬁnal layer. In contrast, the Lipschitz continuous condition is enforced
through the addition of a regularization term that depends on two hyper-parameters: the Lipschitz constant K > 0 and the regularization coefﬁcient λGP . Both M and K are capable of
affecting the trade-off between estimation bias and estimation variance with smaller values favoring reduced variance with the cost of increased bias. Table 1 summarizes the value ranges
of all (hyper-)parameters that appear in our numerical experiments.
Neural network hyperparameters were set following a similar rationale as in [12] where the
Kullback-Leibler case was studied and the implementation is carried out using TensorFlow24 .
Speciﬁcally, we employ fully-connected feed-forward neural networks with l = 3 layers, variable number of units per layer and tanh(·) as activation function for the hidden layers. The
number of units per layer is primarily dependent on the dimension of the data while the number
of trainable parameters is typically of order O(103 ). Given that the sample size of the the studied datasets is between O(104 ) − O(105 ) we anticipate no overﬁtting. For the sake of fairness,
both NERD variants share the same architecture (i.e., hidden layers, number of units per layer,
activation function) except the activation function of the output layer which is different.
We apply Adam optimizer [35] as the training algorithm with its default hyperparameter
values. The learning rate is set to λlr = 0.0005 for the synthetic examples while the number
of iterations was Nit = 20000. Due to slower convergence, the respective values for the real
dataset are λlr = 0.01 and Nit = 60000. Moreover, we set a large value to the batch size so that
samples from the tails are included in the statistical average with high probability at each step.
We also set the hyperparameter of the ITE-based estimator that deﬁnes the number, k, of
nearest neighbors. Since the computational cost increases non-linearly with k, ITE becomes
prohibitive for high dimensions and large sample sizes. We found that setting k = 20 is a
balanced choice for approximating the Rényi divergence in our experiments.
Finally, our primal goal in the synthetic examples is to assess the accuracy of the estimator,
hence, we ﬁx the order of the Rényi divergence to α = 0.5. Such order value provides a
stable statistical behavior with low variance for the estimator relative to the other values of α.
In contrast, for the real dataset example, we provide results for a range of α values excluding
4

Code will be available upon acceptance.

119

A. Tsourtis, G. Papoutsoglou and Y. Pantazis

Table 1: Parameters’ symbols, their categorization and range in our experiments.

Parameter
N
d
w
ρ
α
k
M
K
λGP
Nit
m
λlr
l
θ
p

Explanation
No. samples
Dimension
Sub-population proportion
Correlation coefﬁcient
Order
No. nearest neighbors
Boundedness const.
Lipshcitz const.
Gradient penalty
No. iterations (training steps)
Batch size
Learning rate
No. hidden layers
Vector w/ weights & biases
Dimension of θ

Association
Data set
Data set
Data set
Data set
Rényi divergence
ITE
NERD (bounded)
NERD (Lipschitz)
NERD (Lipschitz)
Training alg.
Training alg.
Training alg.
Neural network
Neural network
Neural network

Range
O(104 ) − O(105 )
[1, 50]
[0.002, 0.2]
[0, 0.9]
[0.1, 0.9]
20
[1, 50]
[1, 10]
0.1
[10000, 150000]
4000
[0.0005, 0.01]
3
—
O(102 ) − O(103 )

α ∈ {0, 1} wherein the variance of the estimator might become very large [32, 33].
4.2
4.2.1

Rényi Divergence Estimation on Synthetic Data
Between a Gaussian Mixture Model (GMM) and a Gaussian

In our ﬁrst example we consider Q to be a 1-D bimodal distribution (mixture of two Gaussians) and P a 1-D Gaussian distribution. The ﬁrst mode of Q will be referred to as the ’main’
mode and the second one as the ’rare’ mode, inspired by biological data terminology of main
and rare cell sub-populations. The mean and variance of P and of the main mode of Q were set
equal to one another. Speciﬁcally,
Q = (1 − w)N (μ0 , σ0 ) + wN (μ1 , σ1 )
P = N (μ0 , σ0 )

(9)

where the μ’s and the σ’s denote the means and variances of the distributions and w is the
probability of the rare mode. In our simulations, we set μ0 = 0, σ0 = 1 for the main mode and
μ1 = 1, σ1 = 14 for the rare mode. The upper panels of Figure (3) illustrate the convergence of
all estimators as the sample size increases. As expected, larger sample sizes reduce the variance
of the estimators and N = 50000 is sufﬁcient for this example. Additional experimentation not
shown here revealed that similar results are obtained for other values of μ1 , σ1 and α.
The lower panels in Figure 3 depict the effect of the probability of the rare mode w on
the estimation of the Rényi divergence. Since the percentage of samples between the main
and the rare mode of Q is controlled by w, we consider the range between 0.3% and 10%
as being representative of the frequencies found in cases of rare cell populations in diseaselike situations. Apparently, as w decreases it becomes harder to differentiate between Q and
P . Interestingly, both NERD variants are more accurate both in terms of variance and bias in
discriminating between slightly different sample distributions for the same sample size. On the
other hand, the ITE estimator has undeniable difﬁculties with small values for w due to its large
variance.
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Figure 3: Estimated Rényi divergence between a GMM with two modes and a Gaussian distribution using both
variants of NERD algorithm and ITE with the order ﬁxed at α = 0.5. Upper panels: As the sample size N
increases, all methods converge to the exact Rényi divergence value (red solid line) with decreasing variance. Here,
we set w = 0.2 and quantiles in the box-plots are estimated over 10 independent runs. Lower panels: Estimated
Rényi divergence as a function of the sub-population proportion w. Here, the sample size is N = 40000. Evidently,
both variants of NERD exhibit less bias and reduced variance relative to ITE-based estimator for w < 0.05.

4.2.2

Between Two High-dimensional Gaussians

In this example, we let Q and P be two zero-mean multivariate (standardized) Gaussian
random variables of dimension d with different covariance matrices. We impose the elementwise correlation corr(xi , x d +j ) = δi,j ρ to the samples x ∼ Q where i, j = 1, . . . , d2 and δi,j
2
is Kronecker’s delta. In contrast, no correlation is assumed for the samples y ∼ P . We test
how the estimation accuracy of both variants of NERD changes with increasing dimension as
well as correlation coefﬁcient. This setting is quite challenging because as dimension increases
the probability mass concentrates in a ball around the origin whose radius is exponentially
decreasing with respect to the dimension. Moreover, as the correlation coefﬁcient increases
the intersection between the supports of the sample distributions is signiﬁcantly reduced which
could result in large estimation errors.
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Figure 4: Rényi divergence between two multivariate Gaussian distributions as a function of the correlation
coefﬁcient ρ and the dimension d. The red solid line represents the exact Rényi divergence, whereas each boxplot
corresponds to the 2nd and 3rd quantiles of the estimator over 10 independent iterations. In all cases, we set
M = 50 and K = 5. Upper panels: We compare two d = 4-dimensional Gaussians and draw N = 50000
samples for each. Both NERD variations are close to the exact Rényi divergence value, whereas ITE slightly
overestimates it. Middle panels: With dimension being d = 20 and sample size being N = 150000, NERD with
Lipschitz continuous functions provide the most accurate estimates relative to the others. Nit = 20k]. Lower
panels: For d = 50 and N = 300000 samples, the variance for both NERD variations is high and increases as the
correlation coefﬁcient increases. ITE-based estimator has no variability but its estimate is entirely inaccurate.

Figure 4 presents the estimation results for the three methods considered in this paper as a
function of dimension and correlation coefﬁcient ρ. We consider three values for the dimension:
d = 4 (upper row of panels), d = 20 (middle row of panels), and d = 50 (lower row of panels)
while we range ρ ∈ [0.1, 0.9]. When ρ < 0.5 our results indicate that all three methods provide
satisfactory divergence estimations. When ρ increases, both NERD variants accurately estimate
the Rényi divergence for d ≤ 20 with small variance. In contrast, the variance increases signiﬁcantly as ρ increases (lower panels) revealing that even larger sample size is required. This
ﬁnding is in partial agreement with the results in [33] where it is shown that variance of this
variational-based estimators may grow exponentially with the value of the Rényi divergence.
On the other hand, we found that the NERDLip estimator has less variance relative to NERDCb
especially for ρ = 0.9 revealing that the restriction of the function space to Lipschitz continuous functions as presented in Section 3.2 is beneﬁcial from a statistical estimation perspective.

122

A. Tsourtis, G. Papoutsoglou and Y. Pantazis

Finally, despite having very low variance in all cases, ITE-based estimation is inaccurate for
large values of ρ even for d = 4.
Concerning the computational cost in CPU time, the most important factors are the sample
size N and the dimension d. The training of neural network’s parameters scales linearly with
N and in most cases with d too while ITE approach which is based on k-nearest neighbors
does not scale efﬁciently neither with N nor with d. Despite being architecture and dimension
dependent, we advocate that the break even point in terms of computational cost between the
NERD and ITE approaches is for sample size N approximately between 5 · 104 and 105 . We
also remark that NERDLip is approximately twice as slow as NERDCb due to the additional
computational cost induced by the regularization term.

Figure 5: Rényi divergence estimates of NERDLip (K = 1), NERDCb and ITE when comparing healthy against
disease-contaminated distributions, over varying α when the abundance of disease samples is set to w = 0.2 (left
panel) and w = 0.05 (right panel). Errorbars are computed over 5 iterations. Both NERD variants generate similar
consistent results while ITE estimates have shift and scaling issues making it untrustworthy.

4.3

Detecting Sub-populations in Single-Cell Datasets

Using data from [36], we test the efﬁcacy of NERD to discriminate distributions from real
biological settings5 . Speciﬁcally, we consider single cell mass cytometry measurements on
16 bone marrow protein markers (d=16) coming from healthy and disease individuals with
acute myeloid leukemia. The dataset consists of more than 150K healthy and 25K disease cell
samples. Before analysis, data were transformed using the inverse hyperbolic sine arcsinh()
transformation with a cofactor of 5, which is typical in order to have comparable supports across
dimensions. Following [8] we mix healthy and disease samples at decreasing frequencies. For
this, we ﬁrst split the healthy samples randomly into two equally sized subsets X and Y . Then,
we replace a predeﬁned percentage of samples in X with disease samples; that is, {20%, 5%,
1%, 0.5% and 0.2%} of cells. The resulting distributions QX and PY reﬂect the properties of
settings where rare, disease-associated cell populations must be detected from otherwise healthy
samples.
Figure 5 shows the Rényi divergence estimates for various α ∈ (0, 1) and two values for the
sick cells percentage. Both NERD variants and ITE estimate positive values for the divergence
thus they do discriminate the healthy distribution PX from QY when w = 0.2 (left panel). When
5

Data were accessed from https://community.cytobank.org/cytobank/experiments/
46098/illustrations/121588
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w = 0.05 (right panel), NERD algorithm continues to produce positive values and be able to
discriminate between the two distributions, however, ITE estimates are negative for several
values of α. It seems that ITE approach has shift and scaling issues. Those estimation errors
can be partially reduced by increasing k at the cost of signiﬁcantly higher computational effort.
We additionally remark that the curve of the NERD-estimated Rényi divergence as a function
of its order is in accordance with Figure 2(c)-(d) in the sense that as α increases the value of
the divergence does also increase. Even though the distributions of the biological data are not
normal, this consistency in the behavior of Rényi divergence suggests that NERD algorithm
correctly estimates the divergence value.

Figure 6: Histograms of repeated NERD estimates (60 runs) when trying to discriminate between two healthy
datasets R̂α (PY ||PY ) (blue color) and between a healthy dataset and a dataset contaminated with sick subpopulation with proportion w%: R̂α (QX ||PY ) (orange color). We consider two sample sizes: N = 78797
samples per distribution (upper panels) and N2 samples (lower panels). As the rare sub-population of sick cells
decreases in numbers, it is harder to discriminate between the healthy and diseased distributions.

Finally, we investigate the limits of NERD algorithm in discriminating between healthy and
sick cell contaminated distributions. Apparently, as w approaches 0, it becomes more difﬁcult
to distinguish the two distributions because the number of sick cells amounts to few dozens.
Similarly, sample size is an important factor in order to generate statistically signiﬁcant outcomes. Figure 6 presents histograms of repeated estimates of Rényi divergence with α = 0.5
computed via NERDLip algorithm for the healthy vs healthy case (blue color) and diseased vs
healthy case (orange color). In the upper row of panels, we use all available data while the
sample size is halved in the lower row of panels. As it is evident from the x-axis, the estimates
of Rényi divergence for the healthy vs healthy case is doubled for the lower panels revealing
that sample size is indeed a crucial factor for accurately estimating the divergence which is zero
for this case. Moreover, histograms are separated for values of w above 0.005 for both sample
sizes. On the other hand, there is overlap of the histograms when w = 0.002 especially for
the halved sample size. This is also evident from the Kolmogorov-Smirnov (KS) test computed
on the histograms. Table 2 reports the p-value and the statistic of the KS test using build-in
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function kstest2. Overall, we conclude that sick cell proportion below w = 0.002 cannot
be detected with NERD for α = 0.5 and sample size below N = 40000. Nevertheless, when
we increase α to 0.8, differences between the histograms start to emerge (last row in Table 2)
showing that larger values for α could assist in discriminating even rarer sub-populations.
Table 2: p-values and statistic for the KS test. Apart from one case, KS test suggests that the two distributions are
different.

α
α = 0.5
α = 0.5
α = 0.5
α = 0.5
α = 0.5
α = 0.5
α = 0.8
5

w
1%
0.5%
0.2%
1%
0.5%
0.2%
0.2%

p-value
1.5 × 10−45
9.4 × 10−44
3.6 × 10−12
7.8 × 10−28
4.9 × 10−26
0.0068
1.4 × 10−5

KS stat
1
0.98
0.51
1
0.96
0.3
0.433

samples
N ≈ 79K
N
N
N/2
N/2
N/2
N/2

CONCLUSIONS

In this paper, we propose an efﬁcient discrimination approach based on Rényi divergence
to quantify the difference between population datasets and answer whether or not two sample
population come from the same distribution. The estimation of Rényi divergence is performed
via the optimization of functions parametrized by neural networks. We investigated the performance of the presented algorithm (NERD) on several synthetic and real biological datasets.
We showed that both NERD variants accurately estimate the Rényi divergence and discriminate rare sub-populations in the data given sufﬁciently-large number of samples. Therefore, its
potential to be used as a screening and/or detection tool in single-cell applications is high. As
future work, we target towards devising novel techniques that reduce the estimator’s variance
and require smaller sample sizes.
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Abstract. Statistical analysis of massive datasets very often implies expensive linear algebra
operations with large dense matrices. Typical tasks are an estimation of unknown parameters
of the underlying statistical model and prediction of missing values. We developed the H-MLE
procedure, which solves these typical tasks. The unknown parameters can be estimated by
maximizing the joint Gaussian log-likelihood function, which depends on a covariance matrix.
To decrease the high computational cost, we approximate the covariance matrix in the hierarchical (H-) matrix format, which has only a log-linear computational cost. The H-matrix
technique allows inhomogeneous covariance matrices and almost arbitrary locations. Especially, H-matrices can be applied in cases when the matrices under consideration are dense
and unstructured.
For validation purposes, we implemented three machine learning methods: the kNN, random
forest, and deep neural network. The best results (for the given datasets) were obtained by the
kNN method with three or seven neighbors depending on the dataset. The results computed with
the H-MLE method were compared with the results obtained by the kNN method.
The developed H-matrix code and all datasets are freely available online.
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Introduction

The number of measurements that should be statistically analyzed increases from year to
year. The involved statistical methods often contain intensive operations with large dense matrices. In case these measurements are distributed irregularly across the given domain, the efﬁcient algorithms like the Fast Fourier Transformation and similar are not applicable. Therefore,
new efﬁcient methods are needed.
To make these expensive computations possible, we suggest to use the hierarchical matrix
(H-matrix) technique [19, 18, 29, 26]. We will demonstrate how to solve statistical inference
and prediction tasks appearing very often in spatial statistics. This work is an extension of our
previous research [32, 31]. The ﬁrst novelty is that we simultaneously identify four unknown
parameters and not three. This new parameter is the regularization term - the nugget τ 2 . Another
novelty is the new research on how well we can make statistical predictions with H-matrix
approximations. Finally, we compare our identiﬁed parameters and predicted values with the
actual results and with results obtained by other methods. We summarize the strong and weak
sides of the H-matrix technique.
Assumptions. Let (s1 , . . . , sn ) be the set of locations. We model the set of measurements as a realization from a stationary Gaussian spatial random ﬁeld. Speciﬁcally, we let
Z = {Z(s1 ), . . . , Z(sn )} , where Z(s) is a Gaussian random ﬁeld indexed by a spatial location
s ∈ Rd , d = 2, 3. Then, we assume that Z has zero mean and a stationary parametric covariance
function C(h; θ) = cov{Z(s), Z(s + h)}, where h ∈ Rd is a spatial lag vector and θ ∈ R4
the unknown parameter vector of interest. Statistical inferences about θ are often based on the
Gaussian log-likelihood function:
1
1
n
L(θ) = − log(2π) − log |C(θ)| − Z C(θ)−1 Z,
2
2
2

(1)

where the covariance matrix C(θ) has entries C(si − sj ; θ), i, j = 1, . . . , n. The maximum
likelihood estimator of θ is the value θ& that maximizes (1). When the sample size n is large, the
evaluation of (1) becomes challenging. Indeed, the storage of the n-by-n covariance matrix C
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requires O(n2 ) units of memory. Computation of the inverse and log-determinant of C(θ) cost
O(n3 ) FLOPs. Hence, parallel and scalable methods that can reduce this high cost are needed.
Similar works for the case when measurements are located on a rectangular grid can be
resolved via the fast Fourier transformation (FFT) method [47, 9, 16, 45, 11] with the computing
cost O(n log n). However, the FFT method does not work for data measured at irregularly
spaced locations or requires expensive, non-trivial modiﬁcations.
Other recent ideas include the low-tensor rank methods [30, 36, 22], covariance tapering [14,
24, 42, 43], likelihood approximations [44, 12], Gaussian Markov random-ﬁeld approximations
[13], Vecchia framework [46, 23], the nearest-neighbor Gaussian process models [10], the lowrank update [40], multiresolution Gaussian process models [37], equivalent kriging [27], and
Bayesian-like approach [34, 35].
An H-matrix approximation of covariance matrices was done in [28, 41, 4, 20, 3, 6, 39].
The inverse of the covariance matrix was approximated in [2, 3, 5]. The H-matrix technique for the parameter estimation was proposed in [3, 2]. There are many implementations
of H-matrices exist: HLIB (http://www.hlib.org/), H2 (https://github.com/
H2Lib), HLIBPro (https://www.hlibpro.com/), and some others. In this work, we
are using the HLIBPro library. For extended details, we refer to our earlier works [31, 32]. The
data, which we used in this work were generated in the ExaGeoStat library [1]
(https://github.com/ecrc/exageostat) without using H-matrices.
Matérn covariance functions: We consider the Matérn family [33], which has gained widespread
interest in recent years [17]. The Matérn covariance depends only on the distance h := s−s ,
where s and s are any two spatial locations:
$ %
$ %ν
σ2
h
h
C(h; θ) = ν−1
Kν
(2)
+ τ 2 I,
2 Γ(ν) 

with parameters θ = (σ, , ν, τ ) . Here σ 2 is the variance, τ 2 the nugget, ν > 0 controls the
smoothness of the random ﬁeld, with larger values of ν corresponding to smoother ﬁelds, and
 > 0 the spatial range parameter that measures how quickly the correlation of the random ﬁeld
decays with distance. A larger  corresponds to a faster decay. Kν denotes the modiﬁed Bessel
function of the second kind of order ν.
Prediction: Estimating the unknown parameters θ is only an intermediate step. Once it is done,
the estimation θ& ≈ θ is used for prediction at new locations. Let I1 := (s1 , . . . , sn ) be locations
with known values Z1 , and I2 = (sn+1 , . . . , sn+m ) be the new locations with unknown values
Z2 = {Z(sn+1 ), . . . , Z(sn+m )} to be predicted. Here
(Z(s1 ), . . . , Z(sn ), Z(sn+1 , . . . , Z(sn+m )) is a Gaussian random ﬁeld indexed by spatial locations with indices from the index set (I1 , I2 ). We assume that vector (Z1 , Z2 ) is zero mean and
has a stationary parametric covariance function. After discretisation we can get the following
block covariance matrix


C11 C12
,
(3)
C21 C22
where C11 ∈ Rn1 ×n1 , C12 ∈ Rn1 ×n2 , C21 ∈ Rn2 ×n1 , and C22 ∈ Rn2 ×n2 . Now, the unknown
vector Z2 can be computed by the following formula [8]
Z2 = C21 C−1
11 Z1 .

(4)

We can also say that Z2 has the conditional distribution with the mean value C21 C−1
11 Z1 and the
−1
covariance matrix C22 − C21 C11 C12 .
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2

H-matrix approximation of covariance matrices and the log-likelihood

The H-matrix technique is deﬁned as a recursive partitioning of a given matrix into subblocks. The majority of these sub-blocks are approximated by low-rank matrices on the ﬂy
(without computing any dense sub-matrices). And only a minor number of sub-block are calculated as dense matrices without any approximation. Details about block partitioning and
heuristic algorithms used for low-rank approximation are not so trivial. Therefore, we skip
them here and refer to [26, 32, 31].
The H-matrix approximation error depends on the type of the covariance matrix, its smoothness, covariance length, computational geometry, nugget, and the dimensionality of the problem. For some matrices, the problem may become ill-posed since even tiny perturbations in the
covariance matrix C(θ) may result in considerable perturbations in the log-determinant and the
log-likelihood. The usage of τ 2 I regularisation helps partially to resolve this issue.

k)
Storage and complexity. We let C(θ) ∈ Rn×n be approximated by an H-matrix C(θ;

or C(θ;
ε). In the ﬁrst case we ﬁx the maximal rank k in each sub-block (the approximation
accuracy will vary from sub-block to sub-block). In the second case we ﬁx the accuracy ε in

each sub-block (the ranks of sub-blocks will vary). The H-Cholesky decomposition of C(θ;
k)
2
2
2
2

costs O(k n log n). The solution of the linear system L(θ; k)v(θ) = Z costs O(k n log n).


ii (θ; k)} is available for free. The cost of
The log-determinant log |C(θ;
k)| = 2 ni=1 log{L
 k) is O(k 2 n log2 n) and the cost of computing the
computing the log-likelihood function L(θ;
MLE θ& in m iterations is O(mk 2 n log2 n).
 k) ≈ L(θ) we use the Brent-Dekker
Maximization of the log-likelihood. To maximize L(θ;
method [7, 38]. It is implemented in the GNU Scientiﬁc library https://www.gnu.org/
software/gsl/. The Brent-Dekker algorithm ﬁrst uses the fast-converging secant method
 ·). If those do not work, then it returns to
or inverse quadratic interpolation to maximize L(θ;
the more robust bisection method. In the following we will call this optimization procedure
 ·) is achieved.
H-MLE. It iteratively computes parameter θ where the maximum of L(θ;

Additionally to the H-Cholesky factorisation C(θ) = L(θ)L(θ) , we implemented a more
stable factorisation L(θ)D(θ)L (θ), which avoids extracting square roots of diagonal elements. Both factorizations are connected via LDL = (LD1/2 )(LD1/2 ) . Very small negative
diagonal elements can appear due to, e.g., the rounding off error.
The computation of θ& depends on the number of iterations in the optimization algorithm and
the used threshold (10−4 in our experiments). The maximal number of iterations we used was
400. We may need more depending on the initial guess and the threshold. The running times
are listed in Table 4.
H-matrix approximation error analysis. For multiple numerical tests we refer to our earlier
works [32, 31, 26]. There the reader can ﬁnd numerical errors for C, the Cholesky factor L,
and the log-likelihood L. The H-matrix approximation accuracy of the Cholesky factor and the
inverse depends on the condition number of C. The prediction accuracy can be estimated as
follows
 2  = C21 C−1 Z1 − C
 21 C
 −1 Z1 
Z2 − Z
11
11
−1
−1

 21 C−1 Z1 − C
 21 C
 −1 Z1 
= C21 C Z1 − C21 C Z1 + C
11

11

11

11

 21 C−1 Z1  + C
 21 C−1 Z1 − C
 21 C
 −1 Z1 
−C
≤
11
11
11
−1
−1
−1



≤ C21 − C21  · C  · Z1  + C21  · C − C  · Z1 
C21 C−1
11 Z1

11

11

11

Now we see that the quality of the prediction depends on the quality of the H-matrix approxi-
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−1

 −1
mation of matrices C21 and C−1
11 , i.e. the norms C21 − C21  and C11 − C11 . In our earlier
works [32, 31, 26], we demonstrated the error decay for C and C−1 .

3

Prediction Errors

We used the Mean Loss Efﬁciency (MLOE), the Mean Misspeciﬁcation of the Mean Square
Error (MMOM), and the Root Mean Square Error (RMSE) as in the 2021 KAUST Competition
on Spatial Statistics for Large Datasets [21]:

⎞
⎛ 
2
M
(s
)
−
Z(s
))
(
Ẑ
E

t
a
j
j
1
⎝ 
 − 1⎠ ,
(5)
MLOE :=
M j=1 E (Ẑ (s ) − Z(s ))2
t

t

j



j



⎞
E
(s
)
−
Z(s
))
(
Ẑ
a
a
j
j
1
⎝ 
 − 1⎠ .
MMOM :=
M j=1 E (Ẑ (s ) − Z(s ))2
t
a j
j
M


⎛

2

(6)

Here (s1 , . . . , sM ) := J is a ﬁxed subset of M < n randomly-chosen locations. For numerical
purposes M was chosen to be equal 1000. Ẑt (sj ) and Ẑa (sj ) are respectively kriging prediction
at sj using the true and approximated model (plugging in the true parameters and estimated
parameters in the covariance function), and Et (·) and Ea (·) are respectively the expectation
using the true and approximated model. We refer to [21] for more details.
MLOE gives us an understanding of the average loss of prediction efﬁciency when the approximated model is used to predict instead of the true model. MMOM presents the average
misspeciﬁcation of the mean square error when calculated under the approximated model.
The RMSE error was used to evaluate the prediction accuracy
'
(
nt 
2
(1 
)
Ẑ(si ) − Z(si ) ,
(7)
RMSE =
nt i=1
where Ẑ(si ) and Z(si ) are respectively the predicted and true realization values at the location
si in the testing dataset, and nt is the total number of locations in the testing dataset.
4

Machine learning methods to make predictions

Machine learning is aimed at building a model of data automatically from the observations.
The obtained predictions can be considered as a baseline for comparison with other forecasting
methods in which some additional information on the studied process is used. In the following,
we tried three methods:
k-nearest neighbours (kNN): This method belongs to classical non-parametric family of statistical machine learning methods and follows a simple idea: for each data point x for which
one needs to predict itsoutput ŷ, ﬁnd its k nearest neighbors x1 , . . . , xk with respect to some
metrics, and set ŷ = k1 ki=1 yi , where yi is the observed value of the response for point xi . The
value of k should be determined in the best way, for example, by cross-validation procedure or
using an independent test sample for error estimation.
Random Forest (RF): Random Forest (RF) is another popular machine learning method in
which a large number of decision (or regression) trees are generated independently on random sub-samples of data. The ﬁnal decision for x is calculated over the ensemble of trees by
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averaging the predicted outcomes. The method is theoretically well-substantiated and gives
state-of-the-art results in many practical tasks, especially in the presence of many irrelevant
features describing the observed data.
Deep Neural Network (DNN): Methods of this broad class are based on the artiﬁcial neural
network paradigm, which models the functioning of neurons in the brain. In our study, we use
a fully connected neural network (FCNN) which includes several fully connected layers, i.e.,
connecting each neuron in a layer to every neuron in the next layer (see an example in Figure 1). Mathematically speaking, the input feature vector transformation performed with each
layer can be presented as a matrix-vector multiplication, where the matrix elements are neuron
connection weights. Each layer is followed by a non-linear activation unit. FCNN training procedure consists of ﬁnding neurons’ connection weights for which the quality metric takes the
best value (usually by gradient descent technique).
Each ML method needs a ﬁne-tuning stage to optimize its hyperparameters or architecture.

Figure 1: Example of FCNN architecture. The input layer consists of two neurons (input feature dimensionality),
and the output layer consists of one neuron (predicted feature dimensionality). Three hidden layers with different
numbers of neurons are presented.

The best value of k and the distance metric should be determined for kNN. For RF, one needs
to set the number of trees in the ensemble, tree complexity, and splitting criterion. For FCNN,
one needs to optimize the number of layers and neurons in each layer. For some other DNN
( kNN and RF) parameters, we use default Matlab, Scikit-learn, or Tensorﬂow settings. For
other hyperparameters (such as k for kNN, the number of trees for RF, or the number of layers
and hidden units for FCNN), we minimized the root mean squared error (RMSE) metric using
a validation sample repeatedly obtained by random sub-sampling of data in the proportion 1:9.
We used a candidate set of k values in the interval {1, . . . , 20}, number of trees in the interval {100, . . . , 150} and examined some variants of FCNN architecture for different number of
hidden layers in the interval [3, 10] (having 50-100 neurons in each hidden layer).
5

Numerical results, obtained by the H-MLE method

Datasets: For all tests below we used datasets from the statistical competition [21]. Three
hidden layers with different numbers of neurons The spatial domain is the unit square D :=
[0.0, 1.0] × [0.0, 1.0]. Each dataset includes 90% of training samples and 10% testing samples,
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where prediction should be made.
In the following, we will perform the following numerical tests: 1a, 1b, 2a, and 2b.
Tests 1a, 1b, and 2a contain 100, 000 locations, and Test 2b contains 1, 000, 000 locations.
The training datasets and datasets for predictions are taken from [21].
Hardware: For the H-MLE method we used a parallel cluster with two Intel Xeon Gold 6144
processors. Each processor has 8 cores (16 threads) with 3.5GHz and 384GB RAM in total.
Software: All H-MLE numerical results are reproducible. We invite the reader to install
HLIBPro-2.9 (from www.hlibpro.com), download our code from https://github.
com/litvinen/large_random_fields.git and play with it.
Parameters identiﬁed in Test 1a are used for the prediction in Test 1b. Parameters identiﬁed
in Tests 2a and 2b are used for prediction in Tests 2a and 2b, respectively.
After we identiﬁed all parameters and did all predictions, we uploaded all these data to the
competition webpage[21] and the organisers of that competition computed for us the approximation errors. These errors are listed in Tables 1 and 5.
5.1

Tests 1a and 1b: Parameter identiﬁcation and prediction, 8 datasets with n = 90, 000+
10, 000

In the Test-1a, there are 16 given datasets from different zero-mean stationary isotropic Gaussian random ﬁelds with a Matérn covariance. The training dataset consists of 90, 000 randomly
distributed locations and associated observations at these locations. The task is to infer four
unknown parameters of the Matérn covariance function shown in (2) for each dataset.
To avoid negative intermediate values for these parameters, in the following we assume that:
σ=

2.0
,
1.1σ0

=

1.0
,
1.50

ν=

1.0
,
1.2ν0

τ=

1.0
,
2.0τ0

where σ0 , 0 , ν0 , τ0 the new parameters to be identiﬁed by the optimization algorithm. As the
initial guess, we took (σ0 , 0 , ν0 , τ0 ) = (2, 2, 1, 15). If we saw that we were wrong with these
values (too many iterations were needed), we rerun the optimization algorithm with some new
values. The advantage of this “log”-representation is that the auxiliary values σ0 , 0 , ν0 , τ0 are
allowed to take negative values, whereas σ, , ν, τ not. Negative values may appear during
iterations in the MLE optimization procedure.
Table 1 contains 8 solutions for 8 given datasets [21]. The 1st column contains the dataset
index, columns 2,3,4 and 5 contain values of (σ 2 , , ν, τ 2 ) respectively. The column 6,7,8, and
ˆ ν̂, τ̂ 2 ) respectively. The columns 10 and 11 contain the MLOE
9 contain the true values (σ̂ 2 , ,
and MMOM errors. The 12th columns contains the RMSE error (as deﬁned in Eq. 7). One can
see that in some rows the estimated parameter values are very close to the true values, but in
some not. The reason is that the derivative of the log-likelihood function at the point (σ, , ν, τ )
is almost zero (is equal to our threshold 10−4 ), and our optimization algorithm indicates this
point as the maximum. To improve the estimate, we should iterate longer. Later, in Test-1b,
the estimated parameters are used for the prediction, and one can see that our predictions are
reasonable.
One can see that for some datasets (e.g., 4,5,7), the MLOE and MMOM errors are large.
We would not say that the H-matrix method failed since the optimization algorithm’s accuracy
to compute the MLE estimate was 10−4 . We think that the problem is ill-posed and contains
multiple solutions, i.e., there are many points θ where the derivative of L is almost zero. Here
“almost” means smaller than 10−4 .
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dataset
1
2
3
4
5
6
7
8

σ2
0.29
1.762
1.478
1.09
0.95
1.32
2.38
1.2

0.0106
0.0223
0.0305,
0.0176,
0.0781
0.0826
0.4370
0.2043

ν
2.471
1.501
0.600
1.522
0.714
0.601
0.795
0.601

τ2
2.5e-14
1.1e-14
1.0e-10
7.0e-14
1.3e-13
1.22e-27
2.47e-8
4.1e-17

σ̂ 2
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5

ˆ
0.0175
0.0211
0.031
0.0526
0.0632
0.0928
0.1686
0.2475

ν̂
2.3
1.5
0.6
2.3
1.5
0.6
1.5
0.6

τ̂ 2
0
0
0
0
0
0
0
0

MLOE
2.2e-2
1.8e-4
2.0e-6
1.8
2.2e-1
5.4e-4
2.5e-1
2.8e-3

MMOM
4.8e-1
8.8e-2
8.0e-3
3566
100
5.3e-2
164
6.4e-2

RMSE
4e-3
2.4e-2
0.23
5.6e-4
5.4e-3
0.12
2e-3
6.6e-2

Table 1: H-MLE method. Comparison of the identiﬁed (columns 2-5) and true parameters (columns 6-9).

Equation 4 was used to do prediction at the new 10, 000 locations. Figure 2 (left and right)
visualize datasets 4 and 7 (see the 4th and 7th rows in Table 1), where the estimated parameters
are far away from the true values (see also the last three columns in Table 1). As we can see
90, 000 given measurements (yellow points) and 10, 000 predicted (blue points) for both datasets
are very good aligned.

Figure 2: Test-1b, datasets 4 and 7: Prediction obtained by the H-MLE method. The yellow points at 90, 000
locations were used for training and the blue points were predicted in 10, 000 locations. Although the identiﬁed
parameters for these datasets were far away from the true values (see rows 4 and 7 in Table 1), one can still observe
a very good alignment of yellow and blue points.

5.2

Test-2a: Parameter identiﬁcation and prediction, n = 90, 000 + 10, 000

There are two datasets in this experiment. Each dataset contains 90, 000 measurements to
identify unknown parameters (training of the statistical model). Later this model is used to
predict unknown values in new 10, 000 locations. The identiﬁed parameters for both datasets
are listed in Table 2. The columns 2,3,4,5 contain the values (σ 2 , , ν, τ 2 ) respectively, the
ˆ ν̂, τ̂ 2 )
6th column the value L(σ 2 , , ν, τ 2 ), and columns 7,8,9,10 contain the true values (σ̂ 2 , ,
respectively. These true values were obtained from organisators after the competition [21] ﬁnished.
Parameters ν and τ were identiﬁed well, but σ 2 and  not. We see two possible reasons
for this. The ﬁrst reason is that the true model was not Gaussian. The second reason is the
insufﬁcient threshold 10−4 in the MLE optimization algorithm. Initially, the organizers did
not provide any additional information about the utilized model. Here, we actually tested how
the Gaussian model approximates the Tukey g-and-h random model [48]. Meaning, that both
datasets in Task-2a were univariate non-Gaussian spatial datasets, which were generated by
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the Tukey g-and-h random ﬁelds. These ﬁelds generalize Gaussian random ﬁelds Z(s). The
Tukey g-and-h random process T (s) is deﬁned by marginal transformation at each location s as
follows:
$ 2 %
hZ (s)
exp(g · Z(s)) − 1
· exp
,
(8)
T (s) := ξ + ω ·
g
2
where ξ and ω are the location and scale parameters. The parameter g deﬁnes the skewness and
h ≥ 0 the tail-heaviness. Two different pairs of (g, h) were chosen, which simulate medium and
strong deviation from Gaussian random ﬁelds. These parameters ξ, ω, g, h used for generating
both datasets are listed in Table 2.
data
1
2

σ2

7.7 0.07
31 0.047

ν
1.037
1.066

τ2
1.6e − 15
4.0e − 14

L
9.6e + 4
0.5e + 4

σ̂ 2
1
1

ˆ
0.1
0.1

ν̂
1
1

τ̂ 2
0
0

ξ
1
1

ω
2
2

g
h
0.2 0.2
0.5 0.3

Table 2: H-MLE method. Comparison of the obtained parameter values with the true values for Test-2a, n =
90, 000.

Figures 3 (left and right) show predictions obtained by the H-MLE method. The yellow
points at 90, 000 locations were used for training and the blue points were predicted in 10, 000
new locations. One can see a very good alignment of yellow and blue points on both pictures.

Figure 3: Test-2a, datasets 1 and 2: Prediction obtained by the H-MLE method. The yellow points at 90, 000
locations were used for training and the blue points were predicted in 10, 000 locations. One can see a very good
alignment of yellow and blue points on both ﬁgures.

5.3

Test-2b: Parameter identiﬁcation and prediction, n = 900, 000 + 100, 000

There are two datasets in this experiment. Each dataset contains 900, 000 measurements to
identify unknown parameters (training of the statistical model). Later this model is used to
predict unknown values in new 100, 000 locations. The identiﬁed parameters are listed in Table 3 for two datasets. The columns 2,3,4,5 contain the values (σ 2 , , ν, τ 2 ) respectively, the
ˆ ν̂, τ̂ 2 )
6th column the value L(σ 2 , , ν, τ 2 ), and columns 7,8,9,10 contain the true values (σ̂ 2 , ,
respectively. These true values were obtained from organisators after the competition [21] ﬁnished.
Table 4 summarizes the computational times for the H-MLE method. We note that this
computing time varies a lot for the parameter identiﬁcation task because it depends on the
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data σ 2
1
3.72
2
0.92


1.143830
0.012496

ν
0.94636
1.30867

τ2
L
4.4e-3 3.6e+5
8.5e-9 1.8e+6

σ̂ 2
1.5
1

ˆ
0.0632
0.1

ν̂ τ̂ 2
1.5 0
1
0

Table 3: H-MLE method. Comparison of the obtained parameter values with the true values for Test-2b, n =
900, 000.

initial guess in the optimization algorithm. If the initial guess lies very close to the (unknown)
true value of θ, then only a few iterations are needed. If not, then a few hundred iterations and
the computing time may increase by a factor of 10.
Datasets/
Tasks
H-MLE
comp. time (sec.)

1a
param. infer.
360-3600

1b
2a
pred. param. infer., pred.
60

180-3600, 120

2b
param. infer., pred.
3600-36000, 600

Table 4: Computing time for the parameter inference and for the prediction, H-MLE method.

Figures 4 (left and right) show predictions obtained by the H-MLE method. The yellow
points at 900.000 locations were used for training and the blue points were predicted at 100.000
new locations. One can see a very good alignment of yellow and blue points (on the right) and
slightly different values on the left.

Figure 4: Test-2b, datasets 1 and 2: Prediction obtained by the H-MLE method. The yellow points at 900.000
locations were used for training and the blue points were predicted in 100.000 locations. One can see a very good
alignment of yellow and blue points (on the right) and slightly different values on the left.
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6

Numerical results, obtained by the machine learning methods

To run the kNN method we used a usual notebook with Intel i5-9300 CPU, 2.40GHz and 8
GB RAM. We perform Monte-Carlo simulations, in which we repeatedly split the given dataset
on training and testing subsamples and average the obtained prediction error estimates over
all runs. In our experiments on both datasets in Test-2a, the kNN method has shown the best
Monte-Carlo cross-validation results (over 100 runs) in comparison with other used ML methods. Predictions for datasets 1 and 2 from Test-2a are shown in Fig. 5.
Running the kNN method with different k, we found out that k = 3 is optimal for Test2a, and k = 7 for Test 2b. Trying different numbers of trees in the random forest method,
we deﬁned that an ensemble of 120 regression trees is optimal. Further, we have designed the
FCNN architecture with 7 hidden layers with 100 neurons in each layer. The number of training
epochs is 500, and the batch size equals 10000. We use tanh(·) activation function and Adam
optimizer. The average calculation time is 0.07 sec. for kNN (k-d tree was used to speed up
calculations), 12 sec. for RF and 173 sec. for FCNN. Because of its efﬁciency, we decided to
run only the kNN method for the prediction in Test-2b.
Table 5 contains the RMSE errors for all methods (deﬁned in Eq. 7). Note that the dataset2
from Test-2b is sampled from the same random ﬁeld as the dataset1 from Test-2a. The dataset1
from Test-2b is sampled from the same random ﬁeld as the dataset5 from Test-1a. Remarkable is
that RMSE for the dataset5 (100.000 locations) in Test-1a (5th row in Table 1) is equal 5.4e − 3,
whereas RMSE for similar dataset1 (1.000.000 locations) from Test-2b is equal 0.25. We can
explain this with 1) the fact that the MLE approach faces difﬁculties with large matrices, since
the condition number of C is increasing, and 2) the number of needed iterations in the MLE
optimization procedure increases. We did not run RF and FCNN methods on Test-2b because
the computing time is much larger than for the kNN time. The kNN time for Test-2b is 1.23
sec.
Predictions for datasets 1 and 2 from Test-2b are shown in Fig. 6. The training datasets are
depicted by yellow points and kNN predictions by blue points. We can see that the kNN method
provides very good results.

dataset
H-MLE
kNN
RF
FCNN

Test-2a
Test-2b
1
2
1
2
0.057 0.14
0.25 0.021
0.129 0.357 0.007 0.04
0.226 0.607
—
—
0.243 0.74
—
—

Table 5: Comparison of RMSE errors for H-MLE, kNN, RF, and FCNN methods.
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Figure 5: Test-2a, datasets 1 and 2: Prediction obtained by the kNN method. The yellow points at 90.000 locations
were used for training and the blue points were predicted at 10.000 new locations. One can see a very good
alignment of both.

Figure 6: Test-2b, datasets 1(left) and 2(right): Prediction obtained by the kNN method. The yellow points at
900.000 locations were used for training and the blue points were predicted at 100.000 new locations. One can see
a very good alignment of both.

7

Conclusion

We developed the H-MLE procedure to estimate unknown parameters and to make statistical
predictions. In order to make computations faster, we approximated the joint Gaussian loglikelihood function in the H-matrix format. In the numerical section, we considered 8 + 2 + 2 =
12 datasets: 8 in Tests 1a and 1b, 2 in Test-2a, and 2 in Test-2b. All datasets in Tests 1a, 1b and
2a contain 90, 000 locations for training and 10, 000 for testing (prediction). Both datasets in
Test-2b contained 900, 000 locations for training and 100, 000 for prediction.
The H-matrix technique drastically reduces the required memory and computing time, making it possible to work with larger sets of observations obtained on unstructured meshes. The
main drawback of using the H-matrix technique is that too many linear algebra operations are
required to estimate just four scalar unknown parameters. For example, for some datasets with
the unlikely chosen initial guess, we needed 400 iterations. On each iteration, we computed one
H-Cholesky factorization, one scalar product and solved a linear system. In total, it can take up
to 8 hours on a modern parallel node for the dataset with 900, 000 locations. A possible remedy
is to precompute the initial guess. It will signiﬁcantly reduce the required number of iterations.
This could be done, for instance, on a smaller subset of observations. Another drawback is that
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the H-matrix approximation of C and L was recomputed entirely on every iteration for the new
values of τ and σ. It would be a lot cheaper to add a new diagonal or scale the existing C. It
is indeed possible to modify the optimization algorithm, but the whole procedure will become
more complicated. And the last drawback is that the total complexity depends on the matrix
size and the number of parameters. For one to four parameters, the total computing time is
acceptable, but it will be too large for ﬁve or more parameters. To tackle problems with large
number of parameters we suggest to use low-rank tensor methods [30, 15, 25].
Among all implemented ML methods (kNN, random forest, deep neural network), the best
results (for given datasets) were obtained by the kNN method with three or seven neighbors depending on the dataset. The results computed with the H-MLE method were compared with the
results obtained by the kNN method. For Test-2a, the H-MLE method showed a smaller RMSE
error than the kNN method, whereas, for Test-2b, the kNN method was better. To conclude, it is
not surprising that our H-MLE method worked ﬁne on most datasets. We also understand that
we can improve the H-MLE results simply by taking a smaller threshold and more accurate Hmatrix arithmetics. What surprised us is that the well-known and straightforward kNN method
performed very good and very fast. Since we did not make any theoretical comparison and
compared H-MLE and ML methods only numerically on given datasets, we can not in general
conclude which method is better. We also remind that we used kNN only for the prediction.
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OPTIMAL SELECTION OF BAYESIAN VIRTUAL SENSORS FOR
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Abstract
Measuring structural vibrations with a large sensor network results in lots of data in structural health monitoring applications. A large number of sensors is advantageous for damage
detection and localization. By storing only a few selected Bayesian virtual sensors it is possible to decrease the amount of data and reconstruct the discarded sensor data even with higher accuracy than the original measurements. A method is proposed, in which the stored and
reconstructed data are used for damage detection and localization in the time domain. A numerical experiment was performed with a structure having a large number of sensors. The
excitation and environmental conditions were variable and unknown. An optimal sensor
placement algorithm was applied individually to each measurement to select the appropriate
virtual sensors for storage. Less than ten percent of the data were stored, and the signals of
all the reconstructed sensors were still more accurate than the actual measurements. The
stored and reconstructed data outperformed the actual measurement data in damage detection and localization. Surprisingly, damage detection was also more successful with the
stored and reconstructed data than with the full set of virtual sensors.
Keywords:'DWD&RPSUHVVLRQ9LUWXDO6HQVLQJ'DPDJH'HWHFWLRQ2SWLPDO6HQVRU3ODFH
PHQW(QYLURQPHQWDO(IIHFWV6HQVRU1HWZRUN
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1

INTRODUCTION

6WUXFWXUDO KHDOWK PRQLWRULQJ 6+0  SURGXFHV ORWV RI GDWD 9LEUDWLRQV RI VWUXFWXUHV DUH
PHDVXUHGIUHTXHQWO\XVLQJDVHQVRUQHWZRUNZLWKWHQVRUKXQGUHGVRIVHQVRUV7KHUHLVDQLQ
FUHDVLQJLQWHUHVWWRGHYHORSGHQVHVHQVRUQHWZRUNVIRU6+0DSSOLFDWLRQVIRUH[DPSOHVHQVLQJ
VNLQV >@ :LWKDQ LQFUHDVLQJ QXPEHU RIVHQVRUV GDPDJH GHWHFWLRQDQG ORFDOL]DWLRQ EHFRPH
PRUH UHOLDEOH EXW DW WKH H[SHQVH RI KLJKHU GDWD PDQDJHPHQW FRVWV +LVWRULFDO GDWD PXVW EH
VWRUHGIRUXQVXSHUYLVHGOHDUQLQJWRWUDLQWKHPRGHORIWKHXQGDPDJHGVWUXFWXUHXQGHUGLIIHUHQW
HQYLURQPHQWDORURSHUDWLRQDOFRQGLWLRQV6WRULQJVXFKDODUJHDPRXQWRIGDWDGXULQJ\HDUVRI
PRQLWRULQJ PD\ EH GLIILFXOW DQG FRVWO\ 7KHUHIRUH GDWDUHGXFWLRQZRXOG EH QHFHVVDU\ 'DWD
FDQ EH UHGXFHG XVLQJ PXOWLYDULDWH VWDWLVWLFDO WHFKQLTXHV IRU GLPHQVLRQDOLW\ UHGXFWLRQ 7KH
PRVW FRPPRQ GLPHQVLRQDOLW\UHGXFWLRQ PHWKRG LV SULQFLSDO FRPSRQHQW DQDO\VLV 3&$  >@
ZKLFKLVDOLQHDU PHWKRGWKDWPD[LPL]HVWKHYDULDQFH LQWKHGDWDE\SURMHFWLQJWKHGDWDRQWR
GLUHFWLRQV SULQFLSDO FRPSRQHQWV  3& WKDW DFFRXQW IRU WKH ODUJHVW YDULDELOLW\ ,I RQO\ D IHZ
3&VDUHUHWDLQHGVRPHORVVRIGDWDUHVXOWV3&$KDVEHHQDSSOLHGHJWRLPDJHFRPSUHVVLRQ
>@
$QRWKHUPHWKRGIRUGDWDUHGXFWLRQLVWRH[WUDFWVHOHFWHGIHDWXUHVIURPWKHWLPHUHFRUGVDQG
VWRUHWKHVHIHDWXUHVRQO\)HDWXUHVDUHG\QDPLFFKDUDFWHULVWLFVRIWKHVWUXFWXUHZKLFKDUHH[
SHFWHGWREHVHQVLWLYHWRGDPDJH6XFKIHDWXUHVDUHIRUH[DPSOHQDWXUDOIUHTXHQFLHVDQGPRGH
VKDSHVZKLFKFDQEHH[WUDFWHGIURPWKHPHDVXUHPHQW GDWDXVLQJV\VWHPLGHQWLILFDWLRQWHFK
QLTXHV >@ 6LJQLILFDQW GDWD FRPSUHVVLRQ RFFXUV EHFDXVH D VLQJOH IHDWXUH YHFWRU RQH GDWD
SRLQW RQO\UHVXOWVIURPHDFKPHDVXUHPHQW7KHGLPHQVLRQDOLW\RIWKHIHDWXUHYHFWRULVKRZ
HYHURIWHQKLJKHUWKDQWKHQXPEHURIVHQVRUV7KLVPD\UHVXOW LQWKHFXUVHRIGLPHQVLRQDOLW\
LQVWDWLVWLFDOGDWDDQDO\VLV,QDGGLWLRQWKHWLPHKLVWRULHVZLOOEHORVW DQGFDQQRWEHUHFRYHUHG
LQFDVHQHZSRWHQWLDOIHDWXUHVDUHODWHUFRQVLGHUHG7KHUHIRUHLWPD\EHQHFHVVDU\WRVDYHHYH
U\WKLQJUHVXOWLQJLQWHUDE\WHVRIGDWDHYHU\GD\>@
,IRQO\DOLPLWHGQXPEHURIVHQVRUVLJQDOVDUHSHUPDQHQWO\VWRUHGWKHVHQVRUVPXVWEHVH
OHFWHGDFFRUGLQJWRVRPHFULWHULRQ7KLVVHOHFWLRQLVDVVRFLDWHGZLWKRSWLPDOVHQVRUSODFHPHQW
263  ZKLFKKDV EHHQVWXGLHG IRU GLIIHUHQW DSSOLFDWLRQV LQFOXGLQJ YLEUDWLRQFRQWURO H[SHUL
PHQWDO PRGDO DQDO\VLV PRGHO XSGDWLQJ IDXOW GHWHFWLRQ DQG LPSDFW LGHQWLILFDWLRQ >@ $OW
KRXJKWKHREMHFWLYH LQWKHVHDSSOLFDWLRQVLVWR SODFHDOLPLWHGDPRXQWRISK\VLFDOVHQVRUV LQ
RSWLPDOSRVLWLRQVWKHVDPHDSSURDFKFDQEHXVHGWRVHOHFWDVXEVHWRIPHDVXUHPHQWVIRUVWRU
DJH7KHVHOHFWLRQFULWHULRQLVUHODWHGWRWKHDFFXUDF\RIWKHUHFRQVWUXFWHGVLJQDOV
6RPHUHYLHZSDSHUVDQGFRPSDULVRQVRIGLIIHUHQWRSWLPDOVHQVRUSODFHPHQWDOJRULWKPVH[
LVW >±@ 7KH\ SUHVHQW WKH PRVW FRPPRQO\ DSSOLHG DOJRULWKPV DQG FULWHULD 6HQVRU SODFH
PHQW LV D GLVFUHWH RSWLPL]DWLRQ SUREOHP IRU ZKLFK JHQHWLF DOJRULWKPV KDYH EHHQ SURSRVHG
>±@$OWHUQDWLYHO\DFRPSXWDWLRQDOO\HIILFLHQWDQGZLGHO\XVHGDOJRULWKPLVWRVWDUWZLWKD
ODUJHVHWRIFDQGLGDWHVHQVRUORFDWLRQVDQGUHPRYHRQHVHQVRULQHDFKURXQGEDVHGRQWKHVH
OHFWHG FRVW IXQFWLRQXQWLOWKH UHTXLUHG FULWHULRQ LV YLRODWHG 7KLV EDFNZDUG VHTXHQWLDOVHQVRU
SODFHPHQW %663 DOJRULWKPKDVEHHQXVHGLQPDQ\VWXGLHV>±@$QRWKHULWHUDWLYHPHWK
RGLVWRDGGRQHVHQVRULQWXUQWRWKHVHQVRUQHWZRUNXQWLOWKHVWRSSLQJFULWHULRQLVPHW7KH
DOJRULWKPLVFDOOHG IRUZDUGVHTXHQWLDOVHQVRUSODFHPHQW )663 DOJRULWKP>@%663LV
XVHGLQWKLVVWXG\
,IWKHQXPEHURIVHQVRUVLQWKHQHWZRUNLVODUJHUWKDQWKHQXPEHURIDFWLYHPRGHVWKHVHQ
VRUQHWZRUNLVUHGXQGDQW7KHUHGXQGDQF\FDQEHXWLOL]HGWRHVWLPDWHWKHTXDQWLW\RILQWHUHVW
XVLQJYLUWXDOVHQVLQJWHFKQLTXHV9LUWXDOVHQVLQJ 96 FDQEHHLWKHUPRGHOEDVHG DQDO\WLFDO
RUGDWDGULYHQ HPSLULFDO >@,QDQDO\WLFDOYLUWXDOVHQVLQJLQDGGLWLRQWRPHDVXUHPHQWGDWD
D QXPHULFDOPRGHORIWKH VWUXFWXUH LV QHHGHG IRU H[DPSOH D ILQLWH HOHPHQW PRGHO (PSLULFDO
YLUWXDOVHQVLQJLVEDVHGRQWUDLQLQJGDWDIURPDUHGXQGDQWIXOOVHQVRUQHWZRUN,WFDQEHXVHG
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IRUH[DPSOHWRUHSODFHDWHPSRUDULO\LQVWDOOHGRUIDLOHGVHQVRU>@(PSLULFDOYLUWXDOVHQVLQJ
KDVDOVREHHQXVHGLQVWUXFWXUDOG\QDPLFVIRUGDPDJHGHWHFWLRQ>@RUVHQVRUIDXOWGHWHFWLRQ
>@
,QWKLVSDSHUYLUWXDOVHQVRUVDUHGHYHORSHGIRUGDWDFRPSUHVVLRQDQGDFFXUDWHUHFRQVWUXF
WLRQLQDODUJHVHQVRUQHWZRUN7KHREMHFWLYHLVWRGHWHFWDQGORFDOL]HGDPDJHXVLQJWKHVWRUHG
DQGUHFRQVWUXFWHGYLUWXDOVHQVRUGDWD
:LWK HPSLULFDO %D\HVLDQ YLUWXDO VHQVLQJ WKH UHVXOWHG DFFXUDF\ RI WKH YLUWXDO VHQVRUV LV
KLJKHUWKDQWKDWRIWKHSK\VLFDOKDUGZDUH>@$OLPLWHGQXPEHURIYLUWXDOVHQVRUVDUHVWRUHG
IURP ZKLFK WKH GLVFDUGHG VLJQDOV FDQ EH UHFRQVWUXFWHG 2SWLPDO VHQVRU SODFHPHQW LV VWXGLHG
IRU WKH PRVW DFFXUDWH UHFRQVWUXFWLRQ RI WKH H[FOXGHG GDWD 7KH FRVW IXQFWLRQ LQ WKH VHQVRU
SODFHPHQWRSWLPL]DWLRQLVUHODWHGWRWKHUHFRQVWUXFWLRQHUURUZKLFKPXVWEHPLQLPL]HG
'DPDJHGHWHFWLRQLVEDVHGRQFKDQJHVLQWKHG\QDPLFFKDUDFWHULVWLFVRIWKHVWUXFWXUH5HF
RUGVRIVWUXFWXUDOPRWLRQ IRUH[DPSOHDFFHOHUDWLRQDUH PHDVXUHGVLPXOWDQHRXVO\DW VHOHFWHG
GHJUHHVRIIUHHGRP)LUVWDWUDLQLQJGDWDVHWLVDFTXLUHGIURPWKHXQGDPDJHGVWUXFWXUHXQGHU
GLIIHUHQW HQYLURQPHQWDO RU RSHUDWLRQDO FRQGLWLRQV 7KHVH GDWD DUH XVHG WR EXLOG D VWDWLVWLFDO
GDWDPRGHORIWKHXQGDPDJHGVWUXFWXUH1H[WWKHVWUXFWXUHLVEHLQJPRQLWRUHGZLWKUHSHDWHG
PHDVXUHPHQWV LQ RUGHU WR KDYH DQ HDUO\ ZDUQLQJ RI VWUXFWXUDO IDLOXUH 7KH QHZ WHVW GDWD DUH
FRPSDUHGWRWKHWUDLQLQJGDWDXVLQJQRYHOW\GHWHFWLRQWHFKQLTXHVDQGDVWDWLVWLFDOO\VLJQLILFDQW
FKDQJHLQWKHG\QDPLFFKDUDFWHULVWLFVLVDQLQGLFDWLRQRIGDPDJH3DUWLFXODUDWWHQWLRQLVQHHG
HG WR WDNH YDULDEOH HQYLURQPHQWDO RU RSHUDWLRQDO FRQGLWLRQV LQWR DFFRXQW EHFDXVH WKH\ FDQ
KDYH D FRQVLGHUDEOH LQIOXHQFH RQWKH YHU\VDPH G\QDPLF FKDUDFWHULVWLFV 6HYHUDOWHFKQLTXHV
KDYHEHHQSURSRVHGWRHOLPLQDWHWKHHQYLURQPHQWDORURSHUDWLRQDOLQIOXHQFHVRQWKHGDWDHYHQ
ZLWKRXW PHDVXULQJ WKH XQGHUO\LQJ TXDQWLWLHV VHH HJ > @ DQG WKH UHIHUHQFHV WKHUHLQ
'DPDJHORFDOL]DWLRQFDQDOVREHDWWHPSWHGLIWKHFKDQJHVLQWKHGDWDFDQEHDVVLJQHGWRDSDU
WLFXODUVHQVRU
,QWKLVSDSHUGDPDJHGHWHFWLRQDQGORFDOL]DWLRQDUHSHUIRUPHGLQWKHWLPHGRPDLQ7KHGD
WDDUHWKHVWRUHGDQGUHFRQVWUXFWHGYLUWXDOVHQVRUV6WDWLVWLFDOO\VLJQLILFDQWGLIIHUHQFHVEHWZHHQ
WKHWUDLQLQJDQGWHVWGDWDDUHDVVXPHGWRUHYHDOGDPDJH7KHODUJHVWGLIIHUHQFHLVDVVXPHGWR
ORFDOL]HGDPDJHFORVHWRWKHFRUUHVSRQGLQJVHQVRU
7KHSDSHULVRUJDQL]HGDVIROORZV9LUWXDOVHQVLQJXVLQJ%D\HVLDQHVWLPDWLRQLVRXWOLQHGLQ
6HFWLRQ  2SWLPDO VHQVRU SODFHPHQW IRU YLUWXDOVHQVLQJ LV DOVR GLVFXVVHG $Q DOJRULWKP IRU
GDPDJHGHWHFWLRQDQGORFDOL]DWLRQIROORZVLQ6HFWLRQ,Q6HFWLRQWKHSURSRVHGPHWKRGLV
VWXGLHGZLWKQXPHULFDOVLPXODWLRQVRIDPELHQW YLEUDWLRQPHDVXUHPHQWV&RQFOXGLQJUHPDUNV
DUHJLYHQLQ6HFWLRQ
2

VIRTUAL SENSING AND OPTIMAL SENSOR PLACEMENT

7KHREMHFWLYHLVWRVWRUHRQO\DVPDOOSHUFHQWDJHRIWKHGHQVHVHQVRUQHWZRUNGDWDVRWKDW
WKH IXOO GDWD FDQ EH DFFXUDWHO\UHFRQVWUXFWHG IRU GDPDJH GHWHFWLRQ 2QH SRVVLEOH GDWD FRP
SUHVVLRQWHFKQLTXHLV%D\HVLDQYLUWXDOVHQVLQJZKLFKLVDSSOLHGWRWKHZKROHVHQVRUQHWZRUN
DQGDVHOHFWHGVHWRIWKHUHVXOWLQJYLUWXDOVHQVRUVDUHRQO\VWRUHG7KHGDWDIURPWKHGLVFDUGHG
VHQVRUVFDQEHUHFRQVWUXFWHGXVLQJWKHVWRUHGVLJQDOV
2.1

Empirical Bayesian virtual sensing

(PSLULFDOYLUWXDOVHQVLQJLVEDVHGRQDYDLODEOHFXUUHQWRUKLVWRULFDOPHDVXUHPHQWV&RQVLG
HUDVHQVRUQHWZRUNPHDVXULQJ pVLPXOWDQHRXVO\VDPSOHGUHVSRQVHYDULDEOHV y y t DWWLPH t
(DFKPHDVXUHPHQW yLQFOXGHVPHDVXUHPHQWHUURU w w t 
y

xw
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ZKHUH x x t  DUHWKH H[DFW YDOXHV RIWKH PHDVXUHG GHJUHHVRI IUHHGRP (TXDWLRQ FDQEH
ZULWWHQLQWKHIROORZLQJIRUPDWWLPH t>@
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ZKHUH (   GHQRWHV WKH H[SHFWDWLRQ RSHUDWRU DQG WKH PHDVXUHPHQW HUURU w LV DVVXPHG WR EH
]HURPHDQ*DXVVLDQLQGHSHQGHQWRI xZLWKDFRYDULDQFHPDWUL[ 6ww
$OLQHDUPLQLPXPPHDQVTXDUHHUURU 006( HVWLPDWHIRU x_ y xJLYHQ y LVREWDLQHGE\
PLQLPL]LQJ WKH PHDQVTXDUH HUURU 06(  > @ 7KH H[SHFWHG YDOXH RU WKH FRQGLWLRQDO
PHDQRIWKHSUHGLFWHGYDULDEOHLV
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7KH FRYDULDQFH PDWUL[ 6xx LV QRW NQRZQ EXW 6yyFDQ EH HVWLPDWHG IURPWKH PHDVXUHPHQW
GDWD,IWKHQRLVHFRYDULDQFHPDWUL[FDQEHDSSUR[LPDWHGWKHQDQHVWLPDWHIRU 6xx 6yy± 6ww
FDQ EH FRPSXWHG ,QWKLVVWXG\ PHDVXUHPHQW HUURUV DUH DVVXPHG XQFRUUHODWHG EHWZHHQVHQ
VRUVUHVXOWLQJLQDGLDJRQDOQRLVHFRYDULDQFHPDWUL[,QDGGLWLRQEHFDXVH 6xxPXVW EHSRVLWLYH
GHILQLWHDQXSSHUERXQGRIWKHQRLVHOHYHOLQHDFKVHQVRUFDQEHREWDLQHG>@
2.2

Data compression

$IWHUDVLQJOHPHDVXUHPHQWWKHGDWDIURPDOOVHQVRUVDUHDYDLODEOH,IRQO\DVXEVHWRIWKH
VLJQDOVLVVWRUHGDORWRIGLVFVWRUDJHVSDFHFDQEHVDYHG/HWXVDVVXPHWKDWRQO\FKDQQHOV v
DUHVWRUHG7KHVWRUHGVLJQDOVFDQEHHLWKHUWKHDFWXDOPHDVXUHPHQWV yvRUYLUWXDOVHQVRUV xÖ v 
,WZDVSURYHG>@WKDWWKHVWRUHG%D\HVLDQYLUWXDOVHQVRUV xÖ v RXWSHUIRUPWKHFRUUHVSRQGLQJ
UDZ PHDVXUHPHQWV yv UHVXOWLQJ LQ D VPDOOHU UHFRQVWUXFWLRQ HUURU DQG VKRXOG EH SUHIHUUHG
7KHUHIRUHWKHVWRUHGGDWDLQWKLVSDSHUDUHIURPWKHYLUWXDOVHQVRUV
/HWXVDVVXPHWKDWFKDQQHOV vRIWKHYLUWXDOVHQVRUVDUHVWRUHGZKLOHWKHUHPDLQLQJFKDQ
QHOV uPXVWEHUHFRQVWUXFWHG6WRULQJWKHYLUWXDOVHQVRUV xÖ v WKHFRQGLWLRQDOPHDQ ( x u _ xÖ v
DQGFRYDULDQFHPDWUL[ FRY x u _ xÖ v PXVWEHGHULYHG7KH%D\HVLDQYLUWXDOVHQVRUVDUHQRWH[
DFWEXWIROORZWKHHUURUPRGHO
x xÖ  e



ZKHUH eLVWKHSRVWHULRUHUURU  KDYLQJD]HURPHDQ7KXV
( x u _ xÖ v

( xÖ u _ xÖ v
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ZKHUH A

xÖ uv


xÖ vv

LV WKH FRHIILFLHQW PDWUL[ WKDW KDV WR EH VWRUHG WRJHWKHU ZLWK WKH VWRUHG

VLJQDOV xÖ v  $FFRUGLQJ WR 006( WKH WZR WHUPV LQ WKH ULJKW KDQG VLGH RI   DUH RUWKRJRQDO
>@7KHUHIRUHWKHFRYDULDQFHVDUHUHODWHGDV

FRY xÖ u _ xÖ v 

FRY x u _ xÖ v
xÖ uu



xÖ uv


xÖ vv

xÖ vu

SRVW uu





SRVW uu

ZKLFKPHDQVWKDWWKHHUURURIWKHUHFRQVWUXFWHGVHQVRULVODUJHUWKDQWKDWLQWKH%D\HVLDQYLU
WXDOVHQVRU  7KLVGLIIHUHQFHLQDFFXUDF\LVVWXGLHGLQ6HFWLRQ
2.3

Optimal sensor placement

7KHSURSRVHGRSWLPDOVHQVRUSODFHPHQWDOJRULWKPLVDQLWHUDWLYHSURFHGXUHVWDUWLQJZLWKDQ
LQLWLDOODUJHVHQVRUQHWZRUNLQFOXGLQJDOOPHDVXUHGGHJUHHVRIIUHHGRP '2) (DFKVHQVRULQ
WXUQ LV UHPRYHG ZLWK UHSODFHPHQW DQG WKH HUURU YDULDQFHV RI DOO UHFRQVWUXFWHG VLJQDOV DUH
FRPSXWHGZKLFKDUHWKHGLDJRQDOWHUPVRIWKHHUURUFRYDULDQFHPDWUL[  7KHFRVWIXQFWLRQ
IRUWKHVHUHGXFHGVHQVRU QHWZRUNVLVHYDOXDWHG7KH PLQLPXPFRVW LVIRXQGDQGWKHUHGXFHG
VHQVRU QHWZRUN FRUUHVSRQGLQJ WR WKLV PLQLPXP EHFRPHV WKH QHZ FDQGLGDWH VHW IRU WKH QH[W
URXQG,QRWKHUZRUGVWKHUHPRYHGVHQVRUFRUUHVSRQGLQJWRWKLVPLQLPXPFRVWLVSHUPDQHQW
O\GLVFDUGHG7KHSURFHVVLVUHSHDWHGXQWLOWKHGHVLUHGQXPEHURIVHQVRUVRUWKHDOORZHGHUURU
OLPLW LVUHDFKHG)LQDOO\WKHGDWDIURPWKHUHPDLQLQJVHQVRUVDUHVWRUHGWRJHWKHUZLWKPDWUL[
ALQ  IRUUHFRQVWUXFWLRQRIWKHGLVFDUGHGVHQVRUV
3

DAMAGE DETECTION AND LOCALIZATION

'DPDJHGHWHFWLRQLVDSSOLHGWRWKHUHFRQVWUXFWHGGDWDLQWKHWLPHGRPDLQ )LUVWWKHPHDQ
YHFWRUDQGWKHFRYDULDQFHPDWUL[DUHHVWLPDWHGXVLQJWUDLQLQJGDWDIURPWKHXQGDPDJHGVWUXF
WXUHXQGHUGLIIHUHQWHQYLURQPHQWDORURSHUDWLRQDOFRQGLWLRQV:KLWHQLQJWUDQVIRUPDWLRQLVDS
SOLHGWRWKHWUDLQLQJGDWD>@7KLVWUDQVIRUPDWLRQLVWKHQIL[HGDQGDSSOLHGWRWKHWHVW GDWD
7KHUHVLGXDOHUURUVEHWZHHQWKHPRGHODQGDFWXDOGDWDDUHFRPSXWHGDQGVXEMHFWHGWRSULQFL
SDOFRPSRQHQWDQDO\VLV 3&$ 5HWDLQLQJWKHILUVWSULQFLSDOFRPSRQHQWVFRUHVRIWKHUHVLGXDOV
WKHGDWDGLPHQVLRQDOLW\LVGHFUHDVHGWRRQH$QH[WUHPHYDOXHVWDWLVWLFVFRQWUROFKDUW LVWKHQ
GHVLJQHGIRUWKHILUVW3&VFRUHVRIWKHUHVLGXDOVZLWKDSSURSULDWHFRQWUROOLPLWVDQGVXEJURXS
VL]H>@,QWKLVSDSHUWKHSUREDELOLW\RIIDOVHDODUPVHTXDOWRKDVEHHQXVHG
'DPDJHORFDWLRQLVDVVXPHGWRFRUUHVSRQGWRWKHGLUHFWLRQRIWKHILUVWSULQFLSDOFRPSRQHQW
RIWKH UHVLGXDOV 7KH ODUJHVW SURMHFWLRQRIWKH ILUVW 3& RQWKH VHQVRU FRRUGLQDWHV UHYHDOV WKH
VHQVRUFORVHVWWRGDPDJH
,WLVHVVHQWLDOWR PRGHOWKHGDWDRIHDFKPHDVXUHPHQW LQGHSHQGHQWO\IRUFRPSUHVVLRQDQG
UHFRQVWUXFWLRQVRWKDWWKHHQYLURQPHQWDORURSHUDWLRQDORUGDPDJHHIIHFWVDUHUHWDLQHGGXULQJ
WKLVILUVWSKDVH(OLPLQDWLRQRIWKHHQYLURQPHQWDORURSHUDWLRQDOLQIOXHQFHVLVSHUIRUPHGRQO\
LQ WKH VHFRQG SKDVH LQ ZKLFK VHYHUDO PHDVXUHPHQWV DUH SRROHG WR EXLOG D GDWD PRGHO RI WKH
XQGDPDJHGVWUXFWXUHXQGHUGLIIHUHQWHQYLURQPHQWDORURSHUDWLRQDOFRQGLWLRQV1RYHOW\GHWHF
WLRQLVWKHQDSSOLHGWRWKHWHVWGDWDXVLQJWKHGDWDPRGHORIWKHVHFRQGSKDVH
4

NUMERICAL EXPERIMENT

$QXPHULFDOH[SHULPHQWZDVSHUIRUPHGZLWKDILQLWHHOHPHQW )( PRGHORIDVWHHOIUDPH
KDYLQJDKHLJKWRIPDQGDZLGWKRIP )LJXUH 7KHFROXPQVZHUHIL[HGDWWKHERW
WRP7KHIUDPHZDVDOVRVXSSRUWHGZLWKDKRUL]RQWDOVSULQJDWWKHHOHYDWLRQRIPZLWKD
VSULQJFRQVWDQWRI k 01P7KHIUDPHZDVPRGHOOHGZLWKVLPSOHEHDPHOHPHQWVKDYLQJ
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DKROORZVTXDUHFURVVVHFWLRQRIPP uPP uPP7KH)(PRGHOFRQVLVWHGRI
EHDPHOHPHQWVPPLQOHQJWKDQGDVLQJOHVSULQJHOHPHQW
7KUHHKRUL]RQWDOUDQGRPH[FLWDWLRQVZHUHDSSOLHGWRWKHULJKWFROXPQDWHOHYDWLRQVRIP
PDQGPUHVSHFWLYHO\ )LJXUH 7KHORDGVZHUHPXWXDOO\LQGHSHQGHQWKDYLQJUDQGRP
VWDQGDUGGHYLDWLRQVEHWZHHQ1DQG13HULRGLFSVHXGRUDQGRPH[FLWDWLRQVLQWKHIUH
TXHQF\UDQJHEHWZHHQDQG+]ZLWKUDQGRPDPSOLWXGHVDQGSKDVHVZHUHJHQHUDWHG>@
$OODQDO\VHVKDGGLIIHUHQW ORDGLQJ IXQFWLRQV 7KH ILUVW VHYHQPRGHVZHUHXVHG LQWKHVLPXOD
WLRQ0RGDOGDPSLQJZDVDVVXPHGZLWKGDPSLQJUDWLRVRI ]±  ] DQG ]±

6WHDG\VWDWHDQDO\VLVZDVSHUIRUPHG LQWKH IUHTXHQF\GRPDLQXVLQJ PRGDOVXSHUSRVLWLRQ
/DWHUDODFFHOHUDWLRQVDW SRLQWV HYHU\WKLUGQRGH ZHUHUHFRUGHG7KHVDPSOLQJIUHTXHQF\
ZDV+]DQGWKHPHDVXUHPHQWSHULRGZDVV(DFKVHQVRUWKXVSURGXFHGVDP
SOHV0XWXDOO\LQGHSHQGHQW*DXVVLDQUDQGRPQRLVHZLWKHTXDOVWDQGDUGGHYLDWLRQVZDVDGGHG
WRHDFKVHQVRU7KHDYHUDJH615ZDVG%)RUYDOLGDWLRQDQGFRPSDULVRQH[DFWWUDQVYHUVH
DFFHOHUDWLRQV ZHUH DOVR UHFRUGHG 7KH VWDQGDUG GHYLDWLRQ RI WKH QRLVH ZDV DVVXPHG WR EH
NQRZQ
$UHODWLYHO\FRPSOH[ EXW DOVR TXLWH UHDOLVWLF HQYLURQPHQWDOPRGHOZDVDSSOLHG 7KHWHP
SHUDWXUH RIWKH OHIW XSSHU FRUQHU T YDULHG UDQGRPO\ EHWZHHQ ±q& DQG q& 7KH VXE
VFULSWLQGLFDWHVWKHQRGHQXPEHU7KHWHPSHUDWXUHRIWKHRWKHUHQGSRLQWVYDULHGUDQGRPO\
T T rq& XSSHUULJKWFRUQHU  T T rq& ERWWRPOHIWVXSSRUW DQG T T r
q& ERWWRP ULJKW VXSSRUW  7HPSHUDWXUH YDULDWLRQ EHWZHHQ WKH DIRUHPHQWLRQHG SRLQWV ZDV
OLQHDU H[FHSW WKDW *DXVVLDQ UDQGRP HUURU ZLWK D VWDQGDUG GHYLDWLRQ RI q& ZDV DGGHG WR
HDFKHOHPHQW7KHUHODWLRQVKLSEHWZHHQWHPSHUDWXUHDQGWKH<RXQJ¶VPRGXOXV EZDVVWHSZLVH
OLQHDUDVVKRZQLQ)LJD6DPSOHGLVWULEXWLRQVRIWKH<RXQJ¶VPRGXOXVLQWKHHOHPHQWVDUH
SORWWHGLQ)LJE:LWKLQHDFKVKRUWPHDVXUHPHQWWKHGLVWULEXWLRQGLGQRWFKDQJH
'XHWRWKHWHPSHUDWXUHHIIHFWWKHQDWXUDOIUHTXHQFLHVYDULHGEHWZHHQPHDVXUHPHQWV)LJ
VKRZV WKH VHYHQ ORZHVW QDWXUDO IUHTXHQFLHV RI WKH VWUXFWXUH LQ DOO PHDVXUHPHQWV 7KH GDWD
SRLQWVRQWKHULJKWKDQGVLGHRIWKHYHUWLFDOOLQHDUHIURPWKHGDPDJHGVWUXFWXUH,WLVGLIILFXOW
WRGHWHFWGDPDJHYLVXDOO\IURPWKHIUHTXHQF\FKDQJHVGXHWRWKHVWURQJHQYLURQPHQWDOHIIHFW
'DPDJHZDVUHPRYDORIPDWHULDOLQVLGHDEHDPHOHPHQWGXHWRFRUURVLRQ7KHGDPDJHGHO
HPHQWZDVORFDWHGDWWKHERWWRPRIWKHOHIWOHJ HOHPHQW )LYHGLIIHUHQWGDPDJHOHYHOVZHUH
FRQVLGHUHGZLWKWKHZDOOWKLFNQHVVHVRIDQGPP1RWLFHWKDWDVWKHPDWH
ULDOZDVUHPRYHGERWKWKHVWLIIQHVVDQGPDVVZHUHGHFUHDVHG
7KH ILUVW  PHDVXUHPHQWV ZHUH WDNHQ IURPWKH XQGDPDJHG VWUXFWXUH DQG HDFK GDPDJH
OHYHOZDVPRQLWRUHGZLWKVL[PHDVXUHPHQWVXQGHUGLIIHUHQWDQGXQNQRZQHQYLURQPHQWDOFRQ
GLWLRQV7UDLQLQJGDWDZHUHWKHILUVWPHDVXUHPHQWV7KHH[WUHPHYDOXHVWDWLVWLFV (96 FRQ
WUROFKDUWVZHUHGHVLJQHGXVLQJWKHVDPHWUDLQLQJGDWD
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)LJXUH)UDPHVWUXFWXUHZLWKDFFHOHURPHWHUV

D

E

)LJXUH D <RXQJ¶VPRGXOXVYHUVXVWHPSHUDWXUH E 6DPSOHGLVWULEXWLRQVRIWKH<RXQJ¶VPRGXOXV
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)LJXUH9DULDWLRQRIWKHVHYHQORZHVWQDWXUDOIUHTXHQFLHVGXHWRWHPSHUDWXUHDQGGDPDJH)UHTXHQFLHVRQWKH
ULJKWRIWKHYHUWLFDOOLQHDUHIURPWKHGDPDJHGVWUXFWXUH

4.1

Bayesian virtual sensing and sensor selection

%D\HVLDQ YLUWXDOVHQVLQJ ZDVDSSOLHG LQGLYLGXDOO\ WR HDFK PHDVXUHPHQW UHVXOWLQJ LQQRLVH
UHGXFWLRQ$GHWDLORIWKHPHDVXUHGDQGHVWLPDWHGDFFHOHUDWLRQVRIVHQVRULQPHDVXUHPHQW
LV SORWWHG LQ )LJXUH  $OVR WKH H[DFW YDOXHV DUH VKRZQ ,W FDQ EH VHHQ WKDW %D\HVLDQ YLUWXDO
VHQVRUZDVPRUHDFFXUDWHWKDQWKHSK\VLFDOVHQVRU
1H[W D VXEVHW RI WKH %D\HVLDQ YLUWXDO VHQVRUV ZDV VHOHFWHG VHSDUDWHO\ IRU HDFK PHDVXUH
PHQW E\DSSO\LQJWKHEDFNZDUGVHTXHQWLDOVHQVRUSODFHPHQW %663 DOJRULWKP7KHUHTXLUH
PHQW ZDV WKDW QRLVH KDG WR EH GHFUHDVHG DW OHDVW  LQ DOO VHQVRUV ,Q RWKHU ZRUGV WKH
VWDQGDUGGHYLDWLRQRIWKHHUURULQHDFKUHFRQVWUXFWHGYLUWXDOVHQVRUKDGWREHOHVVRUHTXDOWR
KDOIRIWKDWRIWKHFRUUHVSRQGLQJPHDVXUHPHQWHUURU7KHFRVWIXQFWLRQZDVWKHPD[LPXPGLI
IHUHQFH EHWZHHQ WKH FXUUHQW DQG DOORZHG UHFRQVWUXFWLRQHUURUV LQDQ\VHQVRU LQWKH QHWZRUN
7KH UHGXFHG QHWZRUN KDYLQJ WKH PLQLPXP FRVW ZDV VHOHFWHG IRU WKH QH[W URXQG ,Q RWKHU
ZRUGVWKHDLPZDVWRPD[LPL]HWKHPLQLPXPGLVWDQFHIURPWKHHUURUOLPLW6HQVRUUHPRYDO
FRQWLQXHGXQWLOWKHDFFXUDF\UHTXLUHPHQWZDVYLRODWHG7KHUHTXLUHGQXPEHURIYLUWXDOVHQVRUV
ZDVILYHIRUPRVWPHDVXUHPHQWV
2QFH D VLQJOH VHQVRU ZDV SHUPDQHQWO\ UHPRYHG WKH PHDQ HUURU RI WKH ZKROH VHQVRU QHW
ZRUN VWRUHGDQGUHFRQVWUXFWHGYLUWXDOVHQVRUV ZDVHYDOXDWHG7KHPHDQHUURUDVDIXQFWLRQRI
WKHQXPEHURIVWRUHGVHQVRUVLVSORWWHGLQ)LJXUHIRUPHDVXUHPHQW,WFDQEHVHHQWKDWVWRU
LQJRQO\ILYHYLUWXDOVHQVRUVLQVWHDGRIDOOYLUWXDOVHQVRUVGLGQRWVLJQLILFDQWO\LQFUHDVHWKH
DYHUDJH QRLVH OHYHO ,I WKH QXPEHU RI VWRUHG VHQVRUV ZHUH IXUWKHU GHFUHDVHG EHORZ ILYH WKH
UHFRQVWUXFWLRQHUURUZRXOGKDYHFRQVLGHUDEO\LQFUHDVHG
7KH VWDQGDUG GHYLDWLRQV RI WKH HUURUV PHDVXUHPHQW HUURU %D\HVLDQ YLUWXDO VHQVRU HUURU
DQG UHFRQVWUXFWLRQHUURU  LQDOOVHQVRUV DUH SORWWHG LQ)LJXUH  IRU PHDVXUHPHQW  ,W FDQEH
VHHQWKDWWKHUHFRQVWUXFWLRQHUURUZDVRQO\VOLJKWO\ODUJHUWKDQWKDWLQWKH%D\HVLDQYLUWXDOVHQ
VRUV6HQVRUVIRUZKLFKWKHWZRHUURUVZHUHHTXDOFRUUHVSRQGHGWRWKHVWRUHGVLJQDOVZKLFK
ZHUHQRWUHFRQVWUXFWHG7KHPHDVXUHPHQWHUURULVDOVRVKRZQ7KHUHFRQVWUXFWLRQHUURUVZHUH
FOHDUO\VPDOOHUWKDQUHTXHVWHG
7KHUHFRQVWUXFWLRQHUURUVLQDOOPHDVXUHPHQWVDUHSORWWHGLQ)LJXUHIRUHDFKVHQVRU7KH
YDULDELOLW\EHWZHHQPHDVXUHPHQWVZDVTXLWHVPDOOVDWLVI\LQJWKHDFFXUDF\UHTXLUHPHQW
$KLVWRJUDPRIWKHVHOHFWHG VHQVRUV IRU VWRUDJHLQ DOOPHDVXUHPHQWVLVVKRZQLQ )LJXUH
OHIW7KHPRVWRIWHQVHOHFWHGVHQVRUVZHUHORFDWHGLQVL[GLIIHUHQWUHJLRQVRIWKHVWUXFWXUH7KH
SODFHPHQW RIWKHVWRUHGVHQVRUVLQPHDVXUHPHQW LVSORWWHGLQ)LJXUH ULJKW1RWLFHWKDW QR
VHQVRUVZHUHVHOHFWHGFORVHWRGDPDJHORFDWLRQ VHQVRU 
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7KHGDWDFRPSUHVVLRQUDWLRZDVFRPSXWHGDVIROORZV,IDOOGDWDZHUHVWRUHGWKHQXPEHURI
IORDWLQJ SRLQW QXPEHUV LQ HDFK PHDVXUHPHQW ZDV u  QXPEHUV 6WRULQJ ILYH
YLUWXDOVHQVRUVLJQDOVDQGWKHFRHIILFLHQWPDWUL[ A  RIVL]HuUHVXOWHGLQQXPEHUV
&RQVHTXHQWO\RQO\RIWKHWRWDOGDWDKDGWREHVWRUHG

)LJXUH'HWDLORIWLPHKLVWRU\RIDFFHOHURPHWHULQPHDVXUHPHQW
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)LJXUH0HDVXUHPHQWHUURU UHGKRUL]RQWDOOLQH DQGWKHUHFRQVWUXFWLRQHUURULQDOOVHQVRUVLQHDFKPHDVXUH
PHQW

)LJXUH/HIW+LVWRJUDPRIVHOHFWHGYLUWXDOVHQVRUVIRUVWRUDJHLQDOOPHDVXUHPHQWV5LJKW6HOHFWHGVHQVRUVIRU
VWRUDJHLQPHDVXUHPHQWVHQVRUVDQG

4.2

Damage detection and localization

'DPDJH GHWHFWLRQ ZDV VWXGLHG XVLQJ IRXU GLIIHUHQW GDWD DFWXDO PHDVXUHPHQWV DOO YLUWXDO
VHQVRUV VWRUHG DQG UHFRQVWUXFWHG VLJQDOV DQG VWRUHG VLJQDOV RQO\ (96 FRQWURO FKDUWV ZHUH
GHVLJQHGZLWKDVXEJURXSVL]HRIDQGDUHSORWWHGLQ)LJXUH7KHGDWDSRLQWVWRWKHOHIW
RIWKHEOXHYHUWLFDOOLQHFRUUHVSRQGWRWKHWUDLQLQJGDWDZKLOHWKHEODFNYHUWLFDOOLQHVLQGLFDWH
WKH ILYH GDPDJH OHYHOV 2QO\ WKH WZR ODUJHVW GDPDJH OHYHOV ZHUH GHWHFWHG XVLQJ WKH DFWXDO
PHDVXUHPHQW GDWD  )LJXUH D  $OO GDPDJH FDVHV ZHUH GHWHFWHG XVLQJ WKH VWRUHG DQG UHFRQ
VWUXFWHGGDWD )LJXUHE RUDOOYLUWXDOVHQVRUV )LJXUHF 7KHUHLVDVOLJKWGLIIHUHQFHEHWZHHQ
WKHWZRFRQWUROFKDUWVVKRZLQJWKDWWKHGHWHFWLRQSHUIRUPDQFHLQFUHDVHGGXHWRFRPSUHVVLRQ
7KLVZDVTXLWHDVXUSULVHEHFDXVHWKHQRLVHOHYHOLQWKHUHFRQVWUXFWHGGDWDZDVVOLJKWO\ODUJHU
WKDQLQ WKH%D\HVLDQYLUWXDOVHQVRU GDWD 7KHUHDVRQIRU WKLV EHKDYLRU LV QRW NQRZQDQG LW LV
TXHVWLRQDEOHLIWKLVUHVXOWFDQEHJHQHUDOL]HG
,WPD\EHDUJXHGWKDWGXHWRUHGXQGDQF\RQO\WKHVHOHFWHGYLUWXDOVHQVRUVZRXOGEHHQRXJK
IRU GDPDJH GHWHFWLRQ 7KLV DUJXPHQW ZDV WHVWHG E\ VHOHFWLQJ WKH VDPH ILYH YLUWXDO VHQVRUV
IURP HDFK PHDVXUHPHQW DQG GHVLJQLQJ DQ (96 FRQWURO FKDUW IRU WKHVH GDWD  )LJXUH G  1R
GDPDJH ZDV GHWHFWHG 'XH WR GLIIHUHQW HQYLURQPHQWDO FRQGLWLRQV EHWZHHQ PHDVXUHPHQWV
PRUHWKDQILYHVLJQDOVZRXOGKDYHEHHQQHHGHGWRUHPRYHWKHHQYLURQPHQWDOLQIOXHQFHV
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'DPDJH ORFDOL]DWLRQ ZDV GRQH E\ SORWWLQJ WKH VTXDUHG SURMHFWLRQ RI WKH ILUVW SULQFLSDO
FRPSRQHQWRQHDFKVHQVRU )LJXUH 8VLQJWKHDFWXDOPHDVXUHPHQWGDWDGDPDJHZDVORFDO
L]HGWRVHQVRUDQGXVLQJWKHVWRUHGDQGUHFRQVWUXFWHGYLUWXDOVHQVRUVGDPDJHZDVORFDOL]HG
WRVHQVRU1RWLFHWKDWVHQVRUZDVQRWLQFOXGHGLQWKHVWRUHGVHQVRUVEXWZDVUHFRQVWUXFWHG
7KHFRUUHFWSRVLWLRQZDVFORVHVWWRVHQVRU1HLWKHUDQDO\VLVSRLQWHGWRWKHFRUUHFWVHQVRUEXW
LQ HLWKHU FDVH WKH VXJJHVWHG GDPDJH ORFDWLRQZDV LQWKH YLFLQLW\RIWKH DFWXDOGDPDJH 7KH
ORFDOL]DWLRQDFFXUDF\ZDVVOLJKWO\KLJKHUZKHQWKHYLUWXDOVHQVRUVZHUHXVHG7KH615LQVHQ
VRU  ZDV YHU\VPDOO ZKLFK SUREDEO\UHVXOWHG LQ WKH LQDFFXUDF\ LQ GDPDJH ORFDOL]DWLRQ ,Q
PDQ\ VWUXFWXUHV GDPDJH PD\ EH ORFDWHG FORVH WR WKH IL[HG VXSSRUW ZKHUH WKH VWUHVVHV DUH
ODUJH EXW WKH YLEUDWLRQ DPSOLWXGH LV YHU\ VPDOO UHVXOWLQJ LQ D VPDOO 615 7KHUHIRUH VWUDLQ
PHDVXUHPHQWVDWWKHVHORFDWLRQVFRXOGEHFRQVLGHUHG
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)LJXUH'DPDJHGHWHFWLRQ D $OOSK\VLFDOVHQVRUV E VWRUHGDQGUHFRQVWUXFWHGVHQVRUV F DOO%D\HVLDQYLUWX
DOVHQVRUVDQG G VWRUHGYLUWXDOVHQVRUV7KHYHUWLFDOOLQHVFRUUHVSRQGWRWKHHQGRIWUDLQLQJGDWD EOXH DQGWKH
ILYHGDPDJHOHYHOV EODFN 
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)LJXUH'DPDJHORFDOL]DWLRQ D $OOSK\VLFDOVHQVRUVDQG E VWRUHGDQGUHFRQVWUXFWHGYLUWXDOVHQVRUV7KH
FRUUHFWGDPDJHSRVLWLRQZDVFORVHVWWRVHQVRU

5

CONCLUSION

$GDWDFRPSUHVVLRQWHFKQLTXHIRUVWRULQJDQGUHFRQVWUXFWLQJVLPXOWDQHRXVO\PHDVXUHGYL
EUDWLRQ VLJQDOV LQ D GHQVH VHQVRU QHWZRUN ZDV SURSRVHG 7KH VWRUHG DQG UHFRQVWUXFWHG GDWD
ZHUHXVHGWRGHWHFWDQGORFDOL]HGDPDJH
7KHILUVWVWHSZDVWRUHGXFHPHDVXUHPHQWHUURUE\DSSO\LQJ%D\HVLDQYLUWXDOVHQVLQJ7KH
YLUWXDOVHQVRUV EHLQJ PRUH DFFXUDWHWKDQWKH SK\VLFDOVHQVRUV UHSODFHG WKH DFWXDOPHDVXUH
PHQWVLQWKHVXEVHTXHQWVWHSV
'DWD FRPSUHVVLRQ DQG UHFRQVWUXFWLRQ ZDV PDGH LQGLYLGXDOO\ IRU HDFK PHDVXUHPHQW EH
FDXVH WKH G\QDPLF FKDUDFWHULVWLFV RIWKH VWUXFWXUH FRXOG YDU\EHWZHHQ PHDVXUHPHQWV GXH WR
HQYLURQPHQWDORURSHUDWLRQDO YDULDELOLW\RU GDPDJH 2QWKHRWKHU KDQG D IXOOVHW RIWUDLQLQJ
GDWDIURPVHYHUDOPHDVXUHPHQWVXQGHUGLIIHUHQWHQYLURQPHQWDORURSHUDWLRQDOFRQGLWLRQVZDV
XVHGWREXLOGDFRYDULDQFHPRGHORIWKHXQGDPDJHGVWUXFWXUH7KLVPRGHOZDVDSSOLHGWRQRY
HOW\GHWHFWLRQXVLQJ ZKLWHQLQJ WUDQVIRUPDWLRQDQG SULQFLSDOFRPSRQHQW DQDO\VLV 7KH ODUJHVW
GLVFUHSDQF\EHWZHHQWKHPRGHODQGDFWXDOGDWDZDVDVVXPHGWRUHYHDOWKHVHQVRUFORVHVWWRWKH
GDPDJHORFDWLRQ
7KHPDLQUHVXOWVDUH  2QO\DURXQGRIWKHWRWDODPRXQWRIGDWDKDGWREHVWRUHGLQ
WKHVWXGLHGH[DPSOH  7KHVWRUHGDQGUHFRQVWUXFWHGYLUWXDOVHQVRUGDWDZHUHPRUHDFFXUDWH
WKDQWKHDFWXDOPHDVXUHPHQWV  'DPDJHGHWHFWLRQDQGORFDOL]DWLRQZHUHPRUHUHOLDEOHZLWK
WKH VWRUHG DQG UHFRQVWUXFWHG YLUWXDO VHQVRUV WKDQ ZLWK WKH DFWXDO PHDVXUHPHQWV   'DPDJH
ZDVQRWORFDOL]HGH[DFWO\WRWKHFRUUHFWVHQVRUEXWLQWKHFORVHQHLJKERUKRRG  7KHDFFXUD
F\RIWKHUHFRQVWUXFWHGYLUWXDOVHQVRUVZDVRQO\VOLJKWO\VPDOOHUWKDQWKDWRIWKH%D\HVLDQYLU
WXDOVHQVRUV  7KHUHFRQVWUXFWLRQHUURUVZHUHQRWWKHVDPHHYHQLIWKHPHDVXUHPHQWHUURUV
ZHUHHTXDO  'DPDJHORFDOL]DWLRQWRDUHFRQVWUXFWHGYLUWXDOVHQVRUZDVSRVVLEOH  'DP
DJHGHWHFWLRQSHUIRUPDQFHZDVVOLJKWO\KLJKHUXVLQJWKHVWRUHGDQGUHFRQVWUXFWHGGDWDWKDQDOO
YLUWXDOVHQVRUV EXW JHQHUDOL]DWLRQRIWKLVUHVXOW UHPDLQHG TXHVWLRQDEOHDQG QHHGV IXUWKHU LQ
YHVWLJDWLRQ([SHULPHQWDOUHVXOWVDUHDOVRQHHGHGWRYDOLGDWHWKHSURSRVHGWHFKQLTXH
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Abstract. Health Monitoring strategies rely on tracking the health status of critical engineering
structures (Structural Health Monitoring) and of people (monitoring of medical conditions) to
detect anomalies in the measurements and make inferences on the health condition for supporting decisions on preventive actions to be implemented to restore normal conditions. In these
applications, the health monitoring devices are subjected daily to various events that can damage internal electrical components and sensors. As a result, the quality of the data collected
can be compromised and therefore lead to a wrong health assessment. Therefore, robust health
monitoring strategies need to be capable of automatically detecting sensors failures. Having
the sensors’ data is often not enough to gain insights into a monitoring system failure since the
data variation can be related to changes in operating and environmental conditions. Alternatively, a supervised machine learning approach can be used. However, this requires an engineer
to label the data in real-time, which rarely happens. Nonetheless, the common practice when a
system fails is to write failure reports from which information about the failure can be extracted.
Manually extracting comprehensive labels from the failure reports can be time-consuming. A
strategy for automatically extracting failure labels from a set of failure reports written to describe failures of different types of sensors of a monitoring device is presented. This strategy
consists in transforming the reports in their word vector form, processing each failure report
to reduce the list of important words and identifying clusters of reports. The feasibility of the
proposed approach is shown through its application to the failure reports compiled to describe
seven types of failure of a low-cost wearable device based on an Arduino programmable board.
Comparisons between manually extracted labels, and labels extracted with the proposed strategy when considering semi-supervised and unsupervised clustering strategies are presented. It
is shown that the proposed strategy is capable of identify the failure label of a cluster of reports
with a good accuracy. Therefore, enabling the development of a self-supervised classiﬁcation
algorithm for sensor fault identiﬁcation for robust Structural Health Monitoring.
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1

INTRODUCTION

In engineering and healthcare applications, effective monitoring strategies are being developed tracking the health status of critical engineering structures (Structural Health Monitoring,
SHM) [1, 2] and of people [3, 4] to make inferences on the health condition and support decisions, such as preventive actions to restore normal conditions. Therefore, the measurements
obtained with the monitoring system must be informative, reliable and accurate. However, a
monitoring device can fail during operating conditions because of poorly manufactured sensors
and/or electronics, problems with cable harnesses, ageing effects, improper handling, electromagnetic interference, and environmental factors [5]. Unnoticed failures of the monitoring
device undermine the quality of the measurements and consequently compromise inferences
and decisions making. In SHM applications, a faulty monitoring device could lead to a wrong
assessment of the remaining useful life of a structure [5]. This is one of the key bottlenecks
undermining the reliable deployment of SHM technologies. A faulty wearable health monitoring devices can cause fatal conditions to be missed, over-treatment and it might produce health
anxiety or fatigue [3, 6].
Failures of the monitoring device may not be detected during inspections [5]. The implementation of an additional monitoring system can be costly and prone to the same problems. Several
investigations have been carried out for automatically detecting a faulty monitoring device for
chemical process monitoring [7], in aircraft control applications [8, 9], in wearable health monitoring devices [10] and in SHM applications [1, 2, 5, 11, 12]. Broadly speaking, the approaches
for sensor validation [5, 13] can be grouped into model-based approaches, knowledge-based
approaches and data-driven approaches. Currently the monitoring device health status cannot
be reliably identiﬁed and/or distinguished from structural failures and/or operating and environmental conditions by using only measurements [14, 15, 16, 17, 18, 19]. Alternatively, a
supervised machine learning approach can be used where discriminative features in the measurements are paired with failure labels. However, this would require an engineer to label the
data in real-time, which rarely happens and might be inaccurate [1, 2, 20], and to asses the discriminative features. Nonetheless, the common practice when a system fails is to write failure
reports [21, 22] from which information about the failure of the device can be extracted. Manually extracting comprehensive labels from the failure reports can be time-consuming. Therefore,
this work focusses on automatically extracting failure labels from a set of failure reports written
to describe failures of different types of sensors of a monitoring device. This strategy consists in
transforming the reports in their word vector form, processing each failure report to reduce the
list of important words and identifying clusters of reports for each failure type. The feasibility
of the proposed approach is shown through its application to the failure reports compiled to
describe the sensor failures of a low-cost wearable device based on an Arduino programmable
board. The chosen application displays similar challenges encountered in SHM applications,
such as: (i) the sensors employed record various quantities at different rates; (ii) the measurements are inﬂuenced by operational and environmental conditions; (iii) similar failure types can
occur for the same sensor; (iv) only a limited dataset of recorded failures is available; and (v)
the number of elements in the training dataset for each failure type is imbalanced. Comparisons
between manually extracted labels, and automatic extraction based on semi-supervised and unsupervised clustering strategies are presented. Finally, the implications of using these labels to
train a self-supervised classiﬁcation algorithm for sensor fault identiﬁcation are discussed.
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2

BRIEF DESCRIPTION OF THE MONITORING DEVICE AND FAILURES CONSIDERED

A low-cost wearable device that includes typical sensors used in wearable applications is
chosen for investigating several failure types while keeping the costs low. This monitoring
device is composed of a programmable Printed Circuit Board (Adafruit Metro Mini 328), a
temperature sensor (digital Dallas Temperature Sensor), a humidity sensor (digital Grove Temperature & Humidity Sensor Pro), an accelerometer (analog Triple Axis Accelerometer
BMA220(Tiny) ) and a Galvanic Skin Response (GSR) sensor. Seven types of failure are manually induced for a total of 117 failure instances. Speciﬁcally, three failure types are considered
for the GSR sensor and two for the accelerometer, a failure type for the temperature sensor and
another for the humidity sensor. Moreover, different number of failure instances are considered
for each failure type.
Wearable devices, and in general small electronic devices, experience predominantly failures
related to the solder joints and to the the sensor connectors [23]. These failures can be caused
by improper soldering, ageing, improper handling of the wearable device or cracks in the solder
at the connection point caused by a bent Printed Circuit Board (PCB). Within the current setup
these failures can be easily reproduced by disconnecting wires at the interface with the PCB.
Depending on the sensor and which pin was disconnected, the effects on the recorded signal
varied. Moreover, another common failure type is related to burnt resistors. This failure type
is induced by adding a resistor to the analog and power pins of the GSR sensor. The induced
failures are summarised in Table 1.
Failure Type
Effects on measurements
(GSR, analog, pin)
jumps to 521
(GSR, ground, pin)
jumps above 1000
(GSR, burnt, resistor)
signal distorted
(accelerometer, ground, pin)
jumps to higher values
(accelerometer, power, pin)
jumps to lower values or zeros
(humidity, power, pin)
jumps to different values or -300%
(temperature, ground, pin) jumps to different values or -127 ◦ C

Occurrences
24
24
16
11
11
18
13

Table 1: Induced failures and effects on recorded data

Data was recorded during controlled and operating conditions, and a failure report was written each time a failure occurred, for a total of 117 failure instances. Data and reports are stored
within a Structured Query Language database for easy retrieval of information.
3

FAILURE INVESTIGATIONS AND FAILURE REPORTS

Failure investigations of a structure/system are carried out by an expert to identify the rootcause of failure and suggest remedial actions [21, 22]. Each failure investigation includes the
measurements collected in operation, an analysis of the patterns observed in the measurements
before and after the failure occurred, the lab experiments and steps required to identify the rootcause of the failure, and a failure report. Currently, the information collected during failure
investigations is used for quality assessment, to support decisions about design changes and
schedule maintenance [22]. The information collected during these investigations can be also
used to improve SHM technologies.
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Failure reports are documents with a standard outline [21, 22] and with sections written as
free text. The ﬁrst section focuses on the description of the failure effects observed during
operating conditions, and it includes images and plots, and a brief description of the patterns
observed in the measurements. Other sections focus on describing the steps taken to identify the
root-cause of failure and to reproduce it; the remedial actions implemented; and how to manage
similar failures in the future. One example of a failure report for the low-cost monitoring device
under investigation is provided in Figure 1.

Figure 1: Example of a failure report.

Manual extraction of the information from reports can be time consuming and costly. Therefore a strategy for automatically grouping and extracting the failure labels from failure reports
is presented.
4

APPROACH FOR REPORTS CLUSTERING AND LABEL EXTRACTION

A strategy is proposed for automatically grouping the reports according to the failure type
described and extract the failure labels by pre-processing the failure reports and applying Natural Language Processing (NLP) techniques. Each document is represented as a vector in a
multi-dimensional space, the so-called document embedding [24]. Initially text is extracted
from the failure reports (word documents) by using the docxpy python package. The number
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of representative words of each failure report is reduced to the most relevant ones by applying
pre-processing techniques [24] such as: tokenization; reducing list of tokens; part of speech
tagging; and lemmatization. Then, each failure report is represented as a vector in a word-space
model. In particular, the Term Frequency-Inverse Document Frequency (TF-IDF) [24] is used
in combination with Bag of Words (BoW) [24] to reﬁne the list of words. BoW considers the
raw frequency of that speciﬁc word within the report [24] and therefore selects the most frequent
words. However, some words, such as ﬁgure, failure or sensor, are not helpful for distinguishing the group of reports. These non-informative words are then eliminated by using the TF-IDF
approach [24] which considers how many times each word appears in one document and also
how many times that word appears in all the documents of the corpus. Words that appear in all
the documents being processed will be given a zero TF-IDF score.
These weights can be calculated by ﬁrst ﬁnding the term frequency (tf) [24]:
tf(word) =

Number of times the word appears in document
Total number of words in document

(1)

Next, the inverse document frequency term is needed (idf) [24]:
$

Total number of documents in corpus
idf(word) = log
Number of documents containing the required word

%

(2)

Finally, the TF-IDF score (which takes values in the interval [0,1]), is calculated as [24]:
TF-IDF = tf(word) × idf(word)

(3)

The words with TF-IDF scores above a certain threshold are then used to represent each
document as a vector. Once this vector representation is obtained, groups of reports belonging
to different failure types can be then obtained by applying semi-supervised and unsupervised
K-means clustering [25]. While in the unsupervised clustering the initial cluster centres are
randomly allocated, in the semi-supervised clustering the initial cluster centres are assigned
by selecting one report for each failure type. Once the K-means algorithm has been run to
determine each cluster centre and the reports belonging to that cluster, the label of each cluster
is manually extracted by selecting a single report within that cluster that is close to the identiﬁed
cluster centre.
5

APPLICATION OF THE PROPOSED APPROACH

A TF-IDF score threshold of 0.0019 was set. The K-means implementation from the sklearn
package [26] was used where the cluster number was set to 7. A brute-force algorithm was implemented to quantify the performance of K-means clustering. This performance was assessed
in terms of “accuracy”, that is the ratio of correct failure type predictions to total predictions
made. Since multiple classes are considered and each class has an unequal number of observations, the confusion matrix is also considered. These matrices display the count values of
the correct and incorrect failure labels predictions, and they are deﬁned such that rows display
the expected class, while the columns represent the predicted class obtained with the clustering
algorithm. The goal is to maximise the count values obtained on the main diagonal since they
correspond to the total number of failures for that class.
For the unsupervised K-means clustering with 100 starting points, a maximum accuracy of
83.7% was observed, and a lowest of 70.1%. The clustering with the lowest accuracy is shown
in Table 2.
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Labels
L1= (GSR, analog, pin)
L2= (GSR, ground, pin)
L3= (GSR, burnt, resistor)
L4= (accelerometer, ground, pin)
L5 = (accelerometer, power,pin)
L6= (humidity, power, pin)
L7= (temperature, ground, pin)

L1
12
12
0
0
0
0
0

L2
0
12
0
0
0
0
0

L3
0
0
16
0
0
0
0

L4
0
8
0
11
11
0
0

L5
12
0
0
0
0
0
0

L6
0
0
0
0
0
18
0

L7
0
0
0
0
0
0
13

Table 2: Unsupervised clustering, confusion matrix with accuracy of 70.1%.

It can be observed that the failure types (GSR, analog, pin), (GSR, ground, pin), (accelerometer, ground, pin), and (accelerometer, power, pin) can be miss-clustered due to the similarity
of the failure reports and to the reduced number of reports to learn from. In Table 3 it is shown
that even when an accuracy of 83.7% is obtained, the failure type (accelerometer, power, pin)
can still be entirely miss-clustered.
Labels
L1= (GSR, analog, pin)
L2= (GSR, ground, pin)
L3= (GSR, burnt, resistor)
L4= (accelerometer, ground, pin)
L5 = (accelerometer, power,pin)
L6= (humidity, power, pin)
L7= (temperature, ground, pin)

L1
24
0
0
0
0
0
0

L2
0
24
0
0
0
0
2

L3
0
0
16
0
0
0
0

L4
0
0
0
11
11
0
0

L5
0
0
0
0
0
6
0

L6
0
0
0
0
0
12
0

L7
0
0
0
0
0
0
11

Table 3: Unsupervised clustering, confusion matrix with accuracy of 83.7%.

These results could be improved by considering pre-knowledge on the labels and/or relationships between words at the TF-IDF stage, before running the clustering algorithms, or by
increasing the number of available documents.
For example, when the initial cluster centre was set manually by assigning one failure report
to each failure type, the accuracy was improved as shown in Table 4 and the (accelerometer,
power, pin) was correctly clustered.
Labels
L1= (GSR, analog, pin)
L2= (GSR, ground, pin)
L3= (GSR, burnt, resistor)
L4= (accelerometer, ground, pin)
L5 = (accelerometer, power,pin)
L6= (humidity, power, pin)
L7= (temperature, ground, pin)

L1
20
0
0
0
0
0
0

L2
4
24
3
0
0
0
2

L3
0
0
13
0
0
0
0

L4
0
0
0
2
0
0
0

L5
0
0
0
9
11
0
0

L6
0
0
0
0
0
18
0

L7
0
0
0
0
0
0
11

Table 4: Semi-supervised clustering, confusion matrix obtained when initial cluster centres are assigned by specifying one report belonging to each cluster.

164

Andreea-Maria Oncescu and Alice Cicirello

Therefore, when the labels are extracted automatically, some reports may be incorrectly
labelled. As a result, this would reduce the performance of a self-supervised classiﬁcation algorithm. Nonetheless, the overall performance of the proposed approach can still reach a certain
target accuracy while at the same time reducing the setting up time by making the labelling
process fully automatic or semi-automatic for the user.
6

CONCLUSIONS

An approach for extracting information obtained during failure investigations is proposed
with the aim to facilitate the implementation of a self-supervised machine learning strategy that
enables to detect if a monitoring device failed, and if so, to classify which sensor failed and the
type of sensor failure.
Within the proposed approach, the process of extracting labels from failure reports, and
therefore assigning labels to the corresponding measurements, is sped up by pre-processing the
failure reports and applying Natural Language Processing (NLP) techniques to create a vector
representation of each failure report in the word-space. The failure report vector representations
are clustered together using K-means clustering, and a failure label is assigned to each cluster.
The applicability of the proposed approach was shown by analysing the reports collected
when performing failure investigations of a low-cost health monitoring device. This application
displays similar challenges encountered in SHM applications, such as: (i) the sensors employed
record various quantities at different rates; (ii) the measurements are inﬂuenced by operational
and environmental conditions; (iii) similar failure types can occur for the same sensor; (iv) only
a limited dataset of recorded failures is available; and (v) the number of elements in the training
dataset for each failure type is imbalanced. Seven types of failures were manually induced, and
measurements with different sensors were recorded during operating and testing conditions.
Failure reports for each failure investigated were written, and paired with the recorded data. A
small dataset of 117 failures was produced. This limited dataset was characterised by four different faulty sensors, two of which displayed multiple failure types and an imbalanced number
failure were considered for for each failure type.
It was shown that the proposed label extraction procedure when using unsupervised clustering can miss-cluster entirely one of the failure types even if yielding an overall high accuracy.
As a result, this would reduce the performance of the self-supervised classiﬁcation algorithms.
Nonetheless, the overall performance of the proposed approach can still reach a certain target
accuracy while at the same time reducing the setting up time by making the labelling process
fully automatic or semi-automatic for the user. It was concluded that when dealing with small
failure datasets, with unbalanced classes and similar failure types that the semi-supervised clustering procedure should be preferred.
Indeed, depending on the complexity of the failure reports, the extraction of the failure type
labels using NLP strategies can lead to wrong labels assignment, with the risk of not including
a particular failure type in the training dataset. Moreover, a failure type can potentially be
wrongly identiﬁed in the failure report itself, and in fact it might not be supported by the features
observed in the data. In turn, this will affect the capability of the proposed approach to detect
and isolate the correct failure type for new, unseen data. This is of particular importance for
SHM applications. The assessment of the quality of the features-label pairs for improving the
training of the classiﬁcation algorithm is the subject of current research investigations.
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Abstract
Structural Health Monitoring uses data collected from sensors placed on structures to determine their operating condition and whether maintenance is required. Often, optimal sensor
placement strategies are used to find the optimal locations for the identification of their modal
properties, structural parameters and/or abnormal behaviours under the influence of model
and measurement uncertainty. An approach that has been frequently used to solve the problem
of sensor placement is the Bayesian experimental design. This approach chooses the locations
using the data measured by the sensors to reduce the prior uncertainty of the parameters that
are being inferred. The Bayesian experimental design minimizes the uncertainty of the parameters to be inferred through the use of metrics called utility functions. Most of these metrics are
based on functions of the posterior distribution. In this paper, the use of three utility functions
(Bayesian D-posterior precision, Bayesian A-posterior precision, and Expected Information
Gain) is investigated for the problem of sensor placement.
The case study chosen consists of a beam with translational and rotational springs connected
to the ground subject to an impulsive load. The goal of the analysis is to select the most informative position of a sensor in order to update the distribution of two uncertain physical
parameters of the beam based on natural frequencies extracted using the Eigensystem Realization Algorithm. It is shown that for the case investigated, the three utility functions yield the
same optimal sensor location.
Keywords:2SWLPDO6HQVRU3ODFHPHQW8QFHUWDLQW\4XDQWLILFDWLRQ6WUXFWXUDO+HDOWK0RQL
WRULQJ
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1

INTRODUCTION

6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 RIWHQIRFXVHVRQQRQLQWUXVLYHVWUXFWXUHGDPDJHGHWHF
WLRQ>@,WFDQEHXVHGWRSURYLGHHDUO\ZDUQLQJVRQWKHKHDOWKVWDWXVRIHQJLQHHULQJV\VWHPV
7KHHTXLSPHQWUHTXLUHGIRULPSOHPHQWLQJ6+0LQFOXGHVVHQVRUVDQGGDWDDFTXLVLWLRQV\VWHPV
7KHUHDOWLPHLQIRUPDWLRQREWDLQHGIURPWKHVHQVRUVKDVWREHSRVWSURFHVVHGDQGVWDWLVWLFDO
SURFHGXUHVDUHLPSOHPHQWHGWRGHWHFWDQRPDOLHVDQGVXJJHVWSUHYHQWLYHDFWLRQV>@7HFKQR
ORJLFDODGYDQFHVLQVHQVRUPRQLWRULQJDOORZWKHGHYHORSPHQWRIRSWLPDOVHQVRUVWUDWHJLHVWKDW
KDYHPDGH6+0FRVWHIIHFWLYHDQGHDVLHUWRLPSOHPHQW
6WUXFWXUDOSDUDPHWHUVDUHXVXDOO\LQIHUUHGIURPWKHVHQVRULDOGDWD VXFKDVYHORFLW\RUDFFHO
HUDWLRQPHDVXUHPHQWV HVSHFLDOO\WKHPRGDOSDUDPHWHUV QDWXUDOIUHTXHQF\GDPSLQJUDWLRDQG
PRGHVKDSH 7KHLQIHUUHGSDUDPHWHUVDUHWKHQXVHGWRDVVHVVWKHDFFHSWDELOLW\RIWKHPRGHOVRI
VWUXFWXUHVDQGWRHYDOXDWHWKHVWUXFWXUHV¶FRQGLWLRQ)RUVRPHFDVHVORFDOIRUPVRIGDPDJHPD\
EH LGHQWLILHG E\ D VKLIW LQ WKH PRGDO SURSHUWLHV >@ 7KH SRVLWLRQ RI WKH VHQVRU FDQ VWURQJO\
LQIOXHQFHWKHLQIHUHQFHRQWKHVWUXFWXUDOSDUDPHWHUV7KLVKDVOHGWRWKHZLGHVSUHDGGHYHORS
PHQWRIRSWLPDOVHQVRUVWUDWHJ\WHFKQLTXHV>@%URDGO\VSHDNLQJWKHVHQVRUSODFHPHQWIUDPH
ZRUN PHWKRGV FDQ EH VSOLW LQWR PHWKRGV EDVHG RQ LQIRUPDWLRQ WKHRU\ RU QRQLQIRUPDWLRQ
PHWKRGV >@ 7KH QRQLQIRUPDWLRQEDVHG PHWKRGV DUH QRW GLVFXVVHG LQ WKLV SDSHU KRZHYHU
PRUHLQIRUPDWLRQRQWKHVHWHFKQLTXHVFDQEHIRXQGLQ>@:RUNEDVHGRQLQIRUPDWLRQWKHRU\
KHDYLO\UHOLHVRQWKHDSSOLFDWLRQDQGGHYHORSPHQWRIWKHJHQHUDO%D\HVLDQIUDPHZRUN>@7KLV
IUDPHZRUNZDVSURSRVHGIRUV\VWHPLGHQWLILFDWLRQLQ >@DQGLWKDVEHHQFRQVHTXHQWO\H[
WHQGHGWRWKHSUREOHPRIVHQVRUSODFHPHQW>±@7KHPDLQREMHFWLYHLVWKHVHOHFWLRQRIWKH
ORFDWLRQDQGQXPEHURIVHQVRUVWKDWPD[LPLVHVWKHLQIRUPDWLRQQHHGHGWRHVWLPDWHWKHXQFHUWDLQ
SDUDPHWHUV >@ 7KH UHVHDUFK FKDOOHQJHV OLQNHG WR WKHVH DSSURDFKHV DUH WKH GHILQLWLRQ RI WKH
PHWULFWREHXVHGWRDVVHVVWKHGLIIHUHQWFRQILJXUDWLRQVRIVHQVRUV QXPEHUDQGORFDWLRQRIWKH
VHQVRUV DQGWKHFKRLFHRIWKHPRVWDGHTXDWHRSWLPLVDWLRQWHFKQLTXH>@
,QWKLV SDSHUD%D\HVLDQH[SHULPHQWDO GHVLJQ IUDPHZRUN >@ LVXVHGWR VROYHWKHVHQVRU
SODFHPHQWSUREOHP:LWKLQWKLVIUDPHZRUNWKHQXPEHUDQGORFDWLRQVRIWKHVHQVRUVDUHFKRVHQ
E\XVLQJWKHGDWDREWDLQHGIURPWKHVHQVRUVWRUHGXFHWKHSULRUXQFHUWDLQW\RQWKHSDUDPHWHUVWR
EHLQIHUUHG7KHUHIRUHWKHIUDPHZRUN¶VIRFXVLVWKHPLQLPL]DWLRQRIWKHXQFHUWDLQW\RIFHUWDLQ
SK\VLFDOSDUDPHWHUVRILQWHUHVWWRWKHSUDFWLWLRQHUE\FRPSDULQJGLIIHUHQWPHWULFVWKHVRFDOOHG
XWLOLW\IXQFWLRQV7ZRSK\VLFDOSDUDPHWHUVRIDEHDPDWWDFKHGWRJURXQGXVLQJWUDQVODWLRQDODQG
URWDWLRQDOVSULQJVVXEMHFWWRDQLPSXOVLYHORDGKDYHWREHLQIHUUHGE\XVLQJDVLQJOHVHQVRU7KH
EHDPLVLQYHVWLJDWHGE\EXLOGLQJD)LQLWH(OHPHQWPRGHO1XPHULFDOVLPXODWLRQVRIWKHG\QDPLF
UHVSRQVH YHORFLW\VLJQDO DWGLIIHUHQWORFDWLRQVDUHXVHGWRREWDLQQXPHULFDOµPHDVXUHPHQWV¶RI
SRVVLEOHVHQVRUORFDWLRQV$QLQWHUPHGLDWHVWHSUHTXLUHVWKHSRVWSURFHVVLQJRIWKHQXPHULFDO
µPHDVXUHPHQWV¶WRREWDLQWKHPRGDOSDUDPHWHUVWKDWDUHVXEVHTXHQWO\XVHGDVWKHGDWDXVHGWR
UHGXFHWKHPRGHOSDUDPHWULFXQFHUWDLQW\YLD%D\HVLDQPRGHOXSGDWLQJ7KLVLVDFKLHYHGE\XV
LQJWKH(LJHQV\VWHP5HDOL]DWLRQ$OJRULWKP0RGHOXSGDWLQJLVWKHQXVHGWRREWDLQWKHSRVWHULRU
SUREDELOLW\GHQVLW\IXQFWLRQRIWKHSDUDPHWHUVWREHLQIHUUHGKDYLQJDVVLJQHGDXQLIRUPSULRU
GLVWULEXWLRQ DQG DSSO\LQJ 0RQWH &DUOR VDPSOLQJEDVHG VWUDWHJLHV 7KH REWDLQHG SRVWHULRU LV
XVHGWRHYDOXDWHDXWLOLW\IXQFWLRQWKDWLVWKHQXVHGWRVHOHFWWKHRSWLPDOVHQVRUORFDWLRQ7KUHH
XWLOLW\IXQFWLRQVDUHLQYHVWLJDWHG
2

BAYESIAN OPTIMAL DESIGN FRAMEWORK

%D\HVLDQRSWLPDOGHVLJQ>@DOORZVWKHGHVLJQDWLRQRIUHVRXUFHVUHTXLUHGWRREWDLQLQIRUPDWLRQ
IRUUHGXFWLRQRIV\VWHPDWLFHUURULQIHUHQFHRIXQNQRZQSDUDPHWHUV LHUHGXFWLRQRISULRUXQ
FHUWDLQW\  REWDLQLQJ IXWXUH SUHGLFWLRQV DQG WKH FRPSDULVRQ RI PRGHOV FKRVHQ WR UHSUHVHQW D
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V\VWHP>@7KHIUDPHZRUN¶VREMHFWLYHLVWKHPD[LPLVDWLRQRIWKHLQIRUPDWLRQREWDLQHGIURP
DVHWRIPHDVXUHPHQWVIRUWKHLQIHUHQFHRIWKHXQNQRZQSDUDPHWHUVRIWKHPRGHOXVHGWRGH
VFULEHWKHSK\VLFDOV\VWHP>@7KHFKRLFHRIWKHRSWLPDOGHVLJQLPSURYHVSDUDPHWHULQIHUHQFH
DQGUHGXFHVWKHH[SHULPHQWDOFRVWV
/LQGOH\SURSRVHGDXQLI\LQJWKHRU\RI%D\HVLDQRSWLPDOGHVLJQLQ>@7KHGHILQLWLRQRIWKH
EHVWSRVVLEOHGHVLJQJLYHQDVHWRIREMHFWLYHVDQGUHVWULFWLRQVLVGHVFULEHGE\DXWLOLW\IXQFWLRQ
7KHPD[LPL]DWLRQRIWKLVIXQFWLRQLVXVHGWRFKRRVHWKHSRVVLEOHGHVLJQWKDWPHDVXUHVKRZZHOO
WKHVHWRIREMHFWLYHVDQGUHVWULFWLRQVDUHREH\HG>@
2QHRIWKHPDMRUFKDOOHQJHVLQ%D\HVLDQRSWLPDOGHVLJQPHWKRGVLVWKHUHGXFWLRQRIWKHLUKLJK
FRPSXWDWLRQDOFRVWLQFXUUHGLQWKHFDOFXODWLRQRIWKHLUXWLOLW\IXQFWLRQV>@7KLVLVEHFDXVHWKH
XWLOLW\IXQFWLRQVUHTXLUHWKHNQRZOHGJHRIWKHSRVWHULRUGLVWULEXWLRQRIWKHSDUDPHWHUVWREHLQ
IHUUHG7KHVHGLVWULEXWLRQVDUHGHSHQGHQWRQWKHVHWRIPHDVXUHPHQWVDYDLODEOHDQGWKHUHIRUH
DUHGLIIHUHQWZKHQGLIIHUHQWGHVLJQVDUHFRQVLGHUHG
2.1 Bayesian Framework
3UREDELOLW\GHQVLW\IXQFWLRQVDUHXVHGWRPRGHOWKHXQFHUWDLQPRGHOSDUDPHWHUVLQWKH%D\HVLDQ
LQIHUHQFHIUDPHZRUN>@7KHSULRUNQRZOHGJHRQWKHXQFHUWDLQSDUDPHWHUVEHIRUHDQ\PHDV
XUHPHQWVRUGDWDLVREWDLQHGLVGHVFULEHGE\WKHSULRUGHQVLW\IXQFWLRQ P T 7KHOLNHOLKRRG
IXQFWLRQ p y _ T LVQRUPDOO\DVVXPHGWRIROORZDVSHFLILFGLVWULEXWLRQ HJ*DXVVLDQ 7KH

p y _ T PHDVXUHVWKHGHJUHHRIVXLWDELOLW\RIWKHPRGHOWRMXVWLI\WKHREWDLQHGPHDVXUHPHQWV
7KHGHQRPLQDWRU p y RIHT  EHORZLVWKHHYLGHQFHSGIDQGQRUPDOL]HVWKHSGIRIWKHSRV
WHULRU,IWKHDERYHGHVFULEHGSGIVDUHNQRZQWKHHT  FDQEHXVHGWRFDOFXODWHWKHVRFDOOHG
SRVWHULRUGLVWULEXWLRQ p T _ y 

pT_y

p T p y _T
p y



7KHSRVWHULRUGLVWULEXWLRQREWDLQHGFDQWKHQEHXVHGWRGHWHUPLQHWKHXWLOLW\IXQFWLRQ+HQFHLW
LVLPSRUWDQWWRREWDLQDFFXUDWHHVWLPDWLRQVRIERWKORFDWLRQ PHGLDQRUPHDQ DQGVFDOH LQWHU
TXDUWLOHUDQJHRUVWDQGDUGGHYLDWLRQ RIWKHSRVWHULRU>@0RVWIUHTXHQWO\LWLVQRWSRVVLEOHWR
H[SUHVVWKHSRVWHULRUGLVWULEXWLRQVZLWKDFORVHGIRUPVRFRPSXWDWLRQDOPHWKRGRORJLHVDUHXVHG
WRREWDLQVDPSOHVIURPWKHSRVWHULRURUWRDSSUR[LPDWHLW>±@,QWKLVZRUNWKHVDPSOLQJ
EDVHGPRGHOXSGDWLQJWHFKQLTXHVDUHXVHG6SHFLILFDOO\WKH6HTXHQWLDO0RQWH&DUOR 60& >@
VDPSOLQJDQGWKH7UDQVLWLRQDO0DUNRY&KDLQ0RQWH&DUOR 70&0& >@DUHFKRVHQWRLQIHU
WKHWZRSK\VLFDOSDUDPHWHUVRIWKHFDVHVWXG\LQYHVWLJDWHG
2.2 Bayesian Utility Functions
0DQ\GLIIHUHQWXWLOLW\IXQFWLRQVKDYHEHHQGHYHORSHGIRULQIHUULQJSDUDPHWHUVRIDPRGHO
>@0HWULFVWKDWTXDQWLI\WKHSHUIRUPDQFHRIH[SHULPHQWVDUHREWDLQHGE\XVLQJDVHWRIXWLOLW\
IXQFWLRQVWKDWDUHPD[LPL]HG RUPLQLPL]HG ZLWKWKHREMHFWLYHRILGHQWLI\LQJWKHRSWLPDOH[
SHULPHQW>@7KUHHXWLOLW\IXQFWLRQVDUHUHYLHZHGLQZKDWIROORZV
$ZHOONQRZQXWLOLW\IXQFWLRQLVH[SUHVVHGDVWKHLQYHUVHRIWKHGHWHUPLQDQWRIWKHSRVWHULRU
FRYDULDQFHPDWUL[>@7KLVXWLOLW\IXQFWLRQDOVRNQRZQDVWKH%D\HVLDQ'SRVWHULRUSUHFLVLRQ
PD[LPLVHVWKHSRVWHULRUSUHFLVLRQRIWKHPRGHOSDUDPHWHUVWREHLQIHUUHGDQGLWLVJLYHQE\>@
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:KHUH d LVWKHYHFWRUWKDWUHSUHVHQWVWKHH[SHULPHQWDOGHVLJQWREHRSWLPL]HG HJWKHVHQ
VRUSRVLWLRQVIRUDJLYHQQXPEHURIVHQVRUV 
$QRWKHUXVHIXOXWLOLW\IXQFWLRQVLPLODUWRWKH%D\HVLDQ'SRVWHULRUSUHFLVLRQLVJLYHQE\WKH
LQYHUVHRIWKHWUDFHRIWKHSRVWHULRUFRYDULDQFHPDWUL[>@7KLVXWLOLW\IXQFWLRQDOVRNQRZQDV
WKHµ%D\HVLDQ$SRVWHULRUSUHFLVLRQ¶PD[LPLVHVWKHPDUJLQDOSRVWHULRUSUHFLVLRQRIWKHPRGHO
SDUDPHWHUVWREHLQIHUUHGDQGLWLVJLYHQE\>@

UA d y
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$OWHUQDWLYHO\WKHXWLOLW\IXQFWLRQPD\EHH[SUHVVHGDVWKHH[SHFWHG.XOOEDFN±/HLEOHU ./ 
GLYHUJHQFHIURPWKHSRVWHULRUGLVWULEXWLRQWRWKHSULRUGLVWULEXWLRQ>@7KHH[SHFWHG./GL
YHUJHQFHXWLOLW\IXQFWLRQLVDOVRNQRZQDV([SHFWHG,QIRUPDWLRQ*DLQ (,* RYHUWKHSDUDPHWHUV
WREHLQIHUUHG>@DQGLWLVH[SUHVVHGDV
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WKHPHDVXUHPHQWV y DQGWKHSDUDPHWHUVWREHLQIHUUHG T UHVSHFWLYHO\
7KH(,*FDQEHLQWHUSUHWHGDVDQRQOLQHDUJHQHUDOL]DWLRQRIWKH%D\HVLDQ'RSWLPDOXWLOLW\
IXQFWLRQ>@,WKDVEHHQIRXQG>@WKDWWKLVPHWULFFDQEHDSSUR[LPDWHGXVLQJD0RQWH&DUOR
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+RZHYHUWKLVUHVXOWLVDELDVHGHVWLPDWHRIWKH(,*>@$ODUJHQXPEHURIVDPSOHVPD\
EHUHTXLUHGLIWKHSULRUDVVXPHGKDVDODUJHVXSSRUWDWUHJLRQVRIORZSUREDELOLW\GHQVLW\DVWKLV
UHVXOWVLQDULWKPHWLFXQGHUIORZ>@
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$QRWKHUZD\WRFDOFXODWHWKH(,*LVE\FDOFXODWLQJWKHGLIIHUHQFHEHWZHHQWKHGLIIHUHQWLDO
HQWURS\RIWKHSULRU h T DQGWKHGLIIHUHQWLDOHQWURS\RIWKHSRVWHULRU h T | y,d >@
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7KHFDOFXODWLRQRIWKHGLIIHUHQWLDOHQWURS\XVLQJVDPSOHVIURPWKHSRVWHULRUGLVWULEXWLRQFDQ
EHDSSUR[LPDWHGXVLQJWKHUHFXUVLYHFRSXODVSOLWWLQJDSSURDFKJLYHQLQ>@
3

NUMERICAL RESULTS

$EHDPFRQQHFWHGWRWKHJURXQGYLDWZRVHWVRIWUDQVODWLRQDODQGURWDWLRQDOVSULQJSRVLWLRQHG
DORQJWKHOHQJWKRIWKHEHDPDVVKRZQRQILJLVLQYHVWLJDWHGLQWKLVSDSHU7KLVVLPSOHFDVH
VWXG\KDVEHHQFKRVHQDVLWFDQUHSUHVHQWDYDULHW\RISUDFWLFDOVLWXDWLRQVZKHUHDFRPSRQHQWLV
DWWDFKHGWRVRPHIL[WXUHVEXWWKHUHDUHXQFHUWDLQWLHVWKDWPD\GXHWRLWVDVVHPEO\ERXQGDU\
FRQGLWLRQVDQGRUPDQXIDFWXUH,QSDUWLFXODULQWKLVFDVHWKHORFDWLRQRIWKHILUVWVHWRIVSULQJV
DQGWKHPDJQLWXGHRIWKHURWDWLRQDOVSULQJDUHLQYHVWLJDWHG$SULRUGLVWULEXWLRQLVDVVLJQHGWR
HDFKRIWKHVHWZRSDUDPHWHUV7KHJRDORIWKHDQDO\VLVLVWRVHOHFWWKHPRVWLQIRUPDWLYHSRVLWLRQ
RIDVHQVRULQRUGHUWRXSGDWHWKHGLVWULEXWLRQRI WKHVHWZRXQFHUWDLQSDUDPHWHUV7KHXWLOLW\
IXQFWLRQVGHILQHGLQVHFWLRQDUHXVHGWRDVVHVVWKHRSWLPDOSRVLWLRQRIWKHVHQVRU

)LJXUH%HDPDWWDFKHGWRJURXQGE\WUDQVODWLRQDODQGURWDWLRQDOVSULQJV

7KH IROORZLQJ JHRPHWULF DQG PDWHULDO SURSHUWLHV ZHUH XVHG L OHQJWK P E
EDVH PK KHLJKW 3m; ρ (density) =kg/m3; E (Young’s modulus) =*3D
N WUDQVODWLRQDOVSULQJVWLIIQHVV  N1PN URWDWLRQDOVSULQJVWLIIQHVV  1PUDGL
OHQJWKWRVSULQJV  PL OHQJWKWRVSULQJV  P0RGDOGDPSLQJZDVLQWURGXFHG
LQWRWKHV\VWHP(η=0.01 for all modes).$IRUFH) WULDQJXODUSXOVHRIOHQJWKPVDQGPD[L
PXPDPSOLWXGHRI1 DSSOLHGDWOHQJWKLLVXVHGWRH[FLWHWKHEHDP7KHSDUDPHWHUVWREH
LQIHUUHGDUHWKHVWLIIQHVV k2 RIERWKURWDWLRQDOVSULQJVDQGWKHORFDWLRQ L1 RIWKHILUVWURWDWLRQDO
VSULQJ
$)LQLWH(OHPHQW )( PRGHOLVXVHGWRFDOFXODWHWKHWUDQVYHUVDOYHORFLW\VLJQDOVRIWKHEHDP
DWVHYHUDOORFDWLRQVWRLQYHVWLJDWHWKHHIIHFWVRIWKHSRVLWLRQRIDVLQJOHVHQVRURQWKHXWLOLW\
IXQFWLRQV ,QSDUWLFXODUDGLPHQVLRQDO(XOHU%HUQRXOOLEHDPPRGHOLVFRQVLGHUHG7KLVLV
GLVFUHWL]HGXQLIRUPO\XVLQJ(XOHU%HUQRXOOLEHDP)(VZLWKGHJUHHVRIIUHHGRPSHUQRGH
0RUHRYHUWRVLPXODWHH[SHULPHQWDOFRQGLWLRQVIRUHDFKWUDQVYHUVDOYHORFLW\VLJQDOPHDVXUHDW
HDFKQRGHSRLQWWHQGLIIHUHQWUHDOL]DWLRQVDUHFUHDWHGFRQWDPLQDWLQJHDFKVLJQDOXVLQJDZKLWH
*DXVVLDQQRLVHZLWKDQRLVHWRVLJQDOUDWLR UPV RI
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7KH QXPHULFDOO\ FRQWDPLQDWHG YHORFLW\ VLJQDOV REWDLQHG DW HDFK SRVVLEOH VHQVRU ORFDWLRQ
ZKHUHWKHORFDWLRQVDYDLODEOHDUHWKHRQHVDWHDFKQRGHRIWKH)(V\VWHP DUHSRVWSURFHVVHG
XVLQJ WKH (LJHQV\VWHP 5HDOL]DWLRQ $OJRULWKP (5$  >@ WR FDOFXODWH WKH PRGDO SURSHUWLHV
7KHUHIRUHLWZDVUHTXLUHGWRDSSO\(5$WLPHVWRFRYHUDOOWKHSRVVLEOHVHQVRUORFDWLRQVLQ
WKHV\VWHP7KHVHPRGDOSURSHUWLHVDUHWKHQXVHGDVWKHGDWDREVHUYHGLQWKHOLNHOLKRRGIXQFWLRQ
7KH OLNHOLKRRG IXQFWLRQ LV WKHQ DSSUR[LPDWHG E\ XVLQJ WKH NHUQHO VPRRWKLQJ IXQFWLRQ
ksdensityIXQFWLRQRI0$7/$% >@  RQWKHVHW RI PRGDOSURSHUWLHV REWDLQHGIURP (5$
XVLQJWKHGLIIHUHQWUHDOL]DWLRQVRIWKHFRQWDPLQDWHGYHORFLW\VLJQDOVIRUHDFKSRVVLEOHVHQVRU
ORFDWLRQ8QLIRUPSULRUVZHUHXVHGIRUERWKWKHVWLIIQHVV 1PUDGWR1PUDG RIWKH
URWDWLRQDOVSULQJVDQGORFDWLRQ PWRP RIWKHURWDWLRQDOVSULQJ7KHMRLQWSRVWHULRU
GLVWULEXWLRQRI k DQG L LVFDOFXODWHGXVLQJWZR%D\HVLDQPRGHOXSGDWLQJWHFKQLTXHV>@6H
TXHQWLDO 0RQWH &DUOR 60&  VDPSOLQJ DQG WKH 7UDQVLWLRQDO 0DUNRY &KDLQ 0RQWH &DUOR
70&0& ,QWKH60&VDPSOLQJDSSURDFK>@WKHVDPSOHVREWDLQHGIURPWKHSULRUZHUHUH
XVHGLQDOOSRVVLEOHVHQVRUORFDWLRQVWRUHGXFHWKHDPRXQWRIIRUZDUGVLPXODWLRQVQHHGHGDQGWR
LQYHVWLJDWHKRZWKHELDVUHVXOWLQJIURPWKLVDSSURDFKFRXOGDIIHFWWKHFDOFXODWLRQRIWKHXWLOLW\
IXQFWLRQV7KHUHVXOWVREWDLQHGZLWKWKLVLPSOHPHQWDWLRQRI60&ZHUHFRPSDUHGZLWKWKHUHVXOW
REWDLQHGXVLQJWKHXQELDVHG70&0&>@WKDWUHTXLUHGQHZVLPXODWLRQVHDFKWLPHDSRVVLEOH
VHQVRUORFDWLRQZDVFRQVLGHUHG:KLOH60&UHTXLUHGIRUZDUGVLPXODWLRQVWRREWDLQDF
FHSWDEOHHVWLPDWLRQVRIWKHSRVWHULRUGLVWULEXWLRQWKH70&0&UHTXLUHGRQO\VLPXODWLRQV
EXWHDFKWLPHDQHZVHQVRUSRVLWLRQZDVFRQVLGHUHGWKHIRUZDUGVLPXODWLRQVFRXOGQRWEHUHXVHG
)LJXUHVVKRZWKHSUHFLVLRQYDOXHVREWDLQHGIRUWKH%D\HVLDQ'SRVWHULRUSUHFLVLRQDQG
%D\HVLDQ $SRVWHULRU SUHFLVLRQ XWLOLW\ IXQFWLRQV DV D IXQFWLRQ RI D VHQVRU ORFDWLRQ DORQJ WKH
OHQJWKRIWKHEHDPZKHQXVLQJ60&DQG70&0&

)LJXUH%D\HVLDQ'SRVWHULRUSUHFLVLRQYDOXHVYVVHQVRUORFDWLRQ
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)LJXUH%D\HVLDQ$SRVWHULRUSUHFLVLRQYDOXHVYVVHQVRUORFDWLRQ

7KHUHVXOWVREWDLQHGZLWKWKH(,*XWLOLW\IXQFWLRQDUHVKRZQLQILJXUH7KHVHUHVXOWVZHUH
REWDLQHGE\XVLQJWKHUHFXUVLYHFRSXODVSOLWWLQJDSSURDFKIURP>@DVXVLQJWKH0RQWH&DUOR
DSSUR[LPDWLRQVKRZQLQHT  UHVXOWHGLQHYDOXDWLQJOLNHOLKRRGVDWVXSSRUWVRIORZSUREDELOLW\
GHQVLW\ZKLFKOHDGWRDULWKPHWLFXQGHUIORZ

)LJXUH([SHFWHGLQIRUPDWLRQJDLQYVVHQVRUORFDWLRQ

,WFDQEHREVHUYHGWKDWWKHWKUHHXWLOLW\IXQFWLRQVXVHGKDYHLGHQWLILHGWKHVDPHEHVWVHQVRU
ORFDWLRQWKDWLVP/RFDWLRQVZKHUHWKHXWLOLW\YDOXHVZHUHORZZHUHFORVHWRQRGDOSRLQWV
DQGKHQFHWKHPRGDOSURSHUWLHVUHVXOWLQJIURP(5$ZHUHOHVVDFFXUDWH)RUWKLVEHDPWKHUH
VXOWV REWDLQHG XVLQJ WKHWKUHH GLIIHUHQW XWLOLW\ IXQFWLRQV LQYHVWLJDWHG KDYH EHHQ IRXQG WR EH
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VLPLODU+RZHYHULWLVH[SHFWHGWKDWLIDODUJHQXPEHURISK\VLFDOSDUDPHWHUVZRXOGKDYHEHHQ
LQIHUUHGWKHXWLOLW\IXQFWLRQVPD\KDYHVKRZQGLVVLPLODUUHVXOWVDVWKHVHQVRUORFDWLRQWKDWPD[
LPLVHV WKH MRLQW SRVWHULRU SUHFLVLRQ PD\ KDYH QRW EHHQ WKH VDPH DV WKH VHQVRU ORFDWLRQ WKDW
PD[LPLVHVWKHPDUJLQDOSRVWHULRUSUHFLVLRQ
,WZDVDOVRVKRZQWKDWIRUWKLVFDVHVWXG\WKH60&DQG70&0&SURYLGHVLPLODUUHVXOWV7KH
GLVFUHSDQFLHVIRXQGLQWKHYDOXHVRIWKHXWLOLW\IXQFWLRQDUHODUJHO\GXHWRWKHELDVLQWURGXFHG
E\UHXVLQJVDPSOHVIURPWKHSULRUDQGWKHFKRLFHRIXVLQJDVHTXHQWLDOLPSRUWDQFHVDPSOLQJ
DOJRULWKPLQVWHDGRIDVHTXHQWLDOLPSRUWDQFHUHVDPSOLQJDOJRULWKP,IDVHTXHQWLDOLPSRUWDQFH
UHVDPSOLQJDOJRULWKPKDGEHHQFKRVHQDORZHUELDVZRXOGKDYHEHHQLQWURGXFHGLQH[FKDQJH
IRUDKLJKHUFRPSXWDWLRQDOFRVW
4

CONCLUSIONS

7KHRSWLPDOVHQVRUSODFHPHQWIRUWKHLGHQWLILFDWLRQRIWZRSK\VLFDOSDUDPHWHUVRIDEHDP
DWWDFKHGWRJURXQGE\WUDQVODWLRQDODQGURWDWLRQDOVSULQJVKDVEHHQLQYHVWLJDWHGE\FRQVLGHULQJ
WKUHHXWLOLW\IXQFWLRQV%D\HVLDQ'SRVWHULRUSUHFLVLRQDQG%D\HVLDQ$SRVWHULRUSUHFLVLRQDQG
([SHFWHG,QIRUPDWLRQ*DLQ,WZDVVKRZQWKDWWKHVHXWLOLW\IXQFWLRQVOHGWRWKHVDPHEHVWVHQVRU
ORFDWLRQ$VH[SHFWHGSRRUYDOXHVRIWKHXWLOLW\IXQFWLRQZHUHIRXQGIRUORFDWLRQVFORVHWRQRGDO
SRLQWVDVWKHPRGDOSURSHUWLHVHVWLPDWHGE\(5$ZHUHOHVVDFFXUDWH7KLVUHVXOWLVH[SHFWHGDV
WKHPHDVXUHPHQWVREWDLQHGDWQRGDOSRLQWVZRXOGQRWKDYHDVPXFKLQIRUPDWLRQDVRWKHUSRLQWV
DORQJWKHEHDPV\VWHP
7KHXWLOLW\IXQFWLRQVFKRVHQUHTXLUHWKHFDOFXODWLRQRIWKHSRVWHULRUGLVWULEXWLRQ7KHUHIRUH
WKHFRPSXWDWLRQDOFRVWLVUHOLDQWRQWKH%D\HVLDQLQIHUHQFHWHFKQLTXHEHLQJXVHG+RZHYHUWKH
FKRLFHRIWKHLQIHUHQFHWHFKQLTXHXVXDOO\VKRZVDWUDGHRIIEHWZHHQFRPSXWDWLRQDOFRVWDQG
DFFXUDF\5HXVLQJVDPSOHVDVLQ60&WHFKQLTXHVPD\OLPLWWKHDPRXQWRIOLNHOLKRRGHYDOXD
WLRQVEXWWKLVLVDWWKHULVNRIQRWHYDOXDWLQJVDPSOHVFORVHWRUHJLRQVRIKLJKSUREDELOLW\GHQVLWLHV
+RZHYHU LW ZDV IRXQG WKDW 60& DQG 70&0& OHDG WR WKH VDPH UHVXOWV IRU WKH FDVH XQGHU
LQYHVWLJDWLRQ7KHFXUUHQWFKDOOHQJHIRUWKH %D\HVLDQRSWLPDOGHVLJQDSSURDFKZRXOGEHWKH
GHYHORSPHQWRIDIDVWLQIHUHQFHWHFKQLTXHWKDWHVWLPDWHVWKHSRVWHULRUDWDOLPLWHGFRPSXWDWLRQDO
FRVW
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Abstract. District heating networks have traditionally been designed and operated as distribution networks supplied by few central heat production units. In order to reduce emissions in the
heating sector feed-in from smaller decentralized units and industrial waste heat is becoming
ever more important. This transition requires a more detailed monitoring of the network state,
which can be achieved either by installing a huge number of additional sensors in the grid or
by a state estimation based on a few additional measurements. However, the uncertain heat
consumption generated by consumers presents a major challenge in this endeavor. In this paper
we propose a model-based approach for optimal sensor placement in district heating networks
in order to minimize the uncertainty in the demand values which are estimated by solving a
Bayesian inverse problem. The optimization scheme is designed to yield a fair compromise between the desired information gain and the costs for installing the chosen sensors. A steady-state
model is employed to estimate temperatures, mass ﬂows and pressures of network components
given the mean demand and the initial pressure generated by the heating plant. Our approach is
applied to a real-sized district heating network using actual consumption distributions as given
prior in order to validate the model and to prove scalability.
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1

INTRODUCTION

District heating networks are closed looping systems in the sense that water is pumped from
heating plants towards consumers through a pipe system and ﬂows back through parallel laid
pipes. Energy is transmitted by heating up the water at the heating plants and cooling it down at
the consumer’s place. Within the grid the energy ﬂow through each element is not predetermined
by the network operator but is a result of the energy extracted by the consumers. In order to
ensure security of supply and minimize energy losses in the grid, temperature and pressure at
the heating plant have to be adjusted accordingly.
Future district heating networks will be characterized by lower temperature levels and additional decentralized feed-in [16] making it considerably more diﬃcult to ensure, that no grid
element is overloaded. Therefore additional information about the network state and consequently the consumer’s actual consumption have to be obtained. However, constantly measuring
the demand at each consumer’s place is not practically feasible. The large number of additional
sensors would not only mean high investment cost but also a high onside electricity demand.
Moreover measurements directly at the consumers may be misleading, due to the way they
are connected to the grid. Usually the main pipes are laid under the roads and smaller pipes
connect these with the heat-exchange-stations inside the buildings. If the consumption changes
drastically or is close to zero the network state inside this connection pipes is not representative
for the main pipes in the grid.
Alternatively, the heat consumption can be predicted or estimated based on external parameters [6]. These estimations naturally inherit some kind of uncertainty aﬀecting the model
prediction [18]. Hence, we say that uncertainty propagates from the consumption parameters
to the network’s state via the parameter-to-observable map. In this paper we propose a modelbased approach to place a small number of sensors at optimal positions in the district heating
network in order to minimize the variance of the estimated demand values. We claim that
a better knowledge about the consumer’s consumption eventually leads to more precise state
predictions in the whole network. In order to quantify the uncertainty of both the demand
estimation and the model’s prediction we use the linearized parameter-to-observable map and a
Bayesian viewpoint.
Optimal sensor placement is a broad ﬁeld of research. It often appears in the context of
optimal experimental design in the literature [2, 17, 10, 12, 21]. Probabilistic sensitivity-based
approaches [3, 14, 19] and Bayesian inference-based perspectives [1, 2, 11] are mainly used
as a tool to maximize the information gain obtained from optimally positioned sensors at low
cost. A topic that is closely related to our question is leakage detection. A review paper on
leakage detection methods in district heating networks is given by [24]. In [5] a distributed
demand response approach based on augmented Lagrangian methods to optimize the heating
demand with minimal private information exchange is developed. To the best of our knowledge,
the sensor placement problem for variance-minimal demand estimation has not been applied to
district heating networks so far.
The paper is structured as follows. In Section 2 we introduce a heating model which maps the
consumer’s demand onto the network’s state. A Bayesian inference approach for model-based
optimal experimental design is applied to our setting in Section 3. Numerical results for a
real-sized district heating network are presented in Section 4. We end the paper with a short
discussion of the results and a conclusion.
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2

HEAT MODEL EQUATIONS

For practical purposes we are interested in the pressures and temperatures at given points in
the network as well as the amount of water ﬂowing through the pipes. Therefore, an operator
(y, θ, η) → e(y, θ, η) is constructed which couples the consumer demands θ, the network state
 and set-point values η. In the
y consisting of temperatures T, pressures p and mass ﬂows m,
following we describe the diﬀerent components of this operator e. The structure of district
heating networks can be described and implemented as a graph G = (V, E) with nodes V and
directed edges E ⊆ V × V. In this setting, the network state is deﬁned according to the edges
and nodes of the graph:
start
 kl ),
y  (pi, T i, T end
kl , T kl , m

for all i ∈ V and (k, l) ∈ E,

(1)

start
 kl denote the water
where pi, T i are the pressure and the temperature in node i, and T end
kl , T kl , m
temperature at the end respectively the start of edge (k, l) and the mass ﬂow on that edge. These
kinds of models are commonly used to analyze diﬀerent aspects of district heating networks
[9, 15, 23, 4, 7]. In this paper, we assume steady state conditions and neglect time delays in the
network. Since G is directed, we can assign a nominal ﬂow direction to each edge. For an edge
 i j ≥ 0 if water
(i, j) ∈ E the nominal ﬂow direction is from node i to node j, meaning that m
ﬂows form node i towards node j. The superscripts start and end should be understood in the
start
 ji and T iend
 i j = −m
sense of this nominal ﬂow direction. Per deﬁnition it follows that m
j = T ji .
We only investigate treelike networks with one heating plant, in which the mass ﬂow directions
cannot change. Therefore, we deliberately choose the nominal ﬂow direction in such a way, that
 i j ≥ 0.
only positive values for the mass ﬂow occur, i.e., if (i, j) ∈ E then m
Let Ni  { j ∈ V | (i, j) ∈ E or ( j, i) ∈ E} be the set of nodes in the neighborhood of i which
are connected to node i by an edge (i, j) ∈ E or ( j, i) ∈ E. Furthermore, let




 ji > 0
 ij ≥ 0
and Ei–  (i, j) ∈ E | j ∈ Ni and m
E+i  ( j, i) ∈ E | j ∈ Ni and m

denote the set of edges through which water ﬂows into respectively out of node i. Kirchhoﬀ’s
law can be applied to the network in the sense that the total mass of water which ﬂows into a
node, matches the total mass of water ﬂowing out of a node:


 ji =
 i j,
m
m
for all i ∈ V .
(2)
( j,i)∈E+i

(i,j)∈Ei–

The temperature in each node is determined by the mixing laws of thermodynamics [23]:
 

 ji T end
m
Ti = 
ji
+
( j,i)∈Ei

 

 ji ,
m

+
( j,i)∈Ei

for all i ∈ V .

(3)

Similarly, the temperature at the origin of an edge is given by the temperature of the node if the
edge is an outﬂow of that node:
T istart
= Ti
j

if (i, j) ∈ Ei– .

(4)

In our model, the four edge types Eload , Epipe , Eheating and Epump are distinguished. A single
edge might represent multiple components in the physical network:
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• The edges Eload represent consumers in the heating grid. In the physical world a heat
exchanger is used to transfer energy from the district heating grid into the household
heating system. A valve controls the mass ﬂow through the heat exchanger in order to
keep the water ﬂowing back into the district heating network at a constant temperature.
Additional equipment might be installed in order to measure the heat consumption or
restrict the maximal mass ﬂow [8]. This behavior is modeled as
set
T iend
j = Ti j ,

 ij =
m

 ij
Q
end
cp T istart
j − Ti j

,

pi − p j ≥ Δpmin,

for all (i, j) ∈ Eload

(5)

for all (i, j) ∈ Eload

(6)

for all (i, j) ∈ Eload

(7)


where cp = 4.182 kJ kg−1 K−1 is the speciﬁc heat capacity of water and T iset
j and Qi j
are the consumer’s set-points for the return temperature and the transferred heat energy,
 i j on a demand
respectively. The model parameters θ are exactly these heat energies Q
load
edge (i, j) ∈ E . A minimum pressure diﬀerence Δpmin has to be applied by the grid in
order to enable the ﬂow through all components, cf. [8].
• Pipes Epipe are passive elements in the grid, meaning that the change in pressure and
temperature are not actively controlled but resulting from the mean mass ﬂow through the
pipe and the soil temperature T a :


li j λi j
end
start
+ Ta ,
for all (i, j) ∈ Epipe,
(8)
T i j = T i j − T a exp −
 ij
cp m
8li j
 i2j + ρg(z j − zi ),
pi − p j = κi j fD,i j
m
for all (i, j) ∈ Epipe,
(9)
5
2
π ρdi j
compare [9, 23]. The coeﬃcient λi j denotes the heat transferred through the isolation per
pipe length and temperature diﬀerence between water and soil in W m−1 K−1 . Furthermore,
fD,i j is the Darcy friction factor which is can be calculated by the Colebrook-White equation


i j
1
2.51
(10)
= −2log10
+


3.7di j Rei j fD,i j
fD,i j
depending on the inner roughness i j and the diameter di j of the pipes, as well as the
Reynolds number Rei j . The correction factor κi j is introduced in eq. (9) to account for
the pressure loss due to bends. The constants κi j , di j and i j are grid parameters that are
assumed to be well known. Evidently, ρ = 997 kg m−3 is the density of water and z j − zi
is the diﬀerence of altitude between the nodes j and i.
• The heating edges Eheating are introduced to serve as slack edges to fulﬁll the law of energy
conservation in the grid. Therefore the equations
set
T iend
j = Ti j

p j = pi

for all (i, j) ∈ Eheating

(11)

for all (i, j) ∈ Eheating .

(12)

restrict only the temperature at the end of an edge to be at a ﬁxed set-point T iset
j while the
pressure does not change.
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• Likewise, the pump edges Epump are introduced as slack edges where the temperature
pump

start
T iend
j = Ti j ,

for all (i, j) ∈ Ei j

,

(13)

does not change. Typically, the model has only one heating and one pump edge which
are directly connected in series and represent the largest heating plant in the network.
The pressure diﬀerence between the supply side and the return side is at its highest at the
heating plant and decreases with increasing distance. The demand edge (ν, w) ∈ Eload
with the lowest pressure diﬀerence is the so called worst point of the network. In real
life networks this point is well known. The typical control scheme consists of measuring
the pressure diﬀerence at this point and adjusting the pump pressure in such a way that
the requirement in eq. (7) is just met for the worst point. Additionally an overall pressure
level has to be maintained to prevent evaporation. These restrictions are mimicked in our
model by ﬁxing the pressures
p ν = p0 ,

pw = p0 − Δpmin,

(14)

with a suitable setpoint value p0 measured in bar.
The functional relations (2) – (14) form a system of nonlinear equations which are summarized
by the operator e(y, θ, η) in a state equation
e(y, θ, η) = 0,

(15)

which has a unique solution y(θ, η) for given consumer demands θ and given set-point values
set
η  (p0, Δpmin, pistart
j , T i j ) as introduced before. The proof of the uniqueness and existence of
the solution can be done analogous to [9]. We solve eq. (15) by a Newton-method with projected
gradients where the starting point is determined after a ﬁxed point iteration according to [9, 23].
3

BAYESIAN INFERENCE AND OPTIMAL EXPERIMENTAL DESIGN

Model-based optimal design of experiments has the task to ﬁnd a setup of experimental
conditions, like sensor positions and control mechanisms, such that the model parameters can
be estimated with minimal variance. In our setting we want to ﬁnd optimal sensor positions in
district heating networks such that the uncertainty in the estimated demand values θ is minimized.
The model equation (15) brings the state y, the demands θ and the set-point values η into a
functional relation. Our aim is to employ temperature-, pressure- and ﬂow-sensors that measure
the components of the solution y(θ, η). However, not all state variables in the network are of
equal interest. We want to exclude the unreasonable sensor positions at the outset to reduce
the dimension of the resulting optimization problem. Therefore, we select only a subset of the
vector y as possible output channels that can be measured by sensors. Let Ξ be such a selection
matrix. Thus, we introduce the overall parameter-to-observable map
θ → h(θ)  Ξ · y(θ, η) ∈ Rns

(16)

that maps the model parameters to ns quantities of interest that can be directly measured
by sensors. This mapping h(θ) serves as our computer model that is commonly enhanced
by a probabilistic point of view [22] where the collected data z is assumed to be subject to
observational noise which is modeled as a random variable ε:
z = h(θ) + ε .
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Within a Bayesian framework, the posterior probability distribution of the estimated parameters is determined by the Bayes formula. Let γ > 0 and π0 ∈ N (θ0, Γ0 /γ) be a Gaussian prior,
capturing the a priori knowledge we have about θ. Furthermore, let ε ∈ N (0, Σ) be a Gaussian
random variable with density ρ and noise covariance matrix Σ. We assume that the measurements obtained from diﬀerent sensors are independently distributed and thus Σ is a diagonal
matrix. Considering eq. (17), the data likelihood π(z | θ) has thus the density ρ(z − h(θ)). Then
the posterior π(θ | z) is given by
π(θ | z) ∝ π(z | θ)π0

1
= exp − z − h(θ)
2

2
Σ −1

γ
θ − θ0
−
2


2
Γ0–1

,

(18)

√
where x A  x Ax is the weighted norm of a vector x with a matrix A. The maximum
a posteriori estimator (MAP) is a point θ that maximizes this posterior probability distribution
function:


1
γ
2
2
z − h(θ) Σ −1 +
θ − θ0 Γ –1 ,
(19)
θ(z)  argminθ
2
2
0
compare [22].
In our case, the parameter-to-observable map is nonlinear and thus one cannot expect to
obtain a posterior probability distribution that yields conﬁdence regions which are analytically
tractable. Therefore, we linearize the mapping θ → h(θ) at the MAP point θ to obtain a
Gaussian posterior whose covariance matrix is given by
 
Cpost θ = J Σ −1 J + γ Γ0–1

−1

,

(20)

where J is the sensitivity matrix which is computed by the implicit function theorem:
 
  −1 


∂ e y(θ, η), θ, η
∂ e y(θ, η), θ, η
∂ h 
J
= −Ξ
∂ θ θ=θ
∂y
∂θ

(21)

The conﬁdence region G(θ, Cpost, α) around the MAP point θ to a level 1 − α, where α ∈ (0, 1),
has then the analytical expression




–1
(θ −θ) ≤ χn2p (1 − α) ,
(22)
G θ, Cpost, α  θ ∈ Rnp : (θ −θ) Cpost
where χn2p (1 − α) is the quantile of the χ2 distribution with np degrees of freedom, see [10].
We now introduce weights ω k ∈ {0, 1} for each predeﬁned sensor position k = 1, . . . , ns such
that ω k = 1 if, and only if, sensor k is used. Set Ω  diag(ω1, . . . , ωns ) as the weight matrix
containing the vector ω on its diagonal. The knowledge received from the used sensors is added
to the noise model ε ∈ N (0, Ω −1 Σ), whereby a division by zero is set to inﬁnity. This has
the meaningful interpretation that an unused sensor yields an inﬁnitely large covariance in the
corresponding output channel, i.e., we know nothing about that quantity of interest.
These weights ω directly inﬂuence the MAP point


1
γ
2
2
(23)
θ(z; ω)  argminθ
z − h(θ) Ω Σ −1 +
θ − θ0 Γ –1 ,
2
2
0

183

A. Matei, A. Bott, L. Rehlich, F. Steinke and S. Ulbrich

the sensitivity J in eq. (21), the posterior covariance matrix of the parameters


Cpost θ(z; ω), ω = J Ω Σ −1 J + γ Γ0–1

−1

,

(24)

as well as the conﬁdence region in eq. (22), compare [2, 14].
In an optimally designed experiment, a fair compromise between the cost c ∈ R+ns of the
used sensors and a measure Ψ of Cpost , representing the information gain by these sensors, is
obtained. In order to reduce the computational complexity of the following problem and since z
is diﬃcult to obtain or not available beforehand, we set θ(z; ω) = θ 0 to an initial MAP estimation
and keep it constant through the optimization. Let κ > 0 be a penalty factor and let · 0 be the
0 -"norm". We consider the optimal experimental design problem
min

ω∈{0,1} ns





Ψ Cpost θ 0, ω



+κ

ns


ck ω k

(25)

0

k=1

If ns is large, problem (25) is very diﬃcult to solve due to combinatorial explosion. Therefore,
we perform a relaxation on the domain of deﬁnition of ω and replace the discontinuous penalty
by a smooth function Pδ , where δ ∈ (0, 1], which converges to the 0 -"norm" for δ → 0. For
δ = 1 this function has the form Pδ=1 (ω, c)  c ω, otherwise
Pδ (ω, c) 

ns


ck fδ (ω k ),

for δ ∈ (0, 12 ),

(26)

k=1

where fδ (x) : [0, 1] → [0, 1] is continuously diﬀerentiable and approximates the
[1] for more details. The relaxed optimization problem



min ns Ψ Cpost θ 0, ω + κ Pδ (ω, c)

0 -"norm",

ω∈[0,1]

see

(27)

is ﬁrst solved for δ = 1 and then by a reiteration scheme for diminishing δ the optimal sensor
weights ω opt tend to become sparse and {0, 1}-valued for a suitable choice of κ > 0, cf. [1, 2].
We solve problem (27) by standard BFGS-SQP methods [20].
According to [12], the most prominent design criteria Ψ measuring the size of a matrix C are
the following:
ΨD = det(C),
ΨE = λmax (C).
(28)
ΨA = trace(C),
It is known that problem (27) with δ = 1 is convex for Ψ = ΨA and Ψ = ΨD , see [17]. However,
using ΨE requires non-smooth methods [13]. In this paper, we choose to compute the trace of
the posterior covariance matrix.
4

NUMERICAL RESULTS FOR A REAL-SIZED HEATING NETWORK

We demonstrate our method for the heating grid in the district Darmstadt-Nord of the German
city Darmstadt. The network is operated by the ENTEGA AG, the heat is provided by a central
heating plant and distributed to 67 consumers through a pipe network of approximately 14.2 km
length. The graph representation of the grid consists of 372 edges and 306 nodes.
Over the course of a day signiﬁcant changes of overall demands as well as the relative
distribution between the consumers is observed in practice. In the following we analyze the
experiment design for each hour of the day individually and compare the results. Final investment
decisions would have to be taken such that they yield good performance in all hours of the day.
The hourly index is omitted in this section.
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Figure 1: Network structure of the considered heating grid. Consumers with hourly measured
demands are marked as circles, unmeasured as triangles. Green markers represent residential
buildings, red ones commercial buildings and blue represent buildings in the group others.
4.1

Prior demand estimation

The prior load distribution N (θ0, Γ0 /γ) is estimated based on available consumption data.
For 56 consumers the load is directly measured with hourly resolution. Let K M be the index set
of all measured consumers and let K U be the index set of all unmeasured. The mean parameter
 d of consumer i is given by the mean consumption over all
θ 0, i for the measured demand Q
i
observed days d
1  d
Q ,
=
D d=1 i
D

θ 0, i

for all i ∈ K M .

(29)

Unmeasured consumers j ∈ K U are paired with similar measured consumers j ∗ ∈ K M . The
expected demand is given by scaling the expectation value of the paired consumer by the
 2019
 2019 , respectively, Q
associated total consumption that was also available for us, Q
j
j∗ :
θ 0, j =

 2019
Q
j
 2019
Q
j∗

θ 0, j ∗ ,

for all j ∈ K U .

(30)

The return temperatures T set for each consumer are estimated by the same procedure. Diﬀerent
heat consumption proﬁles can be explained by the varying outdoor temperatures and by diﬀerent
consumer behavior [6]. Grouping consumers for whom similar behavior is expected leads
to three groups. The ﬁrst group Gres , being residential buildings, consist of 40 multi-family
houses and one single-family house. The second group GTC is made up by 10 commercial
buildings. The remaining 17 buildings form the group Gother and are not expected to show
strong similarities. Fig. 1 shows the distribution of demand classes in the network.
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(a) covariance matrix

(b) correlation matrix

 hour 3 to 4 pm is shown. The
Figure 2: In 2a the covariance matrix Γ0 for the heat demand Q
ﬁrst block represents the group of measured residential buildings, followed by the unmeasured
residential buildings for which all correlation coeﬃcients are set to zero. The second block
represents measured and unmeasured commercial buildings, the third the buildings of the "other"
group. The variances can diﬀer by several orders of magnitude due to the largely diﬀerent size
of the buildings. 2b shows the corresponding correlation matrix normalized by the standard
deviations.
The standard deviation σi for the measured demands i are estimated by



D
2
1 d
Qi − θ 0, i ,
σi =
for all i ∈ K M .
D d=1

(31)

Within the ﬁrst two groups the normalized standard deviations σi /θ 0, i are close-by for all hourly
measured consumers. The standard deviation of the unmeasured demands
θ 0, j  σ i
,
for all j ∈ K U,
(32)
σj =
|K M | i∈K θ 0, i
M

are therefore estimated by scaling the mean normalized variations by the estimated demand
expectations. For the group Gother all standard deviations can be gathered directly from the data.
The entries Γ0, i j for the prior covariance matrix Γ0 can now be gathered by
Γ0, i j

2
⎧
if i = j,
⎪
⎨ σ1i , #D  d
⎪
 d



= D−1 d=1 Qi − θ 0, i Q j − θ 0, j , if i, j ∈ Gres ∩ K M or i, j ∈ GTC ∩ K M,
⎪
⎪ 0,
else.
⎩

(33)

The covariance coeﬃcients between two groups as well as for consumers in group Gother are set
to 0, because no similarity in the demand patterns are expected here. When ordered according
to the groups, the block structure of the covariance matrix becomes clearly visible as it is shown
in Fig. 2a for the hour 3 to 4 pm.
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The factor γ > 0 must be large enough to achieve regularity of the covariance matrix, see
eq. (24), and to make the solver of the optimization problem (27) numerically stable. This factor
also brings the prior into proper scaling when added to the data misﬁt part of the covariance
formula in eq. (24). In our case, taking γ = 5 × 103 was suﬃcient.
4.2

Sensors

Two diﬀerent kinds of sensors are considered, namely pressure sensors and power ﬂow sensors
measuring three values simultaneously. There are two parallel pipes in the grid, one delivering
hot water and one returning the cold water to the heating plant. Let (i, j) ∈ Epipe be a pipe on
the return side (cold water) and (k, l) ∈ Epipe be the corresponding parallel pipe on supply side
 i j , which is
(hot water). A potential power ﬂow sensor would then measure the mass ﬂow m
start
equal for both pipes, as well as the temperatures T iend
and
T
.
The
power
transmitted
along
j
kl
the pipe-pair is given by the temperature diﬀerence between the two pipes and the mass ﬂow
through them:
start
 i j T iend
.
Piklj = cp m
j − T kl

(34)

There are 150 plausible positions for such heating power sensors and as many pressure sensor
locations as nodes in the network are available, altogether we obtain ns = 456 candidate sensor
positions.
Each sensor has a diﬀerent accuracy when measuring the quantities of interest. The pressure
sensors operate with a 0.04 % precision of the measured pressure value: Δ pi = 0.04 % · pi , for
 i j is determined by measuring the ﬂow speed with a ﬁxed accuracy.
all i ∈ V. The mass ﬂow m
The accuracy of the mass ﬂow therefore depends on the pipe diameter di j and the density of
water ρ:
 ij = ρ
Δm

di2j
4

· 0.012 m s−1,

for all (i, j) ∈ E .

(35)

start
For the temperature measurement, we have Δ T i = Δ T end
= 0.6 ◦C, for all i ∈ V
kl = Δ T kl
and (k, l) ∈ E. These values form the diagonal entries of the covariance matrix Σ of the noise
model ε, see eq. (17). The non-diagonal entries in Σ are set to zero since we assume the sensor
readings to be statistically independent.

4.3

Computational results

We solved the state equation (15) by a Newton-method with projected gradients after the
starting point had been computed by a truncated ﬁxed-point iteration. The usage of projected
gradients enhanced the convergence properties, since the network was designed to yield only
 After computing the sensitivity matrix J, see eq. (21), we solved
positive mass ﬂows m.
problem (27) with a standard SQP-method where the Hessian is constructed by BFGS-updates.
The reiteration scheme with the penalty term was performed starting with δ1 = 1 and then
updating δk+1  δk /2 for k = 1, . . . , 6. Thus, in a few reiterations, the optimal sensor weights
became sparse and almost {0, 1}-valued. We additionally want to point out that the solution
was found after approximately 120 function and 110 gradient evaluations in total for each hour,
respectively.
We pick the hour of the day with the highest heat demand, which was 9 to 10 am, and
compare the results for diﬀerent values of κ in Tab. 1. We also generated 500 random vectors
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(a) Costs of optimal sensors for
diﬀerent κ and hours of the day

(b) Optimized sensor positions for
7 am, κ = 7 × 10−5 and 9 am, κ = 1 × 10−4

Figure 3: 3a The optimized set of sensors depends on the chosen value for κ as well as the hour
of the day due to diﬀerent prior assumptions for the demands. Sets resulting in equal costs are
usually very similar or equal as in 3b. This indicates that the proposed approach leads to sensor
positions that perform well for all hours.
ω rnd and computed the average of their respective ΨA, ΨD and ΨE criteria, to compare with an
optimal selection of ω and with no sensors at all. We observe that the smaller the value of
κ the more sensors are used and the smaller is the design criterion. However, the greater the
number of installed sensors the higher the costs. The improvement of prior information about
the demands which is achieved by using sensors at the optimized positions ω opt , is between
56 % and 64 % when evaluating ΨA , clearly over 99 % when using ΨD and between 71 % and
77 % when evaluating ΨE . A random selection of an equal number of sensors produces a much
smaller diﬀerence while the computational eﬀorts are much higher.
As seen in Fig. 3a, the optimal trade-oﬀ between the cost of sensors and the design criterion
varies for the diﬀerent hours of the day for a constant κ resulting in a diﬀerent number of
sensors and therefore diﬀerent costs at the optimal solution. This behavior can be attributed
to the diﬀerent prior assumptions over the demands for each hour of the day. Fig. 4 shows the
design criteria ΨA over the cost for the sensors for optimized sensor networks for each hour
individually. By changing the value for κ the optimum can be altered along these estimated
optimality curves. It can be seen from this representation that the curve steeply decreases for
low numbers of sensors and ﬂattens for higher numbers. This is similar to a pareto-front known
from multi-objective optimization. Additionally, it seems as if the optimality curves tend to
Table 1: Comparison of the solution of problem (27) for diﬀerent κ from hour 9 to 10 am. We
additionally computed the design criteria ΨD and ΨE .
#
0
ω rnd
ω opt
ω rnd
ω opt
ω rnd
ω opt

ω
0
7
7
9
9
15
15

0

c ω

κ

ΨA

1.630 × 104
2.202 × 104
3.546 × 104

1.2 × 10−4
0.7 × 10−4
0.3 × 10−4
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23.46
22.60
10.27
22.58
9.28
21.97
8.55

ΨD

ΨE

1.65 × 10−127
1.20 × 10−127
3.48 × 10−131
1.14 × 10−127
3.45 × 10−132
8.98 × 10−128
5.55 × 10−133

7.91
7.62
2.28
7.65
2.00
7.47
1.80
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Figure 4: By choosing κ, a trade-oﬀ can be made between a better information score ΨA and
lower costs. The lines along the weighting moves tend to shift towards higher prices and worse
scores for increasing θ0 and σ 2 . The values given in these ﬁgures are the mean values for all
consumers. It can be seen that there are also some exceptions to this trend.
shift towards higher costs as well as higher ΨA -values with overall higher demands and higher
variances for the demands. Even though these trends do not hold true for all demand priors
examined, it should be taken into account when choosing a κ for practical applications. Fig. 3b
shows the position of sensors for the hour 7 am and κ = 7 × 10−5 which is exactly the same as
the set for the hour 9 am choosing κ = 1 × 10−4 . Similarly as in this example the chosen sensor
positions for diﬀerent hours tend to match each other closely if κ is set in such a way that similar
cost arise in the optimum. It can therefore be expected that a set of sensors optimized for one
hour provides good results for the other hours as well.
The mapping y = h(θ) can be used to estimate the network’s state y. Since we assume normal
distributed uncertainty for the consumers demand,

we can use the linearised model to estimate
an normal distribution for the state yest ∈ N y0, Σ y with the covariance matrix Σ y given by
Σ y ∝ J Cpost J ,

(36)

where J is the sensitivity matrix from (21). In Fig. 5 the estimated states for the prior and
the posterior estimation over the demands for hour 9 am and κ = 1 × 10−4 are compared, by
calculating the change in variance for each individual state variable. The graphic shows the
temperatures variance as node color and the mass ﬂow variance as edge color for the supply
side of the network. It can be seen directly, that the uncertainty does not only decrease near the
measurements, but for almost all state variables. When separating the grid into diﬀerent sections
it seems as if within each section the gains are relatively even, but diﬀer strongly between the
sections. This can be motivated by the diﬀerent consumer structure. By comparing with Fig. 1 it
can be observed that the lowest section on the right side mostly consists of residential buildings.
For these the variances were already rather low for the prior assumption as seen in Fig. 2a. In the
middle section on the right side, many consumers are classiﬁed as "others", showing comparable
large demands and large variations in the prior. Therefore the relative gain is larger for this area.
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Figure 5: The linearized model can be used as a state estimator. Using the posterior estimation for
the consumers demand signiﬁcantly reduces the uncertainty compared to the prior assumption.
This plot shows the uncertainty change for the temperatures (node color) and the mass ﬂow
(edge color) for the supply side of the network.
5

CONCLUSION

In this paper we presented a Bayesian approach for a sensor placement problem in heating
networks to improve the reliability of our knowledge about one of the most important system
parameters – the consumer’s heat consumption. The sensor placement task can be interpreted
as an optimal experimental design problem which we modeled using the solution of the state
equation of the heating network, its sensitivity matrix and the Bayes formula for the parameter’s
covariance. We solved this optimization problem by a BFGS-SQP method with a reiteration
scheme to obtain sparse and almost {0, 1}-valued sensor weights. The optimally positioned
sensors measure temperatures, pressures and mass ﬂows in the network at a trade-oﬀ between
small covariance values and low costs. In subsequent numerical experiments we applied our
method to the heating network of the northern district of the German city Darmstadt. We showed
that the optimal placement of a few sensors signiﬁcantly increased the informational value of the
uncertain demands at low cost when compared to randomly placed sensors. This shows that our
method is superior to Monte-Carlo approaches. An enhanced knowledge of the demand values
provides the basis for a detailed monitoring of the network state in order to reduce industrial
waste-heat.
Even though the numerical results are very promising, some barriers remain for practical use
of this approach. In order to optimize the sensor positions, a prior distribution for the demands is
required. For our investigated network, this was done by analyzing each consumer’s past demand
which was measured with hourly resolution for most buildings. However, measurements of this
kind are rather uncommon in district heating networks. The expected demand as well as the
variance of the demands who were not measured, were estimated by comparing the buildings
with measured ones. In order to treat these consumers equally to the measured ones, the non-
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diagonal entries of the covariance matrix should be estimated as well. However, this task is
not trivial since estimating the coeﬃcients, e.g., by the mean of the coeﬃcients in the same
buildings group, will most likely lead to a matrix which is not positive deﬁnite and therefore no
valid covariance matrix.
The optimal sensor positions found in our setting may diﬀer from the sensors that would
be chosen in real life application. For example, sensors are still placed in the connection
lines between single buildings and the main grid, which is equivalent to directly measuring
the demand at the consumers heat exchange station. These measurement positions would be
unsuitable for real life applications due to fast demand changes that are likely to occur. However,
this possibility is not considered by the steady state model. Another example is given by the
two pressure sensors in Fig. 3b, which are next to each other. In our model, this is equivalent to
measuring the mass ﬂow through this pipe as given by (9). For practical applications this would
not be a preferable setup, as the pressure diﬀerences between the two nodes are too small to gain
usable information.
In order to install sensors in real district heating grids, many additional factors need to be
taken into account, e.g., how well a potential sensor position could be reached, for installation
or maintenance. The optimization scheme proposed in this paper can contribute to this decision
process by suggesting optimal sensor positions under simpliﬁed conditions or by comparing
diﬀerent possible settings in the context of the chosen model.
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Abstract. The propagation of parameter uncertainty through engineering models is a key task
in uncertainty quantiﬁcation. In many cases, taking into account this uncertainty involves the
estimation of expected values by means of the Monte Carlo method. While the performance
of the classical Monte Carlo method is independent of the number of uncertainties, its main
drawback is the slow convergence rate of the root mean square error, i.e., O(N −1/2 ) where N is
the number of model evaluations. Under appropriate conditions, the quasi-Monte Carlo method
improves the order of convergence to O(N −1 ) by using deterministic sample points instead of
random sample points. Two examples of such point sets are rank-1 lattice sequences and Sobol’
sequences. However, it is possible to further improve the order of convergence by applying the
so-called “tent transformation” to a rank-1 lattice sequence, and by “interlacing” a Sobol’
sequence. In this work, we benchmark these two techniques on a slope stability problem from
geotechnical engineering, where the uncertainty is located in the cohesion of the soil. The
soil cohesion is modeled as a lognormal random ﬁeld of which realizations are computed by
means of the Karhunen–Loève (KL) expansion. The quasi-Monte Carlo points are mapped to
the normal distribution required in the KL expansion using a novel truncation strategy. We
observe an order of convergence of O(N −1.5 ) in our numerical experiments.

194

P. Blondeel, P. Robbe, D. Nuyens, G. Lombaert and S. Vandewalle

1

INTRODUCTION

In practical engineering problems, uncertainty plays an essential role. This uncertainty can, for
example, be present in the material parameters such as the cohesion of the soil in a slope stability
problem. In this type of problem, the goal is to assess the stability of natural or man-made
slopes. Classically, this assessment is carried out in a deterministic way, i.e., no uncertainty is
taken into account. However, this approach oﬀers only limited insight. In order to gain a better
insight into the stability of the slope, the uncertainty of the soil needs to be propagated through
its mathematical model, which consists of a discretized partial diﬀerential equation (PDE). A
popular and straightforward method to account for this uncertainty is by using a “sampling
method”. The most well known method belonging to this family is the Monte Carlo method,
see [1]. In this method, the expected value of a user-chosen quantity of interest is computed
as an average of multiple simulation outputs, each resulting from a diﬀerent “sample” of the
uncertainty. While the performance of the Monte Carlo method is independent of the stochastic
dimension, i.e., the number of random variables used to represent the uncertain parameters,
the computational cost measured in terms of the number of model evaluations is often still too
large. This high computational cost stems on the one hand from the fact that all the samples are
computed on one, possibly ﬁne, discretization level (e.g., in order to approximate a PDE), and
on the other hand from the slow convergence rate of the root mean square error, i.e., O(N −1/2 )
where N is the number of samples. As engineering problems grow more complex and thus more
costly, improvements which lower the computational cost of the Monte Carlo method have been
proposed. One such improvement consists of converting the (single-level) Monte Carlo method
into a Multilevel Monte Carlo method, see, e.g., [2]. In the Multilevel Monte Carlo method,
the engineering problem is discretized multiple times with diﬀerent mesh resolutions. The
meshes resulting from the discretization are then grouped in a mesh hierarchy. The Multilevel
Monte Carlo method achieves a speedup by taking many samples on computationally cheap
low resolution meshes, and few samples on computationally expensive high resolution meshes.
Another possible improvement consists of replacing the Monte Carlo sampling method by a
quasi-Monte Carlo sampling method, see [3]. Instead of the random points used in the Monte
Carlo method, the quasi-Monte Carlo method computes its samples at well chosen deterministic
points. By using this approach, the order of convergence can be improved to O(N −1 ), see [3, 4].
Most of these methods employ only a ﬁrst-order Finite Element discretization of the underlying
PDE. In previous work, see [5], we obtained an order of convergence close to O(N −1 ) when
combining the Multilevel Monte Carlo method with a quasi-Monte Carlo sampling method. In
[6, 7], we combined the p-reﬁnement of the Finite Element method (FEM) discretization with
the Multilevel quasi-Monte Carlo sampling method, applied to a slope stability problem. There,
the multilevel mesh hierarchy is constructed following a p-reﬁnement approach, i.e., the order
of the elements in the subsequent meshes is increased.
However, it is known that the O(N −1 ) order of convergence can be improved for suﬃciently
smooth problems by using certain techniques, such as the tent transformation applied to a rank1 lattice sequence [8] or by using an interlacing technique applied to a Sobol’ sequence, see,
e.g., [3, 9]. In this work, we investigate if a higher-order quasi-Monte Carlo convergence can
be obtained in a single-level setting, by applying the tent transformation and the interlacing
technique. The investigation is carried out by applying the above mentioned techniques on
a slope stability problem, where realizations of the random ﬁeld, that is used to model the
uncertainty, are computed using a truncated KL expansion.
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The slope stability problem itself is discretized by means of triangular quadratic Finite Elements.
The paper is structured as follows. First, we present the model problem, and brieﬂy discuss the
underlying Finite Element solver. Second, we review the theoretical background of the quasiMonte Carlo method as well as the tent transformation and interlacing techniques. Last, we
present numerical results obtained by tent-transformed rank-1 lattice sequences and interlaced
Sobol’ sequences. Both results will be compared to the ones obtained by means of the standard
rank-1 lattice and Sobol’ sequence.
2

MODEL PROBLEM AND MESH DISCRETIZATION

The model problem we consider consists of a slope stability problem where the cohesion of the
soil has a spatially varying uncertainty, see [10]. In a slope stability problem, the safety of the
slope can be assessed by evaluating the vertical displacement of a point near the top of the slope,
when sustaining its own weight. We consider the displacement in the plastic domain, which is
governed by the Drucker–Prager yield criterion. A small amount of isotropic linear hardening
is taken into account for numerical stability reasons. Because of the nonlinear stress-strain
relation arising in the plastic domain, a Newton–Raphson iterative solver is used. In order to
compute the displacement, an incremental load approach is applied, i.e., the total load resulting
from the slope’s weight is added in discrete load steps, starting with a force of 0 N. These loads
steps are added until the total downward force resulting from the weight of the slope is reached.
This approach results in the following system of equations for the displacement,
K Δu = f + Δf − k,

(1)

where Δu stands for the displacement increment and K is the global stiﬀness matrix resulting
from the assembly of element stiﬀness matrices Ke , see § 3.2. The right hand side of Eq. (1)
stands for the residual. Here, f is the sum of the external force increments applied in the previous
steps, Δf is the applied load increment of the current step and k is the internal force resulting
from the stresses. For a more thorough explanation on the methods used to solve the slope
stability problem we refer to [11, Chapter 2 §4 and Chapter 7 §3 and §4].
For the mesh discretization of the slope stability problem we use second-order triangular Lagrangian Finite Elements, see Fig. 1. Here, the Finite Element nodal points are represented as
black dots.

Figure 1: Mesh discretization used for the slope stability problem.

3

THEORETICAL BACKGROUND

In this section, we present some basic background on the usage of quasi-Monte Carlo (QMC)
methods in estimating the expected value of a quantity of interest pertaining to the solution of
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a PDE under uncertainty. We ﬁrst explain the QMC estimator for estimating an integral and
how to obtain an estimator on its variance, both for (tent-transformed) lattice sequences and
(interlaced) Sobol’ sequences. Next, we review how the uncertainty is modeled, in our slope
stability problem, by means of a Karhunen–Loève expansion, and how it is accounted for in
the equations of the Finite Element model. Last, we discuss how quasi-Monte Carlo points are
generated according to (tent-transformed) lattice sequences and (interlaced) Sobol’ sequences.
3.1

Quasi-Monte Carlo Estimator

The expected value of a function P against an s-dimensional probability density function φ is
deﬁned by



· · · P(x1 , . . . , x s ) φ(x1 , . . . , x s ) dx1 · · · dx s =
P(x) φ(x) dx.
(2)
E [P] :=
R

R

Rs

The integral in Eq. (2) can be approximated by means of an equal-weight quadrature rule, such
as the Monte Carlo and quasi-Monte Carlo methods. In our setting, the function P stands for
the quantity of interest based on the solution of our PDE which has stochastic parameters modeled by the variables x ∼ φ. In order to approximate this expected value, both the multivariate
integral, as well as the solution to the PDE for a given sample of the stochastic parameters, i.e.,
P(x), will have to be approximated. We obtain an approximation for the quantity P(x), resulting
from our FEM discretization, which will be referred to as PL (x), where the L stands for the
“discretization level”. Likewise, we do not compute the exact solution of the multidimensional
integral, but approximate it by means of the quasi-Monte Carlo method.
To approximate Eq. (2) we employ a randomized quasi-Monte Carlo estimator of the form
L
L
1 
1 
PL (Φ−1 (u(n,r)
L )).
RL r=1 NL n=1

R

QQMC
:=
L

N

(3)

In here, u(n,r)
represent the points of our quasi-Monte Carlo point set, where n denotes the index
L
of the point and r denotes the particular “random shift”. Since quasi-Monte Carlo points are
deﬁned on the unit cube [0, 1] s with respect to the uniform distribution, we need a mapping
such that they act as samples from the density φ. For product densities, this can be achieved by
applying the inverse of the cumulative distribution function component-wise. This is denoted
. The “random shifting” and
by the mapping Φ−1 . Note that we have E[P] ≈ E[PL ] ≈ QQMC
L
mapping will be explained in §3.3 and §3.3.3, see also Fig. 2 for an illustration of Monte Carlo
(MC) sampling points versus quasi-Monte Carlo (QMC) sampling points.
The reason that we use “randomized” quasi-Monte Carlo estimators is to obtain an unbiased
estimator, as well as an error estimator.
By means of the RL independent random shifts, Eq. (3) is in fact averaged over RL estimators.
Hence, the variance of the estimator can be estimated by
RL 
 V[PL ]
2

1
1 
QMC
≈
V
:=
− QQMC
,
=
P(n,r)
V QQMC
L
L
L
L
NL RL
(RL − 1) RL r=1

(4)

where P(n,r)
:= PL (Φ−1 (u(n,r)
). From Eq. (4), the root mean square error is estimated as
L
  L  
) = V QQMC
RMSE(QQMC
≈ VLQMC . The RMSE will be used as an error estimator for the
L
L
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Figure 2: Example of MC and QMC sample points.
QMC estimator. We will plot this quantity in §4 in order to assess the accuracy of our numerical
experiments.
3.2

Modeling the Uncertainty

The uncertainty present in the cohesion of the soil of the slope stability problem is modeled
as a random ﬁeld. Realizations of the random ﬁeld are computed by means of the truncated
Karhunen–Loève (KL) expansion,
Z(x, ω) = Z(x) +

s


θn ξn (ω) bn (x),

(5)

n=1

where s is the number of terms in the expansion, i.e., the number of stochastic dimensions.
Here, Z(x) is the mean of the ﬁeld and ξn (ω) denote i.i.d. standard normal random variables.
The eigenvalues θn and eigenfunctions bn (x) are the solutions of the eigenvalue problem

C(x, y) bn (y) dy = θn bn (x),
(6)
D

where C(x, y) is a given covariance kernel. The covariance kernel C(x, y) we consider for the
random ﬁeld is the Matérn covariance kernel
⎛√
⎞ν 

√ x − y2
σ2 ⎜⎜⎜ 2ν x − y2 ⎟⎟⎟
⎜⎝
⎟⎠ Kν 2ν
C(x, y) := ν−1
,
(7)
λ
λ
2 Γ (ν)
where ν is the smoothness parameter, Kν (·) is the modiﬁed Bessel function of the second kind,
Γ(·) is the gamma function, σ2 is the variance, λ is the correlation length, and ·2 is the L2
norm. The integral in Eq. (6) is approximated by means of a numerical collocation scheme. For
more information, we refer to [12, Chapter 7 Section 2].
In order to incorporate the uncertainty in the Finite Element model, we consider the integration
point method, i.e., point evaluations of the random ﬁeld are computed by means of Eq. (5) at
the quadrature points and accounted for during numerical integration of the element stiﬀness
matrix, see [13]. Here, the uncertainty resides in the elastoplastic constitutive matrix D. This
matrix is used for constructing the element stiﬀness matrices

e
BT DB dΩe ,
(8)
K =
Ωe
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——Full Mesh——

——Reference Element——

Figure 3: Locations of the quadrature points  and the evaluation points of the random ﬁeld .
—— ν1 = 2.0 ——

—— ν2 = 14.0 ——

Figure 4: Point evaluations of an instance of a random ﬁeld with ν1 = 2.0 and ν2 = 14.0.
with B the matrix containing the derivatives of the element shape functions. In practice, the
right-hand side in Eq. (8) is computed as
e

K ≈

|q|


BTi Di Bi wi ,

(9)

i=1

with Bi = B(q(i) ) the matrix B evaluated at the ith quadrature point q(i) , Di = D(ω(i) ) the elastoplastic constitutive matrix D containing the value of the uncertain soil cohesion ω(i) , computed
as a point evaluation of the random ﬁeld at q(i) , and wi the quadrature weight.
With the integration point method, Eq. (5) is evaluated in the quadrature points used for the
numerical integration of Eq. (9), i.e., x = q. This is illustrated in Fig. 3, where the set q is
represented by the , and the random ﬁeld evaluation points, x, are represented by .
In order to represent the uncertainty of the cohesion of the soil, we use a lognormal random ﬁeld.
This ﬁeld is obtained by applying the exponential to the ﬁeld obtained in Eq. (5) componentwise, i.e., Zlognormal (x, ω) = exp(Z(x, ω)). After this mapping, the lognormal random ﬁeld has
a mean of 8.02 kPa and a standard deviation of 100 Pa. We consider a random ﬁeld with a
correlation length λ = 1.5, a variance σ2 = 1, and a stochastic dimension s = 100. Two diﬀerent
values for the smoothness ν of the random ﬁeld are considered: ν1 = 2.0 and ν2 = 14.0. The
smoothness parameter governs the smoothness of the random ﬁeld: a lower value for ν implies
a rougher random ﬁeld and vice versa. In Fig. 4, we show instances of this random ﬁeld, for the
two diﬀerent smoothness parameters ν1 and ν2 .
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3.3

Quasi-Monte Carlo Sampling

Quasi-Monte Carlo points are deterministic low-discrepancy points used for numerical integration. Diﬀerent approaches exist to generate these points. We consider two approaches, rank-1
lattice sequences and Sobol’ sequences. Classically, these point sets have been constructed in
order to be used for integration against the uniform distribution on the unit cube [0, 1] s . In
§3.3.3 we will describe how to use these point sets for integration against the normal distribution, as required in the KL expansion in Eq. (5). Important to note is that although we describe
the technical details behind the construction of these point sets here, the end user can just use a
library routine to generate them, see, e.g., [14, 15, 16].
3.3.1

Lattice Sequences

The points belonging to a rank-1 lattice sequence are determined by a generating vector z ∈ Z s ,
which consists of one integer value per considered stochastic dimension s. The choice of this
generating vector determines the quality of the sample points. When the total number of points
is a ﬁxed number N then the nth point of the “lattice rule” (instead of a lattice sequence) is given
by
n 
u(n) := frac
z for n = 0, ..., N − 1,
(10)
N
where frac(·) denotes the function that takes the fractional part. When written in this form, the
number of points cannot be extended beyond the maximal number of points N, and there is no
guarantee that using an initial amount of these points will have a “nice” distribution in the unit
cube. In order to obtain a sequence of “nicely” distributed sample points, we instead deﬁne the
nth point by
u(n) := frac (φ2 (n) z) for n = 0, 1, . . . ,
(11)
where φ2 stands for the radical inverse function in base 2, see, e.g., [17, 18], and possibly
limiting n < Nmax for some large enough Nmax . The radical inverse function in base 2 mirrors
the binary representation of a number around its binary point, e.g., 6 = (110)2 , then φ2 ((110)2 ) =
(0.011)2 = 0.375. Algorithms to ﬁnd good generating vectors for Eq. (10) and Eq. (11) are
known, and such vectors can be found in the literature, see, e.g., [18].
As already touched upon in §3.1, the deterministic nature of quasi-Monte Carlo sample points
introduces an additional bias on the stochastic quantities of the computed solutions. Therefore, “randomness” needs to be reintroduced in order to obtain unbiased estimates. This is
accomplished by a procedure called “random shifting”. The procedure consists of adding to
each point of the lattice sequence, a uniformly distributed number w ∈ [0, 1) s , after which the
fractional part is taken. This is illustrated in Fig. 5. By using R independent random shifts,
the resulting R independent estimators can also be used to estimate the variance of our QMC
estimator, and hence providing us with an error estimator.
The shifted version of Eq. (11) is then given by
u(n,r) := frac (φ2 (n) z + wr )

for n = 0, 1, . . .

and

r = 1, 2, . . . , R.

(12)

The use of such a lattice sequence, constructed with a “good” generating vector, in the QMC
estimator from Eq. (3), can achieve a theoretical order of convergence of O(N −1 ) in a certain
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Figure 5: Random shifting procedure applied to points belonging to a rank-1 lattice sequence.
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Figure 6: Rank-1 lattice points and tent-transformed rank-1 lattice points in the unit cube.
Sobolev space which contains integrands with square-integrable mixed ﬁrst derivatives see, e.g.,
[4] for details. However, by applying the tent transformation
T (y) := 1 − |2y − 1|,
component-wise to the points generated by Eq. (12), and deﬁning


v(n,r) := T u(n,r) ,

(13)

(14)

for usage in Eq. (3) instead of the original points u(n,r) , it is possible to obtain a better order
of convergence than O(N −1 ), provided that the integrand is suﬃciently smooth, see, e.g., [8,
19, 20]. In our numerical experiments, this smoothness will be inﬂuenced by the smoothness
parameter ν of the random ﬁeld, and by the order of approximation of the FEM solution. We
note that in order to achieve higher-order convergence it is necessary to only consider estimators
where the value for NL is a power of 2. This has the eﬀect that the point set will act like a
sequence of embedded lattice rules. See Fig. 6 for an illustration of tent-transformed lattice
points.
3.3.2

Sobol’ Sequences

The Sobol’ sequence is a “digital net” in base 2, that uses a binary generating matrix per dimension. We denote these matrices by C1 , . . . ,C j for j = 1, . . . , s. For the Sobol’ sequence these
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Decimal

Binary

Gray code

Gray code binary

Multiplication with C4

Shifted with (0.010)2

Decimal

0
1
2
3
4

000
001
010
011
100

0
1
3
2
6

000
001
011
010
110

0.000
0.100
0.010
0.110
0.111

0.010
0.110
0.000
0.100
0.101

0.25
0.75
0.00
0.50
0.625

Table 1: Gray coded and digitally shifted Sobol’ points in dimension 4.
matrices are upper triangular. To obtain the jth dimension of the nth Sobol’ point, we write
n = (nm−1 · · · n1 n0 )2 in binary representation, and use the m × m binary matrix C j to compute
⎛ ⎞ ⎛
⎜⎜⎜ y1 ⎟⎟⎟ ⎜⎜
⎜⎜⎜⎜ .. ⎟⎟⎟⎟ = ⎜⎜⎜⎜ C
j
⎜⎜⎝ . ⎟⎟⎠ ⎜⎜⎝
ym

⎞⎛
⎟⎟⎟ ⎜⎜⎜
⎟⎟⎟ ⎜⎜⎜
⎟⎟⎠ ⎜⎜⎜
⎝

n0
..
.
nm−1

⎞
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟ ,
⎠

(15)

where all additions and multiplications are carried out modulo 2. The jth dimension of the
nth point is then given by interpreting the output vector as the binary expansion, i.e., u(n)
j =
(0.y1 y2 · · · ym )2 . We demonstrate the approach stated above for the computation of the ﬁrst ﬁve
points of the fourth dimension. Suppose the 3 × 3 subset of the generating matrix C4 is given by
⎞
⎛
⎜⎜⎜1 1 0⎟⎟⎟
⎟
⎜
(16)
C4 = ⎜⎜⎜⎜0 1 0⎟⎟⎟⎟ .
⎠
⎝
0 0 1
The ﬁrst ﬁve points generated by C4 for n = 0, 1, 2, 3, 4, which in binary are 0 = (000)2 , 1 =
(0012 ), 2 = (010)2 , 3 = (011)2 and 4 = (100)2 , hence are equal to (0.000)2 = 0, (0.100)2 = 0.5,
(0.110)2 = 0.75, (0.010) = 0.25, and (0.001)2 = 0.125. In practice, one avoids multiplying with
the full matrix C j by generating the points in Gray code ordering. This has the beneﬁt that the
next point can be obtained from the previous one by adding only the column of the generating
matrix where the bit was changed. This changes the ordering of the Sobol’ points, but they will
still have their “nice” distribution properties.
In order to obtain an unbiased estimator, and an error estimator, we need to introduce some
“randomness” on the deterministic points. This is accomplished by means of a “random digital shift”. The digitally shifted nth Sobol’ point is obtained by adding the bits of the binary
expansion of the shift to each digit of the Sobol’ point modulo 2, for each dimension, i.e.,
u(n,r) = u(n) ⊕ wr . This is illustrated in Tab. 1 for the ﬁrst 5 Gray coded points in dimension 4
with a shift w that has the value w4 = 0.25 = (0.010)2 as its fourth component.
Is has been shown in the work of Dick, see e.g., [21], that higher-order convergence can be
obtained by a “digit interlacing” technique if the integrand is suﬃciently smooth. Again, in
our numerical experiments this smoothness will be inﬂuenced by the smoothness of the random
ﬁeld and by the order of approximation of the FEM solution. In order to obtain Sobol’ points
with interlacing factor α in s dimensions, one starts with Sobol’ points in αs dimensions and
then “interlaces” α dimensions into a single dimension by interlacing the bits of the points. For
example, for an interlacing factor of 2 we take the binary representations of the Sobol’ points in
the ﬁrst two dimensions as x = (0.x1 x2 · · · xm )2 and y = (0.y1 y2 · · · ym )2 and then form the point
(0.x1 y1 x2 y2 · · · xm ym )2 . In practice, the interlacing of the Sobol’ sequence can also be done by
interlacing the rows of the generating matrices of the original Sobol’ sequence. The interlaced

202

P. Blondeel, P. Robbe, D. Nuyens, G. Lombaert and S. Vandewalle

Standard
Sobol’ Points

1

1

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0
0

0.2

0.4

0.6

0.8

0
0

1

Sobol’ Points
with interlacing factor 2

0.2

0.4

0.6

0.8

1

Figure 7: Standard Sobol’ points and Sobol’ point with interlacing factor 2.
Sobol’ sequence points are then generated from these interlaced matrices which have dimension
αm × m. As was the case with the tent-transformed lattice points, we need to ensure that we only
consider estimators where NL is a power of 2 in order to achieve higher order convergence. An
illustration of interlaced Sobol’ points is given in Fig. 7.
3.3.3

Using QMC points for integration against the truncated normal density

Up till now the discussion was centered on quasi-Monte Carlo points which are sampled uniformly from the unit cube [0, 1] s . In order to use these points for integration against some other
distribution and domain, see Eq. (2), we need to map them to the adequate distribution. This can
be achieved by applying the inverse of the cumulative distribution function component-wise.
Our modeling of the random ﬁeld, see § 3.2, involves standard normally distributed numbers.
However, for our experiments in which we hope to achieve a convergence better than order 1 in
estimating the expectations, i.e., O(N −1 ), we will truncate the domain from (−∞, ∞) s to [−b, b] s
for some choice of 0 < b < ∞. With respect to our general scheme of approximating Eq. (2)
this will introduce an additional domain truncation error in our sequence of approximations
E[P] ≈ E[PL ] ≈ QQMC
. There is no established analysis for obtaining higher order quasi-Monte
L
Carlo convergence on the inﬁnite domain (−∞, ∞) s , except for on the unit cube, see, e.g., [3,
9]. Therefore, we follow the truncation approach which has been used in other references
as well, see, e.g., [22, 23]. The following errors need to balanced: (1) the Finite Element
discretization error which is adjusted by choosing diﬀerent discretization parameters L and p,
(2) the dimension truncation error which results from truncating the inﬁnite KL expansion to
only s terms, see Eq. (5), (3) the domain truncation error which results from the truncation of
(−∞, ∞) s to [−b, b] s and (4) the quadrature/cubature approximation error which results from
approximating an s-dimensional integral with an s-dimensional QMC rule using NL sample
points. The theoretical analysis and careful balancing of these diﬀerent sources of error will
be the topic of future research. In this work, we demonstrate numerically that it is possible to
achieve a higher-order convergence.
4

Results

In this section, we present numerical results obtained by applying a tent-transformed lattice
sequence and an interlaced Sobol’ sequence to the slope stability problem introduced in §2.
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Figure 8: The QoI as the vertical displacement of the center point of the upper left element of
the model, indicated by a dot.
Rank-1 lattice points are computed with the Julia package LatticeRules.jl, where the generating vector z was constructed with the component-by-component (CBC) algorithm with order 2
weights, see [24]. The Sobol’ points are computed with the Julia package DigitalNets.jl, see
[15]. We used the Sobol’ points and the pre-interlaced Sobol’ generating matrices from [16, 25].
Instances of the random ﬁeld are computed with the Julia package GaussianRandomFields.jl,
see [26]. We use the in-house Finite Element Matlab code developed by the Structural Mechanics section of the KU Leuven. All results have been computed on a workstation equipped
with 2 physical cores, Intel Xeon E5-2680 v3 CPU’s, each with 12 logical cores, clocked at
2.50 GHz, and a total of 128 GB RAM.
As the quantity of interest (QoI), we choose the vertical displacement of the center point of the
upper left element of the model, see Fig. 8. By choosing a QoI located inside the element, we
ensure that the displacement is represented by a quadratic polynomial, since quadratic shape
functions are used to compute a displacement at this center point. This approach is followed as
to ensure that the higher-order derivatives are continuous. Between elements there exists only
C0 continuity. However, inside the elements, the continuity is as high as the order of the shape
functions used for the representation of the solution. Hence, we interpolate to a point located
inside the element. The spatial dimensions of the slope, in our slope stability problem, consist
of a length of 20 m, a height of 14 m and a slope angle of 30◦ . The material characteristics are,
a Young’s modulus of 30 MPa, a Poisson ratio of 0.25, a density of 1330 kg/m3 and a friction
angle of 20◦ . Plane strain is considered for this problem. The characteristics of the random
ﬁeld considered to model the uncertainty in the cohesion of the soil, are given in § 3.2. For the
truncation of the domain, see § 3.3.3, we take a value b = 2, and thus truncated the domain to
[−2, 2] s .
First, in §4.1, we numerically verify that each method computes the same expected value. Next,
in §4.2, we show the convergence of the root mean square error of each method with respect to
the number of samples taken.
4.1

Convergence of the Expected Value

In Fig. 9, we show the maximum absolute error on the bound of the 95% conﬁdence interval of
the expected value in function of the number of samples,

 

(17)
Max Error := max Q[PL ]95%,top − Q[PL,Ref ], Q[PL ]95%,bottom − Q[PL,Ref ] ,
where Q[PL ] is computed according to Eq. (3) and the top and the bottom of the 95% conﬁdence
interval are obtained by Q[PL ]95%,top := Q[PL ] + 1.96 VLQMC and Q[PL ]95%,bottom := Q[PL ] −
1.96 VLQMC with VLQMC computed according to Eq. (4) for each method. As the reference value
Q[PL,Ref ] we take the average of our ﬁnal approximations obtained by the interlaced Sobol’
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Figure 9: Absolute error on the expected value in function of the number of samples.
sequence and the tent-transformed lattice sequence, computed with 8192 samples and 8 shifts.
The results from this simulation are chosen, because the root mean square error yields the lowest
value, see Fig. 10, and we thus expect these values to be the most accurate. The numerical values
for Q[PL,Ref ] are 0.05415452 for ν1 = 2.0, and 0.05419605 for ν2 = 14.0.
From the graphs in Fig. 9 we can conﬁrm that all estimators converge to the same value. For the
case with ν1 = 2.0 all estimators converge approximately with O(N −1 ) which is as expected due
to the limited smoothness of the random ﬁeld. For the case with ν2 = 14.0 we obtain O(N −1 )
convergence for the plain QMC sequences, i.e., the lattice sequence and the Sobol’ sequence,
and we observe, as expected, an improved convergence of O(N −1.5 ) for the tent-transformed
lattice sequence and the interlaced Sobol’ sequence.
4.2

Convergence of the Root Mean Square Error of the Estimator

In Fig. 10, we show the RMSE (root mean square error) of the estimators in function of the
number of samples N, see Eq. (4). We observe that for a smoothness parameter ν1 = 2.0 in
the Matérn kernel, the order of convergence for all approaches is O(N −1 ) which is as expected.
We do notice that in our example the tent-transformed lattice sequence has an RMSE which
is approximatively a factor 10 lower than the standard lattice sequence. For the case of the
higher smoothness ν2 = 14.0, we observe that using the tent-transformed lattice sequence and
the interlaced Sobol’ sequence achieves an order of convergence close to O(N −1.5 ). For the
vanilla versions of the lattice sequence and the Sobol’ sequence, a classical quasi-Monte Carlo
convergence of O(N −1 ) is achieved, as expected. We conclude that the combination of a smooth
random ﬁeld, i.e., ν large, and higher order elements, in combination with a tent-transformed
lattice sequence or an interlaced Sobol’ sequence shows higher order convergence in our experiment.

205

Max Error

——ν1 = 2.0——

10−2

P. Blondeel, P. Robbe, D. Nuyens, G. Lombaert and S. Vandewalle

RMSE

——ν2 = 14.0——

10−3

10−4

10−4

10−5

10−5

10−6
10−7
10−8
100

1.5

1.5

1

1

10−6
10−7
10−8

101

102

103

104

100

Number of samples N
rank-1 Lattice

Sobol’

101

102

103

104

Number of samples N

Sobol’ Factor 2 Interlacing

Tent transformed rank-1 lattice

Figure 10: RMSE of the estimator in function of the number of samples.
5

CONCLUSIONS

In this work, we investigated two techniques to attain higher-order convergence by means of
quasi-Monte Carlo methods in approximating expectations in a geotechnical slope stability
problem. These techniques are tent-transformed lattice sequences and interlaced Sobol’ sequences. We discussed how the deterministic quasi-Monte Carlo points for these point sets
are obtained. We benchmarked these two techniques on a slope stability problem where the
cohesion of the soil has a spatially varying uncertainty. The uncertainty is represented as a
lognormal random ﬁeld, and realizations of the random ﬁeld are computed using a truncated
KL expansion. We illustrated that, for a suﬃciently smooth random ﬁeld combined with tenttransformed rank-1 lattice points or with interlaced Sobol’ points, and higher order elements, an
order of convergence of O(N −1.5 ) can be obtained. We compared the numerical results obtained
by these two techniques against numerical results where a standard rank-1 lattice sequence, or
a non-interlaced Sobol’ sequence is used. For these latter two approaches, we observed the
classical order of convergence of O(N −1 ).
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Abstract. General-purpose uncertainty quantiﬁcation software has become a well established
requirement in modern engineering workﬂows. Different communities (e.g. applied maths,
engineering, economics, etc.), however, generally employ diverse arrays of technologies and
workﬂows, from computing infrastructure to programming languages. To overcome the intrinsic
limitation of a single language, standalone software package, we introduce UQC LOUD, an
OS- and programming language- independent, cloud-based version of UQL AB. UQC LOUD
follows a software-as-a-service (SaaS) model, that allows anyone to take advantage of the wellestablished UQL AB suite, without the need to adapt their computational workﬂows to include
M ATLAB.
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1

INTRODUCTION

Including uncertainty quantiﬁcation (UQ) in modern research and engineering practice has
become a well established trend in the past decades. From academic research to validation,
veriﬁcation and uncertainty quantiﬁcation (VVUQ) in engineering design [8], dealing with
uncertainty is becoming a standard requirement, even for regulatory bodies. This trend has
been enabled by the constantly increasing availability of accurate computational models and related high performance computing infrastructure, and at the same time by recent developments
in general-purpose uncertainty-quantiﬁcation software. A remarkable offering of the latter is
available at the time of this writing, from the well-established C++-based Dakota project in the
United States [3], to the P YTHON-based Open-TURNS in France [1], the M ATLAB-based COSSAN in the UK [10], and the more recent, once again P YTHON-based [4] and [9], to mention
a few. Along the same lines, the M ATLAB-based UQL AB software framework [5] began its
design and development phase back in 2013, with the goal of providing a state-of-the-art uncertainty quantiﬁcation software that would be accessible to applied scientists of all backgrounds,
regardless of their programming experience. Given its widespread adoption, counting over
3,500 unique registered users worldwide since July 2015, it is clear that both its set of features
and its intuitive, beginner-friendly interface have hit a sweet-spot in our intended audience.
As an effort to further disseminate the adoption of advanced UQ tools across disciplines,
in 2019 we launched the UQW ORLD online community ([6], https://uqworld.org/),
which now counts hundreds of users worldwide. Among the feedback collected by several
users on that platform , what is commonly seen as a deterrent in the adoption of UQL AB in a
number of communities, especially outside engineering, is the programming language choice.
The classical “standalone software” paradigm, poses an important limitation in its adoption,
especially in industrial contexts: it can be difﬁcult to incorporate it into existing workﬂows that
make use of different software.
Increasing portability outside the pure cross-OS compatibility offered by M ATLAB is not an
easy task to achieve. UQL AB has reached a remarkable degree of maturity, with over a hundred
thousands lines of optimized code that in many cases capitalize on the efﬁcient linear algebra
facilities offered by M ATLAB. Porting the entire software to a different language would therefore be complex both from a technical perspective (signiﬁcant expertise would be needed in
both the underlying theoretical tools and in the programming language of choice), and from a
practical one (it may result in actually slower results, and it would create a maintenance nightmare). UQL AB is also an active project, constantly evolving at its own pace thanks to the work
of the researchers and developers from the Chair of Risk, Safety and Uncertainty Quantiﬁcation in ETH Zurich. Adding to this the rapidly evolving landscape of scientiﬁc programming
languages (e.g., P YTHON 3 vs P YTHON 2.7, the rise of Julia, the prevalence of C in certain
modeling communities), makes it clear that any port to a speciﬁc language would only be a
temporary patch to ﬁx a greater underlying issue.
With this in mind, we started exploring modern alternatives to the classical standalone software model, that could provide an OS- and programming-language- agnostic, portable version
of UQL AB. In this contribution we present UQC LOUD, a modern software-as-a-service (SaaS)
incarnation of UQL AB that aims at solving the three key aspects of portability, continuous
integration with the main UQL AB software, and performance.
In this paper we present a brief review of the state of the UQL AB ecosystem, and then
introduce the main structure of UQC LOUD, with an outlook to its implications. To showcase the
advantage of such an infrastructure, we also showcase UQ[ PY ]L AB, a set of software bindings
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Figure 1: The general UQ framework for managing uncertainty (after [12, 2]) that deﬁnes the UQL AB semantics.

that provide full access to UQL AB in P YTHON.
2
2.1

THE UQLAB ECOSYSTEM
The UQLab software framework

At the core of the UQL AB project, lies the UQL AB software framework (www.uqlab.
com), initially released in 2017 after a two years-long beta testing phase. Designed around the
general framework for UQ originally developed in [12, 2] and illustrated in Figure 1, UQL AB
provides a natural sandbox for the design and development of complex UQ analyses, without
requiring extensive technical knowledge from the users. As of March 2021, with over 3,500
unique registered users from 90 countries worldwide, UQL AB has become a household name
in the UQ software community.
In terms of software and development model, UQL AB has reached the maturity stage. At
the same time, its wide adoption in largely different ﬁelds (ranging from theoretical physics
to medical engineering, from computational macroeconomics to disease propagation) is a testimony to the growing need of a software designed around perspective users, rather than just
around the proﬁles of the developers. Its self-imposed target of disseminating UQ outside the
bounds of traditionally UQ-savvy ﬁelds has been successfully maintained in the past few years.
UQL AB is a public mirror to the research conducted at the Chair of Risk, Safety and Uncertainty Quantiﬁcation at ETH Zurich (www.rsuq.ethz.ch). Its scientiﬁc content (embedded
in the open source UQL AB M ODULES) keeps therefore growing at a steady pace, and it is not
expected to relent any time soon.
2.2

UQW ORLD: a global UQ community

While on the one hand the rapid diffusion of UQL AB demonstrated that it helped ﬁlling
the niche of general-purpose, accessible UQ software, it also highlighted a second need in the
scientiﬁc community. Since its early stages, the UQL AB userbase has been highly varied in
the degree of technical skills, academic background, and applications. No single resource,
however, was available to group together such a large melting pot of different professionals. In
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Figure 2: The UQW ORLD homepage

2019, the UQW ORLD online community [6] was created, with the goal of providing an open
forum for UQ practitioners and experts to get in touch and discuss about their needs, or share
their expertise.
While a section of the community website (see Figure 2) is dedicated to the use of UQL AB,
the vast majority of the available resources are software-independent, and as of today several
hundreds of users interact on the community forums, seeking for answers and providing feedback and suggestions. While still in its infancy, UQW ORLD is rapidly gaining momentum, and
it provides a good starting point to get a pulse of the needs of UQ practitioners worldwide.
A UQL AB-related topic that comes up the community discussions (see, e.g., https://
uqworld.org/t/matlab-but-but-python-r-c-cobol/147), is the choice of developing UQL AB in M ATLAB. Many community members felt the choice of M ATLAB somewhat exclusive, as it does not cater to the entire userbase of UQL AB, something that is essentially impossible due to its sheer variety. With this in mind, we started brainstorming about a
possible solution to this issue, that would not require translating UQL AB in a number of different languages, each with their own strengths and weaknesses, and highly specialized syntax.
The result is UQC LOUD, a modern take on software that is independent on the user platform.
3
3.1

INTRODUCING UQCLOUD
A paradigm shift: from local software, to cloud-based software-as-a-service

UQC LOUD aims at bridging the gap between the UQL AB software and any development
or production environment that does not include M ATLAB. Due to the numerous challenges
involved in translating and maintaining several UQL AB variants in different programming languages, UQC LOUD adopts a more modern software-as-a-service (SaaS) paradigm. In a nutshell, it provides an online programming interface (API) that provides UQ computations on
demand, by relying on a UQL AB-powered service running on one or more cloud computing
instances. Because the UQL AB service is a deployed program created through the M ATLAB
deployment toolbox, it is itself, as a matter of fact, M ATLAB independent.
The UQC LOUD platform consists of several instances that are deployed on cloud premises.
An abstract view of the components of such an instance is shown in Figure 3. Each box denotes
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Figure 3: An abstract view of the components of a UQC LOUD instance.

a containerised computing environment [7]. Such environments are virtual lightweight replicas
of separate computing nodes, each performing a predeﬁned set of tasks.
At the core of UQC LOUD lies the so-called UQL AB engine. It consists of several containers, the workers. Each worker is designed to execute any UQL AB-related computation that it
is tasked with. To ensure licensing compliance, no M ATLAB session is running in any component of UQC LOUD. Rather, a standalone UQL AB-based custom designed executable server
is deployed through the M ATLAB CompilerTM,1 . The workers require therefore no M ATLAB
installation (and associated licensing).
In practice, users do not directly interface with the UQL AB workers. Instead, they contact
the API service container, either directly or through dedicated software bindings. The communication follows the secure industry-standard REST API paradigm (see e.g. [11]). The role
of this service is to receive computation requests from the users and return the results in an
asynchronous manner. Only authenticated users can submit such requests, which serves two
purposes: (1) access control to cloud computing resources, and, (2) performing each UQ computation within a persistent UQL AB session that is dedicated to that user.
The latter is a major requirement for the core UQC LOUD offering, which aims to deliver
virtually all the features provided by UQL AB. In this setting, users can perform arbitrary
workﬂows regardless of their complexity. This is made possible by an underlying persistent,
user-speciﬁc UQL AB session on the cloud that can contain several re-usable INPUT, MODEL
and ANALYSIS objects similar to a native UQL AB session within M ATLAB.
Finally, the communication between the API service and the workers is mediated by a taskscheduler, that deals with the distribution and bookkeeping of user tasks across workers, and
giving appropriate responses to user queries through the API service.
1

https://mathworks.com/products/compiler.html
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Such an infrastructure also enable full bi-directional asynchronous communication with the
client. In other words, this provides support for workﬂows that require computational model
evaluations outside the cloud (e.g. local). This is relevant, e.g., when local software is required to perform an analysis, or in the case of strict software licensing. As an example, users
can perform reliability analysis on the cloud, but every limit state function evaluation can be
executed on either local or dedicated hardware. This is even supported in adaptive settings,
where continuous transactions between the user and UQC LOUD are needed to identify the most
parsimonious solution path to the problem.
Although one can communicate with UQC LOUD directly through so-called REST API calls
(structured messages in JSON format), this type of communication is recommended only for
very advanced usage, e.g. to interface existing software to UQC LOUD. In general, this lack
of user-friendliness is expected to deter most of the users with limited expertise in implementing such calls. Hence, as an integral part of UQC LOUD, we are also developing user-facing
software bindings. Those are language-speciﬁc packages that handle the communication with
UQC LOUD, while providing a near-native UQL AB experience to the end user.
The ﬁrst such software binding, called UQ[py]Lab, is developed for P YTHON and will be
presented next. Note that, while the software bindings are indeed language-speciﬁc, they consist
only of the few hundreds lines of code needed to prepare and interpret the JSON structured
messages needed by the API, a much more manageable cost w.r.t. translating and maintaining
the entire UQL AB software into multiple languages.
3.2

UQ[py]Lab: UQL AB in P YTHON

Arguably one of the more mainstream languages in data science, P YTHON was chosen as
the ﬁrst language for UQC LOUD bindings, resulting in the UQ[py]Lab package. Although
UQ[py]Lab is still under development (beta stage at the time of writing), it already supports
most of the UQL AB features2 .
To showcase this tool, we revisit a textbook UQ problem that was included in [5], where
the UQL AB framework was initially introduced. Consider the truss structure illustrated in
Figure 4. It is characterised by 10 uncertain parameters, namely the Young moduli, E1 and
E2 , the beam sections A1 and A2 and the six variable loads, P1 , . . . , P6 . The input variables
are distributed according to independent lognormal or Gumbel distributions, parametrised by
their ﬁrst- and second-order moments and all variables are assumed statistically independent.
The failure criterion (limit state) in this analysis corresponds to a threshold on the deﬂection at
mid-span V1 , which is calculated by an in-house simple ﬁnite elements model (FEM), available
locally in the native P YTHON ﬁle truss.py (within a function called model).
The code that runs the reliability analysis is given in Figure 4 in two ﬂavours. On the left
side, we showcase the standard UQL AB code within M ATLAB, whereas on the right side we
show the equivalent UQ[py]Lab code in P YTHON. In both cases, the sequence of commands is
summarised as follows:
• An INPUT object is created, based on the provided information about the distributions of
the input parameters.
• A MODEL object is created by specifying that it is based on a function in a ﬁle named
truss_model.m (resp. truss.py, function model) in M ATLAB (resp. P YTHON).
In both cases, this script executes the same FEM code.
2

https://www.uqlab.com/features
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Truss structure:

Parameter distributions:
Name
Type
μ
E1 ,E2 (P a)
Lognormal 2.1 × 1011
A1 (m2 )
Lognormal 2.0 × 10−3
2
A1 (m )
Lognormal 1.0 × 10−3
P1 , . . . , P6 (N )
Gumbel
5.0 × 104

UQLab (Matlab) code:

σ/μ
10%
10%
10%
15%

UQ[py]Lab (Python) code:

Input . Marginals (1) . Name = ' E1 ';
Input . Marginals (1) . Type = ' Lognormal '
;
Input . Marginals (1) . Moments = [2.1 e11 ,
2.1 e10 ];
Input . Marginals (2) . Name = ' E2 ';
...

Input = {
' Marginals ' : [
{ ' Name ' : ' E1 ' ,
' Type ' : ' Lognormal ' ,
' Moments ': [2.1 e11 , 2.1 e10 ]} ,
{ ' Name ' : ' E2 ' ,
...
]}
myInput = uq . createInput ( Input )

myInput = uq_createInput ( Input )
Model . mFile = ' truss_model ';

Model = {
' Type ': ' Model ' ,
' ModelFun ': ' truss . model '
}
myModel = uq . createModel ( ModelOpts )

myModel = uq_createModel ( Model ) ;
Analysis . Type = ' Reliability ';
Analysis . LimitState . Threshold = 0.13;
Analysis . Method = ' IS ';
Analysis . MaxSamples = 1 e4 ;

Analysis = {
' Type ' : ' Reliability ' ,
' LimitState ':
{ ' Threshold ': 0.13 } ,
' Method ': ' IS ' ,
' MaxSamples ': 1 e4
}
myAnalysis = uq . createAnalysis (
Analysis )

myAnalysis = uq_createAnalysis (
Analysis )

Figure 4: Reliability analysis of a truss structure: problem representation (top left), uncertain input parameters
(top right) and UQL AB/UQ[py]Lab pseudo-code to perform the analysis in M ATLAB (bottom left) and P YTHON
(bottom right).
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• An ANALYSIS object is created to perform the reliability analysis. In this example, a
maximum admissible mid-span displacement of 0.13 cm is speciﬁed, together with the
reliability estimation method of choice, importance sampling. The maximum allowed
cost is set to 104 . After executing the uq_createAnalysis() function in M ATLAB
(resp. uq.createAnalysis() in P YTHON), the results are stored in the workspace,
inside the myAnalysis variable.
Next, we would like to highlight the similarity and essential equivalence between the two
versions of the code. The overall simplicity and almost natural-language-based syntax of the
original UQL AB is fully preserved in its python-based counterpart, UQ[Py]Lab. Of course,
language speciﬁc choices need to be made, due to the different data structures available in
different languages. As an example, UQL AB makes extensive use of the M ATLAB native structures, which are not available in P YTHON, where they are substituted instead by the equivalent
dictionaries.
Although the user experience with UQ[py]Lab is reminiscent of UQL AB, there are signiﬁcant differences in the actions that take place in the background. In the UQL AB case, all
operations take place locally on the machine of the user. In the UQ[py]Lab case, most of the UQ
computations (creation and evaluation of INPUT, MODEL or ANALYSIS objects) take place
in the cloud instead. The main exception to this is related to computational model evaluations
(non surrogate-based), which are mostly executed locally. This applies to the truss example,
where the FEM code is wrapped inside a P YTHON script that runs locally.
Despite the remote execution, the service latency is minimal (order of milliseconds), providing a user experience that is very close to standalone local software.
4

CONCLUSIONS AND OUTLOOK

In this work we presented a short review of the state of the UQL AB project as a whole, with
a focus on its latest offspring, UQC LOUD.
To address the growing need of powerful, easy-to-learn UQ software in diverse ﬁelds of
applied science and engineering, we introduce UQC LOUD, a programming language- and OSagnostic version of UQL AB that runs on the cloud in a SaaS paradigm. We demonstrated
how it can be used through minimalistic software bindings to nearly replicate the full UQL AB
experience without the need of a local M ATLAB installation, in P YTHON.
Shifting to a cloud-based software framework has the potential to change the way UQ is
performed, as it can remove the computational burden from the client device. Among others,
we plan on providing bindings in a number of different languages, including Julia, C++/C#, R,
and many others. The development of dedicated online services/mobile applications based on
the UQC LOUD platform, e.g. for sensitivity and reliability analysis, is also planned.
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Abstract.
Over the past decade, industrial companies and academic institutions pooled their efforts
and knowledge to propose a generic uncertainty management methodology for computer simulation. This framework led to the collaborative development of an open source software
dedicated to the treatment of uncertainties, called “OpenTURNS” (Open source Treatment of
Uncertainty, Risk’N Statistics). This paper aims at presenting a new Python package, called
“otbenchmark”, offering tools to evaluate the performance of a large panel of uncertainty
quantiﬁcation algorithms. It provides benchmark classes containing problems with their reference values. Two categories of benchmark classes are currently available: reliability estimation
problems (i.e., estimating failure probabilities) and sensitivity analysis problems (i.e., estimating sensitivity indices such as the Sobol’ indices). This package can either be used for validating a new algorithm or automatically comparing various algorithms on a set of problems.
Additionally, the package provides several convergence and accuracy metrics to compare the
performance of each algorithm. To face high-dimensional problems, otbenchmark offers
graphical tools to draw multidimensional events, functions and distributions based on crosscuts visualizations. Finally, to ensure otbenchmark’s accuracy, a test-driven software development method has been adopted (using, among others, Git for collaborative development, unit
tests and continuous integration). Ultimately, otbenchmark is an industrial platform gathering problems with reference values of their solutions and various tools to achieve a robust
comparison of uncertainty management algorithms.
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1

INTRODUCTION

Complex computer simulation often requires implementing uncertainty management methods to evaluate associated risks, robustness and design margins. Several industrial companies
and academic institutions pooled their efforts and knowledge to propose a generic uncertainty
management methodology for computer simulation. This framework led to the collaborative
development of an open source software dedicated to the treatment of uncertainties, called
“OpenTURNS” (Open source Treatment of Uncertainty, Risk’N Statistics) [3]. Initially created
by EDF R&D, Airbus Group and Phimeca Engineering, later joined by IMACS and ONERA,
OpenTURNS is a generic, modular, transparent and multi-accessibility industrial software dedicated to serve several purposes (e.g., uncertainty quantiﬁcation, uncertainty propagation, surrogate modeling, reliability, sensitivity analysis and calibration).
In the vein of a ﬁrst bennchmark challenge organized in 2019 (the “Black-box Reliability
Challenge” [12]), this paper aims at presenting a new Python module, called “otbenchmark”1 ,
which aims at providing several automatic tools to evaluate the performance of a large panel
of uncertainty quantiﬁcation algorithms by relying on the probabilistic programming framework offered by OpenTURNS. In other words, this module provides benchmark classes for
OpenTURNS. It sets up a framework to create use-cases or problems associated with reference
values. Such a benchmark problem may be used in order to check that a given algorithm works
as expected and to measure its performance in terms of speed and accuracy.
Two categories of benchmark classes are currently provided: the ﬁrst one is devoted to reliability estimation problems (i.e., estimating failure probabilities), the second one is devoted
to sensitivity analysis problems (i.e., estimating sensitivity indices such as the Sobol’ indices).
otbenchmark is currently composed of 26 reliability problems and 4 sensitivity problems.
For all these problems, reference solutions are provided. These solutions are obtained, either
from a crude Monte Carlo estimation with a controlled convergence, or using (when possible)
an exact resolution (e.g., provided by algebraic operations on input distributions). Additionally, otbenchmark provides several convergence and accuracy metrics to compare the performance of each algorithm. Finally, in order to perform a complete benchmark, a loop can be
automatically set to evaluate a large panel of algorithms over the complete set of examples.
Graphical representations are often useful to help the analyst to understand the underlying
behavior of complex reliability or sensitivity problems. Since many of these problems have dimensions larger than two, it raises numerous practical issues. otbenchmark offers graphical
tools to draw multidimensional events, functions and distributions based on cross-cuts. Finally,
to ensure otbenchmark’s accuracy, a test-driven software development method was followed
(using, among others, Git and github.com for collaborative development, unit tests and continuous integration).
Thus, otbenchmark is an industrial benchmark platform for uncertainty management algorithms, and can be seen as a versatile tool offering diverse problems with corresponding
solutions, robust metrics and graphical representations for high-dimensional problems.
In this paper, section 2 gives a formulation reminder for reliability and sensitivity problems, presents the probabilistic programming framework of OpenTURNS and demonstrates the
added value of otbenchmark over the existing benchmark repositories. Section 3 deﬁnes the
package’s object-oriented architecture by detailing its main classes. Section 4 introduces the
benchmark problems and the research for the most accurate associated reference values. Finally, section 5 is an illustrative example of the results automatically produced by the package
1 Ofﬁcial

repository: https://github.com/mbaudin47/otbenchmark
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for a range of problems and algorithms.
2
2.1

MOTIVATIONS AND OBJECTIVES
Reliability analysis and sensitivity analysis formulations

Formally, the general scope of this paper is to address typical problems deﬁned by considering a model given by 𝑔 : R𝑑 → R 𝑝 , for which one considers a set of 𝑑 uncertain inputs 𝑋𝑖
(𝑖 ∈ {1, . . . , 𝑑}) gathered in a random vector 𝑿 ∈ R𝑑 . This random vector is associated to its
joint probability distribution denoted in the following by the joint probability density function
(PDF) 𝑓 𝑿 , built from marginal densities and a copula. Propagating the uncertainties can be
achieved through the following relationship:
𝑌 = 𝑔( 𝑿)

(1)

where the model output 𝑌 is a random variable (either univariate or multivariate). In the following, one will only assume a scalar output variable for the sake of clarity (note that OpenTURNS
is not limited to scalar outputs since most of its classes are designed to naturally handle multivariate outputs). Based on this formulation, several types of analyses, associated to various
quantities of interests can be solved. Among others, one will focus in this paper only on the
following two types of analyses:
• Reliability analysis: in this case, one desires to compute a failure probability, denoted by
𝑝 f and deﬁned through a threshold event 𝐸 which characterizes the failure. This quantity
of interest simply reads:
∫
𝑝f =

R𝑑

1𝐸 (x) 𝑓 𝑿 (x)dx.

(2)

Many standard or advanced algorithms can be used such as, typically, simulation-based
ones (e.g., Monte Carlo sampling, importance sampling, subset sampling), approximationbased methods (FORM/SORM) or hybrid algorithms (e.g., FORM coupled with importance sampling, surrogate-model based strategies).
• Sensitivity analysis: in such as case, one desires to compute a sensitivity index (or a set
of indices) which reﬂects the way an input (or a set of inputs) inﬂuence the variability
of an output quantity of interest. For instance, by considering the variance of 𝑌 , one can
compute the well-known Sobol’ indices [14] as follows:
𝑆𝑖 =

Var [E[𝑌 |𝑋𝑖 ]]
,
Var[𝑌 ]

𝑆𝑇𝑖 =

E [Var[𝑌 | 𝑿 −𝑖 ]]
,
Var[𝑌 ]

(3)

where 𝑆𝑖 is the ﬁrst-order index, 𝑆𝑇𝑖 the total-order index of the variable 𝑋𝑖 and 𝑿 −𝑖
stands for 𝑿 without the 𝑖-th component. Several algorithms can be used to estimate
these indices (e.g., sampling-based, surrogate-based or given-data algorithms) [8].
Other types of analyses (e.g., estimating the mean and variance of the model output, calibration,
surrogate model ﬁtting) will be further considered in future work.
These two types of analyses can be performed by using dedicated algorithms proposed in
various open source or commercial software. OpenTURNS is one of them and provides several
classes and algorithms to do so. In the next paragraph, one speciﬁcally focuses on a few core
elements of the library and brieﬂy explains why OpenTURNS is particularly well-dedicated to
solve efﬁciently the problems presented hereabove.
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2.2

OpenTURNS as a tool for uncertainty quantiﬁcation

Originally founded by an industrial partnership between EDF R&D, Airbus and Phimeca
Engineering in 2005, IMACS joined the OpenTURNS partnership in 2014, followed by ONERA in 2019. As an open source software developed under the LGPL license, OpenTURNS
offers several features: if the core is written in C++, the application programming interface is
in Python which makes it usable as a standard Python library. The architecture of the code is
fully object-oriented and provide a large panel of classes and methods which are supported by
a rigorous continuous integration process which provides a high-quality code for both industrial studies and research projects. The tool, in addition to its development and maintenance,
is intensively used to support several industrial uncertainty quantiﬁcation studies of the various
partners.
OpenTURNS provides tools for what is usually called “probabilistic programming”, a programming paradigm which facilitates the combination of probabilistic objects for statistical
modeling. Among the OpenTURNS probabilistic object used in otbenchmark, the most
iconic ones must be introduced for a better understanding.
The Distribution class deﬁnes the probability distribution function of a random variable. It provides more than one hundred methods, including getMean, getStandardDeviation, computePDF, computeQuantile, drawPDF, getSample, computeConditionalCDF, etc. Dealing with a set of random variables (a.k.a marginals) intertwined with
a dependency model (e.g., variance-covariance matrix or copulas) a.k.a a random vector, can
easily be modeled using OpenTURNS.
The SymbolicFunction is an efﬁcient tool one can use when an analytical expression
of the function is known. The additional advantage of this class is evaluating the gradient and
hessian when mathematically deﬁned.
The ThresholdEvent class deﬁnes the event which probability is to be estimated. It is
based on a RandomVector, an operator and a threshold. The event occurs when the realization of the random vector exceeds the threshold.
Together with these fundamental tools, OpenTURNS contains several algorithms designed
for efﬁciently solving a large variety of problems as the ones given in Eq. (2) and Eq. (3).
However, such an environment would beneﬁt from a dedicated benchmark platform to assess
the performance of both the existing algorithms in the library together with any new proposed
method which needs to be tested.
2.3

From current benchmark repositories to the otbenchmark package

According to Oxford English dictionary, a “benchmark” is “something that can be measured
and used as a standard that other things can be compared with”. As shown in this section, there is
a long history of benchmark problems in various ﬁelds of applied mathematics (e.g., numerical
methods, statistical software, optimization, design of computer experiments and uncertainty
quantiﬁcation).
Several ﬁelds in applied mathematics (e.g., linear algebra, numerical analysis) and computer
simulation beneﬁted from the development of test problems libraries (see, e.g., [17, 7, 6]).
Uncertainty quantiﬁcation naturally beneﬁted from all the tools developed in those ﬁelds. However, uncertainty quantiﬁcation problems have something speciﬁc that they can involve both of
the previous ﬁelds (i.e., statistical inference, numerical integration, optimization). In the recent years, much effort has been put in the development of open source or commercial efﬁcient
uncertainty quantiﬁcation platforms. However, benchmarking tools have not been deeply ex-
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plored. Well-known repositories of benchmark problems are the Virtual Library of Simulation
Experiments2 managed by S. Surjanovic and D. Bingham [15]. [15], or the one maintained by
the GDR Mascot-Num3 research group. However, as a remark, one can mention that these two
repositories mainly propose test functions in Matlab and R (not Python), but without aiming at
providing an automated benchmark framework.
In 2018, concluding a workshop4 organized by the Department of Structural Reliability at
TNO (Netherlands Organization for Applied Scientiﬁc Research) about the computational challenges and aspects in the reliability analysis of engineering structures, several members of the
community decided to create the ﬁrst “Black-box Reliability Challenge”, whose ﬁrst edition
happened in 2019 [12]. For this challenge, almost thirty benchmark problems have been provided to participants on a public repository5 . More details about this challenge and the results
can be found in the websites of the second workshop in 20206 . Thus, by providing a set of
reliability problems in open source (available in their original form here7 ), this ﬁrst initiative
offered a great opportunity to start with the project of a dedicated benchmark tool: namely the
proposed otbenchmark package.
2.4

Objectives of the proposed tool

The objective of the proposed package is twofold: ﬁrstly, the idea is to provide a benchmark tool for any potential external user (either an OpenTURNS user or anyone interested in
performing a benchmark); secondly, to provide to the OpenTURNS development team a tool
helping the implementation of new algorithms.
From the external user point of view, one can imagine mostly two possible scenarios:
• (Scenario #1) A user would like to design, implement and test a new algorithm which
is not proposed in the library yet. Then, otbenchmark would provide a range of test
problems and reference values so as to compare the performance of the new algorithm
with respect to reference results (or other existing algorithms);
• (Scenario #2) A user would like to apply, all (or part of) the algorithms available in the
library on a given user-deﬁned problem (e.g., either an analytical or a real industrial blackbox problem).
More generally, in the context of a real industrial problem (e.g., typically a reliability or sensitivity analysis of a complex, potentially costly-to-evaluate, simulation model), a user could
be interested in using this benchmark module as a catalogue of test functions displaying various features (e.g., input dimension, independence/dependence of the inputs, distribution types,
rareness of the failure probability) which could help him/her to test, choose and validate a choice
of several “candidate algorithms”.
In the next section, the core architecture of the otbenchmark package is presented.
2 http://www.sfu.ca/

ssurjano/index.html

3 https://www.gdr-mascotnum.fr/benchmarks.html
4 https://www.reliabilitytno.com/
5 https://rprepo.readthedocs.io/en/latest/index.html
6 https://reliabilityworkshop2020.com/
7 https://gitlab.com/rozsasarpi/rprepo/
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3
3.1

ARCHITECTURE OF THE PACKAGE
Classes for reliability problems

In the sequel, ot denotes the short name for the OpenTURNS platform and associated
classes. The basic class for reliability problems is the ReliabilityBenchmarkProblem,
which deﬁnes a generic reliability problem. This class deﬁnes three constructor parameters:
• name: a string representing the name of the benchmark problem. This is a short string,
typically less than a dozen of characters;
• thresholdEvent: a ot.ThresholdEvent object representing the event to estimate;
• probability: a float which represents the exact probability.
The essential information is the reference probability 𝑝 f,ref , which should be as accurate as
possible. The best possible accuracy for a Python float is 53 signiﬁcant (binary) bits, which
approximately corresponds to 15 (up to 17) decimal digits. If this accuracy is not available,
then a reference value may be used, for example, obtained from a large Monte Carlo sample. In
general, the exact probability should be a constant value, e.g., 0.123456789. However, we may
be forced to compute this probability at the creation of the problem, for example if the threshold
of the problem can be set at the creation of the object. In this case, the unit test must check that
the default value of the parameters correspond to a reference constant value.
The ReliabilityBenchmarkProblem provides several methods, including getEvent, getProbability and getName, which returns the corresponding attributes. Moreover, other methods are provided, including pretty printing services. More importantly, the
computeBeta method, which computes the Hasofer-Lind reliability index 𝛽HL using the
relationship 𝑝 f = Φ(−𝛽HL ) [10] based on the reference probability value.
In order to implement a speciﬁc reliability problem, a derived class is deﬁned from the
ReliabilityBenchmarkProblem mother class. For example, one can mention the
ReliabilityProblem54 derived from the ReliabilityBenchmarkProblem class
to implement the so-called “RP54” problem. The practical implementation involves the deﬁnition of the input distribution of 𝑿, the model function 𝑔(·) and the threshold value 𝑠. All these
elements are deﬁned within an instance of the ThresholdEvent class.
Speciﬁc reliability problems have speciﬁc attributes which can be provided in the constructor
of the problem. For example, the ReliabilityProblem28 class provides, as an optional
extra, an attribute to set the mean and standard deviations of the input Gaussian distributions.
The default values of these parameters are the ones which originally deﬁnes the reliability problem, but the user may want to modify these default values, for example to make the problem
easier or more difﬁcult or easier. Thus, the user can tune the problem regarding his speciﬁc
needs, but has the drawback to require to update the reference probability 𝑝 f,ref depending on
the actual parameters values: this cannot be done with guaranteed accuracy, but for a very
limited number of problems.
The following piece of code provides a step-by-step illustration of how to create a problem,
run an algorithm and compare the computed probability with a reference probability 𝑝 f,ref . For
the RminusSReliability (Resistance-Sollicitation) benchmark problem, the ProbabilitySimulationAlgorithm class from OpenTURNS is used to estimate the probability
based on a sequential Monte Carlo algorithm. After running the algorithm, the probability is
estimated with the getProbabilityEstimate method and the absolute error computed
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using the reference probability provided by the getProbability of the benchmark problem.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

# Import the packages
import openturns as ot
import otbenchmark as otb
# Select a problem, get the associated event and the reference probability
problem = otb.RminusSReliability()
event = problem.getEvent()
pfReference = problem.getProbability()
# Create a Monte Carlo algorithm and set its stopping criteria
algoProb = ot.ProbabilitySimulationAlgorithm(event)
algoProb.setMaximumOuterSampling(1000)
algoProb.setMaximumCoefficientOfVariation(0.01)
# Run the algorithm
algoProb.run()
# Get the result and compare it to the reference
resultAlgo = algoProb.getResult()
pf = resultAlgo.getProbabilityEstimate()
absoluteError = abs(pf - pfReference)

3.2

Classes for sensitivity analysis problems

The SensitivityBenchmarkProblem class deﬁnes a generic sensitivity analysis
problem, depending on the following constructor parameters:
• name: a string representing the name of the benchmark problem. This is a short string,
typically less than a dozen of characters;
• distribution: a ot.Distribution which represents the input distribution of the
random vector 𝑿;
• function: a ot.Function to deﬁne the model 𝑔(·);
• firstOrderIndices: a ot.Point representing the exact ﬁrst-order Sobol’ indices;
• totalOrderIndices: a ot.Point representing the exact total-order Sobol’ indices.
The corresponding get methods provides a way to get the current values of the parameters,
e.g., getFirstOrderIndices and getTotalOrderIndices.
In order to implement a speciﬁc sensitivity analysis problem, a derived class of the SensitivityBenchmarkProblem mother class is provided. This requires to know the reference
ﬁrst-order and total-order Sobol’ indices for the problem of interest. For some sensitivity analysis problems, the user is given a leeway to customize more speciﬁc parameters. As an example, one can mention the G-Sobol’ test function, for which the GSobolSensitivity class
provides the optional parameter a which, by default, contains an array of three ﬂoating point
numbers (equal respectively to 0, 9 and 99). In this case, the reference ﬁrst- and total-order
order Sobol’ indices must be updated according to the actual values of these tuning parameters,
which is easy for the G-Sobol’ test function, but might be more difﬁcult or impossible for some
other problems.
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3.3

Classes to manage the results of a benchmark

When a benchmark problem is run, it is interesting to compare the results obtained by various
algorithms on this problem. To do so, one needs to deﬁne the set of features that one wants to
assess.
The ReliabilityBenchmarkResult class is used to deﬁne the output of a reliability
benchmark problem. Its constructor parameters are:
• exactProbability: a ﬂoating point number representing the exact probability;
• computedProbability: a ﬂoating point number representing the estimated probability;
• numberOfFunctionEvaluations: an integer representing the number of function
evaluations.
Based on these parameters, the class computes several attributes:
• absoluteError: a ﬂoating point number representing the absolute error of the estimated probability;
• numberOfCorrectDigits: a ﬂoating point number representing the log-relative error in base 10;
• numberOfDigitsPerEvaluation: a ﬂoating point number representing the number of correct digits per function evaluation.
This last attribute measures the efﬁciency of the algorithm in computing the signiﬁcant digits of
the probability (typically, the larger the better).
3.4

Classes to perform a benchmark

The ReliabilityBenchmarkProblemList static method returns a list of benchmark
problems available in the library. In the following example, one gets the list of problems and
compute its length:
14
15

benchmarkProblemList = otb.ReliabilityBenchmarkProblemList()
numberOfProblems = len(benchmarkProblemList)

The number of problems is currently equal to 26. Then the following script performs a loop
over the problems and prints the name, the reference probability 𝑝 f,ref and the dimension of
each problem:
16
17
18
19
20
21
22
23
24
25

for i in range(numberOfProblems):
problem = benchmarkProblemList[i]
name = problem.getName()
pfReference = problem.getProbability()
event = problem.getEvent()
antecedent = event.getAntecedent()
distribution = antecedent.getDistribution()
dimension = distribution.getDimension()
print("#", i, ":", name, " : pfReference = ", pfReference, ",
dimension=", dimension)

As a result, the previous script prints:
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Distribution

Symbol Parameters

PDF

Uniform

U

(a, b)

𝑓 𝑋 (𝑥) =

Normal

N

(𝜇, 𝜎)

𝑓 𝑋 (𝑥) =

Log-normal
Exponential

LN
E

(𝜇, 𝜎)
𝜆

𝑓 𝑋 (𝑥) =
𝑓 𝑋 (𝑥) =

− ( 𝑥−𝜇)
√ 1 𝑒 2𝜎 2
2𝜋𝜎 2
(ln(𝑥)−𝜇) 2
1 √1
𝑥 𝜎 2𝜋 exp −
2𝜎 2
−𝜆𝑥
𝜆𝑒

Gumbel

G

(𝜇, 𝛽)

𝑓 𝑋 (𝑥) =

1
𝛽

%

1
𝑏−𝑎

0

, 𝑥 ∈ [𝑎, 𝑏]
, 𝑥 ∉ [𝑎, 𝑏]
2

𝑥−𝜇
exp − 𝑥−𝜇
𝛽 − exp − 𝛽

Table 1: Probability distribution parametrization used in otbenchmark.
# 0 : RP8 : pfReference =
# 1 : RP14 : pfReference =
# 2 : RP22 : pfReference =
[...]

4
4.1

0.000784 , dimension = 6
0.00752 , dimension = 5
0.00416 , dimension = 2

DESCRIPTION OF THE BENCHMARK PROBLEMS
Input random variable parametrization

The ﬁrst element of a benchmark problem is the input random vector X = (𝑋1 , . . . , 𝑋𝑑 ) ∈
Although it might look obvious, precising the way random variables are deﬁned is crucial in the context of a benchmark, especially since several distributions can be parametrized
differently (e.g., the log-normal distribution). Table 1 provides the parametrization used in
otbenchmark. All together, OpenTURNS provides 36 basic probability distributions, which
allow the user to build an inﬁnite number of distributions by truncating, transforming and combining them. Moreover, a large panel of copulas can be used to model input dependency.
R𝑑 .

4.2

Reliability problems description

As described in the previous sections, a reliability problem is deﬁned by an input random
vector 𝑿, a function 𝑔(·), a threshold 𝑠 and the corresponding reference failure probability 𝑝 f,ref .
One of the major challenge of a reliability benchmark is getting the most accurate reference
failure probability. Without such an accurate reference solution, the benchmark is worthless.
Depending on the complexity of the function, the distribution of the input random vector and
the rareness of the failure event, computing 𝑝 f,ref can be more or less challenging. The safest
way to achieve this regardless of the previous parameters is using the a very large crude Monte
Carlo simulation, however, this method is very costly.
For some speciﬁc cases, one can compute an exact solution using quadrature methods. These
techniques are extremely powerful since they allows to exactly compute the full output distribution 𝑌 without sampling the function. Overall, among the reference probabilities provided in
otbenchmark, some are estimated with a huge Monte Carlo sampling, some are borrowed
from [12] (and the associated references from the literature), while others are computed exactly
using quadrature methods on the input distributions.
The implementation of the exact quadrature computation is problem-dependent and should
progressively be applied to as many problems as possible. These reference values are continuously improved and offer interesting work perspectives. Table 2 presents the current reference
values for 𝑝 f,ref available in otbenchmark and the corresponding values of the Hasofer-Lind
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reliability index 𝛽HL . Note that the values tagged with an asterisk (*) differ from the initial
reference probabilities provided by [12].
Table 2: Reliability problems deﬁnition.
Problem label
RP8

𝑑
6

𝑝 f,ref
7.84e-04

𝛽HL
3.16

RP14

5

7.52e-03

2.42

RP22

2

4.16e-03

2.64

2
2
2
2
3
2
7
2
20
2
2
5
100
2
3
2
5
10
2
2
2
2
2

2.86e-03
6.14e-06
1.46e-07
1.8e-04
2.57e-03
3.54e-03
8.1e-03
3.13e-03
9.98e-04
5.6e-01∗
2.84e-02
4.56e-02
3.79e-04
1.07e-02
2.87e-07
5.43e-03
6.97e-04
2.92e-07
3.19e-05
7.65e-07
7.86e-02
2.92e-02
2.19e-03

2.76
4.36
5.11
3.58
2.8
2.7
2.48
1.86
3.09
-0.15
1.91
1.7
3.36
2.33
5.0
2.55
3.19
5.0
4.0
4.81
1.41
1.89
2.85

RP24
RP25
RP28
RP31
RP33
RP35
RP38
RP53
RP54
RP55
RP57
RP60
RP63
RP75
RP77
RP89
RP91
RP107
RP110
RP111
R-S
Axial stressed beam
Four-branch serial system
4.3

Sensitivity problems description

The otbenchmark package currently contains 4 sensitivity analysis problems. More precisely, it includes the sum of several Gaussian random input variables, the product of several
Gaussian random input variables, the G-Sobol’ function [13] and the Ishigami function [9].
The ﬁrst two test functions have variable dimensions. More sensitivity analysis problems will
be added in the next release.
5

BENCHMARK RESULTS

This section presents how otbenchmark allows to compute and compare various metrics
on multiple problems with several algorithms. At ﬁrst, a simple “for” loop is performed to
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Elias Fekhari, Michaël Baudin, Vincent Chabridon, Youssef Jebroun

solve each problem with a list of algorithms (e.g., Monte Carlo, FORM, SORM, FORM-IS
and Subset) and compute a list of metrics (e.g., failure probability, number of correct digits,
absolute error). This loop uses the same structure as the one described in subsection 3.4 and
various metrics can be directly computed using the methods described in the subsection 3.3.
In the following, a maximum simulation budget is set to 𝑛max = 104 calls. Such a value is
set for illustration purposes here, even if this budget is clearly not enough to reach low failure
probabilities proposed by some problems. The Monte Carlo algorithm stopping criterion used
is this maximum number of function evaluations (i.e., 𝑛max ). FORM and SORM methods are
used with the Abdo-Rackwitz algorithm for the search of the design point [10, 1]. Regarding
SORM, the Breitung approximation formula is used [4]. For the two approximation methods,
the maximum number of function evaluations is set to 𝑛max , the maximum absolute error, maximum relative error, maximum residual error and maximum constraint error are set to 10−3 . The
FORM-IS algorithm [10] ﬁrst uses the FORM analysis to ﬁnd the design point and then uses
importance sampling with a Gaussian importance distribution in the standard space, centered
on the design point. The FORM-IS and Subset algorithms [2] are used with the same stopping
criterion as the Monte Carlo algorithm.
Overall, the results are in three dimensions and summarize both the problems, the algorithms
and the metrics. To handle such a complex data structure, the multi-columns DataFrame
class offered by the pandas package [16] is used. In addition to being a reference for data
manipulation, pandas is known to well perform with multi-columns, provides powerful styling
options and allows one to export any DataFrame to a LATEX table. Table 3 is the result of an
automated pandas export of the failure probabilities. It is obvious here that, with such a
limited budget (i.e., 𝑛max ), some problems are too difﬁcult for some algorithms which fail to
converge towards the reference failure probabilities. This explains the numerous zero values in
Table 3 (or with an hyphen symbol when one does not want to run the Monte Carlo algorithm
since one already knows it will not converge). Note that the purpose here is not to solve the
problems but discuss the way otbenchmark works, produces, displays and compares the
results.
This short illustration was performed on ﬁve algorithms but could easily be extended to
many more reliability analysis algorithms available in OpenTURNS, including the adaptive
directional stratiﬁcation [11], the multiple design points strategy adapted to FORM/SORM [5]
or FORM-system algorithm [10]. Adaptive surrogate-based algorithms will also be added in
future work.
6

CONCLUSION

The otbenchmark package offers a open source benchmark tool for any user interested in
performing reliability or sensitivity analysis, but more generally, to much more analyses usually
encountered in uncertainty quantiﬁcation. This versatile tool can serve many objectives such
as helping in the development, testing and validation of new algorithms, or applying several
algorithms to a given problem. It mainly relies on powerful classes and methods inherited from
the OpenTURNS library, but also propose several new classes and dedicated tools speciﬁcally
derived for benchmarking purposes. It gives access to a collection of problems with their reference solutions and allows to compare the performances of algorithms. Moreover, various tools
to make this comparison more automated, robust and visual are available. Several convergence
and accuracy metrics are provided to compare the algorithms performances, graphical tools and
result tables are proposed to ease the results analysis. The quality of the reference values and,
more generally, of the software are of paramount importance to ensure a consistent benchmark.
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Table 3: Estimation of 𝑝 f for all the problems using 5 algorithms (𝑛max = 104 calls).
𝑝 f,ref Monte Carlo
FORM
SORM FORM-IS
Subset
7.840e-04
9.000e-04 6.599e-04 7.837e-04 7.737e-04 8.863e-04
7.520e-03
9.000e-04 7.003e-04 6.988e-04 7.598e-04 8.720e-04
4.160e-03
3.500e-03 6.210e-03 4.391e-03 4.259e-03 4.117e-03
2.860e-03
3.600e-03 6.209e-03 6.209e-03 2.749e-03 2.486e-03
6.140e-06
1.000e-04 2.105e-03 1.064e-05 4.644e-05 3.415e-05
1.460e-07
– 2.850e-08 0.000e+00 1.332e-07 1.756e-07
1.800e-04
2.300e-03 2.275e-02 2.275e-02 3.319e-03 3.919e-03
2.570e-03
1.600e-03 1.350e-03 1.350e-03 2.322e-03 2.718e-03
3.540e-03
3.000e-03 1.350e-03 2.134e-03 2.377e-03 3.430e-03
8.100e-03
8.500e-03 7.902e-03 8.029e-03 8.146e-03 7.848e-03
3.130e-02
3.260e-02 1.180e-01 2.986e-02 3.143e-02 2.971e-02
5.600e-01
5.660e-01 5.000e-01 1.093e-05 5.645e-01 5.655e-01
9.980e-04
1.100e-03 5.553e-02 3.552e-03 9.767e-04 9.611e-04
2.840e-02
2.950e-02 4.504e-01 0.000e+00 2.746e-02 2.772e-02
1.070e-02
1.030e-02 0.000e+00 0.000e+00 0.000e+00 9.409e-03
5.430e-03
5.000e-03 2.009e-09 2.009e-09 9.002e-05 5.460e-03
2.920e-07
– 2.867e-07 2.867e-07 2.896e-07 2.337e-07
3.190e-05
– 3.167e-05 3.167e-05 3.078e-05 7.116e-06
7.650e-07
– 0.000e+00 0.000e+00 0.000e+00 7.308e-07
3.790e-04
1.000e-04 1.000e+00 0.000e+00 0.000e+00 4.063e-04
6.970e-04
1.000e-03 6.984e-04 7.001e-04 6.964e-04 6.838e-04
4.560e-02
4.860e-02 4.484e-02 4.484e-02 4.503e-02 4.230e-02
2.870e-07
– 6.687e-02 6.687e-02 4.002e-07 3.683e-07
2.186e-03
2.900e-03 0.000e+00 0.000e+00 0.000e+00 2.428e-03

RP8
RP14
RP22
RP24
RP25
RP28
RP31
RP33
RP35
RP38
RP53
RP55
RP54
RP57
RP75
RP89
RP107
RP110
RP111
RP63
RP91
RP60
RP77
Four-branch
serial system
R-S
7.865e-02
Axial stressed 2.920e-02
beam

7.870e-02
2.690e-02

7.865e-02
2.998e-02
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This is managed ﬁrst by providing reference values as accurate as possible (which may involve,
for example and when possible, exact quadrature calculations). Furthermore, this quality expectation is made achievable using software development methods which includes source version
control (using Git), unit tests, continuous integration and collaborative development. As part
of the otbenchmark development roadmap, one can mention the following prospects: some
of the reference values will be updated using, as much as possible, exact quadrature methods
to get the largest possible number of signiﬁcant digits for reference values; sensitivity analysis
will be extended to new problems and more investigated; other types of analyses will be also
investigated (e.g., central tendency, calibration).
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Abstract. The paper presents an analytical model for prediction of the peak force in concrete
specimens loaded in bending (both notched and unnotched). The model is capable of predicting
peak force statistics by computing the extreme values of sliding averages of random strength
ﬁelds. The local strength of the specimen is modeled by a stationary isotropic random ﬁeld with
Gaussian distribution and a given autocorrelation function. The averaging operation represents
the progressive loss in material integrity and the associated stress redistribution that takes place
prior to reaching the peak load. Once the (linear) averaging process is performed analytically,
the resulting random ﬁeld of averaged strength is assumed to represent a series of representative
volume elements (RVEs) and the global strength is found by solving for the minimum of such
an effective strength ﬁeld. All these operations can be written analytically and there are only
four model parameters: the three dimensions of the averaging volume (RVE) and the length
of the ﬁnal weakest-link chain. The model is veriﬁed using detailed numerical computations of
notched and unnotched concrete beams simulated by mesoscale discrete simulations of concrete
fracture performed with probabilistic distributions of model parameters. The numerical model
used for veriﬁcation represents material randomness both by assigning random locations to
the largest aggregates and by simulating random ﬂuctuations of material parameters via a
homogeneous random ﬁeld.
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1

INTRODUCTION

The mechanical responses of heterogeneous quasibrittle materials like concrete are intrinsically intertwined with non-homogeneity and randomness at ﬁner scales of material resolution.
In order to represent the cascading events of crack nucleation, growth and their interaction a
variety of models have been developed.
Taking into account the spatial variation of material properties is also of paramount importance in the safety and reliability evaluation of engineering structures. Nowadays, the simplest
and most oft-used method to account for material spatial randomness is classical Weibull theory
[21, 20]. The structure is viewed as composed of many small reference volumes that are independent and have random strengths, no redistribution of stresses is considered, and the failure
of any piece of material triggers the failure of the whole system. This holds even for nonuniform stress ﬁelds: the Weibull theory allows to compute an integral over the structure volume
the result of which can be interpreted as the equivalent number of equally stressed material
elements. The input to this Weibull integral is the shape of the stress ﬁeld just before failure;
see e.g. Sec. 4.1 in [19] for details. In this approach, all information about the mechanics of
failure is lost, and the structural geometry becomes irrelevant: the integral transforms the structure into uniaxial bar with a constant stress. Indeed, from the viewpoint of Weibull theory, any
piece of material can be viewed as a chain of elements (in series coupling) and thus statically
determinate. This is unrealistic for real materials. Another caveat relates to the assumption
of the spatial independence of local strengths. Weibull distribution is one of the three stable
forms of extreme value distributions [10]. Its derivation assumes the survival probability of the
structure as the product of survival probabilities of all inﬁnitesimal pieces of material, which
is only correct if these survival probabilities are independent. Spatial correlation incorporates
a length scale, though, and the Weibull theory must be modiﬁed accordingly [17]. There is also
a difﬁculty associated with the correct determination of the effective number of dimensions, as
not only the geometrical similarity inﬂuences it. If, for example, a 3D structure fails only after
the whole thickness fails (no matter how much the thickness is), the 3D geometrical scaling represents 2D scaling in Weibull theory, which is sometimes a source of confusion in experimental
data interpretation; see [19] or Sec. 12.3.3 in [2]. Another example is when the failure can be
triggered by two different and independent failure mechanisms: either a piece of material fails
in the volume or by failure triggered at surface ﬂaw. This is possible in the theory and as the
structure is scaled in 3D, the amount of volume scales with the third power but the amount of
surface material is scaled quadratically. Another problem with a direct application of Weibull
theory based on the elastic stress ﬁeld is that in cracked bodies or bodies with sharp notches, the
singularity of the stress ﬁeld causes the Weibull integral to diverge, thus predicting an inﬁnite
effective volume and zero strength. The self-similarity embodied in classical Weibull theory
means that the strength of any piece of material is Weibullian, and only the volume and effective dimensionality decide the scale parameter; the shape parameter is size-invariant. These
assumptions are not acceptable, and an alternative model must be developed to predict statistical
strength in a manner that reﬂects the true behavior of heterogeneous materials such as concrete.
In this paper, we use results obtained with a particular class of discrete mesoscale models
[5, 6] which was enhanced [9] by additional spatial variability in material properties via random
ﬁelds. The discrete mesoscale models exhibit a certain variability in response due to the random placement of numerical aggregates which leads to random dimensions and orientations of
“bars” connecting the aggregate centers. These random geometrical properties, when combined
with deterministic materials properties, lead to scatter in structural response such as the peak
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loads, sequences of local events and the related crack trajectories etc. Studies performed in [9]
showed that scatter is not representing the experimental data obtained with concrete and therefore an additional sources of randomness was introduced. Random ﬁelds of material parameters
provide spatial variability in a controlled fashion. Not only that the distribution of local properties can be described by the distribution of a random ﬁeld, but also the spatial correlation is
under control. It has been found that there exist a meaningful set of parameters of random ﬁelds
used for modeling the otherwise deterministic parameters in the discrete model to accurately
mimic the experimental data [9]. However, the connection of these spatial variability parameters to material and specimen production is not completely clear. Therefore, one can assume
a range of possible setting of random ﬁelds to obtain a range of possible structural responses
when predicting the true behavior.
A systematic study regarding the effect of parameters of the random ﬁelds has been performed in [8] to show the effect on both notched and unnotched structural elements made of
concrete. It was shown that notched structures with stress concentration are affected by statistical variability in a different way than unnotched ones and that behavior of concrete bars
under pure tension may behave very differently depending on a particular realization of the
local strength ﬁeld. The present paper, which is a promotion of a recent journal paper [18] provides a simple explanation to the different behavior of notched and unnotched specimens and
proposes a simple analytical model that can replace the expensive random discrete mesoscale
simulations. The analytical model is able to predict the peak force statistics by computing the
extreme values of sliding averages of random strength ﬁelds.
2

OVERVIEW OF THE PROPOSED ANALYTICAL MODEL

The Introduction section discussed the classical Weibull theory along with a critique of its
weaknesses. Several assumptions were found unacceptable and therefore an alternative model
for the prediction of statistical strength is developed here so as to better reﬂect the true behavior of heterogeneous concrete-like material. We formulate the following simple hypotheses
embodied in the proposed analytical model:
1. There is a representative volume element (RVE) that can be identiﬁed for a given material,
geometry, dimensions, boundary conditions, etc., which is deﬁned in such a manner that
its failure leads to the exhaustion of structural strength (peak load). The dimensions of the
RVE are not dependent on the parameters of the local strength random ﬁeld. The volume
of structure can be discretized into many RVE subvolumes.
2. Each RVE is composed of many microbonds that contribute to its strength. Within each
RVE, one can deﬁne effective strength as the moving average (within RVE volume) of local strengths found within that RVE. This RVE strength is random and is a result of combinations of both serial and parallel couplings of these microbonds. The inside of each
RVE can potentially undergo stress redistribution in response to a change in the external loading. Depending on the redistribution potential of the material, the RVE can have
different degrees of brittleness/ductility and the probabilistic distribution of its strength is
inﬂuenced correspondingly. Effective strength may be a random function and it represents
a barrier for the effective stress (action) deﬁned in the next item.
3. During loading, one can deﬁne effective stress at each potential RVE center as the local
average of stresses found within that RVE. Thus effective stress is a homogenized part of
stress obtained as an average over the RVE volume deﬁned in item 1. The effective stress
evolves during the loading process.
4. The structure can be discretized into many potential RVEs that may or may not share
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eff. length L1

P, w

effective tensile
strength HT (x)
effective tensile stress

300 position (x coordinate) [mm] 300

stress,
strength

stress,
strength

P, w

eff. length L1

effective tensile
strength HT (x)

eff. stress

300 position (x coordinate) [mm] 300

Figure 1: Illustration of the transformation of the random 3D discrete mesoscale model into an effective 1D model
of a chain of random RVEs. From the left: unnotched bending, notched bending and uniaxial tension.

an identical level of load expressed via the effective stress. We assume that at the moment of attaining the peak load of the structure, the inelastic strains localize into a single
macrocrack inside one of the RVEs. At this moment the effective (tensile) strength of that
critical RVE attains its effective stress. This moment corresponds to the structural failure
because the exhaustion of the effective tensile strength of a critical RVE signals the peak
load of the whole structure.
5. The failure of any RVE occurs after redistribution of stresses takes place inside the RVE
volume. The failure typically occurs after many of the bonds within the RVE exceed their
random capacity. The number of these bonds increases with the redistribution potential
expressed via toughness or effective fracture energy. Even though the model features a
strength-based failure criterion, fracture energy inﬂuences the dimensions of the RVE.
The effective strength of a potential RVE is effectively Gaussian within a wide range
around the mean strength; the degree of normality (spread of the Gaussian core) increases
with the number of parallel couplings involved in the averaging operation (and thus with
the RVE size). In concrete, the strength probability distribution function can be reasonably considered Gaussian in the central region. This distribution can be considered to
have gradual transitions towards power law tails [7, 11, 1, 17].
Item 1 deﬁnes the RVE in a different way than is usual in the modeling of heterogeneous
materials. We remark that the term ‘representative volume element’ may have various meanings
[12, 13, 14, 15]. The problem with the deﬁnition of an RVE is that it depends on the property is
to be represented [4], and therefore its size depends on the type of treated physical phenomena,
microstructure geometry and the contrast between microstructure constituents [16].
Moreover, the effective strengths of a potential RVE can generally be statistically dependent
and we assume that the effective strength is an autocorrelated random ﬁeld, which is not considered in applications of the extreme value theory to the weakest-link model of independent
links. The random ﬁeld of effective strength is a result of the redistribution of stresses within
an RVE volume/window, and the redistribution is taken into account simply via the moving
average operation. Therefore, the above-mentioned weaknesses of the classical Weibull theory
are removed: stress redistribution is taken into account (it incorporates a length scale) and so is
the spatial correlation of RVE volumes (it incorporates another length scale, the effective autocorrelation length, which depends on both the autocorrelation of local strengths of a ﬁner scale
and the RVE window size). Another deviation from the Weibull theory is that the distribution of
effective strength is no longer Weibullian (with the size-independent shape and scale parameter
being scaled from a reference one corresponding to a reference size).
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3

APPLICATION TO RANDOMIZED MESOSCALE DISCRETE MODEL

Consider a unit-mean Gaussian random ﬁeld h(x) where the spatial coordinate x is deﬁned
in three dimensions (the beam volume). This random ﬁeld represents the local strength (or
simply its dimensionless multiplier as in the current application). It is a random function that
depends on the spatial coordinate, x. We consider h to be a homogeneous random ﬁeld in the
strong sense, meaning that the distribution of the random ﬁeld is independent of the location,
and that the autocorrelation structure among the local random variables is also shift-invariant,
i.e. it only depends on the mutual distance between the points. We also consider that h(x) is
ergodic (the spatial average is equal to the ensemble average). Thus, our random ﬁeld is fully
deﬁned by the constant mean value μh = 1, standard deviation δh and autocorrelation function
ρ(τ ; ρ ), where ||τ || is the lag (distance between two spatial points). This function is considered
to be a separable isotropic Gaussian (squared-exponential) autocorrelation function
* $
*$
%2 + ,
%2 +
3
||τ ||
τv
ρ(τ ; ρ ) = exp −
exp −
(1)
=
, |τv | ≥ 0
ρ
ρ
v=1
The separability means that the correlation between two different random variables h(x1 ) and
of autocorrelations that depend solely on distances τv , i.e. projections of
h(x2 ) is a product

3 2
the lag ||τ || =
v τv along individual dimensions v = 1, 2, 3. Therefore, for such a fully
separable autocorrelation, we can write
ρ(τ ) = ρ(τ1 , τ2 , τ3 ) = ρ(τ1 )ρ(τ2 )ρ(τ3 )

(2)

The isotropy means that the autocorrelation length, ρ , is identical in all three directions.
The additional randomness due to the spatial variability of material properties in the discrete
model is incorporated into the constitutive relation via modifying the main parameters that
control the tensile response of the material unsing a random ﬁeld h(x). These parameters,
which are associated with the individual contacts/bonds of the discrete model, are the tensile
strength and fracture energy ft and Gt . As discussed in [8], the parameters are randomized via
only one random spatially varying multiplier h(x) in such a way that the local Irwin/Hillerborg
characteristic length is kept unmodiﬁed and constant throughout the beam volume. This is
achieved [19] by taking ft (x) = f¯t h(x) and Gt (x) = Ḡt [h(x)]2 , where f¯t and Ḡt denote the
deterministic model parameters. If h is a constant (independent of x), two beam simulations
that differ only in two values of a random multiplier, say h1 and h2 = c · h1 , c > 0, will follow
exactly the same cracking process and the computed forces will simply have a ratio of c.
The probabilistic part of the model is fully characterized by a unit-mean Gaussian homogeneous random ﬁeld h(x) which has two free parameters: the coefﬁcient of variation, δh ,
and the autocorrelation length, ρ , which is the parameter of the selected squared-exponential
isotropic autocorrelation function. The random ﬁeld is stationary in the strong sense, meaning that the distribution is identical throughout the whole domain (specimen volume), and also
the autocorrelation structure is shift-invariant. In fact, the distribution function of the strength
multiplier, h(x), should be considered to have a modiﬁed left tail – it was assumed to follow
Weibull-Gaussian distribution, i.e. Gauss distribution with a Weibullian left tail grafted at very
low probability, see [8]. The cumulative distribution function of Weibullian random variable h
reads FW (h) = 1 − exp [−(h/s)m ] where m and s are the shape and scale parameters, respectively. The left tail grafted at very small values of strength practically does not inﬂuence the
analysis performed here with purely Gaussian distribution.
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Figure 2: Specimen geometry for a) unnotched and b) notched beams loaded in three point bending. The narrow
blocks of dimensions T1 , T2 and T3 are the three RVE length parameters of the proposed analytical model.
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Figure 3: Distribution of damage at the inter-particle contacts of one realization of the probabilistic model ( ρ =
25 mm) at the peak load (top) and at the termination of the simulation (bottom) of unnotched and notched beams.
For deﬁnition of “damage”, please see the description of the mesoscale discrete model in [8].

The random ﬁelds used to represent material parameters are generated with various autocorrelation lengths spanning from ρ → 0 (independently sampled random variables) up to the
inﬁnitely long autocorrelation length ρ → ∞, for which the realizations are random constant
functions, and therefore the whole structure shares the same value in a single realization. The
strengths of the beams were statistically evaluated as functions of the autocorrelation length and
variance of the random ﬁeld.
The model was employed to simulate the three point bending of concrete beams with and
without a central notch, see Fig. 2. Fig. 3 presents examples of the typical patterns of damage
for selected realizations of the random strength ﬁeld multiplier. One can see that the damage is
more localized in the notched beams.
In the two bending geometries considered here (unnotched and notched three point bend
beams), the identiﬁcation of the “chain of RVEs” is particularly simple. By studying the stress
ﬁelds of the beams in the discrete model at the peak load, we can compute the effective stresses
at the peak load. Fig. 1 illustrates the idealization used in the analytical model. The failure
of the weakest RVE thus corresponds to the ﬂexural strength (peak load) of the beam. Each
of such RVEs is assumed to be a cuboid; see the thin green cuboids in Fig. 2. The series
coupling of potential RVEs over the effective length is depicted in the highly tensioned zones.
At the bottom, the averaged stress ﬁelds and a realization of the effective strength ﬁeld are
depicted together with the decisive macrocrack location. Thanks to the ability to redistribute
stress internally, the tensile stress ﬁelds can be considered roughly constant over a certain length
at the bottom part of the beams. To support this claim, the effective tensile stresses obtained
from one realization of the beams modeled by the discrete mesoscale simulations are depicted
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Figure 4: Evolution of the effective stress in three point bend beams as predicted by the discrete mesoscale model.
The line colors correspond to various stages of loading: pre-peak stages (thin blue), peak load (thick black), right
after peak load (thick green) and postpeak stages (red to brown); [18].

in Fig. 4. These proﬁles of the effective tensile stresses are calculated as sliding averages of
windows corresponding to the RVE sizes (length about 10 mm, depth 40 mm or 50 mm and
beam thickness 40 mm), see below. In the case of unnotched beams, the length of an effective
chain can become as great as 300 mm, which is one half of the bending span. In the notched
beams, however, the length is very limited as the effective stress ﬁeld is very localized around
the notch tip. Note that the effective stress proﬁle does not have to be constant and more
complicated forms can also be considered when computing this effective chain length. The
effective stress ﬁeld (action) is considered approximately deterministic from here on. It is true
that the averaged stress exhibits a certain degree of variability inﬂuenced mainly by the size of
the averaging window. Indeed, various realizations of the mesoscale model (different positions
of the grains) return slightly different the stress ﬁelds. However, the averaging window contains
many grains and therefore the variance in the effective stress can be disregarded; see Fig. 4. A
rigorous approach to incorporate this variability has been presented in [22].
The most important information gained from the analyses [8] performed with the probabilistic mesoscale model is that the volume within which massive redistribution takes place right at
the peak load is almost independent of the parameters of the random ﬁeld. As shown in [18],
when considering the strengths of individual bonds being described by a random ﬁeld, the effective strength parameters of each RVE (an averaging window) can be predicted analytically, together with the spatial correlation of these averaged strengths. Therefore, the three-dimensional
problem is transformed into a one-dimensional problem (a chain) with an effective strength
variable along the beam span, see Fig. 1. The effective strength becomes a random process that
can be mathematically described as a result of the moving average of a local random strength
ﬁeld [18].
When this effective strength proﬁle is being attained by a constant effective stress, it sufﬁces
to merely obtain the minimum of a random ﬁeld over a certain effective length [18].
Since local strengths at the mesolevel are almost entirely Gaussian, the effective strength of
individual potential RVEs is Gaussian, too. This is due to the averaging operation that suppresses the tails (by virtue of the central limit theorem the Gaussian core spreads wider). Therefore, it sufﬁces to focus on the extremes of Gaussian random ﬁelds over a closed interval: the
effective length L1 . This length must be determined by considering both the stress ﬁeld and the
properties of the sample paths of the effective strength (its gradients). In the studied examples
of three point bending and tension, the estimation of chain length is provided in [18].
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I nput random field
Random strength field parameters h
- autocorrelation length:
- coefficient of variation: h

M echanics
RVE volume
dimensions T1, T2
and T3 (= width b)

A veraging
Parameters of the averaged random strength field HT
- coefficient of variation: H
(Eq. 15)
- standard deviation of the derivative HT :
(Eq. 18)
- autocorrelation-related parameter:
(Eq. 21)

P eak load
Peak load without random strength field h
- mean value: d
- standard deviation: d

Stress field
at the
peak load

C hain

F irst passage problem

Effective chain
length L1
(Tab. 1)

Random strength field minimum
- distribution function: g (k, L1) (Eq. 24)
- mean value: min
(Eq. 25)
- standard deviation: min
(Eq. 26)

S trength
Prediction of structural
strength (Eq. 27)
- mean value: p
- standard deviation: p

Figure 5: Flow chart of the model. The top row represents the input information for the proposed model sketched
in the bottom row. Equation numbers correspond to equations in [18].

3.1

Three point bend beams

The application of the proposed model to bending requires either (i) an analysis of the exceedance probability function that features non-constant effective threshold (stress) u(x) over
the whole bending span, or (ii) determination of the effective length of chain in which the
macrocracks appear and in which the effective stress can be considered approximately constant.
The ﬁrst alternative is generally possible, but it leads to a somewhat more complicated formula
for the probability density function of exceedance.
In this work we have selected the assumption of a roughly constant effective stress proﬁle by
taking advantage of the fact that there is an effective chain length L1 which covers the range of
high stresses where a crack occurs and in which the effective stress does not vary considerably.
The ﬂow of the information in the proposed model is sketched in ﬂowchart in Fig. 5. The
information about random strength ﬁeld (dimensionless local strength multiplier; see box I) is
processed analytically to represent averaging using the estimated RVE size (the three dimensions of RVE can be estimated or identiﬁed from a detailed model for the mechanics; see box
M). The result of the averaging operation is a detailed description of the transformed effective strength random ﬁeld (A). Another information needed that represents the mechanics is the
stress ﬁeld at the peak load (M); in particular, we need to estimate the extent of regions that
share almost identical effective stress at the peak load. Using this information and the data from
effective strength random ﬁeld, the effective “chain length” can be deduced (C). The next step
is simply computation of the minimum strength over the effective length (F). In cases when
there is no other source of randomness, the computed mean value and standard deviation can be
readily used as multipliers of the deterministic peak load. In our case, there is another source of
variability in the peak load predicted by the discrete mesoscale model, see below. This source
is not controlled by the random strength ﬁeld and therefore this information (P) is additionally
passed to obtain the ﬁnal result: the prediction of random structural strength parameters (S);
see also Sec. 3.3 on this topic. Note that box (P) can also be used to carry information about
additional sources of randomness independent from local strength random ﬁeld; e.g. due to
testing imperfections etc.
3.2

Identiﬁcation of the model parameters

There are in total four parameters of the proposed analytical model that must be inferred (i.e.
identiﬁed) from the discrete simulations: T1 , T2 , T3 and L1 ; see box M in Fig. 5. These are (i)
the three dimensions of the local averaging RVE window (a volume whose failure triggers the
failure of the whole structure), and (ii) the length of the effective chain (plus the information
about the effective stress function over the length of this chain). The rectangular cubes of the
RVE are assumed to have identical dimensions: the length T1 measured along the beam span,
the depth T2 measured along the vertical axis, and the width T3 ; see the illustration of one such
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RVE in Fig. 2. With these parameters, the probability distribution function of structural strength
is obtainable analytically [18].
We ﬁrst focus on the three dimensions of the averaging RVE volume. The width T3 is not
a free parameter: it must be taken as the beam width, b = 40 mm, through which the crack
front must pass. The lengths T1 and T2 are two length parameters that must be obtained either
from a nonlinear analysis (e.g. with a discrete model) or estimated. As argued in, e.g. [3, 2], in
the case of modulus of rupture (unnotched beams) there is a boundary layer of microcracking
that develops prior to reaching the peak load. The depth of this layer, Db , is approximately
proportional to the maximum aggregate size, and thus independent of the structural size. We
use the averaging depth T2 ≈ 2Db , which is based on simulations performed in [8]. Indeed, the
lengths T1 and T2 represent the width and depth of the region surrounding the macrocrack that
forms at the peak load, or right after it has been reached: see Fig. 7 in [8]. Numerous analyses
with the discrete model have conﬁrmed that these lengths are not considerably dependent on
the parameters of the random ﬁeld; they can be obtained from the “deterministic” model in [8].
The depths T2 of RVEs in the case of unnotched and notched beams do not differ much [18].
The averaging dimension T1 is controlled by the irregular inner structure and also by the
macroscopic stress ﬁeld. In the direction of x1 , the averaging width T1 is considered because it
is known that the crack, once it has localized, is not perfectly planar. The width T1 is related
to the maximum aggregate size, dmax = 10 mm, and we conjecture that the fracture energy and
the stress ﬁeld have additional inﬂuence: in the case of unnotched beams, we have found that
the crack “planes” are somewhat tortuous and therefore the RVE width T1 is greater than in the
case of notched beams that are exposed to strongly localized stress ﬁelds; see Fig. 4. Note that
the relatively large averaging lengths T2 and T3 make the strengths within each RVE almost
constant over directions x2 and x3 . The only variability in space takes place along direction x1 ,
and this is what allows us to perform the one-dimensional idealization into the “effective chain”
of RVEs. The RVE dimensions are thus selected.
The last, fourth, parameter of the model is the effective length L1 . It is the extent of the
zone within which cracks will frequently appear in the beam, and is therefore dependent on the
effective stress ﬁeld (obtained by averaging with the three RVE dimensions). In both types of
beams, however, the length L1 is also inﬂuenced by the random ﬁeld of the effective strength.
This is because both the autocorrelation length and the variance inﬂuence the random gradient
of the wavy function describing the RVE strengths along the beam. The effective chain has the
length of the interval where the effective stress may attain the effective strength, and therefore
it depends on both processes, see [18] for more details.
The unnotched beams have, at the peak load, a very long zone of almost constant stress
leading to large L1 . These mild functions develop thanks to the redistribution capacity of the
material. The shape of the effective stress (action) is parabolic; see Fig. 4. Therefore, its
gradient is an almost exactly linear decreasing function. The gradient of the effective strength
(barier) is a Gaussian random variable with zero mean and standard deviation δḢT . The length
over which the two processes can meet is therefore proportional to δḢT (with the dimension of
load per distance) and inversely proportional to the slope of the decreasing ﬁrst derivative of the
stress process (i.e. inversely proportional to its constant curvature). The situation is illustrated
in Fig. 6. By displaying several realizations of the averaged random ﬁeld, one can see how the
strengths compare to the same effective stress proﬁle for various variances and autocorrelation
lengths of the local strength.
In the case of notched beams, the effective stress ﬁeld is very localized and the length L1 is
very short. The crack must initiate at the notch tip, but various cracks form a “fan” depending

240

Miroslav Vořechovský
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Figure 6: Illustration of the dependence of effective span L1 (chain length) on the autocorrelation length ρ and
variance δh2 of the local (non-averaged) random ﬁeld, [18]. The effective stress ﬁeld is depicted for the unnotched
beams. Top row: low variance. Bottom row: large variance.

on the random barrier ahead of the current crack tip.
3.3

Comparison with the discrete mesocale model

Having ﬁxed all the parameters of the proposed analytical model, one could now compare
the model with results of the parametric study presented in [8]. Fig. 7 presents a comparison
between (i) the sets of the random discrete mesoscale simulations (a circle with errorbars representing μp ± δp ) and (ii) the results obtained by the proposed model (a solid line surrounded
by a scatterband). An excellent agreement between the analytical predictions and the random
discrete mesoscale simulations is obtained for the whole studied range of parameters ρ and δh
of the local random strength ﬁeld.
We ﬁrst comment on the asymptotic behavior, i.e. when the autocorrelation length approaches either zero or inﬁnity. When ρ ↓ 0, the local averaging within an RVE effectively
removes any variability in the effective random strength ﬁeld (δH = 0). Therefore, the chain
strength has zero variance, δmin = 0 and μmin = 1. Thus, the model predicts that the deterministic model solely governs the behavior
μp,0 = μd ,

δp,0 = δd

(3)

The results obtained from the random discrete mesoscale model slightly differs for two reasons:
(i) in the random discrete model, there is still room for a limited weakest-link principle, and the
separation of randomness in the “deterministic model” and the local random strength ﬁeld is
only an approximation; and (ii) the ﬁnite size of contacts/particles does not allow ρ to decrease
below the model resolution. Indeed, especially when the random ﬁeld variability is high (δh =
0.28), the variability of local strengths is not averaged out completely within the FPZ. However,
the differences between the predictions of the discrete model and the analytical model are minor.
On the other extreme, when ρ ↑ ∞, the realizations of effective strength processes along the
chain are random constant functions with a unit mean value and a standard deviation that is not
affected by the averaging: δH = δh . Since the chain length L1 = 0, the standard deviation of
the weakest RVE is δmin = δh and the mean value remains μmin = 1. Therefore, the structural
strength is simply the multiple of two independent sources of variability and the mean value
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Figure 7: The mean value and standard deviation of the maximum load computed on unnotched (left) and notched
(middle) beams loaded in three point bending and the tension of half-depth prisms (right) using the probabilistic
discrete mesoscale model, denoted by black empty circles and errorbars. The colored curves show results obtained
with the proposed model based on extremes of averaged random ﬁelds. The four different values of standard
deviation (coefﬁcients of variation) of the local strength random ﬁelds, δh , are highlighted in the boxes.

and standard deviation as
μp,∞ = μd ,


δp,∞ =

δd2 δh2 + μ2d δh2 + δd2

(4)

The match with random discrete simulations is absolute. Here, we recall the explanation from
Sec. 2 of [8] that for ρ ↑ ∞ the structural strength is simply proportional to variable h. This is
a consequence of the selected alternative of scaling tensile strength, ft , and fracture energy, Gt ,
in such a manner that the mesoscale Irwin/Hillerborg characteristic length is kept constant.
Let us now the study the behavior for intermediate values of autocorrelation length. The
monotonic increase in the standard deviation δp (ρ , δh ) of the peak load with an increasing
autocorrelation length ρ is affected by the averaging volume T1 T2 T3 via the variance reduction
function. Having a good match with the standard deviation conﬁrms the selection/identiﬁcation
of the RVE volume. Since T3 must be the beam width b, the only free parameters of the model
are the proportion T2 /T1 and the chain length L1 . The pair denoted T1 and L1 inﬂuences the
dependence of the average strength δp (ρ , δh ) on the autocorrelation length and the random
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ﬁeld variance. When the autocorrelation length ρ is roughly of the order of the averaging
length T1 , the average strength μp undergoes a noticeable drop, which becomes pronounced
with increasing random ﬁeld variance. The T1 /ρ ratio is small enough to limit the averaging
effect and yet large enough to activate the weakest-link effect. In this way, the probabilistic
length scale ρ and the deterministic length scale T1 interact.
A deeper understanding of the mechanisms leading to the drop in average strength for certain
combinations of the parameters of the random ﬁeld can be achieved by analyzing the presented
analytical model. It is a result of a combination of several factors, among which the derivative
of the effective strength proﬁle, δḢ , plays a role. Indeed, the increase in δḢ is detrimental to the
average structural strength in two different ways:
• The mean upcrossing rate of the averaged random ﬁeld
• The effective chain length L1 is proportional to the gradient: L1 ∝ δḢ (in bent beams).
The length of the virtual chain is, however, not the only factor inﬂuencing the mean strength.
Any increase in ρ also leads to an increase in the standard deviation of the averaged random
ﬁeld, which is detrimental to the strength of the chain. The interplay of these effects leads
to the relatively complicated dependence of the minimum average chain strength on the two
parameters of the random ﬁeld: ρ and δh . For the studied range of standard deviations δh , the
critical autocorrelation lengths vary between 20 and 35 mm (unnotched beams) and 6–10 mm
(unnotched beams); see the left and middle columns in Fig. 7.
While the strength troughs are very pronounced in the unnotched beams, in notched simulations the average peak load is found to be only very weakly sensitive to the spatial variability
in material parameters. The reason is that the stress concentration is so severe that the crack is
forced to propagate from one speciﬁc location (the notch tip) and the spatial variability in material parameters is not sufﬁcient to change the location of dissipative processes. In other words,
the weakest-link effect is strongly reduced. However, the standard deviation of the peak load
decreases with the decrease in the autocorrelation length due to the averaging of the ﬂuctuations
within the RVE, which was found to be independent of the applied random ﬁeld in [8].
4

CONCLUSIONS

This paper promotes a recently published analytical model that predicts statistics for the
random strength of beams made of quasibrittle materials in which strength is assumed to vary
according to a random ﬁeld, in particular a homogeneous isotropic random ﬁeld with Gaussian
distribution and an arbitrary separable autocorrelation function. These strength statistics can
also be obtained via costly discrete mesoscale simulation with additional local strength variability modelled by a random ﬁeld. We argue that if data obtained from the random discrete
mesoscale model [8] are used, the erratic patterns of local stresses in a concrete body may be
replaced by locally averaged (effective) stresses for the purpose of the overall strength analysis.
Failure becomes governed by a nonlocal criterion. If the local stress average exceeds a critical
threshold at any location, the system (structure) is assumed to attain its peak load. Here the critical threshold is the effective strength obtained as the local average of strengths with a certain
volume of the heterogeneous material.
The proposed approach relaxes two assumptions of the classical Weibull theory: (i) the consideration of effective strength reﬂects the progressive loss in material integrity and the associated stress redistribution within a representative volume element (RVE) that takes place prior
to reaching the peak load and, (ii) the consideration of spatial correlation departs from the
Weibullian assumption of the independence of strengths at various locations. The RVE window
encloses the smallest material volume whose failure may trigger the failure of the whole struc-
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ture. The dependence of its strength on the point variance and on the autocorrelation length of
the random ﬁeld is elucidated. The analysis provides insight into the interaction between (i)
the probabilistic length scale (introduced via the autocorrelation length of the random strength
ﬁeld) and (ii) the deterministic length scale (expressed via the dimension of the averaging RVE).
The model is shown to agree well with results obtained for three point bend specimens
with and without a notch that were analyzed using the random discrete mesoscale model.
The uniaxial tension of prisms is shown to exhibit more complicated behavior for which the
model’s assumptions do not hold. The presented model illustrates the transformation of a threedimensional structure into a chain of RVEs. In the case of notched beams, the possibility of
sampling a crack location randomly is quite limited by the stress concentration, and thus the
weakest-link principle is suppressed to a high extent. The strength of notched beams is only
modiﬁed in terms of its variance, but the distribution of beam strength is almost exactly proportional to the strength of a single RVE. In unnotched beams, the weakest-link principle modiﬁes
the distribution from that of a single RVE to the extreme value type.
The model has the deterministic/energetic features embodied by considering the redistribution within an RVE (three lengths). Given this simpliﬁcation and the knowledge of the spatial
variability of local material strength, the entire size effect (the dependence of the mean and standard deviation of structural strength on size) can be explained from a pure statistical viewpoint.
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[2] Zdeněk P. Bažant and Jaime Planas. Fracture and Size Effect in Concrete and Other
Quasibrittle Materials. CRC Press, Boca Raton and London, 1998.
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Abstract. A sequential sampling procedure is introduced for Gaussian process regression and
polynomial chaos expansion. The procedure consists of several sequential sample sets, each
with a certain number of sampling points. A grid-based method for sample selection in the
context of Gaussian process regression is proposed which aims to improve the model accuracy.
The demonstrated methods are investigated for a test case. The obtained surrogate models
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1

INTRODUCTION

In many research areas, simulations have become considerably more computationally intensive over time. In the context of surrogate modeling, space-ﬁlling designs such as Latin
hypercube sampling or Sobol sequences have been applied to ensure good coverage of the input
space. Furthermore, sequential sampling methods have been given more focus in the past. In
the context of active learning, numerous methods have been developed to achieve an optimal
experimental design [1]. Various methods aim to add new samples in the input space based on
the location of existing samples. For example, distance measures for samples or nested Latin
hypercube sampling may be applied [2, 3]. However, these methods do not take the model evaluations for existing samples into account. The goal of sequential sampling methods may thus be
extended to generate new samples based on an existing experimental design, model evaluations
and a surrogate model such that the quality of the surrogate model can be optimally improved
by new samples and model evaluations. Depending on the applied surrogate method, different
sampling methods are available or preferable. For instance, active learning for Gaussian process
regression is investigated in [4] and [5]. For polynomial chaos expansion, active learning has
been frequently applied in structural reliability analysis, e. g. in [6]. In this paper, sampling
methods for Gaussian process regression and polynomial chaos expansion are investigated and
compared.
Because computation cost has become an increasing factor, the opportunity of parallelization
has become more attractive. Parallelized sequential sampling procedures have therefore become
a promising possibility [5, 7]. A certain amount of new samples is generated in each cycle of
the sampling procedure so that model evaluations for the obtained set of samples can be run in
parallel.
For Gaussian process regression, new samples are usually selected at points in the input space
where the maximum prediction variance is present [8]. However, this is not necessarily the
best choice in order to achieve an optimal model improvement. Furthermore, those points are
likely to occur on the boundaries of the input space, especially in high dimensional problems
with a small sample size. A new sample selection technique for Gaussian process regression is
introduced that is based on expected Gaussian process regression models with respect to new
samples.
For polynomial chaos expansion, new samples may be selected based on the information matrix [9]. This matrix is composed of polynomial basis evaluations for each sample, respectively.
For example, D-optimal sampling or S-optimal sampling can be applied to compute new samples.
The objective of this paper is to put different sequential sampling methods for surrogate models
in a general framework and to include the proposed sample selection technique for Gaussian
process regression. In section 2, essentials about applied surrogate models are outlined. In
section 3, the sampling procedure and sample selection techniques are described. In section
4, a test case is investigated and discussed. Finally, conclusions with regard to the sampling
methods are given in section 5.
2

SURROGATE MODELS

The quantity to be estimated is of the form f : Rp → R which maps inputs x of dimension p to scalar-valued outputs y. The inputs are assumed to be independent and uniformly
distributed on the interval [0, 1]. If this is not the case, isoprobabilistic transformation, such as
the Rosenblatt transformation, can be applied. The goal is to ﬁnd a set of sequentially added
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samples xi which yield an optimal surrogate model, i. e. a model with minimum validation
error. The surrogate model is built based on a set of samples and corresponding evaluations
{X, y} : {(xi , yi ), i = 1, . . . , n}. In the following, essentials about the applied surrogate models are given.
2.1

Gaussian process regression (GPR)

Gaussian Process regression, also known as kriging, is a powerful statistical regression technique originating from geostatistics where the input data is treated as a spatial Gaussian process. [10] One crucial advantage of this surrogate method is that, aside from the prediction,
it provides the prediction variance as error indicator. The prediction variance can be used in
sample selection methods.
The prediction is deﬁned as a weighted sum of observations
M

GPR

(x) =

n


λi (x)yi

(1)

i=1

where the weights λi depend on the position x in the input space. The weights are calculated
by applying two requirements to the prediction. The prediction MGPR (x) is assumed to be
unbiased with respect to the function f and the variance of the difference between prediction
MGPR (x) and function f is assumed to be minimum. This leads to the prediction value and
prediction variance
MGPR (x) = μ + k K−1 (y − μ I)
σ 2 (x) =
σ02 − k K−1 k.


(2)
(3)

−1

y
is the kriging mean value and Kij = k(xi , xj ), ki = k(x, xi ), σ0 = k(xi , xi )
Here μ = IIK
K−1 I
where k(xi , xj ) is a valid kernel function. In this paper, the radial basis function


(4)
k(x, x ) = exp −(x − x ) M(x − x )

is chosen as anisotropic kernel function.
In this expression, the diagonal matrix
M = diag( 2l12 . . . 2l12 ) contains the length scale parameters li that will be treated as hyperpap
1
rameters θ = (l1 . . . lp ). The hyperparameters θ are either deﬁned based on prior knowledge or
determined by maximizing the log marginal likelihood [10]
1
1
n
log p(y|X, θ) = − y K−1 y − log |K| − log 2π.
2
2
2
2.2

(5)

Polynomial chaos expansion (PCE)

A truncated polynomial expansion
MPCE (X̃) =



βα ψα (X̃)

(6)

α∈A

is considered to approximate the function f where X̃ = {X̃1 . . . X̃p } denotes the input variables
as independent random variables with marginal probability density functions {fX̃i (xi ), i =
1 . . . p}. βα ∈ R are the expansion coefﬁcients and ψα (X̃) are the multivariate polynomials
with index α that identiﬁes the polynomials in the ﬁnite set A. The polynomials ψα are chosen
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such that they are orthogonal with respect to the probability density function of X̃. Since all
random variables X̃i are assumed to be uniformly distributed, the Legendre polynomials as the
corresponding class of multivariate orthogonal polynomials are used.
The information matrix A ∈ Rn×nα with Aij = ψj (xi ) is obtained by evaluating all nα polynomial basis functions for each sample, respectively. This matrix can be used for sample selection
techniques as will be demonstrated later.
The focus of this contribution is on the case where computer model f is computationally expensive and therefore a limited number of model evaluations is available. A crucial point of
polynomial chaos expansion is that the number of samples must be considerably (about 2 or 3
times [11]) greater than the number of polynomial basis functions. Therefore, a sparse polynomial chaos expansion is favorable. In this paper, least-angle regression [12] is used to ﬁnd
a sparse polynomial basis A that yields an optimal ﬁt of the sample data while maintaining a
limited number of polynomials. The regression coefﬁcients β = {βα , α ∈ A} are calculated
by a least squares ﬁt according to

−1 
β = A A
A y.
(7)
The approach of a sparse expansion is suitable especially for high dimensional problems where
full and even truncated designs are problematic regarding the high number of polynomials.
2.3

Model validation

Validation of the surrogate models is conducted by a validation set. The validation set consists of samples from the input parameters distribution and corresponding model evaluations
{(xval,i , yval,i ), i = 1, . . . , nval }. The usage of a validation set requires a large amount of additional model evaluations, which is not appropriate for expensive models. However, in this work
a validation set is used in order to achieve a more accurate surrogate model assessment. For this
purpose, the relative mean square error
εRMSE

nval
1 
= 2
(yval,i − M(xval,i ))2
σy nval i=1

(8)

is calculated, where σy2 is the variance of the model evaluations
σy2

nval
1 
=
(yval,i − μy )2
nval i=1

with

nval
1 
μy =
yval,i .
nval i=1

(9)

When using demonstrated methods for computationally expensive models, cross-validation
techniques, such as leave-one-out cross-validation or k-fold cross-validation, may be used instead. So, no additional model runs are necessary. For polynomial chaos expansion the leaveone-out error can be calculated analytically from a single surrogate model [12].
3
3.1

SEQUENTIAL SAMPLING
Sampling procedure

In the beginning, a space-ﬁlling sampling method is applied in order to generate a sample set
that is used to build the ﬁrst surrogate model. In this work, a maximin Latin hypercube design
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with a small number of samples n0 is used. The term maximin refers to a design that aims to
maximize the minimum distance between any two samples in order to improve space-ﬁlling
properties [13].
Let ni be the number of desired samples in the i-th sample set. Each sample within a sample
set is added one at a time. After each added sample a new surrogate model is generated based
on the previous sample set and the new sample xi . As evaluation f (xi ), the predicted value
from the previous model M(xi ) is taken. The goal is to ﬁnd a new sample xi that improves
the surrogate model based on certain criteria. The idea behind this procedure is known as expected improvement [7]. In this paper, the treatment of model parameters is emphasized, i.e.
hyperparameters of Gaussian process regression and the polynomial basis of polynomial chaos
expansion.
After each added sample within a sample set, no new information about the true model f is
taken into account. It would be unreasonable to update the model parameters then. Therefore,
they are assumed to remain unchanged in these steps. In case of Gaussian process regression,
the hyperparameters remain unchanged. In case of polynomial chaos expansion, the polynomial
basis remains unchanged.
After applying the space-ﬁlling design in the beginning and after each sample set, the function
f is evaluated at all new ni samples. A new surrogate model is built based on all available
samples xi and evaluations f . In these steps, for Gaussian process regression the hyperparameters are updated by maximizing the log marginal likelihood (eq. 5) and for polynomial chaos
expansion, the polynomial basis is redeﬁned by least-angle regression. The process is stopped
when a deﬁned cross-validation condition is fulﬁlled or when the cost limit for the number of
sample sets m is reached. The sampling procedure is illustrated in Algorithm 1.
3.2

Sample selection technique

Based on the current model Mguess (see Algorithm 1), a new sample xnew is selected based
on a selection technique that is available for the surrogate method.
3.2.1

Gaussian process regression

A new sample is usually desired at the point in the input space where the maximum prediction
variance σ 2 (eq. 3) occurs. In order to ﬁnd that point, a highly nonlinear optimization problem
with usually many local maxima has to be solved. In this work, particle swarm optimization is
used as it has shown good performance in such cases. [14]
However, these points do not yield the best model improvement in general. Here, the model
improvement is assessed by the prediction variance over the whole input space. Especially in
high dimensions, the greatest prediction variance often occurs on the boundary of the input
space. The model improvement is therefore limited to one side in relation to the added samples.
It is thus likely that other adjusted points yield a lower global prediction variance.
A new grid based selection technique is introduced as follows. A Cartesian grid XG with nG
grid points per input dimension is deﬁned on the input space. The total number of grid points is
nG p . These grid points are used to determine the prediction variance of the obtained surrogate
models. The goal is to ﬁnd a new sample x0 in the input space which yields the greatest mean
prediction variance reduction of all grid points.
The surrogate model Mguess is evaluated at point x0 in the input space that will be determined by
optimization. The prediction value at this point Mguess (x0 ) is used to construct a new surrogate

250

Matthias Fischer, Carsten Proppe

Algorithm 1 Sequential multi-point sampling procedure for Gaussian process regression
and polynomial chaos expansion.
generate space-ﬁlling design X = {xi , i = 1 . . . n0 }
y = f (X)
build surrogate model M based on {X, y}
store hyperparameters θ (GPR) / polynomial basis A (PCE)
for sample set i = 1, . . . , m:
initialize Xguess = { } , yguess = { }, Mguess = M
for sample point j = 1, . . . , ni :
ﬁnd xnew based on selection technique for model Mguess
append xnew to Xguess
if j < ni :
append M(xnew ) to yguess
build new surrogate model Mguess based on {(X, Xguess ), (y, yguess )}
use previous hyperparameters θ (GPR) / polynomial basis A (PCE)
if j = ni :
append Xguess to X
append f (Xguess ) to y
build new surrogate model M based on {X, y}
update hyperparameters θ (GPR) / polynomial basis A (PCE)






validate model M
break if validation criterion is reached

model M0 . The model quality of M0 is assessed based on grid XG . The mean prediction
variance σ 2 of M0 over all grid points XG is used as objective function to be minimized with
respect to x0 . Again, this is a highly nonlinear optimization problem. Therefore, particle swarm
optimization is used to ﬁnd x0 . Since a new surrogate model M0 has to be built in each iteration
of the optimization, the computation cost is considerably higher compared to the conventional
method. However, since hyperparameters θ remain unchanged in the optimization process, the
cost can be clearly reduced. In case of expensive functions f , this effort may still be worthwhile.
The method is summarized in Algorithm 2.
If modiﬁed importance should be assigned to certain regions of the input space or in case of
nonuniform input distributions, a weight function with respect to x may be multiplied to the
prediction variance values for all grid points. Since this is not the case here, i. e. uniform
distributions are assumed, this will not be elaborated further.
3.2.2

Polynomial chaos expansion

Sequential sampling methods for polynomial chaos expansion are described in [11]. These
methods incorporate information matrix A (section 2.2) to ﬁnd new samples according to
an optimality criterion. D-optimal sampling aims at maximizing the determinant D(A) =
1
det( n1 A A) nα . This is related to minimizing the variance of the PCE coefﬁcients βα (eq. 6).
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Algorithm 2 Grid-based sample selection technique for Gaussian process regression.



Input: model MGPR
guess , {(X, Xguess ), (y, yguess )}, hyperparameters θ
G
generate Cartesian grid XG = {xG
1 . . . xnG p } over input space
with nG grid points per input dimension (p dimensions)
2
for x0 ∈ [0, 1]p :
minimize σm
y0 = MGPR
guess (x0 )
build surrogate model MGPR
based on {(X, Xguess , x0 ), (y, yguess , y0 )}
0
use hyperparameters θ
 Gp 2 G
2
σm
= nG1 p ni=1
σ (xi ) (mean prediction variance of M0 )
2
return σm
2
Output: x0 for minimum σm

In this work, S-optimal sampling is used which aims at maximizing the S-value

S(A) =

det(A A)
-nα
i=1 Ai 2

 n1

α

.

(10)

While maximizing the determinant, the S-value additionally aims at maximizing the column
orthogonality of A. Here, Ai denotes the i-th column of information matrix A. As denoted
in Algorithm 1, polynomial basis A remains unchanged between added samples within one
sample set. Therefore, the column size of A does not change, but one row is appended with
each added sample containing corresponding polynomial basis evaluations. Hence, least-angle
regression is not conducted in these steps and computation cost is relatively small.
As comparative study, new samples are selected based on a conventional distance-based measure. Here, a new sample
xnew = argmax ( min xi − xnew 2 )
xnew ∈[0, 1]p i∈{1...n}

(11)

is added at the point in the input space that maximizes the minimum euclidean distance to existing points {x1 . . . xn } in the design. This procedure is known as farthest point strategy [2].
4

TEST CASE
A modiﬁed version of the Ishigami function
f (x) = sin(x1 ) + 3 sin2 (x2 ) + 2x42 sin(x1 )

(12)

is chosen to investigate the sampling methods according to Algorithm 1. The modiﬁcation is
done in order to obtain a two-dimensional function so that sampling methods can be visualized
graphically.
First, a maximin Latin hypercube design with n0 = 10 samples is generated. Then, ﬁve sample
sets are added, each with two samples (ni = 2, i = 1 . . . 5). In case of Gaussian process
regression, initially, the method of selecting samples at maximum prediction variance is applied.
In another experiment, the proposed grid-based method according to Algorithm 2 is applied.
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Figure 1: Gaussian process regression: prediction variance σ 2 (eq. 3) with respect to inputs x1 and x2 before
adding the ﬁrst sample (left) and the second sample (right) of the ﬁrst sample set. Existing samples are marked as
dots, added samples are marked as crosses.

2
Figure 2: Gaussian process regression: mean prediction variance σm
(Algorithm 2) from the grid-based method
with respect to inputs x1 and x2 before adding the ﬁrst sample (left) and the second sample (right) of the ﬁrst
sample set. Existing samples are marked as dots, added samples are marked as crosses.

In case of polynomial chaos expansion, the distance-based criterion (eq. 11) and S-optimal
sampling (eq. 10) are applied to select new samples. In all cases, particle swarm optimization
is used to ﬁnd such points in the input space. The obtained models M are validated after each
sample set.
For comparison, new samples are generated by standard Monte Carlo sampling using the
same number of samples per set ni = 2, i = 1 . . . 5.
In Figures 1, 2, 3 and 4 the locations of n1 = 2 added samples in the ﬁrst sample set are
shown for Gaussian process regression and polynomial chaos expansion for chosen sampling
methods, respectively. The same space-ﬁlling design is used to allow for better comparison.
In Figure 1, the contour plot indicates prediction variance σ 2 of model MGPR
guess that is used for
sample selection. Points with maximum prediction variance after each step are selected as new
2
(see
samples. In Figure 2, the contour plot shows the expected mean prediction variance σm

253

Matthias Fischer, Carsten Proppe

Figure 3: Polynomial chaos expansion: distance-based criterion (eq. 11) for new samples with respect to inputs x1
and x2 before adding the ﬁrst sample (left) and the second sample (right) of the ﬁrst sample set. Existing samples
are marked as dots, added samples are marked as crosses.

Figure 4: Polynomial chaos expansion: S-value (eq. 10) with respect to inputs x1 and x2 before adding the ﬁrst
sample (left) and the second sample (right) of the ﬁrst sample set. Existing samples are marked as dots, added
samples are marked as crosses.

Algorithm 2) that would be expected to result from a new sample at respective points in the
2
are selected as new samples. In Figure 3, the
input space. Points with the lowest values of σm
contour plot indicates the euclidean distance of points in the input space to the closest existing
sample. New samples are chosen that maximize this distance. In Figure 4, the contour plot
indicates the S-value (eq. 10) that is maximized to select new samples.
In all demonstrated cases, the selection of new samples shows to ensure good space-ﬁlling properties. For Gaussian process regression, it can be recognized that new samples are less likely to
occur on the boundary, if the proposed grid-based selection method is applied.
In Figure 5 the validation error εRMSE (eq. 8) is illustrated after each sample set for all investigated sampling methods. The methods are compared to the case where new samples are selected
according to standard Monte Carlo sampling. It is distinct that sample selection methods (Algorithm 1) are superior compared to Monte Carlo sampling. In the considered test case, Gaussian
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Figure 5: Validation error εRMSE for different sampling methods (vertical lines) after each of ﬁve sample sets
(horizontal axis). Grey markers show the results for single experiments beginning with new space-ﬁlling designs,
while black markers show their mean values with standard deviations.

process regression yields better results than polynomial chaos expansion. This is due to the fact
that the number of polynomial basis functions is very limited regarding the small number of
samples in order to avoid over-ﬁtting. In this work, the maximum number of basis functions
for least-angle regression is updated after each sample set to half of the current sample size. In
addition, the maximum polynomial degree is increased during the sampling procedure.
For Gaussian process regression, the proposed grid-based method yields only vaguely smaller
validation errors compared to the conventional sample selection method for Gaussian process
regression. However, based on the sample selection technique it is presumed that the global
prediction variance reduction over the whole input space is improved through the proposed
grid-based method.
For polynomial chaos expansion, the S-optimality criterion yields slightly smaller errors compared to the distance-based measure. However, it is emphasized, that the polynomial basis is
updated after each sample set. Thus, the optimality criterion may change in such a way that
the chosen samples are not optimal anymore with regard to the new basis. The distance-based
measure has shown to be more robust in very sparse designs (i. e. less than ten samples) and
thus for a small number of basis functions.
5

CONCLUSIONS

Studies on a simple example have shown that proposed multi-point sequential sampling
methods are very promising compared to standard Monte Carlo sampling and should be taken
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into consideration, especially if computationally intensive models are investigated and the necessary sample size for the desired surrogate model quality is not known in advance. For sparse
designs such as in the considered test case, Gaussian process regression appears to be a superior regression tool compared to polynomial chaos expansion. This is due to great limitations
of polynomial chaos expansion regarding the number and order of basis functions for sparse
designs.
Even though no signiﬁcant improvement was obtained by using the proposed grid-based sampling technique, it may be worthy to further investigate this method if surrogate model quality
demands are high. The additional computational effort may still be small if computationally
expensive models are investigated. However, it becomes apparent that the conventional sample
selection method for Gaussian process regression, namely to search for points in the input space
with maximum prediction variance, is a sufﬁcient and computationally affordable tool in general. Instead of using a ﬁxed grid, other possibilities may be reasonable. For example, a Latin
hypercube design may be used as grid to introduce randomness. The Latin hypercube design
may then be randomly updated after each added sample, so that biases originating from ﬁxed
grid points may be prevented.
The distance-based measure has shown to be a robust and successful tool that can be applied for
other surrogate models as it only considers the input space. If further improvement is desired
for polynomial chaos expansion, optimality criteria such as S-optimality may be applied.
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Abstract. The quantiﬁcation of model parameter uncertainty is a long-standing issue in model
calibration. Classical techniques provide methods to handle some type of uncertainties (e.g.
experimental noise or model bias). However, usual calibration techniques are not designed to
take into account the variability between the different individuals. This is not a problem if the
individual variability is negligible but it is an important issue if the individual variability is signifcant. The mixed-effects models provide a statistical framework to calibrate the parameters of
a model taking into account the individual variability. The objective of this paper is to introduce
the mixed-effects in material science. The ONERA Damage model (ODM) is considered, ﬁrst
with synthetic data, then with thirteen experimental strain-stress curves of a ceramic matrix
composite material. The robustness of the mixed-effects approach regarding the variability and
the number of specimen is investigated. Model choices such as the correlation between ODM
parameters and other settings are discussed. The ability of mixed-effects models to characterize
the material variability and to provide accurate estimates of the parameters associated to each
specimen is illustrated.
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1

GENERAL INTRODUCTION

Model calibration is an active research topic which is common to all scientiﬁc domains such
as hydrology [1], economics [2], biology [3] and mechanics [4]. The goal of calibration may
be described as follows: for a given set of experimental observations and a model whose predictions are controlled by parameters, ﬁnd the model parameters values that provide the best
adequation between the model responses and the observations. Most of the time, the observations are noisy, the models may not be able to reproduce perfectly the observations (model bias),
the specimens are subject to variability (due to the production process). As a consequence, the
inferred model parameters are uncertain. Characterizing the uncertainty of the calibrated model
parameters is essential before carrying out further analyses (uncertainty propagation, sensitivity
analysis, etc.).
In the ﬁeld of mechanics, for a given experiment (a tensile test for instance) and a given material, international standards impose to repeat the tests on different specimens of this material
([5] in aeronautics) to quantify the effects of material variability on the mechanical properties
(e.g., the Young’s modulus, the ultimate tensile strength). As a consequence, databases used to
characterize materials are often composed of the results of an experiment on different specimens
of the same material. Taking into account experimental variability in the calibration process is
necessary when the model parameters are sensitive to them.
A large number of calibration procedures exist which are commonly divided into the frequentist [6, 7] and the Bayesian methods [8, 9]. The frequentist approach consists in minimizing over the model parameters a misﬁt function [6] which quantiﬁes a difference between
the model output and the data. The least-square criterion and other Lp -norms [7, 10, 11] are
usual misﬁt criteria. In [12], other criteria such as the weighted least squares are proposed. The
results of the calibration depend on the chosen criterion and on the optimization algorithm. Another type of criterion commonly used is the maximum likelihood estimator (MLE) [9, 13, 14].
For a given statistical hypothesis over the misﬁt (e.g., the misﬁt follows a Gaussian distribution), the likelihood measures how well the model output matches the data. The frequentist
framework also provides methods to handle the calibration of multiple experiments assuming
a single value for the input model parameters [15]. This scenario can arise if the database is
composed of repetitions of a tensile test. In this case, the criterion to be minimized is a vector
containing the scalar misﬁt criteria associated to each repetition. To solve such multi-objective
optimization problem, either the problem is transformed into a single objective problem (for
instance by a weighted sum of the objectives) or a multi-objective algorithm is used [16]. In
the multi-objective formulation, the result of the calibration is a set of parameters values called
the Pareto frontier which contains all the tradeoffs between the different misﬁt criteria. This set
is made of the parameters which are consistent in the Pareto sense with respect to the different
repetitions. In the frequentist framework, irrespectively of the number of misﬁt criteria, model
parameters are assumed to be deterministic. However, because of the presence of experimental
noises and specimens variability, the model parameters should be considered as uncertain. The
frequentist framework provides methods (such as the asymptotic theory [2, 6, 11] and bootstrap
[9, 17, 18]) to quantify model parameter uncertainties but they 0are mainly dedicated to characterize the experimental noise, not the material variability.
In the Bayesian framework [6, 9], the parameters are considered as random variables. The
aim of the Bayesian inference is to get a description of their probability density function (PDF).
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It relies on an assumed prior density and on a likelihood function. The prior density sums up
the available knowledge before calibration. The choice of the prior may be difﬁcult and has an
impact on the calibration results. As in the frequentist framework, the likelihood function expresses the goodness of ﬁt of a given set of model parameters. The result of Bayesian inference
is a PDF of the model parameters called the posterior distribution or a set of samples of it. This
PDF combines information from the prior density, the likelihood and the available data [6, 8].
Most of the time, the posterior distribution cannot be computed analytically. In case no analytical expression of the posterior distribution is available, Monte Carlo Markov Chain (MCMC)
methods allow to generate samples from this posterior density [19, 20]. The MCMCs build a
random walk in the parameters space which selects samples of the posterior density[19]. The
properties of the random walk ensure that the approximate posterior distribution converges to
the exact posterior distribution as the number of iterations goes to inﬁnity. Among the MCMC
algorithms, one of the most popular algorithms is the Metropolis-Hastings algorithm [21, 22].
In practice, it may be challenging to deﬁne the settings of MCMC algorithms and to ensure an
appropriate convergence to the exact posterior distribution.
Both frequentist and Bayesian frameworks rely on the likelihood function which expresses
the goodness of ﬁt of the model response to the data given a set of model parameters. In the
material engineering literature [23, 24], both approaches make the same hypothesis towards
material variability. Indeed, in the derivation of the likelihood function, it is assumed that all
the specimens can be described by a unique set of model parameters. If the material variability
can be neglected, this assumption is correct and allows to calibrate a single specimen. Under
such an hypothesis, material model calibration has been carried out using both frequentist and
Bayesian approaches. For instance, Avril et al. [23] gave examples of mechanically suited criteria to be minimized in a frequentist approach like the Finite Element Method Updating approach
or the Constitutive Equation Gap Method. Within the frequentist framework again, Chongshuai
et al. [25] calibrated a visco-elastic model and Solanki et al. a non-linear damage model [26].
Bayesian inference has long been applied to mechanical problems. Isenberg presented in [24]
the calibration of elastic properties. Gogu et al. compared results from both frequentist and
Bayesian approaches [27]. Gogu et al. later proposed the identiﬁcation of elastic properties
using Finite Element Model for composite materials [28]. Non-linear models can also be calibrated thanks to Bayesian inference. Liu & Au [29] calibrated a non-linear hysteretic model,
Rizzi et al. [30] proposed the identiﬁcation of a ﬁnite element plasticity model and Rappel et
al. calibrated visco-elastic models [31]. Rappel et al. [4] also proposed a tutorial to Bayesian
inference for different mechanical models among which elastic linear, linear elasticity-perfect
plasticity models and viscoelastic models.
When material variability is signiﬁcant, the specimens should no longer be described by
a unique set of model parameters. It is possible to calibrate individually each specimen, but
the parameter vector inferred on one specimen is not necessarily consistent with the observations of the other specimens. In fact, the simple likelihood function is not designed to take
into account material variability. The result of this calibration consists of a set of parameter
vectors, one for each calibrated specimen. Yet, these parameter vectors are somehow related
as all of them characterize the same material on which has been carried out the same experiment. Rizzi et al. [30] proposed a way to take into account material variability in the calibration
process. They made the hypothesis that for all the available specimens, the model parameters
vary between a lower and upper bound (deﬁned by expert knowledge through mathematical
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constraints). This is equivalent to assuming that, for all the specimens, the model parameters
are uniformly distributed between those bounds and thus can be approximated with a ﬁrst order
Legendre uniform polynomial chaos expansion (PCE). The objective was to ﬁnd the coefﬁcients
of the PCE for each model parameter. This approach is useful as the calibration process tries
to take explictly into account the material variability. However, it does not estimate the parameters of every specimen which are necessary for physical interpretations. To sum up, none of
the previous methods allows to calibrate a material model parameter taking into account both
experiment repetitions and material variability.
The aim of this paper is to propose a calibration method compliant with specimens repetition (deﬁned in the following as a population) in the presence of material variability. The
approach relies on mixed-effects models [32]. We seek to demonstrate the ability of the method
to both describe the individual variability and to provide estimates of the individual parameters.
In Section 2.1, the mixed-effects approach is presented. Section 2.3 gives two different methods
to estimate the likelihood function. Then, this new methodology is applied for the ﬁrst time to a
simpliﬁed damage model derived from a material model for ceramic matrix composite materials
(called ONERA Damage Model (ODM) [33, 34, 35]) with four parameters to be calibrated. In
Section 3.3, the method is tested on virtual data to study the calibration methodology settings
and the consequences of the mixed-effects. Then, in Section 3.4, thirteen individual replicate
tensile experiments (that each contains a dozen to a hundred observations) are processed with
the method. The specimens are made of CERASEP A400 [36, 37], a ceramic-matrix composite
material.
2

POPULATION-BASED APPROACH AND MIXED-EFFECTS MODELS

The mixed-effects models and the population-based approaches are now described. The
models are ﬁrst presented under a general scope to illustrate how this point of view can help to
analyze the material variability (in section 2.1). Then, the models are detailed and speciﬁed for
the calibration of a material.
2.1

Introduction to the population-based and the mixed-effects models

Population-based models attempt to describe the variability of physical phenomena observed
in a population of individuals. This type of approaches ﬁnds its origin in pharmacometrics
[38, 39] where it is important to quantitatively describe interactions between drugs, diseases and
patients. For instance, during a drug test, every subject is given the same amount of drug but his
response heavily depends on his genome [32, 39]. The mixed-effects notion comes from the fact
that there are “ﬁxed” effects that are shared by the entire population of individuals and “random”
effects that are speciﬁc to each individual of the population. For a given model of interest, the
specimen parameters (also referred as the individual parameters) can be decomposed as
individual parameters = ﬁxed effects + random effects

(1)

In a mechanical context, if the studied parameter is the Young’s modulus, Eq.(1) states that
the Young’s modulus of each specimen is the combination of a reference value (for instance
given by the producer) and of a deviation due to the production process. Depending on the
relationship between the input parameters and the responses, linear [40, 41, 42] and non-linear
[43] mixed-effects models have been developped.
In Figure 1, the differences between the classical and the population-based approach are
highlighted. On the left of the Figure, in the classical approach, the underlying hypothesis is that
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Figure 1: Comparisons of the assumptions made with respect to the individual variability in the
classical approach (left) and in the population-based approach (right).

all the specimens can be described by a unique set of parameters. In the population-based approach (on the right), each sample is assigned a set of parameters. In the mixed-effects models,
it is assumed that there exists an underlying probability distribution (noted fΘ ) whose outcomes
are the individual parameters set θ1 , θ2 , . . . , θn with n the number of individuals [32, 44]. This
is an improvement from the classical approach as it establishes a relation between the individual parameters set. In this framework, both the underlying probability distribution of the model
parameters and the value of the individual parameters are determined. In addition, it remains
possible to include other sources of uncertainty (experimental noise, model bias, etc.) on the
individual parameters.
Thanks to its ability to describe individual variability, the population-based approach is used
in cases where this variability is important. To the best of our knowledge, this approach has
never been applied to material models to account for the variability introduced by the repetition
of mechanical tests over a population of specimens.
2.2

Formalization

We now describe the mixed-effects approach of [32, 44] in the context of of tensile tests
performed on different specimens. All the specimens are samples from the same material, for
example SiC-SiC composites CERASEP A400. They share the same dimensions and features.
There are n specimens and i ∈ 1, n is the corresponding index. The number of observations
the ith specimen (or individual) is Ni and j stands for the index of the j th measure (with j ∈
1, Ni ). The j th output measure of the ith individual is labeled as yij and tij stands for the
j th input measure of the ith individual. The random vector of the output measures of the ith
individual is written Yi and its outcome yi = (yij )j∈1,Ni  . The set of parameters of the ith
individual is denoted θi = (θi1 , θi2 , . . . , θid ) ∈ Rd , with d the number of model parameters to be
calibrated. The model of the material is noted F(·). PDFs will be noted by the generic letter f .
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2.2.1

Mixed-effects models approach

The mixed-effects framework [32, 44] assumes that there exists a probability distribution fΘ
whose outcomes are the individual parameters:
∀i ∈ 1, n, θi ∼ fΘ
i.i.d.

(2)

where i.i.d. stands for independent and identically distributed. Both fΘ and the θi are unknown
and the aim is to determining them. In addition, if fΘ is parametric (Gaussian distribution
for instance), Π stands for its parameters and fΘ = fΘ,Π . Identifying fΘ,Π is tantamount to
determining Π. Given Π and θi ∼ fΘ,Π ∀i ∈ 1, n, the model output yi can be written as:
∀i ∈ 1, n, yi ∼ F(·, θi ) + ξ
i.i.d.

(3)

In Eq. (3), ξ stands for the random vector of the errors. It represents the experimental noise and
the model bias. Without any other hypothesis, the outcomes of ξ labeled (ξij )(i,j)∈1,n×1,Ni 
are different for each individual and for each observation. The global mixed-effects models for
the j th output measure of the ith individual yij reads:
yij = F(tij , θi ) + ξij

(4)

Classically, several additional hypotheses are assumed. First, fΘ,Π is chosen to be a multivariate
Gaussian distribution (of dimension d):
fΘ,Π = N (μ, Σ)

(5)

with μ ∈ Rd the mean vector and Σ ∈ Md (R) the covariance matrix. This choice has to be
made taking into account expert knowledge, experimental and physical problem characteristics.
As a consequence, individual parameters can be written as follows
θi = μ + bi

(6)

with bi ∼ N (0, Σ). Comparing Eqs.(1) and (6), μ stands for the ﬁxed effects (the same for
i.i.d.

the whole population) and bi the random effects (different for each individual). The second
hypothesis is that for each individual and each measure, the error term is a Gaussian white
noise (no bias, no correlation):
(7)
ξij ∼ N (0, ωij )
i.i.d.

with ωij the variance of the noise of the j th output measure of the ith individual. The noise
further is supposed to be homoscedastic, that is to say ωij = ωi ∀ (i, j) ∈ 1, n × 1, Ni .
Finally, the vector of parameters to be calibrated is denoted Ψ :


d(d+1)
Ψ = μ, Σ, Ω ∈ Rn+d+ 2
with Ω = diag(ω1 , . . . , ωn ). The mixed-effects models seek Ψ and gives an estimate of the
individual parameters (θi )i∈1,n .
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2.2.2

Likelihood of mixed-effects models

The calibration is often achieved by maximizing the likelihood of Ψ,L(Ψ) = f (y1 , . . . , yn |Ψ),
even if other methods can be found to estimate Ψ [45].
The ﬁrst step consists in writing the PDF of ouput measurements for a given set of individual
parameters and error term. Combining the Eqs.(4) and (7), this density is expressed as:
Ni
,
−1
1
√
e 2
f (yi |θi , ωi ) =
(ωi 2π)Ni j=1



yij −F (tij ,θi )
ωi

2

(8)

The individual parameters are distributed according to a Gaussian PDF (Eq.(5)). For a given Ψ,
their density can be written as follows:
f (θi |Ψ) =

1

1

|Σ|(2π d )

e− 2 (θi −μ)

T Σ−1 (θ

i −μ)

(9)

Following the use of the conditional probability rule, the PDF of the individual parameters θi
and model output yi for a given Ψ, that is to say f (yi , θi |Ψ), is:
f (yi , θi |Ψ) = f (yi |θi , Ψ)f (θi |Ψ)

(10)

Using Eqs.(8), (9) and (10), f (yi , θi |Ψ) can be written as :


f (yi , θi |Ψ) =

1
ωiNi

|Σ|(2π)Ni +d

e

− 12 (θi −μ)T Σ−1 (θi −μ)+

 Ni

j=1



yij −F (tij ,θi )
ωi

2 

(11)

Because the θi ’s are not observed, The likelihood of the ith individual Li (Ψ) is the integral of
f (yi , θi |Ψ) with respect to all possible θi over Rd :
!
f (yi , θi |Ψ)dθi
(12)
Li (Ψ) =
Rd

Under the assumption of independent individuals, the likelihood of Ψ reads as the product of
all the individual likelihoods,
n
,
L(Ψ) =
Li (Ψ)
(13)
i=1

The maximum likelihood estimator Ψ̂ is obtained as the result of the following maximization
problem over the set of all the possible parameters Ξ:
Ψ̂ = arg max L(Ψ)
Ψ∈Ξ

(14)

In practice, the log-likelihood is computed to ease numerical optimization.
Mixed-effects models approach consists in calibrating a (multivariate) probability distribution. To do so, a minimum number of samples is required. However, in the material ﬁeld, the
number of repetitions of a given experiment is small (in the order of 10 for some tests, see [5]
for tensile tests). This has to be confronted with the number of parameters to be calibrated
which is here in O(n + d2 ). As a consequence, the chosen modeling must be consistent with
the available number of repetitions.
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2.3

Computing the likelihood

The evaluation of the likelihood function requires to compute the individual likelihoods,
which imply to estimate the multi-dimensional integrals of Eq.(12). A fundamental method to
compute the integral is the Monte-Carlo method [46]. To compute the integral of a function g(·)
with respect to any density f , the Monte-Carlo method works as follows: samples are generated
with respect to the PDF f (potentially with MCMC methods); the integral is approximated as
the empirical mean of the function g(·) calculated at each sample. The main issue is that the
sampling density f (θi |Ψ) does not necessarily generate model parameters that result in a proper
adequation of the model responses and the observations. Therefore, the likehood function often
collapses to 0. In order to generate model parameters that better suit the observations, an importance sampling scheme (written MCMC-IS) [32, 47] is implemented and described next. It
will be compared to another usual methods to compute multidimensional integrals, the Laplace
approximation [48]. This approach is based on an approximation of the integrand. It does not
involve any sampling technique but requires to perform an auxiliary minimization.
2.3.1

Computation of the likelihood by importance sampling

Importance sampling scheme belongs to the same family of integration schemes as the classical Monte-Carlo [9]. An auxiliary PDF is used to generate samples in place of the initial
density function. The idea is to generate model parameters associated to the model responses
that are more consistent with the available observations. As a result, the likelihood function
does not collapse to 0, a necessary condition for its maximization. The integral of Eq.(12) is
rewritten as follows:
!
!
f (θi |Ψ)
f (yi |θi , Ψ)f (θi |Ψ)dθi =
f (yi |θi , Ψ)
(15)
πi (θi |Ψ)dθi
πi (θi |Ψ)
Rd
Rd
with πi (θi |Ψ) the importance sampling density. The chosen importance sampling density is
πi (θi |Ψ) = f (θi |yi , Ψ) which allows to generate model parameters conditioned on both Ψ
and the available observations yi . To compute the integral in Eq.(15), it is necessary to generate
samples from πi (θi |Ψ) which can be done with MCMC methods since this density is known up
to a normalization constant (with respect to θi ). Indeed, the conditional probability rule gives
f (θi |yi , Ψ) =

f (yi , θi |Ψ)
f (yi |Ψ)

(16)

and the numerator is known from Eq.(11). It can be noticed that the denominator which appear
in Eq.(16) is in fact the individual likelihood Li (Ψ) deﬁned in Eq.(12). Computing the integral
requires to evaluate f (yi |θi , Ψ) (which is known in closed form with Eq.(8)) and the importance
i |Ψ)
(which demands to evaluate f (θi |yi , Ψ)). Samples can be generated
sampling ratio πfi(θ
(θi |Ψ)
thanks to MCMC technics but it remains necessary to evaluate the PDF value f (θi |yi , Ψ). To
provide an estimation of f (θi |yi , Ψ), it is possible to use Kernel Density Estimation methods
[49]. However, with such methods, the accuracy of the PDF estimation decreases when the
dimension of θi increases. Therefore, it is instead decided to approximate this density by
πi (θi |Ψ) = N (m(θi , yi , Ψ), C 2 (θi , yi , Ψ))

(17)

with m(θi , yi , Ψ) = E(θi |yi , Ψ) the empirical mean of the MCMC samples of f (θi |yi , Ψ)
and C 2 (θi , yi , Ψ) = V(θi |yi , Ψ), the empirical covariance matrix with only diagonal terms in
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Md (R). Finally, for M i.i.d. samples generated with respect to πi (θi |Ψ) as deﬁned in Eq.(17)
k
(labeled θ , k ∈ 1, M ), the integral of Eq.(15) is approximated as follows:
i

!

k
M
k
1 
f (θi |Ψ)

f (yi |θ i , Ψ)f (θi |Ψ)dθi ≈
f (yi |θ i , Ψ)
k
M k=1
Rd
πi (θ |Ψ)
i

This computation is carried out for each individual likelihood (typically the likelihood associated to each specimen). The most computationally demanding part of the likelihood estimation
is the generation of MCMC samples which requires thousands of repeated material model evaluations.
2.3.2

Computation of the likelihood through the Laplace approximation

The Laplace approximation [50] applies to integrals of the type
!
eh(x) dx
A=
Rd

with h(·) a function which complies with some constraints:
1. h(·) admits a global maximum x0 that belongs to the integration interval,
2. h(·) is a twice-differentiable function,
3. its Hessian matrix computed at x = x0 is a symmetric deﬁnite negative matrix.
The main idea is to state that only points close to x0 signiﬁcantly contribute to the integral.
The different calculations that allow to establish the equations of the Laplace approximation are
presented below. The Taylor expansion of h(·) at x0 can be written as :
1
h(x) = h(x0 ) + (x − x0 )T ∇h(x0 ) + (x − x0 )T H(h)(x0 )(x − x0 ) + o(x − x0 2 )
2

(18)

with:
∂h
(x0 ))i∈1,d the gradient vector of h(·) at x0 ,
• ∇h(x0 ) = ( ∂x
i
2

h
• H(h)(x0 ) = ( ∂x∂i ∂x
(x0 ))(i,j)∈1,d2 the Hessian matrix of h(·) at x0 .
j

As x0 is the global maximum, the gradient vanishes and the substitution of h(x) in Eq.(2.3.2)
by its approximation determined in Eq.(18) gives:
!
!
!
1
T
h(x)
h(x0 )+ 12 (x−x0 )T H(h)(x0 )(x−x0 )
h(x0 )
e dx ≈
e
dx = e
e 2 (x−x0 ) H(h)(x0 )(x−x0 ) dx
Rd

Rd

Rd

(19)
H(h)(x0 ) is symmetric deﬁnite negative so −H(h)(x0 ) is symmetric deﬁnite positive. As
a result, in Eq.(19), the integrand is a Gaussian PDF of mean x0 et and covariance matrix
−H(h)(x0 )−1 . As a PDF always integrates to 1,
!
1
d
T
−1
e− 2 (x−x0 ) M (x−x0 ) dx = (2π) 2 |M |
(20)
Rd
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Applying Eqs.(19) and (20), the Laplace approximation of A is obtained as
d

A≈e

(2π) 2

h(x0 ))

(21)

|−H(h)(x0 )|

For a given Ψ = (μ, Σ, Ω), the individual likelihood reads as [48]
!
!
g (μ,Δi ,yi ,bi )
− i
1
2ω 2
i
√
e
f (yi |θi , Ψ)f (θi |Ψ)dθi =
dbi
Li (Ψ) =
N
|Σ|(2π d )
Rd
Rd (ωi 2π) i

(22)

with θi = μ + bi where μ stands for the mean (i.e. the ﬁxed effects) and bi are the individual
deviations (i.e. the random effects). Δi is the result of the Cholesky decomposition of ωi2 Σ−1
(so ωi2 Σ−1 = Δi ΔTi ). The function gi (·) is deﬁned by
gi (μ, Δi , yi , bi ) = yi − F(ti , μ + bi )2 + Δi bi 2

(23)

The Laplace method is applied in two steps:
1. Search for the individual parameters (or rather the deviations), b̂i , minimizing gi (·) (23),
2. Computation of the Laplace approximation with formula in Eq.(21).
The Hessian matrix of gi (·) at b̂i is [48]:
T

∂ 2 F(μ, yi , b̂i )
∂F(μ, yi , b̂i ) ∂F(μ, yi , b̂i )
H(gi )(b̂i ) =
(y
−F(μ,
y
,
b̂
))+
+ΔTi Δi (24)
i
i
i
T
∂bi
∂bi
∂bi ∂bi
In practice,

∂ 2 F (μ,yi ,b̂i )
(yi
∂bi ∂bT
i

− F(μ, yi , b̂i )) can be neglected if the model F(·) is close enough

i ,b̂i )
is evaluated using a ﬁnite difference scheme. As
to the experiment yi [51]. The term ∂F (μ,y
∂bi
a result, the negative log-likelihood is ﬁnally expressed as:
$!
%
n
n


− ln(L(Ψ)) = −
ln (Li (Ψ)) = −
ln
f (yi |θi , Ψ)f (θi |Ψ)dθi

i=1


n
≈ ln(|Σ|) +
2
i=1
n



Rd

i=1

√
gi (μ, Δi , yi , b̂i )
1
+ Ni ln(ωi 2π)
ln(−|H(gi )(b̂i )|) +
2
2
2ωi



(25)
In both approaches (MCMC-IS and Laplace), the computation of the different individual
likelihoods is independent. As a result, to reduce the computational time, the calculation of the
individual likehoods is performed in parallel.
2.4

Maximizing the likelihood

Now that the expression of the likelihood for a mixed-effects model has been established,
the model parameters can be estimated by maximizing it, or equivalently (although numerically
better conditioned), by minimizing minus the log-likelihood,
Ψ̂ = arg min − ln(L(Ψ))
Ψ∈Ξ
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Remember that computing the likelihood is numerically challenging as it is necessary to estimate a multi-dimensional integral with respect to the unobserved variables Eq.(12). To solve
the minimization problem (Eq. (26)), the ﬁrst possibility is to rely on gradient-based algorithms which need either to compute the gradient or an approximation of the gradient of the
objective function. Here, the gradient of − ln(L(Ψ)) with respect to Ψ is difﬁcult to compute
analytically. The application of classical differentiation formulas shows that it is necessary to
differentiate the individual likelihoods which is a tricky task as it requires to differentiate the
integral of Eq. (12). Indeed, differentiating the integrals is difﬁcult as both the integrand and
the integration variable depend of Ψ via Eq. (2). A second possibility is to use gradient-free
optimization algorithms such as evolutionary algorithms but they tend to require too many likelihood estimations. As a result, neither gradient-based algorithms nor evolutionnary algorithms
are used in this paper to solve the problem deﬁned in Eq.(26).
Others methods based on likelihood maximization include the Stochastic Approximation Expectation Maximization algorithm (SAEM) [47]. The algorithm is an adaptation of the classical
Expectation Maximization algorithm which uses a stochastic approximation of the likelihood
[52]. The algorithm builds a sequence of estimate of Ψ, (Ψk )k∈N which converges to the exact
optimal value of Ψ under regularity assumptions on the likelihood [47]. This algorithm is implemented for instance in the toolbox SAEMIX [53].
In the current work, to speed-up the convergence of the optimization, a Bayesian optimization scheme is chosen [54]. Bayesian optimization works as follows. The search starts by
computing the objective function over a design of experiment (DoE) a latin hypercube sampling [55] for instance. Next, a surrogate model of the objective function is constructed with a
Gaussian process [56]. The Gaussian process allows the defnition of an inﬁll criterion (here the
expected improvement [57]) which is maximized in the search space Ξ to determine the location
where the next exact likelihood function should be evaluated. The procedure is repeated until a
stopping criterion is met, here a maximum number of likelihood estimations.
2.5

Estimating the individual parameters

The mixed-effects models approach allows to infer the individual parameters. With the two
methods (Laplace approximation and importance sampling scheme) chosen to compute the likelihood, individual parameters are by-product of the likelihood function calculation at Ψ̂. In
the importance sampling scheme, individual parameters are predicted as the mean of the PDF
πi (θi |Ψ), i.e., the empirical mean of θi |yi , Ψ. Note in passing that MCMC samples can be
used to propagate uncertainties through the model. With the Laplace approximation, individual
parameters are computed through the minimization of function gi (·) at Ψ̂ and θ̂i = μ + b̂i .
These individual parameters can be interpreted as the mode of f (θi |yi , Ψ̂).
3

APPLICATIONS

In this section, the mixed-effects methodology is applied to the calibration of amaterial model
of ceramic-matrix composite materials called the ONERA Damage Model (ODM) and presented in [33, 34, 35]. The ODM model is presented in Section 3.1. In Section ??, the choicesregarding the statistical model. In Section 3.3, the approach is tested on synthetic experimental
data in order to carry out different sensitivity analyses of the method. Eventually, in Section
3.4, real experimental data are calibrated.
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3.1

The ONERA Damage Model

A simpliﬁed uni-axial version of the ODM model is now presented. The stress (in MPa) will
be labeled σ and the strain (without units) ε. The strain-stress relation is
σ(t) = E eff (ds (t))ε(t) − E0 εr (t)

(27)

with E0 the Young’s modulus, E eff the effective Young’s modulus which takes into account the
loss in stiffness of the material caused by the damage ds , εr is the residual strain and t the time.
The residual strain is the strain left in the absence of load. The effective Young’s modulus reads
E eff (ds (t)) =

E0
1 + η(t)ds (t)

(28)

The damage desactivation index, η, represents the fact that damage does not impact the stiffness
for compressive loads. It is given by η(t) = h(ε(t)) with h the Heaviside function. The damage
ds is computed from the thermodynamical force y. The damage equations are the following
⎧
1
⎪
⎪
y(t) = E0 ε(t)2+
(29)
⎪
⎪
2
⎪
⎨
√
ymax (t) − y0s
with ymax (t) = sup y(τ )
(30)
gs (y(t)) =
√
⎪
⎪
ycs
⎪
τ ∈[0,t]
⎪
⎪
p
⎩
(31)
ds (t) = dc (1 − e−gs (y(t)) + )
x+ stands for the positive part of x (i.e. 0 if x < 0 and x if x > 0). Eq.(29) deﬁnes the
thermodynamical driving force. The positive part means that damage is created only under
tensile stress. In Eq.(30), the parameter y0s is the damage threshold, ycs the damage evolution
celerity, and p a shape parameter called the damage evolution exponent. The damage threshold
indicates the beginning of damage. Indeed, in Eqs.(29) and (30), for thermodynamical forces
smaller than y0s , the damage does not increase and the model sums up to σ = E0 ε using Eq.(28).


2y0s
.
To this damage threshold can be associated a strain damage threshold given by εs0 =
E0
The parameter dc stands for the damage saturation. The damage evolution exponent controls
the regularity of the transition between the linear and non linear parts of the curve. If p > 1, the
, is continuous
derivative of the stress with respect to the strain (known as the tangent matrix), ∂σ
∂ε
on the whole curve. However, if p < 1, the tangent matrix is not continuous at ε = ε0s and it can
create numerical issues in ﬁnite element calculations. Nevertheless, contrary to the case p > 1,
the damage threshold is much easier to calibrate if p < 1 as it is directly related to a kink on
strain-stress curves.
The residual strain evolves according to the following equation:

∂εr
∂ds
= χη
∂t
∂t

$

E ef f
E0

%2
ε

(32)

In Eq.(32), only χ has to be identiﬁed. The model parameters are summed up in Table 1.
3.2

Settings of the statistical model

We now seek to apply the mixed-effects models methodology on strain-stress curves which
can be modeled by the ODM model. The ﬁrst step consists in applying the methodology to
virtual data to investigate its ability to calibrate stress-strain curves and describe the material
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Table 1: ODM Model parameters.
Young’s
modulus
E0

damage
threshold
y0s

damage evolution celerity
ycs

damage
saturation
dc

damage evolution exponent
p

residual
strain
χ

variability. Since the data is generated directly from the model, one knows the exact model
parameters distribution and the individual parameters values, and we can confront them to the
calibration results. It is also possible to evaluate the robustness of the calibration technique to
the number of available individuals. More formally, for a given mean μ and covariance matrix Σ
(this set of parameters will be denoted Ψexact ), it is possible to sample the individual parameters
which are labeled θ i,exact . For each of these individual parameters , the ODM model outputs
σi,calc are computed, which stand for the different specimens. Using the mixed-effects approach,
a calibrated distribution characterized by the estimated distribution parameters (labeled Ψ̂) and
the corresponding individual parameters (denoted θ̂i ) is obtained. One objective consists in
checking that the calibrated distribution is consistent with the exact distribution, the virtual data
and the exact individual parameters. Other items will be investigated such as the impact of the
number of individuals on the calibration process and how the results of the calibration depend
on the involved specimens.
Throughout this work, the following indicators will be studied:
dis• The Kullback-Leibler divergence [58] between the exact fexact and the approximated

2
f
(θ|Ψ
)
exact
exact
tribution fˆcalibrated : KL(fexact , fˆcalibrated ) = Rd fexact (θ|Ψexact ) ln fˆ
dθ
(θ|Ψ̂)
calibrated

• Error in the parameters space : for all the individual parameters set, it reads as n1
(division is elementwise, with no target value equal to 0)
• Error of distribution parameters :
equal to 0)

|Ψexact −Ψ̂|
Ψexact

n
i=1

|θ i,exact −θ̂i |
θ i,exact

(division is elementwise, with no target value

• Error in model space : for all the experiments, it can be written as n1

n

1
i=1 Ni σi,calc

− F(ti , θ̂i )2

Only the last criterion can be used to study the results obtained with experimental data because in this case neither the exact model parameters distribution nor the exact individual parameters are known.
Several Assumptions are made here. First, only monotonic loadings are considered so that,
from the original 6 parameters of the ODM model, the residual strain component can be neglected. Consequently, χ is set to 0 because this parameter is only involved in the computation
of the residual strain component. In addition, the material model implies strong correlations
such as those between ycs and p or y0s and p. To avoid correlations at the beginning, it is decided
to set p to 1.2, a usual value for this kind of materials. As a consequence, all the parameters
are considered as independent and the covariance Σ is a diagonal matrix made of the variance
terms. This simplifying assumption is discussed in the perspectives of the paper. It is also
decided to assign to each specimen the same error term
∀(i, j) ∈ 1, n × 1, Ni  ωij = ω
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Table 2: Exact values of the parameters distribution.
E0 [MPa]

y0s [MPa] ycs [MPa]

dc

Mean

1.89 × 105

2.50 × 10−2

2.24

3.77

Standard deviation

1.79 × 104

8.00 × 10−3

0.439

0.893

As a result, 8 to 9 parameters have to be calibrated (depending on if ω is calibrated or ﬁxed
which stand for 4 mean and 4 variance parameters.
For the computation of the likelihood with the importance sampling scheme, 104 MCMC
samples are generated and the ﬁrst 500 samples burnt. The thinning is set to 20. Once all these
samples are discarded, it remains 4750 of the 104 initial samples. The MCMC sampler used can
be found in [59]. The algorithm used to minimize the function gi (·) (Eq.(23)) is the CMA-ES
algorithm [60] with a budget of 103 iterations and a population size of 50.
The algorithm that maximizes the likelihood function is the EGO algorithm from the GPy
library [61]. The initial DoE is a latin hypercube sampling with 45 points to which 160 points
are added during the optimization. Variables are normalized between 0 and 1. Optimization
bounds are discussed in the hereafter.
3.3
3.3.1

Calibrating with virtual data
Generating virtual data

The targeted mean and standard deviations of the parameters are chosen at values which
are consistent with usual observations as presented in Table 2. 20 i.i.d samples from fΨexact
are generated. For each of these samples and given a strain proﬁle (the strain rate ε̇ = ∂ε
is
∂t
equal to 3.00 × 10−4 s−1 ), the corresponding model outputs (σi,calc )i∈1,20 are computed. An
heteroscedastic noise is added to the experimental data:
σi,noisy = σi,calc × (1 + βζ) with ζ ∼ N (0, 1) and β = 0.02

(33)

Exact and noisy data are depicted in Figure 2. The bounds on both means and standard
deviations used for the optimization are shown in Tables 3 and 4. Within these bounds, the
search space of the model parameter distribution is large and the different distributions exhibit
signiﬁcant variety. This can be seen in Figure 3 where some marginals for different means and
variances of E0 are represented.
3.3.2

Calibration with a ﬁxed error

This section is dedicated to the presentation of the results of the calibration of the ODM
model with the virtual data presented in Figure 2. The results from both approaches (Laplace
and MCMC-IS) are presented. The standard deviation of the error ω is ﬁxed to 1 MPa. The
10 specimens involved in the calibration process are presented in Figure 2. The presented
calibration process is run with the different settings introduced in Section 3.2.
To analyze the results, it is possible to look at the calibrated parameters distribution characterized by its mean and standard deviation. These values are presented in Table 5. The ﬁrst
comment is that the calibrated distributions are rather close to the exact distributions, except
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Figure 2: Model with exact individual parameters (lines) and noisy data (dots).
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Figure 3: Possible marginal distributions for the parameter E0 .

Table 3: Bounds for the mean parameters μ.
E0 [MPa]

y0s [MPa] ycs [MPa]

dc

Lower bound

1.20 × 105

5.00 × 10−3

1.10

1.30

Upper bound

2.35 × 105

5.00 × 10−2

3.50

6.00

Table 4: Bounds for the standard deviation parameters, Σ.
σE0 [MPa]

σy0s [MPa] σycs [MPa]

σ dc

ω [MPa]

Lower bound 1.40 × 104

3.00 × 10−3

0.250

0.600

0.381

2.00 × 104

1.00 × 10−2

0.500

1.08

12.5

Upper bound
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for y0s . The corresponding marginals are displayed in Figures 5a, 5c, 5d. Both approaches
seem to provide a different result as as two order of magnitude separate their Kullback-Leibler
divergences (see Table 7). However, omitting the y0s makes the KL divergence fall to 0.81 for
the MCMC approach and 0.33 for the Laplace approach. The two approaches provide similar
results except for the damage threshold. The marginal distributions associated to the Young’s
modulus and the damage evolution celerity are well calibrated. The distribution associated to
the Young’s modulus is generally the best calibrated parameter distribution as it appears to be
the most sensitive parameter in the ODM model, followed by ycs and dc . The differences between the different coordinates are further discussed later.
On Figure 6, the resulting calibrated individual parameters value for each specimen is displayed. It is important to notice that the values of the individual model parameters are all
different allowing to express the variability of the material specimen. This is a key aspect of the
proposed approach compared to existing techniques discussed in the introduction. Considering
the results about the individual model parameters, the mean relative errors (over the 10 individuals) between the exact and the calibrated individual parameters is presented in Table 8. The
relative error on the Young’s modulus, which is from both a numerical and mechanical points
of view the most sensitive parameters, is the smallest with respect the other mean errors. The
damage saturation dc and the damage evolution celerity ycs are also properly calibrated in both
approaches. However, as it was possible to expect, the mean of relative errors on y0s is the highest in each approach. It is also possible to check that the data used in the calibration process is
properly calibrated. For that, the model outputs corresponding to the estimated parameters are
plotted in Figure 7a in which it is possible to notice that the model is properly calibrated as the
model responses are in adequation with the virtual data. This can be assessed by checking the
averaged distance in the model space given in Table 9. For each specimen, the difference betwen
the model responses with the exact individual parameters and with the calibrated individual parameters are illustrated in Figure 7b. It illustrates the efﬁcient calibration of the ndividual model
parameters for all the considered specimens. Even if the marginal distributions for the model
parameters are assumed to be independent, in the MCMC-IS approach, the generated model
parameter samples by the importance density using MCMC (Figure 8) exhibit the correlations
between the parameter coordinates in order to generate model responses in adequation with the
available virtual data.
Neither the marginals nor the individual parameters of the damage threshold y0s are well
calibrated. One of the hypotheses which can explain this fact is the lack of sensitivity of the
damage threshold in the objective function. To check this assumption, it is possible to carry
out a raw sensitivity analysis by studying the lengthscales of the Gaussian process involved in
the optimization process. This interpretation comes from the fact that the lengthscale acts as a
wavelength of the Gaussian process which is here a surrogate model of the mixed-effects likelihood function. If the wavelength along one axis of the Gaussian process is small, it means
that the range of variations of the objective function along this direction is small, which may
be interpreted as a limited sensitivity of the objective function along this coordinate. On the
contrary, if the wavelength is large, the variations of the objective function along this direction
exhibit large variations, which means the objective function varies signiﬁcantly along this axis
and the corresponding parameter is sensitive. For the Laplace calibration, the order of magnitude of the lengthscales (standard and normalized with respect to the optimization bounds)
are presented in Table 6. Standard numerical values give (E0 )  (dc ), (ycs ) > (y0s ) as
expected. Normalized lengthscales only indicate that (E0 )  (dc ), (ycs ), (y0s ), which is
still consistent with physical knowledge. The low sensitivity of y0s in the likelihood function,
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(a)

(b)

Figure 4: On the left (a), model outputs for different damage thresholds varying between [0.9 ×
μy0s , 1.1 × μy0s ] (μy0s and other parameters correspond to the mean parameters presented in
Table 1). On the right (b), model outputs for different damage thresholds varying between
[0.9 × μycs , 1.1 × μycs ] (μycs and other parameters correspond to the mean parameters presented
in Table 1).
which explains the differences encountered along the y0s (Figure 5b) axis can come from the
choice of p. In Section 3.1, it was stated that y0s was complicated to calibrate for p > 1 with
only strain-stress curves, which means that previous remarks are consistent with expert knowledge. To investigate the sensitivity of the model ouput towards the damage threshold, another
simple solution can consist in computing the model outputs for different damage threshold and
the other parameters ﬁxed. On Figure 4a, it is possible to notice that the damage threshold,
for a variation of 20% around the corresponding mean value μy0s , does not inﬂuence much the
model output as for all strain values, the difference between the extreme stress curves is beneath
5 MPa. The relative variation of the stress is below 5% which can be considered as non significant. Yet, the model responses exhibit greater sensitivity for the same relative variation of the
damage evolution celerity ycs (see Figure 4b). The same observations can be made on the other
model parameters. This ascertains the results obtained with the analyses on the lengthscales.
In practice, y0s is usually calibrated using acoustic data which are not available here. Damage
starts when the ﬁrst ﬁbers of the composite material break. It produces acoustic events which
can be recorded and help to indicate when the ﬁrst failure (and the start of damage) happens.
In this section, the ability of the mixed-effects models methodology to calibrate the ODM
model has been illustrated. This framework allows to characterize the material variability and
its impact on the model parameters. In addition, to provide information on the distribution of the
model parameters, it allows to determine reliable estimates of the individual model parameters.
Furthermore, both computational methods of the likelihood (i.e. MCMC-IS and Laplace) give
similar results in terms of calibrated model parameter distributions and individual parameter
values. Given that the computation of the likelihood with the Laplace method is much faster to
compute (for 10 specimens of 29 measurements each on a multi-threaded code with 4 CPU on a
standard machine with processor Intel Core I5, MCMC-IS approach takes 2 minutes to compute
the likelihood while the Laplace approach takes about 4 seconds), all further analyses will be
conducted using the Laplace approximation method for the computation of the likelihood.
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(a)

(b)

(c)

(d)
Exact distribution
MCMC calibrated distribution with 10 individuals
Laplace calibrated distribution with 10 individuals

Figure 5: Exact and calibrated marginals along the E0 axis (a), the y0s axis (b), the ycs axis (c),
and the dc axis (d).

Table 5: Calibrated means and standard deviations with ﬁxed error term. The relative error
between the exact Ψ and the calibrated Ψ in % is indicated between brackets.
E0 [MPa]

y0s [MPa]

ycs [MPa]

dc

1.88 × 105

0.0250

2.24

3.77

Laplace calibrated means
MCMC-IS calibrated means
Exact standard deviations

1.95 × 105 (4)

0.0301(20)

2.15(4)

3.36(10)

1.81 × 105 (4)

0.0500(100)

2.05(8)

2.74(27)

1.79 × 104

8.00 × 10−3

0, 439

0, 893

Laplace calibrated
standard deviations
MCMC-IS calibrated
standard
deviations

1.62 × 104 (9)

7.31 × 10−3 (9)

0.647(47)

0.871(2)

1.67 × 104 (7)

3.00 × 10−3 (62)

0.431(1)

0.910(2)

Exact means
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(a)

(b)

(c)

(d)
Exact distribution
Exact individual parameters
Laplace individual parameters
MCMC individual parameters

Figure 6: Exact marginals, exact and calibrated individual parameters along the E0 axis (a), the
y0s axis (b), the ycs axis (c), and the dc axis (d).
Table 6: Order of magnitude of the Gaussian process lengthscale along each direction at the the
last iteration for the Laplace calibration process.
(E0 )

(y0s )

(ycs )

(dc )

standard lengthscale 

109

10−2

100

100

normalized lengthscale r

104

10−1

10−1

10−1

Table 7: Kullback-Leibler divergences for the virtual data case, the error term being ﬁxed.

Kullback-Leibler divergence

MCMC-IS

Laplace

37.3

0, 53

Table 8: Mean relative errors for the 10 calibrated individual parameters compared to the exact
parameter values.
E0 [MPa]

y0s [MPa] ycs [MPa]

dc

Laplace relative error (%)

1.59

23.5

10.6

3.25

MCMC-IS relative error (%)

3.04

43.15

13.4

6.04
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Table 9: Mean approximation error for the 10 model outputs corresponding to the calibrated
individual parameters compared to model outputs corresponding the exact parameter values.

Distance in model space (MPa)

Laplace

MCMC-IS

0, 311

0, 348

(a)

(b)

Figure 7: In (a), exact data used for calibration vs model responses for the estimated individual parameters. In (b), differences between model with exact parameters and with Laplace
calibrated parameters.
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Figure 8: Pairplot of the MCMC samples of fˆ(θ|y0 , Ψ̂).
3.3.3

Calibration with an optimized error term

In this Section, the variance ω of the error term is not considered ﬁxed anymore and it is
calibrated along with the other parameters in Ψ. Moreover, the objective of this section is to
study the inﬂuence of the number of available individuals in the calibration method.
The number of available observations plays a key role in calibration. In general, a high number of observations allows to reduce the uncertainty associated to the calibrated parameters.
However, in mechanics, the number of specimens is limited due to time and cost considerations
and the usual number of specimens varies from 5 to 10 in the best cases. As a result, to study
the inﬂuence of the number of individuals on the calibration results, it is decided to calibrate the
model with respectively 5, 10 and 20 individuals (all depicted in Figure 2) to take into account
representative constraints on the number of available specimens. The upper bound on the variance of the error term is set to 10 MPa and the lower bound to 0.1 MPa.
The presented calibration approach using the Laplace technique for the likelihood estimation is carried out for 5, 10 and 20 individuals generated with the same exact model parameters
distribution. To analyze the obtained results, it is possible to plot the marginals along the E0
axis for 5, 10 and 20 individuals (see Figure 9). In this ﬁgure, it is possible to notice the marginal
along the ycs axis is better inferred as the number of specimens increases. This phenomenon
can also be noticed for the marginal along the dc axis (see Figure 17). However, the marginal
along the E0 axis is downgraded from 10 to 20 individuals (see Figure 16). As the marginal
distributions are jointly calibrated, it is necessary to measure the improvement of the calibration
using Kullback-Leibler divergences for 5, 10 and 20 individuals (y0s is ommited in the KL calculation, see discussion in the previous section). The KL divergence decreases with the increase
of the number of individuals (Table 10), therefore the distribution of the model parameters is
better calibrated as the number of available specimens increases. In addition, on Figure 11b,
it can be noticed that the damage threshold is always the parameter with the highest associated error: in other words, this parameter is complicated to calibrate regardless of the number
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Table 10: Kullback-Leibler divergences for 5, 10 and 20 individuals (without consideration of
y0s marginal).
5

10

20

Kullback-Leibler divergence 0.82

0.42

0.32

Number of specimens

Table 11: Mean error (for all the deformation values) for 5, 10 and 20 individuals between the
calibrated model responses and the model responses with the exact parameters.
Number of specimens
Mean approximation error (MPa)

5

10

20

0.226

0.327

0.357

of specimens. To illustrate the impact of the model parameter distribution convergence on the
model responses, it is possible for each calibrated distribution (for 5, 10 and 20 individuals) and
for the exact distribution to generate parameter samples (2000 in the present case). Then, for
each parameter sample, the ODM model is computed. Eventually, the 5% and 95% quantiles in
the model response space are estimated (Figure 10).
From Figure 10, it can be seen that the estimated 5% quantiles for the model responses
using the calibrated distribution and the exact distribution converge one to another as the number of individuals increases. Similar analysis can be done for the 95% quantiles. It allows to
see that the convergence of the calibrated model parameters distribution toward the exact distribution as the number of individuals increases, enables the generation of model responses that
cover the entire set of possibilites (and not just a subset as for 5 individuals). This is of prime
importance if this calibrated model parameter distribution is then used for uncertainty propagation in structure analysis for instance. It is therefore important to keep in mind that with a small
number of individuals (around 5 specimens), the calibrated model parameter distribution might
not be enough representative of the entire set of possible outcomes (due to the lack of individual
diversity with only 5 specimens). Therefore, with a limited number of specimens, the calibrated
model parameter distribution has to be used with attention.
Eventually, it is important to notice that the resulting model parameter values for each individual is closed to the exact parameter values even when only 5 individuals are considered.

In this section, the sensitivity to the number of individuals has been studied. It was has
been that as the number of specimens increases, the calibrated marginals get closer to the exact
marginals, and the same thing is observed in the model space. Finally, it was also noticed even
with few specimens, the mixed-effects methods calibrates well the involved specimens.
3.3.4

Robustness of the model calibration with respect to different available individuals

Calibration in the mixed-effects models framework relies on specimens to determine the
model parameter distribution and later estimate the individual parameters values. The objective
of this section is to evaluate the robustness of the calibration using mixed-effects models with
respect to the available specimens. In other words, whatever the specimens are, the population-
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(a)

(b)

Exact distribution
Laplace calibrated distribution
Exact individual parameters
Laplace individual parameters

(c)

Figure 9: Exact and calibrated marginals along the ycs axis for 5 individuals (a), 10 individuals
(b) and 20 individuals (c).

(a)

(b)

Model with exact parameters
5% quantile for the exact model distribution
95% quantile for the exact model distribution
5% quantile for the calibrated model distribution
95% quantile for the calibrated model distribution

(c)

Figure 10: Uncertainty propagation from the distribution calibrated with 5 individuals (a), 10
individuals (b) and 20 individuals (c).
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based approach is able to approximate correctly the model parameter distribution and the individual parameters values. To check this assumption, the calibration process is repeated 20 times
with different sets of specimens. For each of these repetitions, 10 different individual parameters values set are generated from the same exact distribution fΨexact , the corresponding model
outputs are computed and noise is added as in Eq.(33). The individual parameters are different
from one repetition to the other. All the repetitions are calibrated with mixed-effects models
methodology using the same settings (i.e. initial DoE, number of iterations, bounds, etc.).
For each repetition, the Kullback-Leibler divergence is computed (see Figure 11a). The
advantage of the Kullback-Leibler divergence is that this quantity takes into account all the different variations of the joint distribution. It is also possible to compute the mean error between
the estimated individual parameters and the exact individual parameters for the 10 considered
individuals and that for the 20 repetitions (see the boxplots 11b).
The objective is to check that calibration using mixed-effects models approach does not depend of involved specimens. With Figure 11a and Figure 11b, it is possible to notice that for all
the repetitions, the range of variation of the Kullback-Leibler divergences and the mean relative
errors are rather small. This tends to indicate that for the distribution parameters, the calibration
results do not depend too much to the involved specimens. It is also possible to consider the
calibrated variances of the error term. The different calibrated standard deviations of the error
terms with 10 specimens are shown in Figure 11c. For all the repetitions but one, the standard deviation of the error term varies between 4.53 to 6.41 MPa. As the hypothesis made on
the noise in the likelihood function is different from the noise which was added to the virtual
data, there is not any reference value. Nevertheless, it can be noticed that calibrated standard
deviations are within a rather small range, which tends to conﬁrm that the calibration of this
parameter is rather independent of the specimens used for calibration.
Up to now, virtual data have been used in the calibration process in order to illustrate the
approach with a pedagogical point of view. It allowed to compared to obtained calibration
results with respect to a known model parameters distribution and to the known individual
parameters values. With this virtual data, the sensitivity to the number of individuals and their
repartitions have been analyzed.
In the next section, a test case using experimental data is carried out, using the same calibration process.
3.4

ODM model calibration with experimental data

We now apply the mixed-effects models to calibrate the ODM model with 13 tensile tests
performed on CERASEP A400, a woven composite material. The available tests are plotted in
Figure 12. The methology settings (i.e. initial DoE, number of iterations, kernel of the Gaussian
process) are the same as in the previous sections. The calibration bounds are given in Tables 12
and 13.
Notice in Figure 12 that all curves are less disparate than the virtual data generated in Section
3.3.1. Material failure happens at different strains and thus the ultimate tensile strength varies.
Moreover, the transition between the linear and non-linear regimes is also subjected to variability. These obervations constitute an interesting test case for a population-based approach such
as the mixed-effects models. Finally, the experiments have different number of observations
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(b)

(a)

(c)

Figure 11: With 10 specimens: (a) boxplot of Kullback-Leibler divergence for all repetitions,
(b) boxplot of the error of the individual parameters for all repetitions, (c) histogram of the
calibrated standard deviation of the error term.
points (from 20 to 700). To make sure all individuals have the same weight in the likelihood
function, it is decided to subsample those with more than 20 observation points. Experiments
are subsampled peridiodically and always include the last point.
Figure 13 shows the calibrated marginals. The marginal along E0 seems well calibrated
in the sense that all the individual parameters belong to the interval [μE0 − 3σE0 , μE0 + 3σE0 ]
which concentrates 99% of possible values for a Gaussian random variable. Along the y0s axis,
the same situation as as in Section 3.3 is encountered as all the individual parameters are concentrated around the mean. The individual parameters are also concentrated around the mean
for ycs so that the variance seems overestimated. An explanation could be that the Bayesian optimization has not converged yet to the maximum likelihood estimator of Ψ. Along the dc axis,
the individual parameters seem consistent with the marginal even if without the point whose
damage saturation is between 3 and 3.5, the variance of dc would have been considered as
overestimated. More classically, the adequation between the model responses for the estimated
individual parameters and the experimental data is displayed in Figure 14 for two individuals
(others can be found in appendix, Figures 19 and 20). In both plots, the estimated individual
properly matches the experimental data (the same applies to the other experiments, see Figures
19 and 20)).
Eventually, it is possible to propagate the uncertainties of the calibrated distribution to the
model parameters and to compare the results to the experimental data. In Figure 15, 1000 samples from the calibrated distribution are drawn and the corresponding model outputs computed.
Notice that the experimental data are included in the bundle of model outputs, which shows
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Figure 12: Experimental strain-stress curves of the CERASEP A400 material.

that the calibrated distribution conservatively learns the observed variability. The variability of
the inferred distribution is more important than the one observed on the experimental curves.
This overestimated variance of model parameters may be caused by the fact that the Bayesian
optimzation has not converged yet with in the given number of iterations. Taking into account
correlations between model parameters in the calibration process might help to reduce the estimated variances.
4

CONCLUSIONS & PERSPECTIVES

In this paper, a population-based mixed-effects model was applied to calibrate a material
model and to characterize material variability. First, the mixed-effects model has been described
with an emphasis put on the numerical estimation of the likelihood. Then, this methodology
has been applied to virtual data to compare the results with known model parameters distribution and individual parameters values. It has allowed to analyze the effects of the number of
specimens and the specimens variability. Finally, the mixed-effects approach has been applied
to experimental data obtained with a woven ceramic matrix composite material.
Our investigation show that mixed-effects models offer a promising framework to calibrate
material parameters while taking into account specimen variability. Even if the accuracy of the
calibrated parameter distribution seems sensitive to the number of specimens, the method typically provides accurate estimates of the individual parameters and captures well the observed
variability. The number of specimens should also help to choose the level of details of the probabilistic model. For instance, calibrating correlations with a limited set of individuals yields
estimates which may not be trustworthy.
In terms of future work, two major directions should be investigated. Firstly, it is important
to include in the calibration process the correlations between the model parameters. A study of
the relationship between the number of available individuals and the accuracy of the calibration
correlations is essential. Secondly, improvements in the mixed-effects models are required in
order to account for different types of data (for instance acoustic measures in addition to tensilestress observations). In doing so, the likelihood will be more sensitive to this parameter and as
a matter, the marginal along the y0s will be better calibrated and should make the estimation of
the damage threshold more accurate.
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(a)

(b)

(c)

(d)
Laplace calibrated distribution with 13 individuals
Laplace individual parameters

Figure 13: Calibrated model (histograms) and individual (squares) parameters along the E0 (a),
the y0s (b), the ycs (c) and the dc axes (d) using the 13 CERASEP A400
specimens.

(b)

(a)

Figure 14: Model outputs vs. experimental data for the second (a) and the third (b) experiments.
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Figure 15: Uncertainty propagation from the calibrated distribution.
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A

Calibrated model parameter marginals of ycs and dc with the Laplace approach using
virtual data

(b)

(a)

(c)

Figure 16: Exact and calibrated marginals along the E0 axis for 5 individuals (a), 10 individuals
(b) and 20 individuals (c).
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B

Calibrated model parameter marginals of dc with the Laplace approach using virtual
data

(a)

(b)

(c)

Figure 17: Exact and calibrated marginals along the dc axis with 5 individuals (a), 10 individuals
(b) and 20 individuals (c).
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C

Bounds of optimization for the Laplace approach
Table 12: Bounds for mean parameters.
E0 [MPa]

y0s [MPa] ycs [MPa]

dc

Lower bound

1.40 × 105

5.00 × 10−3

2.8

2.75

Upper bound

2.2 × 105

5.00 × 10−2

5.50

8.00

Table 13: Bounds for standard deviation parameters.
σE0 [MPa]

σy0s [MPa] σycs [MPa]

σ dc

σω [MPa]

Lower bound 8.00 × 103

5.00 × 10−5

0.100

0.005

0.500

1.80 × 104

1.00 × 10−4

1.2

0.9

2.00

Upper bound
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D

Exact and noisy data

Figure 18: Model with exact individual parameters and noisy data.
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E

Results of calibration for all experiments from CERASEP A400 material

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 19: Model output vs experimental data for the ﬁrst experiment (a), the second experiment
(b), third experiment (c), fourth experiment (d), ﬁfth experiment (e), sixth experiment (f) and
the seventh experiment (g).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 20: Model output vs experimental data for the eighth experiment (a), the ninth experiment (b), the tenth experiment (c), the eleventh experiment (d), the twelfth experiment (e), and
the thirtheenth experiment (f).
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Abstract. The paper presents a sampling strategy created speciﬁcally for surrogate modeling via polynomial chaos expansion. The proposed method combines adaptivity of surrogate
model and sequential sampling enabling one-by-one extension of an experimental design. The
iteration process of sequential sampling selects from a large pool of candidate points by trying
to cover the design domain proportionally to their local variance contribution. The criterion
for the sample selection balances between exploitation of the surrogate model and exploration
of the design domain. The obtained numerical results conﬁrm its superiority over standard
non-sequential approaches in terms of surrogate model accuracy and estimation of the output
variance.
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1

INTRODUCTION

Uncertainty quantiﬁcation of mathematical model of physical system Y = g(X) is attracting
an increasing attention in the last decades. Since the quantity of interest (QoI) Y can be output
of very computationally demanding model such as complex engineering structures solved by
ﬁnite element method, it is often necessary to create an approximation of original mathematical model which signiﬁcantly computationally cheaper. Moreover, it is beneﬁcial to choose
approximation which enables direct post-processing in order to obtain statistical moments and
sensitivity indices without additional computational demands. Therefore, the paper is focused
on a popular method: Polynomial Chaos Expansion (PCE). Although PCE is very accurate
surrogate model, its accuracy is highly dependent on design of experiments (DOE). The paper presents a novel approach for sequential extension of the experimental design based on
adaptively reﬁned PCE. The proposed approach signiﬁcantly reduces the number of samples
in experimental design to achieve a good surrogate model and thus it reduces the necessary
number of evaluations of the original mathematical model.
2

POLYNOMIAL CHAOS EXPANSION

Evaluation of mathematical model of QoI is often highly computationally demanding and
thus it is necessary to create an efﬁcient approximation. PCE is a method of representing the
output variable Y as a function g P CE of an another random variable ξ called the germ with
given distribution
(1)
Y = g(X) ≈ g P CE (ξ),
and representing the function g(X) via polynomial expansion. A set of polynomials, orthogonal
with respect to the probability distribution of the germ, are used as a basis of the Hilbert space
of all real-valued random variables of ﬁnite variance. The orthogonality condition for all j = k
is given by the inner product of the Hilbert space deﬁned for any two functions ψj and ψk with
respect to the weight function pξ (probability density function of ξ) as:
!
ψj , ψk  = ψj (ξ)ψk (ξ)pξ (ξ) dξ = 0.
(2)
Orthogonal polynomials ψ corresponding to a selected probability distributions pξ can be
chosen according to Wiener-Askey scheme [12]. For further processing, it is common to
use normalized polynomials, where the inner product is equal to the Kronecker delta δjk , i.e.
ψj , ψk  = δjk , where δjk = 1 if and only if j = k, and δjk = 0 otherwise.
In the case of X and ξ being vectors containing M random variables, the polynomial Ψ(ξ)
is multivariate and it is built up as a tensor product of univariate orthogonal polynomials. The
quantity of interest (QoI), i.e. the response of the mathematical model Y = g(X), can then be
represented, according to Ghanem and Spanos [5], as

Y = g(X) =
βα Ψα (ξ),
(3)
α∈NM

where α ∈ NM is a set of integers called the multi-index, βα are deterministic coefﬁcients and
Ψα are multivariate orthogonal polynomials.
For practical computation, PCE expressed in Eq. (3) must be truncated to a ﬁnite number of
terms P . The truncation is commonly achieved by retaining only terms whose total degree |α|
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is less than or equal to a given p. Therefore, the truncated set of PCE terms is then deﬁned as

M

M,p
M
= α ∈ N : |α| =
αi ≤ p .
(4)
A
i=1

Additional reduction of the truncated set was proposed by Blatman and Sudret [2] as a “hyperbolic” truncation scheme. Such an approach leads to a dramatic reduction in the cardinality
of the truncated set for high total polynomial orders p.
From a statistical point of view, truncated PCE is a simple linear regression model with
intercept. Therefore, it is possible to use ordinary least square (OLS) regression to minimize
the error ε. In order to use OLS for β estimation, it is necessary to ﬁrst sample nsim realizations
of the input random vector X and the corresponding results of the original mathematical model
Y, together called the experimental design (ED). Then, the vector of deterministic coefﬁcients
β is calculated using data matrix Ψ as
β = (ΨT Ψ)−1 ΨT Y.

(5)

The number of terms P is dependent on the number of input random variables M and the
maximum total degree of polynomials p. Therefore, in case of a large stochastic model, the
problem can become computationally highly demanding. The solution can utilize advanced
model selection algorithms such as Least Angle Regression (LAR) [3] to ﬁnd an optimal set of
PCE terms as proposed by Blatman and Sudret [2]. Note that, similar techniques such as orthogonal matching pursuit [11] or Bayesian compressive sensing [7] achieve similar numerical
results. The sparse set of basis functions obtained by any adaptive algorithm is further denoted
for the sake of clarity as A.
3

ADAPTIVE SEQUENTIAL SAMPLING

The accuracy of PCE is unfortunately highly dependent on given experimental design similarly as in case of any surrogate model. Although there are many sampling schemes suitable
for PCE, the recent study [4] shows an advantage of sequential approach. Therefore this paper
is focused on iterative selection of the new sampling points according to speciﬁc criteria created particularly for PCE. Note that there are two different strategies for sequential sampling.
The ﬁrst is to enrich the initial ED according to a space-ﬁlling criterion (exploration) without
assuming any knowledge of the mathematical model or PCE form. The second strategy works
with the structure of the PCE in order to identify an optimal sample. Unfortunately, in situations
when the initial screening overlooks a globally important region, the exploitation criterion may
continue reﬁnement of some other, locally important region that was detected, and there is a risk
of never discovering a globally important region. Therefore, it is important to include a balance
between both criteria in search for the best candidate. Note that, such approach was employed
already in a different context [10]: a criterion motivated by the Koksma-Hlawka inequality [8]
was proposed and coupled with stratiﬁed sampling in order to improve the efﬁciency of statistical integration. Beside sequential sampling, the ideal algorithm should be able to adaptively
reconstruct the PCE using model selection algorithms in order to identify a sparse set of basis
functions A in each iteration.
We propose an adaptive sequential sampling strategy accompanied by a criterion designed
for non-intrusive PCE. Once a pool of candidates containing npool realizations of the random
vector ξ generated by any sampling technique is available, it is necessary to construct a criterion
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Θ for the selection of the best candidate balancing between the exploitation and exploration of
the design domain:

M
.
(6)
Θ(ξ (c) ) ≡ σA2 (ξ (c) ) · σA2 (ξ (s) ) lc,s
The criterion is a product of two terms: the exploitation term and the exploration term. The
exploration aspect is maintained by accounting for the distance lc,s between a candidate ξ (c) and
its nearest neighboring point from the existing ED, ξ (s) . For the distance term we select the
Euclidean distance between the candidate and its nearest neighbor as
'
(M
( (c)
(s)
|ξi − ξi |2 .
(7)
lc,s = )
i=1

The exploitation in candidate selection is motivated by our desire to uniformly cover local
contributions to the total variance, σY2 . The variance can be thought of as an integral of local
2
(ξ) over the design domain indexed by coordinates ξ. Once the PCE has been
contributions σA
established at any given stage of the algorithm, the local variance is computationally cheap to
evaluate for any location ξ as

2
σA2 (ξ) =
βα Ψα (ξ) pξ (ξ) .
(8)
α∈A
α=0

In the criterion we take the geometric mean of two local variance contributions representing average variance contribution of the region between the candidate and its nearest neighbor. When
M
this geometric mean is multiplied by the M th power of the distance between the two points, lc,s
,
the volume (variance contribution) of an area between them is estimated. The proposed criterion
maintains a balance between exploration and exploitation, since a candidate which is close to
an existing point can only be selected if the corresponding variance density is signiﬁcant. Similarly, when a region with low contribution is being detected by the PCE, candidates from such
regions are ignored. Maximization of the proposed criterion leads to the best candidate, which
is added to active ED. The pool of candidates can be generated by commonly known LHS and
the proposed criterion is employed for the selection of the best candidate at every iteration of
sequential sampling.
4

NUMERICAL EXAMPLE

The pilot numerical study is represented by Ishigami function [6]. The function is strongly
nonlinear, non-monotonic and presents strong interactions. We set the coefﬁcients as in [9]. Let
X ∼ U[−π, π]3 and the mathematical model
Y = sin (X1 ) + 7 sin2 (X2 ) + 0.1X34 sin (X1 ) .

[σY ≈ 13.844 587 940]

(9)

The setup of PCE was as follows: PCE is solved by non-intrusive OLS, a sparse set of the basis
functions A is obtained by LAR with maximum total polynomial order p = 10 and p = 20. The
initial ED for the PCE construction before the ﬁrst step of the proposed iterative algorithm is
generated by LHS and it contains an initial screening design with nsim = 10 realizations of the
input random vector. The results are compared in terms of the relative error in variance of QoI
=

|σ − σY |
,
σY
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deﬁned as the absolute deviation of the estimated variance σ from the exact value σY divided
by the exact variance; and commonly used leave-one-out error of PCE approximation Q2 [1].
The calculations were repeated 100 times and the orders of errors (log10 ) are depicted in Fig.1.
Solid lines represent mean values and the scatters represent ± σ conﬁdence intervals.

Figure 1: Obtained results for the Ishigami function. The ﬁrst two row represents the accuracy measured by  and
the second row shows Leave-one-out error Q2 .

5

DISCUSSION AND CONCLUSION

The paper presented innovative approach of adaptive sequential sampling for polynomial
chaos expansion. The proposed method combines adaptivity of a PCE and sequential sampling.
The sequential sampling is based on one-by-one extension of existing experimental design by
a selection of the best candidate from large pool. The best sample candidate is identiﬁed by
proposed criterion consisting of two parts: average local variance between a candidate “c” and
its nearest neighbor “s” and the Euclidean distance between them. Both parts of the criterion
together maintain the balance between exploration of the design domain and exploitation of
current form of PCE. The presented method can be easily coupled with any existing sampling
method such as LHS, which was employed in numerical example. From obtained results, one
can see signiﬁcant improvement in accuracy of PCE using sequential sampling in comparison
to standard non-sequential LHS. The improvement is especially clearly visible for mid-size
ED. Moreover, the beneﬁt of the sequential sampling is higher in case of p = 20 as can be
seen in Fig.1 (right) since the maximum polynomial order does not limit the convergence of
PCE. Further work will be focused on combination of the sequential approach with advanced
sampling schemes.
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Abstract
Accurate modelling of the damping in structures, along with the mass and stiffness properties,
is important for an accurate prediction of the dynamic response. Also important is modeling of
the variability in damping, along with the variability the mass and stiffness properties, from
sample to sample if the variability of the dynamic response is to be accurately predicted. The
present work is a part of the ongoing efforts in this direction. The objective of this paper is twofold. The first is to study the variability of the damping factors of various modes of the test
structure over its several samples. The second objective is to study the variability when the test
structures are made up of different materials. An experimental study is conducted on beam
samples of three different materials, Mild steel, Aluminum and Acrylic. Variability in frequency
response functions (FRFs), modal data including variability of damping factors is quantified.
The study offers some important insights into importance of modeling of damping uncertainty
for making accurate structural dynamic predictions.
Keywords: Frequency Response Functions, Variability, Damping Factors, Uncertainty, Experimental Study
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1

INTRODUCTION

Finite Element (FE) Models are widely used for analysis of engineering structures. A finite
element model that accurately represents the dynamic behavior of a system is very useful for
structural dynamic design and analysis, damage detection, structural health monitoring and vibration control [1]. Despite the high sophistication of FE modeling, prediction of dynamic characteristics using FE models often shows considerable discrepancies with respect to the
experimental measurements. These discrepancies may arise due to modeling inaccuracies associated with material properties, boundary conditions, joints, damping and due to the idealization
and simplifications made in the modeling [1,2]. Measurement noise may also contribute to these
discrepancies. The conventional approach to FE model updating is typically deterministic in
nature [3–6], which means that the experimental data is obtained from a single test piece and
therefore the measured data does not have any variability. It is observed that the engineering
structures in practice, all conforming to the same nominal design have a variability associated
with them. In view of this, the deterministic FE model cannot accurately represent the dynamics
of a population of nominally identical structures. The variability in the measured dynamic characteristics occurs due to inherent variation in the material properties, geometry and manufacturing from specimen to specimen. Variability may also arise due to measurement noise [7,8],
environmental effect, damage [9], disassembly and reassembly of the same structure [10] and
material degradation over a period of time. It is therefore desired that the FE model is also able
to predict the variability of the dynamic characteristics across the samples. This has led to development of stochastic approaches to model updating where both the deterministic as well
stochastic uncertainties in the model are identified. Most current methods of Stochastic FE
model updating identify uncertainties in parameters associated with the mass and stiffness matrices [8,11,12]. This allows predicting variability of natural frequencies and mode shapes.
However, the question arises about the extent of the variability of dynamic response over
the samples of the test structure. The variability of the dynamic response depends on the variability of the damping loss factors. In the light of this, one of the objectives of this paper is to
study the extent of variability of damping factor that occurs across several samples of a given
structure. The second objective is to study the variability of dynamic characteristics in samples
of materials with different levels of damping. This is carried out for beams of three different
materials, Mild steel (MS), Aluminum (Al) and Acrylic.
If the variability of the damping loss factors is significant then this requires modeling variabilities not only in the mass and stiffness matrices but also the damping matrix of FE model
so as to enable predicting the variability of the dynamic response.
2

EXPERIMENTAL STUDY OF VARIABILITY OF DYNAMIC
CHARACTERISTICS

The experiment is carried with three different beam materials, Mild steel, Aluminum and
Acrylic. Different samples of beam of each material are tested under free-free condition. FRFs
are measured at 16 test points in the transverse direction on each beam sample. An accelerometer is mounted at test point 7 to measure transverse acceleration, while the excitation is given
using a modal hammer by hitting at different test points to measure FRFs over a frequency
range of 0-1000 Hz. Fig. 1 shows the experimental setup used to measure FRFs. The beam is
suspended vertically to ensure that the mass of accelerometer and the stiffness of the string used
for suspension does not affect the beam’s dynamic characteristics in the transvers direction.
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Free- Free Beam
Accelerometer

FFT Analyzer

Modal Hammer
Fig. 1 experimental setup
2.1 Study on Mild steel beam samples
The nominal dimensions of the Mild steel beam samples are (750×31.5×5.3) mm and the
mass of the beam is 972 gm. Fig. 2 shows overlays of the experimental FRFs of various samples
at test point 1, 5, 7 and 10, respectively. It can be seen that the variability in experimental FRFs
is increasing as we go up the frequency range. The modal analysis of measured FRFs on the
beam samples is carried out. Figs. 3 and 4 show histograms of variability in natural frequencies
and loss factors with the fitted normal distributions, respectively, of the MS beam samples.
Increasing the number of samples will increase the accuracy of the distributions. Table 1 shows
values of mean, standard deviation and coefficient of variation (COV) of natural frequency and
loss factor for the first six modes of vibration of the beam samples. It is seen that the standard
deviation of natural frequency is increasing with the mode number but the variation in natural
frequency as a percentage of the mean value is nearly same for all the modes listed in the table.
It is also found that the natural frequencies for different modes vary on an average by 2.6%,
while the loss factors vary on an average by 9.81% over different samples. It is also noted that
the COVs of loss factor of higher modes are higher.

(a) Test point 1

(b) Test point 5
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(c) Test point 7

(c) Test point 10

Fig. 2. Overlays of the experimental FRFs measured on various beam samples at test points
a) 1 b) 5 c) 7 d) 10
Table 1. Mean, standard deviation and coefficient of variation (COV) of natural frequencies
and loss factors
Natural Frequency (Hz)
Mode
Number
1
2
3
4
5
6

Mean
value

Standard
deviation

(݂ )

(݂௦௧ௗ )

49.17
135.66
266.60
438.66
658.84
915.77

1.29
3.30
6.37
10.60
15.60
21.89

Loss Factor (%)

Coefficient of
variance
(݂௩ ൌ

ೞ
ೌ

ൈ ͳͲͲ)

2.64
2.44
2.39
2.42
2.37
2.39
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Mean
value

Standard
deviation

(ܮ )

(ܮ௦௧ௗ )

0.0421
0.0163
0.0084
0.0055
0.0039
0.0037

0.0032
0.0007
0.0004
0.0003
0.0008
0.0007

Coefficient of
variance
(ܮ௩ ൌ

 ೞ
ೌ

ൈ ͳͲͲ)

7.72
4.14
4.92
5.35
19.33
17.89
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Fig. 3 Histograms of variability in natural frequencies of the MS beam samples

Fig. 4 Histograms of variability in loss factors of the MS beam samples
2.2 Study on Aluminum beam samples
In this section, 20 different Aluminum beam samples with nominal dimensions
(750×29.6×5.8) mm are used for the study. The nominal mass of the beam samples is 467.8 gm.
Fig. 5 shows overlays of the experimental FRFs of various samples at test points 2, 5, 7 and 11,
respectively. It is seen that, like MS beam, the variability in experimental FRFs increases as
we go up the frequency range. The modal analysis of measure FRFs on the beam samples is
carried out. Figs. 6 and 7 show histograms of variability in natural frequencies and loss factors
with the fitted normal distributions, respectively, of the Al beam samples. Table 2 shows values
of mean, standard deviation and coefficient of variation (COV) of natural frequency and loss
factor for the first six modes of vibration of the beam samples. It is seen that, like MS beam the
standard deviation of natural frequency is increasing with the mode number but the variation in
natural frequency as a percentage of the mean value is nearly same for all the modes listed in
the table. It is also found that the natural frequencies for different modes vary on an average by
1.5%, while the loss factors vary on an average by 14.32% over different samples. It is also
noted that the COVs of loss factor of higher modes are higher.
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(a) Test point 2

(b) Test point 5

(c) Test point 7

(d) Test point 10

Fig. 5 Overlays of the experimental FRFs measured on various Al beam samples at test
points a) 2 b) 5 c) 7 d) 10
Table 2. Mean, standard deviation and coefficient of variation (COV) of natural frequencies and loss factors (Al beams)
Natural Frequency (Hz)
Mode
Number
1
2
3
4
5
6

Mean
value

Standard
deviation

(݂ )

(݂௦௧ௗ )

52.03
144.38
285.80
467.21
707.38
975.65

0.75
2.13
4.49
7.14
10.48
14.79

Loss Factor (%)

Coefficient of
variance
(݂௩ ൌ

ೞ
ೌ

ൈ ͳͲͲ)

1.44
1.47
1.57
1.53
1.48
1.52
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Mean
value

Standard
deviation

(ܮ )

(ܮ௦௧ௗ )

0.0444
0.0026
0.0207
0.0090
0.0058
0.006

0.00236
0.00265
0.00570
0.0001
0.00121
0.000664

Coefficient of
variance
(ܮ௩ ൌ

 ೞ
ೌ

ൈ ͳͲͲ)

5.31
9.82
27.56
11.21
20.94
11.05

Asish Kumar Panda and Subodh V. Modak

Fig. 6 Histograms of variability in natural frequencies (first six modes) of the Al beam samples

Fig. 7 Histograms of variability in loss factors (first six modes) of the Al beam samples
2.3 Study on Acrylic beam samples
In this section, 20 different Acrylic beam samples with nominal dimensions (750×33.4×3.7)
mm are used for the study. The nominal mass of the beam samples is 97 gm. Fig. 8 shows
overlays of the experimental FRFs of various samples at test points 3, 5, 7 and 11, respectively.
It is seen that, like MS and Al beams, the variability in experimental FRFs increases as we go
up the frequency range. The modal analysis of measure FRFs on the beam samples is carried
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out. Figs. 9 and 10 show histograms of variability in natural frequencies and loss factors with
the fitted normal distributions, respectively, of the Acrylic beam samples. Table 3 shows values
of mean, standard deviation and coefficient of variation (COV) of natural frequency and loss
factor for the first six modes of vibration of the beam samples. It is seen that, like other two
beams, the standard deviation of natural frequency is in-creasing with the mode number but the
variation in natural frequency as a percentage of the mean value is nearly same for all the modes
listed in the table. It is also found that the natural frequencies for different modes vary on an
average by 0.93%, while the loss factors vary on an average by 27.56% over different samples.
It is also noted that the COVs of loss factor of higher modes are higher.

(a) Test point 3

(b) Test point 5

(c) Test point 7

(d) Test point 10

Fig. 8 Overlays of the experimental FRFs measured on various Acrylic beam samples at
test points a) 1 b) 5 c) 7 d) 10
Table 3. Mean, standard deviation and coefficient of variation (COV) of natural frequencies and loss factors (Acrylic beams)
Natural Frequency (Hz)
Mode
Number

Mean
value

Standard
deviation

(݂ )

(݂௦௧ௗ )

Loss Factor (%)

Coefficient of
variance
(݂௩ ൌ

ೞ
ೌ

ൈ ͳͲͲ)
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Mean
value

Standard
deviation

(ܮ )

(ܮ௦௧ௗ )

Coefficient of
variance
(ܮ௩ ൌ

 ೞ
ೌ

ൈ ͳͲͲ)
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1
2
3
4
5
6

13.23
35.90
71.41
113.83
179.93
241.80

0.13
0.40
0.66
1.03
1.16
1.53

1.03
1.13
0.93
0.90
0.66
0.63

0.0980
0.0616
0.0352
0.0303
0.0332
0.0206

0.01312
0.01744
0.00810
0.00799
0.01455
0.00545

13.39
28.32
23.02
26.38
43.84
26.39

Fig. 9 Histograms of variability in natural frequencies (first six modes) of the Acrylic beam
samples
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Fig. 10 Histograms of variability in loss factors (first six modes) of the Acrylic beam samples
Table 4. Relative comparison of variability (COV of natural frequencies and loss factors)
Material Type

MS
Al
Acrylic

Variability of natural Frequency
Average COV Maximum COV
value of six
value of six
modes (%)
modes (%)
2.6
2.64
1.5
1.57
0.93
1.13

Variability of loss factor
Average COV Maximum COV
value of six
value of six
modes (%)
modes (%)
9.81
19.33
14.32
27.56
27.56
43.84

2.4 Comparison of Variability of dynamic characteristic of MS, Al and Acrylic beams
Table 4 shows a comparison of variabilities of natural frequencies and loss factors of three
different beam materials. The table shows average values of COV of natural frequencies and
los factors of six modes. It can be seen that average value of COV of natural frequencies decreases, whereas average value of COV loss factors increases, moving from low damping material (MS) to high damping material (Acrylic). Maximum COV values of natural frequencies
are closer to the corresponding average values showing that relative variations of COVs of
natural frequencies over different mode of same material are small. Maximum COV values of
loss factors has a considerable difference as compared to corresponding average values showing
that relative variations of COVs of loss factors over different mode of same material varies a
lot. These variation are more in higher modes as compared to lower modes.
3

CONCLUSION
x The paper presents an experimental study of variability in damping, FRFs and modal data.
The investigations are carried out using three experimental beam structures made up of
MS, Al and Acrylic. They represent structures with low, medium and high damping.
x From the study, it is observed that different samples of structures show the variability of
not only the natural frequencies and FRFs but also the modal damping factors. Thus, there
is a need to develop methods for stochastic model updating which can also identify variability damping matrix parameters.
x The study also reveals that the test structures are made up of materials with higher damping
show higher variability of damping loss factors and lower variability of natural frequencies
as compared to structures made up of material with lower damping.
x It is therefore concluded that modeling of variability in damping is essential since there
exists a significant variability of damping loss factors over various samples of the test
structures. Modeling of damping variability will help to predict accurately a variability of
dynamic response. Hence, methods of stochastic FE model updating need to be developed
for identifying variability of damping matrix parameters.
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Abstract. The main objective of this paper is to examine the possibility of using the probability
density evolution theory (PDEM) to determine the evolution of the probability of some structural parameters, during dynamic processes of masonry buildings subjected to seismic actions.
The study is mainly motivated by the computational burden that is required by the Monte Carlo
method in the case of step-by-step dynamic analyses of structures with large size, complex geometry and a highly non-linear constitutive equation. The PDEM requires the deterministic
solution of the dynamic system in a limited number of cases (much lower than that required by
the Monte Carlo method), together with the numerical solution of a linear partial differential
equation of the ﬁrst order. First of all, the effectiveness of the method is veriﬁed in the case of
a simple problem whose explicit solution is known, mainly to determine the most suitable numerical method for solving the differential equation. Then, the dynamic behavior of a masonry
tower is analysed. The structure is modeled as a beam with a hollow rectangular section, made
of a no-tension material with softening in compression. It is subjected to the action of a real
earthquake. The Young’s modulus of the material is assumed to be a random variable, and the
probability density function of the displacement at the top of the tower is determined throughout
the time-history. The results obtained at some time-steps are compared with those provided by
the Monte Carlo method. Although the example examined is quite simple, the PDEM appears
to be very promising to study more complex masonry structures.
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1

INTRODUCTION

The analyses of structures subjected to dynamic loads are now generally conducted using
reﬁned mechanical models and adequate numerical techniques. However, even when the problem is well posed so that both the existence and the uniqueness of the solution are guaranteed,
the parameters describing the geometric and mechanical characteristics of the structures and the
external actions are generally affected by uncertainties that must be taken into account.
In general, the state equations of the dynamic system - typically obtained by discretizing
a structure into ﬁnite elements, and the initial joint probability density function (Pdf) of all
the considered random variables are assigned. Thus, a stochastic process is obtained that is
parametrized over the time, and has the Euclidean space as state space.
In many applications it is necessary to address the problem of determining the Pdf of some
quantities of interest at predetermined times. This goal is in most cases achieved using the
Monte Carlo method which, at least in principle, allows to consider complex models and geometries without having to resort to unrealistic simplifying hypotheses. On the other hand, this
method can require extremely long computational times [1]. For this reason, the probabilistic
analyses of masonry structures are rarely conducted via dynamic (time-history) analyses.
A different way to deal with the problem is to use the generalized density evolution equation,
which is a consequence of the principle of preservation of probability [2], and leads to writing
a linear partial differential equation for any quantity whose Pdf has to be determined. The
coefﬁcients of this equations at each instant are function of the state variables, and therefore
they can be obtained from the (deterministic) solution of the dynamic system. The probability
density evolution method has been implemented into the MADY code, which has already the
routines for dynamic analysis of plane, three-dimensional, or beam and shell-based structures
[4]. To our knowledge, this method has not been used in studying masonry structures, despite
that uncertainties in the constitutive parameters and geometry have particular relevance.
In this paper, the potential of the application of the generalized density evolution method to
masonry constructions is investigated. Firstly, different numerical method to solve the density
evolution equation have been checked and the time and space step reﬁnements needed have
been identiﬁed with reference to a simple SDOF problem. Then, some preliminary numerical
results have been obtained for a masonry tower represented as a simple beam model, applying
a seismic action and accounting for the uncertainties of the Young’s modulus. The response in
terms of displacement at the top of the tower has been compared with the results obtained via
the Monte Carlo method.
2

PROBABILISTIC METHOD
Let
M Ÿ + f (Ẏ , Y ) = B(Y, t)ξ(t),

Y (0) = Y0 , Ẏ (0) = Y1

(1)

be the discretized equations of motion, where t ∈ [0, T ] is the time, Y , Ẏ , Ÿ are the displacement, velocity and acceleration n-dimensional vectors, respectively, M is the mass matrix,
f is the internal force vector, B is the input force inﬂuence matrix, ξ is the external excitation
vector and Y0 and Ẏ0 are the initial displacement and velocity vector, respectively. Equations
(1) can be rewritten as
Ẋ = A(X, t) + B̄(X, t)ξ(t),
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X(0) = X0 ,

(2)
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where
$.%
Y
X=
Y
is the state vector, and
$
%
−M −1 f (Y )
.
A(X, t) =
,
Y

$
B̄(X, t) =

%
−M −1 B(Y, t)
,
0

$ %
Y1
X0 =
.
Y0

If randomness are present, coming from the properties of the system, it is assumed that there
is a probability space (Ω, B, P), where Ω ⊂ Rm is the sample space, a collection of outcomes
ω, B is the Borel σ-algebra of Ω and P is the probability measure.
If the deterministic problem is well posed then, at each instant t, equations (2) have one and
only one solution
Xt = H(θ, t),
with θ = Θ(ω) for some smooth real or vector function Θ, with probability density function
pΘ (θ). (It is supposed that there are no randomness in the initial conditions and that X0 has been
ﬁxed once and for all). As a consequence of the ’conservation of probability’, which implies
Θ̇=0, it holds
Ẋt =

∂H(θ, t)
.
∂t

We are interested in determining the probability density function pZ (z, t) of some random
variable Zt = φ ◦ Xt , where φ : Rn → R is a smooth and injective function. In order to determine function pZ (z, t), we proceed as proposed in [2]. Let pZΘ (z, θ, t) be the joint probability
density function of Zt and Θ. Then pZΘ (z, θ, t) is the solution of the linear PDE
∂pZΘ (z, θ, t)
∂pZΘ (z, θ, t)
+ Żt
=0
∂t
∂z

(3)

with the initial condition
pZΘ (z, θ, 0) = δ(z − z0 )pΘ (θ),
where z0 = φ(X0 ). Once pZΘ (z, θ, t) has been numerically determined by the ﬁnite difference method, the marginal probability density function pZ (z, t) can be obtained by the equation
!
pZ (z, t) =

pZΘ (z, θ, t)dθ.
Ω

3

CHOICE OF THE DIFFERENCE SCHEME

In order to choose a difference scheme and select the appropriate parameters for solving Eq.
(3), various schemes proposed in literature have been tested.
Speciﬁcally, three ﬁnite difference schemes have been used, a one-sided, a two-sided (LaxWendroff) and a Total Variation Diminishing (TVD) scheme. The latter is a generalization of
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the other two, to which it can be traced back with an appropriate choice of parameters. The
effectiveness of each scheme has been evaluated with reference to a simple problem for which
the explicit solution is available [2][3]. Namely, the problem of an undamped SDOF system
with a random frequency, under free oscillations with the initial displacement xo = 0.1m, and
null initial velocity.
In order to guarantee the convergence, the ratio between the step-time Δt and the space mesh
size Δx, denoted by λ, has been assumed equal to 0.1. Some investigations have pointed out
that, once the stability condition is guaranteed, the accuracy of the results does not signiﬁcantly
depend on the value of λ as well as Δt. Conversely, the choice of Δx as well as the number of
the deterministic responses, equal to the number of samples, can appreciably affect the obtained
results. In the following, the largest Δx considered is equal to 3.125 ∗ 10−3 m, together with
the corresponding Δt = 3.125 ∗ 10−4 m. Then, by mantaining the same value of λ, the equation
has been solved by assuming a step in space equal to Δx/2 and Δx/4. In addition, the solution
has been evaluated by considering both 25, 50 and 100 deterministic responses (number of
samples).
The obtained results are plotted in the following ﬁgures, and compared with the explicit
solution. In particular, Figures 1, 2 and 3 show the mean value and standard deviation of x as a
function of t obtained respectively with the three method. Figures 4 and 5 show the probability

Figure 1: Mean value and standard deviation of x vs t given by the one-sided scheme.

density function, obtained with the three schemes considered at t=0.9 s, t=1 s and t=1.1 s,
for the spatial mesh size equal to Δx, Δx/2 and Δx/4, while Figure 6 shows the distribution
function (Cdf) for t = 0.9 s, for the considered different schemes and 100 samples.
Figures 1, 2, 3 evidence that the standard deviation is more sensitive than the mean value
to the mesh size, whatever the scheme used. Moreover, it is evidenced that the best results are
obtained with the TVD scheme.
This is also conﬁrmed by the results shown in Figures 4 and 5. In particular, Figure 4 shows
that the solution obtained with the scheme of Lax-Wendroff oscillates near the discontinuity,
also assuming negative values.
Overall, these ﬁgures suggest that, for all the schemes used, the best results are obtained from
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Figure 2: Mean value and standard deviation of x vs t given by the two-sided scheme.

an appropriate combination of the number of samples with the amplitude value of the mesh size.
Lastly, it should be noted that the Cdf, shown in Figure 6, is little inﬂuenced by the choice of
the calculation scheme.
4

DETERMINISTIC MODEL

The model used is a continuous beam model with a hollow rectangular cross-section and
distributed mass m. It is implemented into the ﬁnite element code MADY and makes use of
a constitutive equation formulated in terms of generalized stress and strain, i.e. N = N (, κ),
M = M (, κ) [5], [6]. This constitutive law has been developed assuming that the sections
remain plane, accounting for the axial stress alone σz , and describing the masonry behavior by
means of a law σz = σz (z ). In particular, masonry is assumed to have a null tensile strength and
a limited compressive strength σc . A softening behavior in compression is accounted for, and a
linear piecewise law is deﬁned as a function of the strain μ = u /c (Fig. 7). A damage function
α has been deﬁned as a function of the non-dimensionalized generalized strains η = /c ,
χ = κh/c , such that the damaged beam section has reduced mechanical properties - Young’s
modulus E and σc - with respect to the undamaged one. For the sake of brevity it is not described
in detail here, but an analogous procedure can be found in [7], [8], [9] for other types of sections.
The actual geometry of the Torre Grossa of S. Gimignano used as reference real tower has
been approximated by the beam model with a rectangular cross-section and an overall height of
50 m [10]. The constraint offered by the neighbouring buildings extending for a height of 20 m
from the soil has been modelled with a set of lateral elastic links (Figure 7).
5

RESULTS

The PDEM has been applied to the study of the tower modelled as shown in Fig. 7. The
deterministic nonlinear dynamic analyses have been conducted by applying an input ground
motion recorded during the Tabas, Iran event of 1978; the accelerogram has a magnitude of 7.4,
a duration of 63.40s and a PGA of 0.925g.
The main pourpose of the study presented here is to verify the effectiveness of the method for
such dynamic systems which, differently from the simple oscillator studied above, have strong
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Figure 3: Mean value and standard deviation of x vs t given by the TDV scheme.

Figure 4: Pdf obtained via the one-sided and two-sided scheme.

non-linearities. On the basis of the results described in the foregoing, the TDV scheme has been
used for the integration of equation (3). Moreover, the investigation is limited to determining
the trend over time of the Pdf of the displacement at the top of the tower, assigned the Pdf of the
Young’s modulus of the material, a mechanical parameter that greatly affects the response of
masonry structures. For this parameter, a mean value μ = 1.8 GPa and a uniform distribution on
the interval [1.195, 2.405] have been assumed. The results obtained with PDEM at some timesteps, for various values of both the number of samples (ns) and the mesh size are compared
with those provided by the Monte Carlo Method (MC), with 50,000 samples.
Figure 8 shows the mean and standard deviation as function of time, while Figure 9 shows
the Pdf at four steps of time, calculated with the PDEM. Once again, it is observed that the best
results are obtained with an appropriate combination of the number of samples and the length
of the mesh size. Figure 10 shows the comparison of the Pdfs, obtained with Δx/4 and ns
= 200, with those deduced via MC for ns = 50000. In all cases, it is evidenced that the Pdf
calculated with PDEM is nonzero in a wider range than that obtained with MC. Nevertheless,
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Figure 5: Pdf obtained via the TDV scheme by varying the number of samples ns and Δx.

Figure 6: Cdf obtained via the different schemes compared to the explicit one.

the comparison between the Cdf shown in Figure 11, evidences a good agreement between the
results obtained with the two different methods.
6

CONCLUSIONS

In the paper, the probabilistic density evolution method is proposed for analysing the seismic
response of historic masonry structures. Developed at the earlies 2000, the method is applied
here for the ﬁrst time to the study of masonry towers.
Some comparisons with the Monte Carlo method shows the accuracy of the results obtained
by the PDEM, that is much less consuming than the former.
Given the high incertainties involved in the analyses of complex masonry structures, their
high non-linearities, the large size and articulated geometries, the method appears particularly
suitable for the assessment of the dinamic response of such structures, given the low number of
deterministic results needed for a good prevision of the incertainties propagation.
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Figure 7: (from the left) Masonry behaviour, simpliﬁed geometrical scheme of the tower, and FE mesh.
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Figure 8: Mean and standard deviation obtained with the PDEM compared to the MC results.

Figure 9: Pdf obtained by varying Δx and the number of samples (ns).
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Figure 10: Pdf obtained via the PDEM compared with the MC results.

Figure 11: Cdf obtained via the PDEM compared with those from MC results (red lines for t = 5.25s, black for t
= 11.55s, green for t = 12.5s and blue for t = 13s).
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Abstract
A new formulation to calculate the shakedown limit load of Kirchhoff plates under stochastic
conditions of strength is developed. Direct structural reliability design by chance constrained
programming is based on the prescribed failure probabilities, which is an effective approach
of stochastic programming if it can be formulated as an equivalent deterministic optimization
problem.
We restrict uncertainty to strength, the loading is still deterministic. A new formulation is derived in case of random strength with lognormal distribution. Upper bound and lower bound
shakedown load factors are calculated simultaneously by a dual algorithm.
Keywords: Kirchhoff Plate, Limit Analysis, Shakedown Analysis, Primal Dual Programming, Stochastic Programming, Chance Constrained Programming.
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1

INTRODUCTION

Plates are very important structural elements, which are widely used in civil and mechanical engineering. The common examples of plates are slabs in civil engineering structures,
bearing plate under columns, many parts of mechanical components. In this chapter, we consider bending of such plates subjected to lateral loads. The bending stiffness of a plate depends on the cube of its thickness. The classical theory divides plates into following groups:
thin plates with small deflection, thin plates with large deflections, and thick plates.
The following assumptions are made in the small deflections theory of thin plates:
a) There is no deformation in the middle plane of the plate. This plane remains neutral
during bending.
b) The normal to the middle plane of the plate remains straight and normal to the deformed middle plane.
c) The normal stresses in the transverse direction to the plate are negligible.
The above assumptions on which A.E.H. Love based his plate theory were proposed by
Gustav R. Kirchhoff [1]. Consequently, thin plates with small deflections theory are called
Kirchhoff-Love plate or Kirchhoff plate for short. This theory is suitable for plates with length
of span at least 10 times the thickness. Many engineering problems lie in the above category
and satisfactory results are obtained by the classical thin plates theory.
If the span is less than 10 times the thickness, the thin plates assumptions (a) and (b) no
longer apply. The Reissner-Mindlin plate thick plates theory, which accounts for shear deformations, or a three dimensional analysis can be recommended for such plates [12].
Limit analysis of plates in bending has been studied analytically and numerically [11]–[23].
Due to limitations of analytical methods, alternative numerical approaches such as finite element methods (FEM), meshfree methods or isogeometric analysis (IGA) have been developed.
In [24] a dual algorithm has been developed to calculate simultaneously both the upper and
lower bounds of the plastic collapse limit and shakedown limit of thin plates. We reformulate
a similar algorithm as deterministic equivalent of a chance constrained program in which the
lower bound and upper bound limit and shakedown load of plate under uncertain strength is
computed.
Limit and shakedown analysis state problems as a mathematical programming. If the
strength of a plate is a random variable, we may consider the problems as a stochastic programming problem. Many models of stochastic programming have been proposed such as approximate polyhedral dynamic programming [25]-[27], nominal solutions [28], measurementbased optimization [29], [30], worst-case and distributional robustness analysis [31]-[33], robust optimization [34], recourse programming [35]-[37] and chance constrained optimization
(CCOPT) [38], [39]. In this paper the CCOPT approach is used to treat the problem of shakedown analysis of plate under uncertainty condition of strength. If the thickness deterministic
and the yield stress is distributed normally or lognormaly a deterministic equivalent formulation can be derived, which allows a most effective numerical calculation of limit and shakedown loads for a prescribed failure probability of the structure.
2

BASIC RELATIONS IN THIN PLATE THEORY

In this section the necessary relations are listed using the notations as indicated in the plate
element shown in Fig. 1.
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Figure 1: Plate element with internal moment resultants

Let u , v and w be the displacement at any point ( x, y , z ) in the plate. Similar to elasticity
theory, the inelastic behavior of thin plates is analyzed under Kirchhoff’s assumption that the
normal to the middle plane of the plate remains straight and normal to the deformed middle
ww
ww
and the strains are obtained as
plane. This assumption yields u  z
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wx
wy
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(2.1)

Here ^χ` ª¬ F x F y F xy º¼ is the vector of curvatures. The kinematic relations can be written as
follows:
T

χ

 2 w ,

(2.2)

where χ is the curvature rate vector and w is the transversal velocity.
2.1

Yield criteria

Similar to fully plastic beams, the limit state of greatest load carrying capacity is obtained
for a double rectangular distribution of the stresses across the thickness h of the plate. Therefore, the limit values of the bending moments in the x and y directions and of the twisting
moment are

Mx

Vx

h2
, My
4

Vy

h2
, M xy
4
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Contrary to the bending of beams, however, the normal stresses V x and V y are not equal
to the yield limits in uniaxial tension; rather, they must satisfy a yield condition for plane
stress, taking into account the in-plane shear stress V xy . The out-of-plane shear stresses,

V xz , V yz are usually neglected. Consider a general yield condition of the form
f (V x , V y , V xy )

(2.4)

0

applicable to plane stress states. In a fully plasticized cross section, the stresses V x , V y , V xy are
constant. Expressing (2.4) in terms of bending and twisting moments, we have the corresponding yield criterion for a plate,

§ 4M 4M y 4M xy ·
f ¨ 2 x , 2 , 2 ¸ 0.
h
h ¹
© h

(2.5)

As an illustration, the von Mises yield criterion can be written in the form

f (V x , V y , V xy ) { V x2  V xV y  V y2  3V xy2  V 02

0.

(2.6)

Expressing from (2.6) stresses in terms of moments, the criterion takes the form

f ( M x , M y , M xy ) { M x2  M x M y  M y2  3M xy2  M 02

0

(2.7)

in which

M0

V0

h2
.
4

(2.8)

In matrix form, the von Mises yield criterion can be written as follows:
m T Pm  m0

f (m)

where m

^M

0,

(2.9)

, M y , M xy ` is the vector of bending and twisting moments, m0 { M 0 is the
T

x

fully plastic limit moment per unit length of a plate section and V 0 is the uniaxial yield stress
of material,

P

ª 2 1 0 º
1«
1 2 0 »» .
2«
«¬ 0 0 6 »¼

(2.10)

A more complex yield surface of plates and shells has been considered in [40].
3

STATIC APPROACH WITH CHANCE CONSTRAINED PROGRAMMING

Consider a convex polyhedral load domain L and a special loading path consisting of all
load vertices Pˆk (k 1,..., m) of L . The total moment m ( x, t ) at a point x  : of the considered plate P at time t is decomposed into an elastic reference moment m E ( x, t ) and a residual moment ρ( x, t ) . Here, m E ( x, t ) denotes the fictitious moment that would appear in a
purely elastic reference structure P E under the same loading conditions as the original struc-
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ture, and ρ( x, t ) represents a residual moment field that is induced by the evolution of plastic
strains
m(x, t ) m E (x, t )  ρ( x, t ) .

(3.1)

According to Melan’s static shakedown theorem the structure will shakedown, if there exists a time-independent residual moment field ρ (x) such that the yield condition is satisfied
for any loading path at any time t and in any point x of the plate. Based on this lower bound
theorem, for a plate made up of elastic perfectly plastic material, the maximum enlarging of
the load domain allowing still for shakedown, characterized by load factor D  that can be obtained by solving the following optimization problem:

D

max D
° 2 ρ (x) 0
in :
s.t.: ®
E
°¯ f ª¬D m (x, t )  ρ(x) º¼ d m0

(3.2)

By discretizing the entire problem domain : into finite elements and applying the GaussLegendre integration technique, eqs. (3.2) can be rewritten in the following form:

D

max D
 NG
T
in :
°¦ wi Bi ρi 0
s.t.: ® i 1
E
°
i 1, NG
¯ f (D m ik  ρi ) d m0

(3.3)
k 1, m

in which B i is the deformation matrix, wi is integration weight at Gauss point i and NG denotes the total number of Gauss points of the structure.
Let us now consider the situation that the plastic moment of the plate is not given but must
be modelled m0 m0 (Z ) a random variable on a certain probability space. Under uncertainty,
the inequalities in (3.3) are not always satisfied, the probability of the i th yield condition is
required to be satisfied is greater than some reliability level \ i . Problem (3.3) becomes a
chance constraint stochastic program:

D

max D
 NG
T
in :
°¦ wi Bi ρi 0
s.t.: ® i 1
°Prob ª f (D m E  ρ )  m (Z ) d 0 º t \
ik
i
i
0i
¬
¼
¯

(3.4)
i 1, NG

k 1, m

Let the plastic moment mi (Z ) be distributed normally with mean P i and standard devia( Pi , V i2 ) . Based on the methodology of chance constrained protion V i , in short mi Z
gramming, problem (3.4) can be converted into a equivalent deterministic program as shown
in [10], [11]:
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D

max D
 NG
T
in :
°¦ wi Bi ρi 0
s.t.: ® i 1
° f (D m E  ρ ) d P  NV
ik
i
i
i
¯

(3.5)
i 1, NG

k 1, m

where N ) 1 (\ i ) is the inverse normal cumulative distribution function (normal quantile
function) of the plastic moment at Gauss point i .
Let the plastic moment mi (Z ) be distributed lognormally. This means that ln > mi (Z ) @ is
distributed

normally

with

mean

Pi

and

standard

deviation

Vi ,

in

short

ln ª¬ mi Z º¼
( Pi , V i2 ) . The stochastic program (3.4) can be relaxed into an equivalent deterministic optimization problem after some transformations [2,3]:

D

max D
 NG
T
in :
°¦ wi Bi ρi 0
s.t.: ® i 1
° f (D m E  ρ ) d e Pi NV i
i 1, NG
ik
i
¯

4

(3.6)
k 1, m

KINEMATIC APPROACH WITH CHANCE CONSTRAINED
PROGRAMMING

An upper bound to the shakedown limit of plates can be obtained using the kinematic
shakedown theorem which has following two statements:
Upper bound: Shakedown will occur for a structure subject to repeated or cyclic loads, if
the rate of plastic dissipation power exceeds the work rate of external forces for any admissible plastic strain-rate cycles and all loading paths.
Lower bound: Shakedown cannot occur, if the rate of plastic dissipation power is less than
the work rate of external forces for any one admissible plastic strain-rate cycle or any one
loading path.
In this investigation, we use von Mises yield criterion. The power of plastic dissipation per
unit area of the plate can be formulated as a function of strain rate:

V 0 εT Qε

Dp

(4.1)

where (with (2.10))

Q

P

1

ª4 2 0º
1«
2 4 0 »»
«
3
«¬ 0 0 1 »¼

(4.2)

The plastic dissipation power of the plate domain : can be written
h /2

Dint (χ
(χ )

³³

:  h /2

Dp dzd:

m0 ³ χ T Qχ d:

(4.3)

:

in which m0 is the plastic limit moment per unit length of a plate section is computed as (2.8)
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We introduce here an admissible cycle of a plastic curvature field 'χ p . At each load vertex,
the plastic curvature rate may not necessarily be compatible at each instant during the time
cycle, but the plastic curvature accumulation over the cycle is required to be kinematically
compatible such that
'χ p

m

¦χ

p

2 w

(4.4)

k 1

Based on the above statements and the mathematical programming theory, an upper bound
of the shakedown load factor can be found by solving the following convex nonlinear programming (the superscript p is neglected for simplicity):

D

m

χ)) d
min ¦ ³ Dint
d:
:
i (χ
k 1

A

 p m
χ 2 w
i :
in
¦
°'χ
k 1
°°
s.t.: ® w 0
on
o w:
°m
°¦ ³ m E ( x, Pˆk )χ T d: 1
°̄ k 1 :

We denote the nodal variables of the finite element by u
cretized formulation by FEM is as follows:

D

m

(4.5)

>w

ww / wx ww / wy @ . The disT

NG

min ¦¦ wi m0 χ ikT Qχ ik
k 1 i 1

m
i 1,, NG
°¦ χ ik B i u i
°k 1
s.t.: ® m NG
°
wi χ ikT m ikE 1
°̄¦¦
k 1 i 1

(4.6)

If the yield stress of the material is random, then the plastic moment is an uncertain quantity and the objective function of (4.6) is a stochastic variable. Firstly, we must properly define
the minimum of a random function. This can be done in such a way that one looks for a minimum lower bound K of the objective function under the constraint that the probability of violation of that bound is prescribed in [39]
min K

·
§ m NG
T
Prob
°
¨ ¦¦ wi m0 (Z ) χ ik Qχ ik t K ¸ \
¹
©k 1 i 1
°
m
°°
i
i 11, NG
s.t.: ®¦ χ ik B i u
1
k
°
° m NG
T
E
°¦¦ wi χ ik m ik 1
°̄ k 1 i 1

(4.7)

Problem (4.7) is a stochastic program, which can be converted into an equivalent deterministic program by using a chance constrained programming technique [10], [11].
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D

m

NG

min ¦¦ wi Pi  NV i

χ ikT Qχ ik

k 1 i 1

m
i 1
1, NG
i
°¦ χ ik Bi u
°k 1
s.t.: ® m NG
°
wi χ ikT mikE 1
°̄¦¦
k 1 i 1

(4.8)

In case of a lognormal distribution of strength, the stochastic problem (4.7) can be converted into the equivalent deterministic program (4.9) by using the duality property [3]:

D

m

NG

min ¦¦ wi e

Pi NV i

χ ikT Qχ ik

k 1 i 1

m
i 1
1, NG
i
°¦ χ ik Bi u
°k 1
s.t.: ® m NG
°
wi χ ikT mikE 1
¦¦
°̄ k 1 i 1

5

(4.9)

A DUAL ALGORITHM FOR SHAKEDOWN ANALYSIS OF A KIRCHHOFF
PLATE
For the sake of simplicity, we set some new notations:
k ik

wi Q1/1/2 χ ik ,

t ik

Q 1/2

T

Bˆ i

mikE ,

wi Q1/2 Bi ,

(5.1)

where
Q1/2Q 1/2

I, Q

Q1/2

T

Q1/2 .

(5.2)

By substituting (5.1) into (4.10) one obtains a simplified version for the upper bound of the
shakedown limit load (primal problem)

D

m

NG

min ¦¦ e

Pi NV i

k Tik k ik

k 1 i 1

m
ˆ
°¦ k ik  Bi u 0
°k 1
s.t.: ® NG m
°
1 0
k Tik t ik 1
°̄¦¦
i 1 k 1

i 1, NG

(5.3)

In order to allow a direct nonlinear of the nonsmooth optimization problem, a ‘smooth regularization method’ can be used for overcoming this techn
technical problem. For this purpose, a
2
very small positive number H 0 is added to Dint (k ik ) . An efficient technique for large-scale
optimization problems, which are successfully applied in [9] is used. Using a penalty method
to eliminate the first constraint in (5.3) leads to the penalty function
° m P NV
i
i
®¦ e
¦
1
i 1 ¯
k
°
NG

Fp

T
c§ m
· § m
· ½°
ˆ
k k ik  H  ¨ ¦ k ik  B i u ¸ ¨ ¦ k ik  Bˆ i u ¸ ¾ ,
2© k 1
¹ ©k 1
¹ ¿°
T
ik

2
0
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1 . The corresponding Lagrange function of (5.4)

where c is a penalty parameter such that c
is

L

§ NG m T
·
Fp  D ¨ ¦¦ k ik t ik  1¸ .
©i1k1
¹

(5.5)

βi

§ m
ˆ u· .
c ¨ ¦ k ikk  B
i ¸
¹
©k 1

(5.5)

We denote

By employing Newton method to solve the Karush-Kuhn-Tucker (KKT) conditions of the
Lagrange function (4.17) and after some manipulations, one gets the following system:
Ku  f1  f 2 (D  dD ) ,

K du

(5.6)

in which
NG

K

¦ Bˆ E
T
i

Bˆ i

1
i

i 1

f1
f2

NG

m

i 1

k 1

ˆ T E1 ¦ M 1 (β  D t )
¦ B
i
i
ik
i
ik
NG

m

i 1

k

k Tik k ik
k Tik k ik  H 02

(5.7)

¦ Bˆ Ti Ei1 ¦ M ik1 k Tikk k ikk  H 02 t ik

and
M ik
Ei

e

Pi NV i

I  βi  D t ik

k Tik
k Tik k ik  H 02

I m 1 T
 ¦ M ik k ik k ik  H 02
c k

(5.8)

The system (4.19) with the two last terms on the right-hand side may be interpreted as the
linear system arising in purely elastic computations with the global stiffness matrix K . The
matrix Ei1 plays the role of the elastic matrix. Solving this system by the same procedure as
for the purely elastic calculation will ensure the kinematic boundary condition for the disatisfied aut
placement rate to be satisfied
automatically. We have the incremental vectors of nodal variables u , curvature rate k ik and β i as follows :
du
dk ik
dβi

du1  du 2 D  dD
(dk ik )1  (dk ik ) 2 D  dD
(dβi )1  (dβi ) 2 D  dD

where
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du1

u  K 1f1

du 2

K 1f 2

dk ik

1

M ik11 k Tik k ik  H 02 dβi 1  M ikk1 mi k ikk  k Tikk k ikk  H 02 βi

dk ik

2

M ik1 k Tik k ik  H 02 dβi

dβ i

1

2

 M ikk1 k Tikk k ikk  H 02 t ik

(5.10)

m
ª
§ m
·º
Ei1 ¦ M ik1mi k ik  Ei1 «Bˆ i du1  ¨ ¦ k ik  Bˆ i u ¸ »  β i
k
©k 1
¹¼
¬
m

dβi

2

1
Ei1Bˆ i du 2  Ei1
¦ M ik1 k Tik k ik  H 02 t ik
k

and
NG m

D  dD

1  ¦¦ tTik ªk ik  dk ik º
¬
1¼
i 1 k 1
NG m

¦¦ t
i 1 k 1

T
ik

dk ik

(5.11)

2

The vectors dq,
q, dk ik ,dβ
,dβi and dD are actually Newton directions, which assure that a suitable step along them will lead to a decrease of the objective function of the primal problem
(5.3) and to an increase of the objective function of the objective
of the dual problem
jective function
funct
(3.8). Based on (5.9-5.11) we can update the vectors of q, k ik , β i and D . The dual algorithm
for limit and shakedown analysis is presented in detail in [3].
6

NUMERICAL EXAMPLES

We investigate a L-shape plate subjected to uniform pressure. Length L 10m , plate
thickness t 0.1 m , the mean value of yield stress E (V 0 ) 250 MPa and the standard deviation V 0.1E (V 0 ) .The reliability level is assumed \ 0.9999 . Let us calculate limit and
shakedown load factors.

q

L/2

L/2

L/2

L/2

Figure 2: L-shape plate loaded by a uniform pressure
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Figure 3: Convergence of limit load factors

q

L/2=5m

R=0.3m

L/2=5m

Figure 4. L-shape Plate: rounding at the corner
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Authors
Le et al. [15]
Tran et al. [24]
Present

Lower bound
–
6.044
6.022
3.785
4.135

Upper bound
6.219
6.173
6.190
3.882
4.242

deterministic
normal
lognormal

Table 1: Limit load factor in comparison for case of simple supported plate

For shakedown analysis, the stress singularity at the sharp reentrant corner has to be removed by rounding the plate at the corner as shown in Figure 4. The FE mesh is made with
380 DKQ elements. Table 2 shows the limit and shakedown load factors if a uniform load
varies in the domain q > 0 1@ . If we compare with the upper and lower bounds in Table 2, the
limit load factors are similar. The convergence of shakedown load factors is shown in Figure 5.

Figure 5: Convergence of Shakedown load factors
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Lower bound Upper bound
5.979
6.224
4.137
4.273
Limit analysis
3.805
3.909
5.339
5.355
3.619
3.677
Shakedown analysis
3.363
3.382

deterministic
lognormal
normal
deterministic
lognormal
normal

Table 2: Limit and shakedown load factors for plate in Figure 4

7

CONCLUSIONS

Reliability analysis of plates and shells calculates the failure probability after structural design for a given loading [13]. We have presented a probabilistic design method for plates,
which allows the most effective numerical calculation of limit and shakedown loads for a prescribed failure probability of the structure with stochastic plastic moment. The implementation of the extension to stochastic loading, obtained in [2], is under preparation. The
stochastic programming approach can be proposed as a method for structural optimization.
Skakedown analysis has the advantage that it yields a design, which is optimum for all possible time-variant loadings in a considered load domain [41], [42].
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Abstract. Calibration aims at combining observations with a model in order to reduce the
discrepancy between the observations and the predictions of the model by updating its parameters. The Bayesian setup can improve the identiﬁability of the parameters of the model
and amounts to regularizing the problem. The Gaussian prior is largely used by practitioners, mainly because of its ease of use and implementation. The naive implementation of the
associated formula, however, can unnecessarily increase the condition number of the matrices
involved in the process, in a similar way that the normal equations can increase the condition
number of the matrix involved in the least squares problem. This means that the computed
parameters may be more sensitive to changes in the data. In this paper, we present a way to
use the Cholesky decomposition of the matrices involved in Bayesian calibration. It amounts to
compute the Mahalanobis distance using the inverse of the Cholesky factors and leads to the expression of an extended residual which dimension is increased compared to the usual residual.
This method can reduce the condition number of the matrices and lead to an improved accuracy
in speciﬁc cases. We present applications of these ideas and an implementation of this method
in the OpenTURNS library.

339

Michaël Baudin and Régis Lebrun

Contents
1

Introduction
1.1 Purpose . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Observations, model and parameters . . . . . . . . . . . . . . . . . . . . . . .

2

Bayesian calibration
2.1 Gaussian distribution . . . . . . . . . . . . . . . . . . . . . .
2.2 Bayesian calibration . . . . . . . . . . . . . . . . . . . . . . .
2.3 Gaussian non linear calibration . . . . . . . . . . . . . . . . .
2.4 Cholesky decomposition for the nonlinear Gaussian calibration
2.5 Linear Gaussian calibration . . . . . . . . . . . . . . . . . . .
2.6 Cholesky decomposition for linear Gaussian calibration . . . .

3

4

Calibration of an ill-conditioned exponential model
3.1 Description of the model . . . . . . . . . . . . .
3.2 Linear Gaussian calibration . . . . . . . . . . . .
3.3 Value of the cost function . . . . . . . . . . . . .
3.4 Condition number of the matrices . . . . . . . .
Conclusion

1.1

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

5
5
6
7
8
9
10

.
.
.
.

10
11
12
13
13
15

Bibliography
1

.
.
.
.

.
.
.
.
.
.

2
2
3

15

Introduction
Purpose

When we want to assess the uncertainties in a computer code which simulates a physical
system, calibration is an important step. Calibration reduces the discrepancies between the
observations and the predictions of the model by adjusting the model parameters [10].
Least squares is the most widely used method of calibration. The implicit assumption of
least squares is that the observation errors, i.e. the difference between the observations and the
predictions, have a Gaussian distribution. When the computer code is linear, the least squares
solution can be computed using linear algebra. In the more general case where the code is
nonlinear, numerical optimization methods must be used. In both cases, problems arise when
the solution is not identiﬁable or nearly so.
Bayesian calibration is a way to mitigate the lack of identiﬁability of the problem. When
the prior distribution is not necessarily Gaussian, the posterior distribution of the parameter is
generally not known. In this case, the most general-purpose algorithm is to use a Monte-Carlo
Markov Chain (MCMC) algorithm such as the Metropolis-Hastings algorithm. The algorithm
generates a sample which is designed to have the required posterior distribution. This generally requires many model evaluations, as the algorithm generates a distribution by conditional
sampling. This issue can be partially solved by using a surrogate model.
In the special case where the prior is Gaussian, however, more detailed calculations can
be handled and this is the main topic of this paper. In the case where the model is linear,
the distribution of the posterior random vector is Gaussian, with known mean and covariance
matrix. When the model is non linear, the distribution of the posterior is not known, but the
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parameter value which has maximum density can be computed: this is the MAP estimator. It
requires, however, to solve a non linear optimization problem.
When there is no prior distribution, the implementation of Gaussian least squares calibration based on the normal equations involve the Gramian matrix. These equation can be illconditioned, although it may happen that a special structure prevent this to happen. In the least
squares context, the classical solution to this problem is to use the Cholesky decomposition or
orthogonal decompositions such as the QR or SVD decomposition. In the Gaussian calibration framework, there is no known equivalent. The main purpose of this paper is to provide
the formula for robust implementation of the linear and non linear Gaussian calibration. These
formulas are based on the Cholesky decomposition.
This paper is structured as follows. In the ﬁrst part, we present the Bayesian Gaussian
calibration, and present a method to use the Cholesky decomposition for Gaussian calibration,
both in linear and non linear cases.
1.2

Observations, model and parameters

We assume that we observe a quantity for different experimental conditions. These results are
gathered in an observation vector y with dimension n, where n is the number of observations.
On the other hand, we consider a model g which predicts this quantity depending on a set of
experimental inputs x and the vector of parameters θ. These variables are formally introduced
in the following deﬁnition.
Deﬁnition 1. (Calibration inputs) Let x ∈ Rm be the vector of experimental inputs and let x1 ,
..., xn ∈ Rm the input observables of each experiment, where n is the number of observations.
We denote by θ ∈ Rp the vector of parameters to calibrate, where p is the number of parameters.
We make the hypothesis that the vector of predictions is produced by the computer model
g : Rm × Rp → R. In other words, we assume that the relation between the i-th prediction of
the computer model and the i-th experimental condition xi is:
zi = g(xi , θ) ∈ R
for i = 1, ..., n. The vector of predictions is z ∈ Rn . Let y ∈ Rn be the vector of observations.
In other words, the input data of calibration are the observations y, the real scalar function g
and the experimental conditions x1 , ..., xn .
We make the hypothesis that n ≥ p, i.e. the number of observations is greater than the
number of parameters, which leads to an over-determined problem. Although some methods
that we are going to present can be applied when n < p (especially Bayesian methods), this is
a situation that we do not often see in our applications, and this is why we do not consider this
case in this paper.
In the remaining of the presentation, the explicit dependence from zi to xi is not relevant for
the development and the analysis of calibration algorithms. Let h : Rp → Rn be the function
which i-th component is:
hi (θ) = g(xi , θ)
for i = 1, ..., n and any θ ∈ Rp . We then use the following compact notation:
z = h(θ)
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where h(θ) = (h1 (θ), ..., hn (θ))T ∈ Rn .
With these notations, the input data of calibration are the observations y and the vector model
h.
The following deﬁnition introduces the probabilistic hypothesis in which each observation
yi is the sum of the prediction hi (θ) and a random variable.
Deﬁnition 2. (Standard hypothesis of probabilistic calibration) Let us assume that:
y = h(θ  ) + 

(1)

where θ  ∈ Rp is a ﬁxed, but unknown, value of the parameter θ and  : Ω → Rn is a random
vector with zero mean:
E() = 0 ∈ Rn
and ﬁnite covariance. In the special case where the error covariance matrix is diagonal, then:
Cov() = (σ  )2 I
where I ∈ Rn×n is the identity matrix and σ  > 0 is the ﬁxed unknown standard error. In the
most general case,
Cov() = R
where R ∈ Rn×n is a symmetric covariance matrix positive semi-deﬁnite.
In some situations, we say that the value θ  is the "true" value of the parameter. This allows
to distinguish it from the current value θ and the estimate θ̂.
We further restrict the previous hypotheses and suppose that the R is positive deﬁnite, such
that the associated probability density function is well deﬁned. This condition, more restrictive, implies that eigenvalues of the matrix are positive, which simpliﬁes the deﬁnition of the
multivariate Gaussian distribution that we will use.
The calibration of the model h aims at reducing the discrepancy between the predictions of
the computer model h(θ) ∈ Rn and the observations y by tuning the value of the parameter
θ. For a given value of θ, the discrepancy between the predictions and the observations is the
residual.
Deﬁnition 3. (Residuals) The residual vector is:
r(θ) = y − h(θ)
for any θ ∈ Rp .
The equation 1 implies that, when the value of θ is the "true" value θ  , then the residual is:
(θ  ) = y − h(θ  ) = .
In order to quantify the discrepancy between observations and predictions, we chose the Euclidean norm which is, as we are going to see soon, intrinsically related to the Gaussian distribution.
One of the goals of calibration is to compute the value of the true parameter θ  . To do this,
we deﬁne the estimator θ̂ of θ  .
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At this stage, we have not set any restriction on the distribution of the residual . More
precisely, the distribution of  is not necessarily Gaussian. In the speciﬁc setting where  is
Gaussian, however, we can get more details on the solution.
Since the observation vector y is a random variable, the estimator θ̂ of θ  depending on y
also is a random variable and a secondary goal of calibration is to get, if possible, the distribution
of θ̂ which models the uncertainty of calibration produced by the observation errors.
If the problem is ill conditioned, a small change in the observations y can lead to a signiﬁcant
change in θ̂. Some methods (e.g. the BLUE, 3DVAR, regularised least squares, Bayesian
inversion) integrate some regularisation which mitigates the impact of observation errors on
the estimation θ̂ and can manage the lack of identiﬁability. Some optimization methods like
the Levenberg-Marquardt method [6, 7] also integrate some form of regularization. We will
illustrate this topic in both the theoretical and practical parts of this paper.
When we calibrate some parameters in order to reduce the discrepancy between observations
and measures, different methods with different names have, in fact, the same goal. We sometimes use the term inversion [5], calibration, be it Bayesian or not, least squares [3] or data
assimilation, Kalman ﬁlter with, often, the same goals. In this paper, we will try to clarify the
link between some of these methods.
The sections 2.4 and 2.6 present how to use the Cholesky decomposition in this framework
which is, up to our best knowledge, an original contribution on this topic.
2

Bayesian calibration

In this section, we present methods to perform Bayesian calibration. More precisely, we
focus on methods in which the distribution of the prior is Gaussian.
2.1

Gaussian distribution

The fundamental probability distribution function in this paper is the Gaussian distribution,
which is introduced in the next deﬁnition.
Deﬁnition 4. (Absolutely continuous multivariate Gaussian distribution.) Let X ∈ Rn be a
random vector in n dimensions with mean E(X) = μ ∈ Rn and covariance matrix Cov(X) =
Σ where μ ∈ Rn and Σ ∈ Rn×n is a symmetric positive deﬁnite matrix. We say that X has an
absolutely continuous Gaussian distribution if its probability density function is:
%
$
1
1
T −1
(2)
exp − (x − μ) Σ (x − μ)
f (x) =
2
(2π)n det(Σ)
for any x ∈ Rn .
Since the matrix Σ is, by assumption, symmetric and positive deﬁnite, its determinant det(Σ)
is nonzero, which garantees that the denominator of the previous fraction is correctly deﬁned.
In the special case where Cov(X) = σ 2 I where μ ∈ Rn , I ∈ Rn×n is the identity matrix
and σ > 0, therefore:
$
%
x − μ22
1
exp −
(3)
f (x) =
(2πσ 2 )n/2
2σ 2
for any x ∈ Rn .
The previous equation makes clear why the Euclidian norm plays a central role in the Gaussian distribution.

343

Michaël Baudin and Régis Lebrun

2.2

Bayesian calibration

In this section, we present the Bayesian calibration and, more speciﬁcally, the Gaussian
Bayesian calibration.
We begin by introducing the prior and posterior distributions.
Deﬁnition 5. (Bayesian calibration: prior and posterior distributions.) We assume that the
parameter θ ∈ Rp has a true value θ  unknown, but constant. We make the hypothesis that the
parameter θ has a known distribution p(θ), called the prior distribution which represents the
uncertainty of the true parameter value θ  . For any y ∈ Rn such that p(y) > 0, Bayes theorem
states that the distribution of θ given y is:
p(θ|y) =

p(y|θ)p(θ)
p(y)

for any θ ∈ Rp . The expression p(y|θ) is the likelihood. The distribution of θ|y is the posterior
distribution. Since y is observed, the denominator of the previous fraction is constant, so that
the posterior distribution is proportional to the numerator:
p(θ|y) ∝ p(y|θ)p(θ)

(4)

for any θ ∈ Rp .
The likelihood p(y|θ) is the conditional probability density function of the vector of observations y.
We can now deﬁne the Bayesian calibration with Gaussian hypotheses, or, more brieﬂy, the
Gaussian calibration.
Deﬁnition 6. (Gaussian calibration) We make the hypothesis that the parameter θ has a Gaussian distribution with known mean and covariance matrices :
θ ∼ N (μ, B),
where μ ∈ Rp is the mean and B ∈ Rp×p is the covariance matrix. The mean of the Gaussian
distribution is called the background in data assimilation.
We make the hypothesis that the observations have the following conditional distribution:
y|θ ∼ N (h(θ), R),
where R ∈ Rn×n is the covariance matrix of observations.
In this Bayesian setting, the values of μ, B et R are known beforehand.
Let us emphasise that in the Gaussian calibration framework, there are two Gaussian distributions: the ﬁrst is the prior distribution of θ and the second is the y distribution.
The following theorem is given in [9], p.22-23.
Theorem 1. (Posterior distribution of Gaussian calibration) We consider hypotheses of deﬁnition 6. We denote by  · B the Mahalanobis distance associated with the matrix B:
θ − μ2B = (θ − μ)T B −1 (θ − μ),
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for nay θ, μ ∈ Rp . We denote by  · R the Mahalanobis distance associated with the matrix R:
y − h(θ)2R = (y − h(θ))T R−1 (y − h(θ)).
Therefore, the posterior distribution of θ given the observations y are:
$
%

1
2
2
p(θ|y) ∝ exp − y − h(θ)R + θ − μB
2

(5)

pour tout θ ∈ Rp .
Data assimilation identiﬁes the vector θ̂ associated with the maximum value of the posterior
distribution : this is the maximum a posteriori estimate or MAP.
Theorem 2. (MAP estimator of Gaussian calibration) We consider hypotheses of deﬁnition 6.
The maximum of the posterior distribution of θ given the observations y is reached for:
θ̂ = argmin
θ∈Rp


1
y − h(θ)2R + θ − μ2B .
2

(6)

We can expand the equation 6 using the deﬁnition of the Mahalanobis norm, which leads to
the minimisation of the cost function ([1], p.20, p.53):
1
1
c(θ) = (y − h(θ))T R−1 (y − h(θ)) + (θ − μ)T B −1 (θ − μ)
2
2

(7)

for any θ ∈ Rp .
2.3

Gaussian non linear calibration

The solution of the data assimilation problem is the solution of the optimization problem
deﬁned by theorem 2.
Deﬁnition 7. (Cost function of non linear Gaussian calibration) The cost function of the Gaussian nonlinear calibration is:
1
1
c(θ) = y − h(θ)2R + θ − μ2B
2
2

(8)

for any θ ∈ Rp . We consider the hypotheses of deﬁnition 6. The maximum of the posterior
distribution of θ given the observations y is reached at:
θ̂ = argmin c(θ).

(9)

θ∈Rp

The 3DVAR algorithm aims at solving the optimization problem in which we search for
the minimum of the cost function c. In general, this requires to use a nonlinear optimization
algorithm.
The gradient of the cost function C can be explicitly deﬁned depending on the matrix R and
B and the gradient of the function h, which can improve the performance of the optimization
algorithm.
Theorem 3. (Unicity of the solution of the optimization problem.) The Hessian matrix of the
cost function of the Gaussian nonlinear calibration problem is symmetric and positive deﬁnite.
Therefore, the solution of the problem associated with the cost function 9 is unique.
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2.4

Cholesky decomposition for the nonlinear Gaussian calibration

In this section, we present a nonlinear Gaussian calibration which uses the Cholesky decomposition of the covariance matrices.
Theorem 4. (Mahalanobis distance and Cholesky decomposition) Let LB ∈ Rp×p be the
Cholesky factor of the matrix B:
B = LB LTB
where LB is a lower triangular matrix. Therefore, the Mahalanobis distance between θ ∈ Rp
and μ ∈ Rp is:
2
θ − μ2B = L−1
B (θ − μ)2 ,
for any θ ∈ Rp . Let LR ∈ Rn×n be the Cholesky factor of the matrix R:
R = LR LTR
where LR is a lower triangular matrix. Therefore, the Mahalanobis distance between y ∈ Rn
and h(θ) ∈ Rn is:
2
y − h(θ)2R = L−1
R (y − h(θ)2 ,
for any θ ∈ Rp .
Proof. We have
θ − μ2B = (θ − μ)T B −1 (θ − μ)

−1
(θ − μ)
= (θ − μ)T LB LTB
T −1
= (θ − μ)T (L−1
B ) LB (θ − μ)

T −1
= L−1
LB (θ − μ)
B (θ − μ)

which concludes the proof for the matrix B. The proof for the matrix R is similar.
Theorem 5. (3DVAR and Cholesky decomposition) Let re ∈ R(p+n)×(p+n) be the extended
residual deﬁned by:
%
$ −1
LB (θ − μ)
(10)
re (θ) =
L−1
R (y − h(θ))
Therefore, the solution of the 3DVAR problem is equivalently the solution of the non linear least
squares problem in extended dimension:
1
θ̂ = argmin re (θ)22 .
θ∈Rp 2

(11)

Proof. Indeed, the theorem 4 allows to express the cost function as:
1 −1
1
2
2
c(θ) = L−1
R (y − h(θ))2 + LB (θ − μ)2 ,
2
2
for any θ ∈ Rp . It is easy to see that the previous expression is the Euclidian norm of the
extended residual deﬁned in equation 10.
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2.5

Linear Gaussian calibration

In this section, we present the calibration with Gaussian prior distribution in the special
case where the model is linear. This method provides the best linear unbiased estimator in this
setting, and this is why it is sometimes called the BLUE. In data assimilation, this is called
Kalman ﬁlter, with the difference that the Kalman ﬁlter is often used sequentially by updating
the parameter θ within an iterative loop, instead of being managed in just one pass as we do.
Let us assume that the function h is linear with respect to θ. In this special case, we can
compute the solution of the problem by solving a linear system of equations.
Theorem 6. (Solution of linear Gaussian calibration.) We consider the hypotheses of the deﬁnition 6. We assume that h is linear with respect to θ, i.e., for any θ ∈ Rp , we have:
h(θ) = h(μ) + J(θ − μ).

(12)

A = (B −1 + J T R−1 J)−1 .

(13)

Let A be the matrix:

Let K be the Kalman matrix deﬁned by:
K = AJ T R−1 .

(14)

Therefore, the unique maximum of the posterior distribution of θ given the observations is ([1],
p.53):
θ̂ = μ + K(y − h(μ)).

(15)

The estimator θ̂ is now deﬁned ; the next theorem introduces the distribution of this estimator.
Theorem 7. (Solution of the linear Gaussian calibration) We consider the same hypotheses as
in the theorem 6. Therefore :
%
$
1
T −1
(16)
(θ − θ̂) A (θ − θ̂)
p(θ|y) ∝ exp
2
for any θ ∈ Rp where θ̂ is deﬁned by the equation 15 and the matrix A is given by the equation
13. In other words,
 

−1
.
Cov θ̂ = A = B −1 + J T R−1 J
The following theorem establishes the covariance of the bayesian Gaussian calibration ([9],
p.36 and 66 and [1], p.93-95).
Theorem 8. (Covariance matrix of the linear Gaussian calibration) Under the hypotheses of the
theorem 6, we have:
θ̂ ∼ N (θ, A)
where θ̂ is deﬁned by the equation 15 and matrix A is deﬁned by 13.
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2.6

Cholesky decomposition for linear Gaussian calibration

In this section, we present a linear Gaussian calibration method using the Cholesky decomposition of the covariance matrices. This method extends the method presented in section 2.4.
Theorem 9. (Solution of linear Gaussian calibration with Cholesky decomposition) We consider the same hypotheses as in theorem 6. Therefore, the unique maximum of the posterior
distribution of θ given the observations y is equivalently deﬁned as the solution of the linear
least squares problem:
32
13
θ̂ = argmin 3Ā(θ − μ) − ȳ32 .
(17)
θ∈Rp 2
where Ā ∈ R(p+n)×p is the extended matrix:
$ −1 %
LB
Ā =
−L−1
R J
and ȳ ∈ Rp+n is the extended vector:
ȳ =

$

0
−1
−LR (y − h(μ)),

(18)
%

where the p ﬁrst components of ȳ are zero.
Proof. The proof uses the equation 10 in the special case where h is linear. The equation 12
implies:
y − h(θ) = y − h(μ) − J(θ − μ),
for any θ ∈ Rp . We substitute the previous equation into the extended residual deﬁned by the
equation 10:
$
%
L−1
(θ
−
μ)
B
re (θ) =
L−1
R (y − h(μ) − J(θ − μ))
$
%
L−1
B (θ − μ)
=
−1
L−1
R (y − h(μ)) − LR J(θ − μ)
% $
%
$ −1
0
LB (θ − μ)
+
=
L−1 (y − h(μ))
−L−1
R J(θ − μ)
$ −1 %
$ R
%
LB
0
=
(θ − μ) +
−L−1
L−1
R J
R (y − h(μ))
= Ā(θ − μ) − ȳ
by deﬁnition of Ā and ȳ.
3

Calibration of an ill-conditioned exponential model

In this section, we consider the calibration of an exponential model with the linear Gaussian
calibration (BLUE). The goal of this section is to quantify the inﬂuence of the condition number
of the matrices involved onto the results and compare the numerical values obtained by the two
methods.
We ﬁrst consider the method presented in the section 2.5 which uses the Kalman matrix.
Then we use the method presented in the section 2.6 which uses the Cholesky decomposition
of the covariance matrices B and R.
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i
yi

1
2
3
4
5
6
7
8
9
10
7.125 -1.414 4.099 14.58 1.381 20.19 26.82 52.52 76.96 122.4

Table 1: A sample of ten observed input and the corresponding independent realizations of the observed outputs.

Exponential model.
True model
Observations

y

100

50

0
2

6
8
x
Figure 1: Observations in the exponential model.

3.1

4

Description of the model

We present the calibration of a model which uses the exponential function. Our aim is to
provide the details of the experiment so that it can be reproduced by the interested reader.
The model is the function:
g(x) = θ1 + exp(θ2 x)
for any x ∈ [0.5, 9.5] where θ ∈ R2 is the vector of parameters. Notice that this model is linear
with respect to the parameter θ1 , but not with respect to θ2 . We consider n = 10 observations.
The observed values of the inputs are xi = i − 0.5 for i = 1, ..., n. We assume that the
observation error is the random variable  ∼ N (0, 5), that is, an observation error which has the
Gaussian distribution with zero mean and standard deviation equal to 5. We generate the noisy
observations of the output by generating independent realization of the observation error:
yi = g(xi , θ) + i ,
for i = 1, ..., n, where 1 , . . . , n are independent realizations of the random variable . The
observations are the couples {(xi , yi )}i=1,...,n .
The true values of the vector of parameters is θ  = (2.8, 0.5)T .
In order to reproduce the experiment, we generated a sample of the observations once for all.
This sample is presented in the table 1, rounded to 4 signiﬁcant digits. Using a constant sample
allows to reproduce the experiment more easily.
The ﬁgure 1 presents the observations and the model.
Let us now describe the parameters of the Gaussian calibration. The mean of the Gaussian
prior is μ = (1, 1)T . We use the prior covariance matrix:
$ 1%
4
B= 1 2 .
7
2
Its condition number is κ2 (B) = 1.807, which is not perfect (because κ2 (B) > 1), but almost
ideal because its order of magnitude is almost equal to the one of a perfectly conditioned matrix.
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Moreover, we use a constant variance of the observation errors:
σY2 = 3.
The Jacobian matrix is computed based on symbolic differentiation:
⎞
⎛
1
0.8243
⎜1
6.723 ⎟
⎜
⎟
⎜1
30.46 ⎟
⎜
⎟
⎜1
⎟
115.9
⎜
⎟
⎜1
⎟
405.1
⎟
J =⎜
⎜1
1346 ⎟
⎜
⎟
⎜1
⎟
4323
⎜
⎟
4
⎜1 1.356 × 10 ⎟
⎜
⎟
⎝1 4.178 × 104 ⎠
1 1.269 × 105
In the next paragraphs, we use the Gaussian linear calibration. Since the model is not linear
with respect to θ2 , the BLUE estimator does not provide the exact solution of the calibration
problem, but only computes the exact solution of the linearized problem. This is why the exact
solution of this problem is not necessarily θ  , nor μ, but can only be computed from calculation.
3.2

Linear Gaussian calibration

We present the results with 4 signiﬁcant digits (rounded to nearest), which is sufﬁcient for
our purpose. We use a "K" subscript for results which are obtained using the Kalman matrix
and the "C" subscript for results which are obtained using the Cholesky decomposition.
Using the Kalman matrix, we get:
θ̂ K = [0.9999, 0.8943].
When the computation uses the Kalman matrix, the covariance matrix is A, as deﬁned by the
equation 13:
%
  $
3.999
−4.175 × 10−5
A = Cov θ̂ K =
.
−4.175 × 10−5 6.019 × 10−10
This leads to the 95% conﬁdence interval:
 
∈ [−3.267, 5.267]
θˆ1

 
θˆ2
∈ [0.8942, 0.8943].
K

K

With the method based on the extended linear least squares problem using the Cholesky
decomposition, we get:
θ̂ C = [−100.4, 0.8953].
For this method, the covariance matrix is the Gram matrix:
%
  $
0.3413
−3.563 × 10−6
Cov θ̂ C =
.
−3.563 × 10−6 2.033 × 10−10
This leads to the following 95% conﬁdence interval:
 
 
ˆ
∈ [−101.7, −99.08]
θˆ2
∈ [0.8953, 0.8954].
θ1
C

C
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We observe that the results produced by the Kalman matrix seem to be correct, with a reduced
conﬁdence interval for the parameter θ2 , while the parameter θ1 seem to have a relatively large
conﬁdence interval. Based on these results, it seem that the true of θ1 is approximately in
the interval from -3 to 5. This does not match the result obtained from the extended linear
least squares method, which computes a relatively close value of the parameter θ2 , but has a
parameter θ1 much more negative, approximately in the interval from -102 to -99.
The ﬁgure 1 may seem to indicate that a value of θ1 close to 0, as is the case for the method
based on the Kalman matrix, may be more likely than a value of θ1 close to -100, as is the
case for the method using the Cholesky decomposition. This is, however, a false conclusion
regarding the Gaussian linear calibration problem, which is different from the calibration that
might be done visually. Firstly, the method uses a linearized model and, more importantly, it
uses a Gaussian prior.
In order to see which result is more accurate, we use two complementary criteria.
• We evaluate the cost function deﬁned by the equation 6: the best value is the lowest. This
criterion evaluates the accuracy with respect to the consequences: in terms of stability
analysis of algorithms, this the forward error analysis.
• We evaluate the condition number of the matrices involved in the methods: the best
method has lowest condition numbers. This criterion evaluates the accuracy with respect to the sources: in terms of stability analysis of algorithms, this the backward error
analysis.
3.3

Value of the cost function

The value of the cost function at both optimum points is equal to:
 
 
c θ̂ C = 4.449 × 104 .
c θ̂ K = 5.954 × 104 ,
We see that the method using the extended linear least squares problem has a smaller cost
function value. Both methods use the same cost function, and differ only by the way they
minimise it. Hence, the method which produces a lower value of the cost function achieves a
better accuracy.
One possible cause for the difference in the function value may be that the function evaluation
is associated with a loss of accuracy. This is in fact impossible because the matrices B and
R involved in the Mahalanobis distance are respectively very well and perfectly conditioned.
Therefore, the evaluation of the cost function cannot be affected by a massive loss of accuracy.
3.4

Condition number of the matrices

To see how the condition number may magnify the rounding errors in algebraic computations, we shortly describe the accuracy that can be expected when we use 64 bits ﬂoating point
numbers. The IEEE754 standard for these numbers uses a precision of 53 bits, which leads to
a unit roundoff approximately equal to 10−16 , that is approximately 16 signiﬁcant digits (for
normalized ﬂoating point numbers). We these numbers, when the condition number of function
or algorithm is equal to 10d , the maximum number of lost digits is equal to d (but this upper
bound is not always reached). For example, if the condition number of an algorithm is equal to
104 , therefore there are at least approximately 16 − 4 = 12 signiﬁcant digits in the result. This
is why we, quite arbitrarily, write that the condition number is "low" when it is lower than 108
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(because approximately half of the digits are corrects), "extreme" if it is greater than 1016 and
"high" otherwise.
Let us now focus on the linear Gaussian calibration. The base 10 logarithm of the condition
number of the Kalman matrix is extreme:
log10 (κ2 (K)) = 20.87.
This shows that the use of the Kalman matrix can produce a massive loss of accuracy when we
compute θ̂ K from it, with a potentially total loss of accuracy when we use 64 bits ﬂoating point
numbers. The condition number of the covariance matrix of the parameter based on the Kalman
matrix is also ill-conditioned:
 
 
log10 κ2 Cov θ̂ K
= 10.38,
although this condition number is not as bad as the previous one.
The condition number of the matrix Ā involved in the extended linear least squares problem
18 is:
  
log10 κ2 Ā = 4.656.
This shows that the matrix associated to the computation based on Cholesky decomposition is
acceptable. The covariance matrix of θ̂ C is the Gram matrix of the extended linear least squares
problem:
−1

Cov(θ̂ C )) = σ̂C2 G .

(19)

where σ̂C2 is the unbiased estimator of the variance and G is the Gram matrix (also known as the
information matrix) of the extended linear least squares problem:
G = ĀT Ā.
The base 10 logarithm of the condition number is:

 
log10 κ2 Cov(θ̂ C ) = 9.312,
which is relatively high. Let us notice, however, that the condition number of Cov(θ̂ C ) is
necessarily equal to the square of the condition number of Ā. Indeed, the equation 19 implies:


 
κ2 Cov(θ̂ C ) = κ2 Ā) .
Therefore,


 
  
log10 κ2 Cov(θ̂ C ) = 2 log10 κ2 Ā ,

which conﬁrms the numerical values we obtained with the exponential model, since 9.312 =
2 × 4.656.
In order to analyse in more depth the root causes of the condition numbers of the matrices,
let us compute the condition number of the Jacobian matrix, which is involved in both methods:
log10 (κ2 (J)) = 4.675.
This matrix, which must be managed by both two methods, has therefore a relatively low condition number. We see that its condition number is close to the one of the matrix Ā, which
is the expected result given the deﬁnition of Ā. Hence, the method which uses the extended
linear least squares problem does not artiﬁcially increase the condition number of the matrices,
as opposed to the method which uses the Kalman matrix.
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4

Conclusion

We have analysed the linear and non linear Gaussian calibration of a computer model and
presented several methods to compute its solution. While the classical method, which uses the
Kalman matrix, is mathematically satisfactory, its implementation in ﬂoating point arithmetic
artiﬁcially reduces the accuracy of the solution and magniﬁes the errors in the data.
We presented a new method which involves an extended least squares problem. We have
shown an example in which the new method actually performs with more accuracy. These
methods are implemented in the OpenTURNS software [2].
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Abstract. In real life problems uncertainties, for instance through uncertain boundary conditions or manufacturing imperfections, may affect the performance of an aerodynamic shape
signiﬁcantly. In order to measure the impact of uncertainties on the performance of an aerodynamic shape, statistical moments (usually the mean value and variance) of the Quantity of Interest (QoI, e.g. the lift or drag forces) have to be quantiﬁed through Uncertainty Quantiﬁcation
(UQ) techniques. This paper compares a number of variants of the Method of Moments (MoM)
and the non-intrusive polynomial chaos (niPCE) approaches to UQ. Regarding the MoM, ﬁrstand second-order derivatives of the QoI with respect to the uncertain variables are necessary
for formulating its ﬁrst-(FOSM) and second-order (SOSM) variants, respectively. These are
computed using a combination of continuous adjoint and direct differentiation of the governing
(ﬂow) equations. The statistical moments of the QoI can, then, easily be computed in terms
of the QoI value and derivatives computed at the mean values of the uncertain variables. The
results of the above-mentioned MoM variants are additionally compared to a number of niPCE
variants developed and utilized by the authors in the past. The UQ variants of MoM and niPCE
are then compared in terms of cost and accuracy of the computed statistical moments of the
QoI. Comparisons also include results of the Monte Carlo method which acts as the reference
method. The two benchmark cases used for the comparison include an airfoil under uncertain
ﬂow conditions and ﬂuid properties as well as the DrivAer car model, under uncertain ﬂow
conditions.
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1

INTRODUCTION

A number of UQ approaches have been developed during the last years to help propagate
the uncertainty from the inputs of the aerodynamic analysis problem (e.g. uncertain boundary
conditions) to the QoI. A recent review of many of them and their incoorporation into robust
design optimization loops with a focus on air vehicles can be found in [1]. In general, most
UQ methods have a cost that scales with a power of the number M of the uncertain variables
ci , i ∈ [1, M ], making UQ computationally feasible for problems with only a moderate M .
This paper focuses on some variants of the Method of Moments (MoM), [2, 3, 4, 5], and nonIntrusive Polynomial Chaos Expansion (niPCE) [6, 7, 8, 9] with a potential for a relatively low
UQ cost and compares them in terms of cost and accuracy of computation of the statistical
moments of the QoI; Monte Carlo (MC) acts as the reference method for computing the latter.
According to the MoM, the QoI (usually lift or drag for external aerodynamics problems)
is expanded into a Taylor series in terms of c. The statistical moments of the QoI are, then,
obtained analytically by using this expansion in the integrals that deﬁne them. By keeping only
the ﬁrst-order term in the Taylor expansion and computing the ﬁrst two statistical moments of
the QoI, namely its mean and standard deviation, a First-Order Second-Moment (FOSM) UQ
method is formulated [4]. If second-order terms are also maintained in the Taylor expansion,
a Second-Order Second-Moment (SOSM) approach is devised. The FOSM approach calls for
the computation of ﬁrst-order derivatives of the QoI with respect to (w.r.t.) c while the SOSM
approach additionally requires second-order derivatives, a.k.a. the Hessian matrix. First-order
derivatives w.r.t. c are computed based on the continuous adjoint method developed by the
group of authors in the past [10], at a cost that is independent of the value of M . As discussed
in sections 2 and 4, this gives rise to the only UQ method known to the authors with a cost
that does not scale with M . The most efﬁcient method to compute second-order derivatives
requires the combined use of adjoint and direct differentiation (DD, being the equivalent of the
tangent-linear mode in an Automatic Differentiation tool), with a cost that scales linearly with
M [11].
Additionally, a number of niPCE approaches are presented and compared to the two MoM
variants. These include a) standard quadrature niPCE , b) regression-assisted niPCE computations based on at least as many QoI evaluations as the number of polynomial weights, [9, 12],
and c) an adjoint-assisted regression approach by using the sensitivity derivatives of the QoI
w.r.t. c, to reduce the computational cost [13]. These variants were also compared to each other
in terms of cost and accuracy by the authors in [14] and will not, thus, be analyzed in detail
herein.
The rest of this paper is structured as follows: in section 2, the mathematical background of
the MoM is presented, including the ﬂow and adjoint equations, as well as the combination of
adjoint and DD for the computation of the Hessian matrix. In section 3, the niPCE variants are
presented in brief. In section 4, the cost of the two studied MoM variants is compared to that
of the aforementioned niPCE approaches and, in section 5, the results of the developed MoM
variants are compared with each other as well as with those obtained by niPCE and veriﬁed with
reference results produced using MC simulations. Finally, conclusions are drawn in section 6.
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2
2.1

MoM FRAMEWORK
Flow Equations and QoI

The cases examined in this paper are governed by the steady-state Navier-Stokes PDEs for
incompressible ﬂows,
∂vj
=0
(1a)
∂xj
∂τij
∂p
∂vi
−
+
= 0, i = 1, 2, 3,
(1b)
Riv = vj
∂xj
∂xj
∂xi


∂vj
∂vi
where vi are the velocity components, τij = (ν +νt ) ∂x
+
the stress tensor components, p
∂xi
j
the (relative to the exit/reference) static pressure divided by the constant density, ν the (constant)
kinematic viscosity of the ﬂuid and νt the turbulent viscosity, computed only for turbulent ﬂows.
Twice repeated indices within the same term imply summation. In cases were turbulent ﬂow
are studied, the Spalart–Allmaras turbulence model [15] is used to effect closure; according to
the latter, the turbulent viscosity is given by νt = νfv1 and computed after solving the PDE
$

%2
%
$
∂
∂
ν
ν ∂
cb2 ∂
ν
ν
ν
R = vj
−
−
ν P (
ν )+
ν D(
ν ) = 0,
(2)
ν+
−
∂xj ∂xj
σ ∂xj
σ ∂xj
Rp = −

for the turbulence variable ν. In the above equation, the production and destruction terms
are given by P (
ν ) = cb1 Y and D(
ν ) = cw1 fw(Y ) Δν2 respectively, with Y = fv3Y + Δ2νκ2 fv2 ,
 = eijk ∂vk  the vorticity magnitude and Δ the distance from the wall.
Y = S
∂xj
Dealing with external aerodynamics (ﬂows around bodies such as airfoils or cars), eqs. 1 are
associated with the following set of boundary conditions,
⎧
∂vi
⎧
⎪
⎧v = 0
T
⎪
nj = 0
v
=
|v
|[cos(α
)
sin(α
)]
⎪
⎪
i
∞
∞
∞
⎪
⎪
⎪
⎨
⎨ ∂xj
⎨ ∂p
∂p
nj = 0
SO p = 0
SW
SI
nj = 0
⎪
⎪
⎪
∂xj
∂x
⎪
⎪
⎩
j
∂
ν
⎩
⎪
⎪
⎩
nj = 0,
(3)
ν

=
0
ν = ct
∂xj
where SW is the contour of the aerodynamic body and SI and SO the parts of the farﬁeld
boundary in which the ﬂow enters and exits the domain. Overall, S = SI ∪ SO ∪ SW is the
boundary of the computational domain Ω and |v∞ |, α∞ are the farﬁeld velocity magnitude and
angle, respectively.
Without loss in generality, the drag or lift force coefﬁcients,
2
(pδij − τij )nj ri
1
SW
2
dS, NF = Aref Uref
,
(4)
J=
NF
2
is the QoI throughout this paper, where r is the unit vector aligned with/perpendicular to the
farﬁeld velocity for the drag/lift computation, in the absence of uncertainties, Aref is a reference
area and Uref is a reference velocity magnitude, usually coinciding with that of the farﬁeld
velocity.
2.2

MoM-based UQ

In the MoM, the QoI is developed using a Taylor expansion around the mean values of the
uncertain variables, c; the order of the MoM is deﬁned by the largest order of the derivatives of
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the QoI w.r.t. c retained in the Taylor expansion,
6
6
δJ 66
1 δ 2 J 66
Δci +
Δci Δcj + O(Δc3 ).
J(c +Δc) = J|c +
δci 6c
2 δci δcj 6c

(5)

The FOSM approach is formulated by retaining only δJ/δci in eq. 5, substituting it into the
expressions of the mean value (μJ ) and standard deviation (σJ ) of the QoI and analytically
integrating, to obtain, [4],
'
( M  2
( δJ
σJ (c) = )
σi2 ,
(6)
μJ (c) = J|c ,
δc
i
c
i=1
with σi standing for the known standard deviation of the i-th uncertain variable. In the FOSM
approach, the expressions of μJ and σJ , eqs. 6, are independent of the probability density
function (PDF) of c. Hence, the FOSM-based UQ method can be used with any PDF. In order
to avoid any misinterpretation regarding the summation convention, the summation symbol is
retained whenever deemed necessary.
If, additionally, we assume that the uncertain variables follow a normal distribution and
maintain the second-order derivatives in eq. 5, the SOSM-based statistical moments of J can be
computed through
'
( M  2
2
M  2 
M M 

( δJ
1
1   δ2J
δ J
2
2
)
σ ,
σJ (c) =
σi +
σi2 σj2 ,
μJ (c) = J|c +
2 i=1 δc2i c i
δc
2
δc
δc
i c
i j c
i=1
i=1 j=1
(7)
requiring the additional computation of second-order derivatives w.r.t. c. It is important to note
that, in contrast to other UQ methods like niPCE and MC that rely on ﬂow evaluations in a
number of combinations of values of the uncertain variables, the MoM depends only on ﬂow
and derivative evaluations performed at the nominal operating conditions c; for the sake of
convenience, the latter index will be omitted hereafter.
The computation of the ﬁrst- and second-order derivatives required by the above-mentioned
MoM is described in brief in the sections that follow.
2.3

Computation of

δJ
δcl

First-order derivatives are computed using the continuous adjoint method. According to the
latter, an augmented QoI is deﬁned as
!
!
!
v
p
L = J + ui Ri dΩ+ qR dΩ+ νa RνdΩ,
(8)
Ω

Ω

Ω

where Ω is the computational domain, ui the adjoint velocity components, q the adjoint pressure
and νa the adjoint turbulence variable. Then, eq. 8 is differentiated w.r.t. c. After setting the
multipliers of δvi /δcl , δp/δcl and δ
ν /δcl to zero in the ﬁeld integrals of the developed form of
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δJ/δcl , the continuous adjoint PDEs for incompressible, turbulent ﬂows are derived [10],
∂uj
=0
(9a)
∂xj
$
%
∂vj
∂
ν
∂vk
∂(vj ui ) ∂τija ∂q
∂
CY
u
−
−
+
+ νa
−
emli = 0 , i = 1, 2, 3
νa ν emjk
Ri = uj
∂xi
∂xj
∂xj ∂xi
∂xi ∂xl
Y
∂xj
(9b)
$

$
%
%
ν
∂
ν
∂(vj νa )
∂
cb2 ∂
ν ∂ νa
1 ∂ νa ∂
−
+2
R νa = −
ν+
+
νa
+ νa νCν
∂xj
∂xj
σ ∂xj
σ ∂xj ∂xj
σ ∂xj
∂xj
$
%
∂νt ∂ui ∂vi ∂vj
+
+
(9c)
+(−P +D) νa = 0,
∂
ν ∂xj ∂xj ∂xi


∂uj
∂ui
a
where τij = (ν +νt ) ∂xj + ∂xi are the adjoint stress tensor components. The Cν and CY
expressions can be found in [16].
After satisfying the continuous adjoint PDEs and differentiating eq. 4 w.r.t. c, the remaining
terms of δJ/δcl = δL/δcl read [17],
%
%
! $
! $
CY
∂vk
δJ
δp j δτij
δvi
a
=
δi −
emoi no
dS
ri nj dS +
ui vj nj + τij nj −qni + νa ν emjk
δcl
δcl
δcl
Y
∂xj
δcl
SW
S
$
%
!
!
!
∂vj δν
δp
δτij
∂
∂vi
dS,− ui
+
dΩ.
(10)
+ ui ni dS − ui nj
δcl
δcl
∂xj ∂xj ∂xi δcl
S
S
Ω
Rq = −

It should be noted that r and Uref in eq. 4 are not considered to change w.r.t. c. Following the
methodology presented in [10], the adjoint boundary conditions are formulated by eliminating
boundary integrals containing variations of vi , p, τij and ν, where necessary, and read
⎧
∂ui
⎪
⎪
ni nj
q = un vn + 2ν
⎪
⎪
∂xj
⎪
⎪
⎪
⎪
⎪
CY
∂vk
⎧
⎪
⎪
+νa ν emjk
emoi no ni ,
r
⎧
⎪
i
⎪
⎪
Y
∂xj
ui = −
⎪
⎪
u
i = 0
⎪
⎪
⎪
$
%
⎪
⎪
⎪
NF
⎨
⎨ ∂q
⎨
∂ui ∂uj
nj = 0
nj ti
+
, SW ∂q n = 0
SI
, SO ut vn + ν
∂xj
j
∂xj
∂xi
⎪
⎪
⎪
⎪
⎪
⎪
∂xj
⎪
⎩
⎪
⎪
⎪
⎩
⎪
νa = 0
CY
∂vk
⎪
⎪
νa = 0
+νa ν emjk
emoi no ti = 0
⎪
⎪
Y
∂xj
⎪
⎪
⎪
$
%
⎪
⎪
ν ∂ νa
⎪
⎪
nj = 0,
(11)
⎩ vj nj νa + ν +
σ ∂xj
where n and t are the normal and tangential unit vectors and indices n and t indicate the normal
and tangential velocity components, respectively. A realistic assumption is that the solution of
the adjoint equations costs approximately as much as that of the ﬂow equations. Hence, the
ﬂow and adjoint ﬁelds are computed at the cost of one Equivalent Flow Solution (EFS) each.
EFS is used as the cost unit for the UQ methods that are compared in this paper.
Herein, uncertainties are associated with the ﬂow conditions and properties. In speciﬁc, the
uncertain variables are the free-stream ﬂow angle, c1 = α∞ , the magnitude of the farﬁeld velocity, c2 = |v∞ | and the ﬂow kinematic viscosity, c3 = ν. Though the MoM has a comparative
cost advantage to other UQ methods as M gets higher, even a case of M = 3 is enough for
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demonstrating the beneﬁts of the method. Considering the adjoint boundary conditions, the
gradient of J w.r.t. cl is computed as follows,
$
%
!
!
 a
 δvi
δJ
∂vj δν
∂
∂vi
=
dS − ui
+
dΩ.
(12)
τij nj − qni
δcl
δcl
∂xj ∂xj ∂xi δcl
SI
Ω
6
i6
Since vi |SI directly depends on c, eq. 3, δv
is computed analytically as,
δcl 6
SI

6


δv 66
−sin(α∞ )
= |v∞ |
cos(α∞ )
δc1 6SI

6


δv 66
cos(α∞ )
=
sin(α∞ )
δc2 6SI

6
 
δv 66
0
=
6
0
δc3 SI

(13)

δν
is straightforward. Hence, all components of δJ/δcl are computed at a cost of 2 EFS,
and δc
l
irrespective of M . This makes the FOSM an affordable UQ method for problems with many
uncertain variables.

2.4

Computation of

δ2 J
δcl δcm
2

The SOSM approach additionally requires the computation of δcδl δcJm , a.k.a. the Hessian of
J w.r.t. c. The Hessian matrix can be computed using all possible combinations of adjoint and
DD as outlined in [11], there for compressible ﬂows. Based on [11], the most cost-efﬁcient
approach to compute the Hessian matrix is based on the DD of the ﬂow equations to compute
2
2
δvi
, δp and the adjoint method to avoid the computation of δcδmvδci l , δcδm pδcl ; the latter approach
δcm δcm
is also mentioned as the DD-AV approach in [11] and has a cost of M + 2 EFS for computing
the Hessian matrix; this includes the solution of the ﬂow and adjoint PDEs. In what follows,
the same approach is presented in brief for laminar, incompressible ﬂows.
Let the derivative of any ﬂow quantity φ w.r.t. the uncertain variables cl be denoted as
δφ
φl =
δcl

(14)

Then, the derivative of the QoI w.r.t. c is written as
6
!
!
!
l nj ri
n j ri
n i ri
δJ 66
3
7
=−
δl Eij
dS −
ν Eij
dS +
pl
dS
6
δcl DD
NF
NF
NF
SW
SW
SW
where Eij =

∂vi
∂xj

+

∂vj
∂xi

(15)

is the strain tensor and δl3 is the Kronecker symbol. In order to compute

7ij l and pl , the ﬂow equations, eq. 1, are directly differentiated w.r.t. c, yielding l ∈ [1, 3] (in
E
general l ∈ [1, M ]) sets of PDEs
7p l = − ∂ vj = 0
R
∂xj
l

(16a)

l
7ij l
∂v
∂
v

∂
E
∂ pl
i
i
3 ∂Eij
v
7
Ri = vj
+ vj
−ν
− δl
+
= 0,
∂xj
∂xj
∂xj
∂xj
∂xi
l

l

i = 1, 2, 3

(16b)

7ij l ) can be computed. Eqs. 16 are accompanied
from which pl and vi l (and, in consequence, E
by their boundary conditions, which are derived by differentiating eq. 3 w.r.t. c, yielding
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⎧
δv
⎪
⎪
l =
(eq. 13)
⎨v
δcl
SI
∂ pl
⎪
⎪
⎩
nj = 0
∂xj

⎧ l
⎨ vi = 0
, SW ∂ pl
⎩
nj = 0
∂xj

⎧ l
⎨ ∂ vi
n =0
, SO ∂xj j
⎩ l
p = 0.

(17)

The Hessian is computed by differentiating eq. 15 once more w.r.t. c and augmenting the outcome with the ﬁeld integrals of the second-order derivatives of the ﬂow equations, multiplied
with appropriate adjoint ﬁelds, i.e.
$ 6 % !
!
δ
δ 2 Rp
δ2J
δ 2 Riv
δJ 66
=
u
dΩ
+
q
dΩ
(18)
+
i
δcm δcl
δcm δcl 6DD
δcm δcl
Ω
Ω δcm δcl
As it will be proven, the adjoint ﬁelds on the right hand side (r.h.s.) of eq. 18 coincide with those
computed through eq. 9 (excluding terms stemming from the differentiation of the turbulence
model). To help simplify the mathematical notation, let
φ

l,m

=

δ2φ
δcm δcl

(19)

denote the second-order derivative of any ﬂow quantity φ w.r.t. the uncertain variables. Differentiating eq. 15 w.r.t. cl yields
$ 6 %
!
!
!
δ
δJ 66
l,m nj ri
3 7 m n j ri
3 7 l n j ri
=−
δl Eij
dS −
δm Eij
dS −
νEij
dS
6
δcm δcl DD
NF
NF
NF
SW
SW
SW
!
n i ri
+
pl,m
dS
(20)
NF
SW
Assuming that eqs. 16 have already been solved, the ﬁrst two integrals on the r.h.s. of eq. 20
can readily be computed. However, evaluating the last two integrals of the r.h.s. of the same
l,m
equation would require the computation of Eij and pl,m that would come at a cost scaling
with M 2 . To avoid this exponential rise of the UQ cost w.r.t. M , an adjoint system of equations
can be formulated expanding the second and third terms on the r.h.s. of eq. 18 as
!
!
δ 2 Rp
δ 2 Riv
ui
dΩ + q
dΩ =
δcm δcl
Ω
Ω δcm δcl

! 
!
∂(vj ui ) ∂τija
∂q
∂vj
∂ui l,m
l,m
−
−
+
vi dΩ −
p dΩ
uj
∂xi
∂xj
∂xj
∂xi
Ω
Ω ∂xi
!
!
!

 l,m
l,m
a
+
ui vj nj + τij nj − qni vi dS − νui nj Eij dS + ui ni pl,m dS
!

S

ui vj

+
Ω

i
l ∂v

∂xj

S

!

m

ui vj

dΩ +
Ω

i
m ∂v

!

l

∂xj

dΩ −

S

7

!

m

∂ Eij
ui δl3
∂xj
Ω

dΩ −

7l

3 ∂ Eij
ui δ m
∂xj
Ω

dΩ

(21)

By setting the multipliers of vi l,m and pl,m in the ﬁeld integrals of eq. 21 to zero, the latter
becomes independent of second-order derivatives of the ﬂow variables w.r.t. c in the interior of
the computational domain. This process leads to the formulation of an adjoint system of PDEs
that is identical to the one presented in eq. 9. The corresponding adjoint boundary conditions
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coincide with those of eq. 11. The remaining terms of eq. 20 and 21 give raise to the expression
of the Hessian matrix
!
!
!
 a

δ2J
3 7 m n j ri
3 7 l n j ri
τij nj − qni vi l,m dS
=−
δl Eij
dS −
δm Eij
dS +
δcm δcl
NF
NF
SW
SW
SI
!
!
!
!
m
l
7m
7l
i
i
l ∂v
m ∂v
3 ∂ Eij
3 ∂ Eij
dΩ + ui vj
dΩ − ui δl
dΩ − ui δm
dΩ
+ ui vj
∂xj
∂xj
∂xj
∂xj
Ω
Ω
Ω
Ω
(22)
where the components of vi l,m at the inlet are given by


−sin(α∞ )
1,1
1,2
2,1
v = −v, v = v =
, v 2,2 = v 1,3 = v 3,1 = v 2,3 = v 3,2 = 0
cos(α∞ )
2.5

(23)

Flowchart of the MoM approach to UQ

The process of computing μJ and σJ using the MoM is summarized in the ﬂowchart that
follows, including the computational cost of each step.
1

Solution of the ﬂow equations (eqs. 1) at c = c, at the cost of 1 EFS, to obtain the vi , p
and ν ﬁelds, followed by the computation of J at c.

2

Solution of the adjoint equations (eqs. 9), at the cost of 1 EFS, to obtain the ui , q and νa
ﬁelds.
δJ
,m
δcm

∈ [1, M ] from eq. 12 (negligible cost).

3

Computation of

4

if MoM == FOSM then

5
6
7

Computation of μJ and σJ through eq. 6 (negligible cost).
else if MoM == SOSM then
Solution of the DD equations, eqs. 16, at the cost of M EFS, to obtain the vi l and pl
ﬁelds, for l ∈ [1, M ].
δ2 J
δcm δcl

from eq. 22 with m, l ∈ [1, M ] (negligible cost).

8

Computation of

9

Computation of μJ and σJ through eq. 7 (negligible cost).

3

niPCE-BASED UQ

Assuming that J depends on the vector of uncertain variables ci , i ∈ [1, M ], niPCE approximates J as
Q−1

Ji Hi (c),
(24)
J(c) ≈
i=0
(M +k)!
,
M !k!

where Q =
k is the largest degree of the multivariate orthogonal polynomials Hi (c) and
Ji are their corresponding weights.
The multivariate polynomials Hi (c) are constructed through the products of univariate orthogonal polynomials that depend on the statistical distribution of the uncertain variables and
are chosen from the Wiener-Askey family, [8]. For all applications presented in this paper,
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all uncertain variables are assumed to follow a Gaussian distribution and p are the normalized
probabilists’ Hermite polynomials.
Assuming that the polynomial weights Ji are known, the ﬁrst and second statistical moments
of the QoI are given by, [8]
'
(Q−1
(
Ji2
(25)
μJ = J 0 , σ J = )
i=1

What remains to compute μJ and σJ and perform UQ is to compute the coefﬁcients Ji . These
are deﬁned through the Galerkin projection of J to Hi (c), i.e.
!
!
Ji = · · · J(c)Hi (c)W (c)dc
(26)
where W (c) is the product of the PDFs wi , i ∈ [1, M ] of the uncertain variables. Numerical
approaches for computing Ji , with emphasis on cost reduction in cases of M  are described
in sections 3.1 and 3.2.
3.1

Gauss Quadrature

Since the polynomial coefﬁcients are given by multidimensional integrals, eq. 26, they can
be approximated numerically, by evaluating J at appropriate values of c. Taking advantage of
the fact that the integrand of eq. 26 is a weighted polynomial, Gauss Quadrature rules, [18],
can be used to numerically compute Ji . The type of Gauss Quadrature depends on the form
of Hi (c) which, in turn, depends on the assumed statistical distribution of c. For the Gaussian
distribution assumed herein, Gauss–Hermite Quadrature (GHQ) is used.
Computing Ji requires (k + 1)M evaluations of J. This exponential dependency of the cost
on M leads to the so-called “curse of dimensionality”, making the GQ-based niPCE variant
quite costly for cases with even a modest number of uncertain variables. To compensate for
its relatively high computational cost, the GQ-based niPCE approach is quite accurate when
compared to MC, as it will be shown in section 5.
3.2

Regression-based niPCE and Acceleration through Adjoint-based Gradients

An alternative for computing Ji can be pursued by means of a regression which avoids numerically integrating eq. 26 to compute Ji instead, it approximates them using a more stochastic
approach, [9, 12]. In speciﬁc, if J is evaluated at L different c values, eq. 24 can be used to
formulate the following system of equations
⎤
⎤ ⎡
⎤⎡
⎡
J(c1 )
J0
H0 (c1 ) . . . HQ−1 (c1 )
⎥⎢ . ⎥ ⎢ . ⎥
⎢ .
..
...
⎥ ⎢ .. ⎥ = ⎢ .. ⎥
⎢ ..
(27)
.
⎦
⎦ ⎣
⎦⎣
⎣
H0 (cL ) . . . HQ−1 (cL )
JQ−1
J(cL )
+k)!
with L equations and Q unknowns. If L = Q = (M
, then eq. 27 can be solved directly to
M !k!
compute the Q unknown coefﬁcients at a cost of Q EFS. To increase accuracy, J is usually
oversampled and eq. 27 corresponds to a least squares problem, [19]. For what follows, an
oversampling by a factor of r = 2 is used, i.e. L = 2Q. What remains to be decided are the L
different c points in which J should be evaluated to obtain the right-hand-side (r.h.s.) of eq. 27.
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This is still an open issue in the corresponding literature and a number of approaches have
been proposed, like random sampling, Latin Hypercube sampling and Hammersley sequence
sampling, [20]. In the applications presented in this report, a Latin Hypercube Sampling (LHS)
is used. The cost of the regression-based niPCE is compared to the other UQ variants presented
in this paper in Table 1.
One ﬂow solution (J evaluation) contributes one line in the system of eq. 27. Adding more
lines to eq. 27 for each ﬂow solution which is carried out could further accelerate the UQ process. To do so, the (continuous) adjoint method for computing sensitivity derivatives presented
in section 2.3 can be employed. The latter can provide all the components of δJ/δci , i ∈ [1, M ]
by additionally solving the adjoint PDEs, at a cost of 1 EFS. Assuming an oversampling by
a factor
sampling points required to obtain rQ equations for computing Ji are1
8 of r >9 1, the
:
;
r(M +k)!
P = (M
= MrQ
, i.e. approximately one order of M lower than that of the typical
+1)!k!
+1
regression approach given by eq. 27. The adjoint-assisted regression approach reads, [13]
⎡

H0 (c1 )

. . . HQ−1 (c1 )

⎤

⎡

J(c1 )

⎤

⎢ δJ
⎥
⎢ δc1 (c1 ) ⎥
⎢
⎥
⎥
..
⎢
⎥
⎥
..
⎢
⎥
⎥
.
.
⎢
⎥
⎥⎡
⎤
∂H
⎢ δJ (c ) ⎥
⎥ J
. . . ∂cQ−1
(c
)
⎢ δcM 1 ⎥
1 ⎥
0
M
⎢
⎥
⎥⎢
..
..
⎢
⎥
⎥ ⎢ .. ⎥
...
⎥
⎥
⎥⎣ . ⎦ = ⎢
.
.
⎢
⎥
⎥
⎢ J(cL ) ⎥
. . . HQ−1 (cL ) ⎥
⎢
⎥
⎥ JQ−1
⎢ δJ
⎥
⎥
∂HQ−1
⎢ δc1 (cL ) ⎥
⎥
...
(c
)
L
∂c1
⎢
⎥
⎥
⎢
⎥
⎥
..
..
..
⎢
⎥
⎥
.
.
.
⎣
⎦
⎦
δJ
∂HQ−1
∂H0
(c
)
L
(cL ) . . . ∂cM (cL )
δcM
∂cM

⎢ ∂H0 (c )
⎢ ∂c1 1
⎢
..
⎢
⎢
.
⎢
⎢ ∂H0 (c )
⎢ ∂cM 1
⎢
..
⎢
⎢
.
⎢
⎢ H0 (cL )
⎢
⎢ ∂H0
⎢
⎢ ∂c1 (cL )
⎢
..
⎢
.
⎣

...
..
.

∂HQ−1
(c1 ) ⎥
⎥
∂c1

(28)

and its cost, taking into consideration that each of the P sampling points costs one ﬂow and
one adjoint solution, is given in Table 1. It can be observed that adjoint-assisted regression has
the lowest cost of all niPCE variants for M > 1, with the gain increasing considerably in the
presence of many uncertain variables. Indicatively, for the widely used case of M = 3, k = 2,
adjoint-assisted regression has half the cost of the typical regression and almost one third of the
GQ one.
It should be noted that the cost of the adjoint-assisted regression mentioned in Table 1 is
valid in cases with only one QoI. Since the computation of sensitivity derivatives for many QoI
requires the solution of as many adjoint PDEs, the cost beneﬁt of the adjoint-assisted regression
is mitigated in such cases. For the general case with NQ QoI and an8oversampling
by a factor of
9

r(M +k)!
r, the cost of the adjoint-assisted regression approach is (NQ + 1) (M
EFS. Neglecting
+1)!k!
the potential necessity for rounding, the cost ratio of the adjoint-assisted regression and the
N +1
typical regression is MQ+1 . This means that in cases with more uncertain variables than QoI,
adjoint-assisted regression is still more efﬁcient than the typical regression. On the other hand,
in cases where NQ > M , the typical regression should be preferred.
r(M +k)!
It should be noted that (M
+1)!k! may not be an integer, so it has to be rounded to the closest one. The . sign
indicates the ﬂoor operation.
1
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4

COST COMPARISON OF THE VARIOUS UQ METHODS

For a problem with M uncertain variables, the cost of the two MoM variants analyzed in
section 2.2 is compared with that of the PCE variants brieﬂy presented in section 3. Assuming
an niPCE UQ approach with a degree of k, the cost of the niPCE and MoM variants studied
thus far is summarized in Table 1. Since one set of adjoint PDEs has to be solved to compute
the gradient of each QoI, the UQ variants that employ it have a cost that depends on the number
of QoI, NQ . For the regression-based niPCE variants, r is the oversampling factor.
Method

Cost (EFS)

Sample points

FOSM

1 + NQ

1

SOSM

M + 1 + NQ

1

niPCE - GQ

(k + 1)M

(k + 1)M

niPCE - Regression

r(M +k)!
M !k!

r(M +k)!
M !k!

niPCE - Regression - Adjoint

8

(NQ + 1)

r(M +k)!
(M +1)!k!

9

8

r(M +k)!
(M +1)!k!

9

Table 1: CPU cost, measured in EFS, for computing (μJ , σJ ) with a number of niPCE and MoM variants.

Since SOSM treats treats J as a second-order polynomial of c, it is interesting to compare
its cost with the niPCE variants in case k = 2, i.e. when niPCE also treats J as a second-order
polynomial. This is summarized in Table 2, for various M values. It can be observed that for
M > 1, SOSM has half the cost of the cheapest niPCE variant and a signiﬁcantly smaller one
than all other niPCE variants as M increases.

niPCE - GQ / niPCE - Regression / niPCE - Regression -Adjoint / SOSM
M
1
2
3
4
5
6

k
2

3/6/6/3

9/12/8/4

27/20/10/5

81/30/12/6

243/42/14/7

729/56/16/8

Table 2: CPU cost, measured in EFS, for computing (μJ , σJ ) with a number of niPCE variants and the SOSM
approach, for a single QoI. All approaches included in this table approximate J as a second-order polynomial of
c. An oversampling by a factor of 2 is used for both regression-based approaches. The result with the lowest cost
is marked in bold for each (M, k) pair.

5

VERIFICATION – APPLICATIONS

The results of the MoM variants presented in section 2 are compared with each other, with
various niPCE variants presented in section 3 and, for the 2D case, veriﬁed using MC simulations. Upon obtaining these J values, μJ and σJ can directly be computed through their
deﬁnitions. Due to its simplicity, MC is used as a benchmark method for validating other UQ
methods. On the other hand, the fact that it requires a very large number of J evaluations makes
it computationally infeasible for the 3D case examined in Section 5.2.
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5.1

NACA0012 airfoil

In the ﬁrst case examined, UQ is performed for the ﬂow over the NACA0012 isolated airfoil,
ﬁg. 1, under uncertain ﬂow conditions and properties. The ﬂow is laminar, Re = 2000, drag
and lift coefﬁcients are used as the QoI and uncertainties emanate from the farﬁeld velocity
and angle, as well as the ﬂuid kinematic viscosity. The denominator of the force coefﬁcients is
considered constant. The mean values and standard deviations of the three uncertain variables
(M = 3) following a normal distribution are listed in Table 3. The ﬂow is solved on grid
consisting of 37800 quadrilateral elements.

Figure 1: NACA0012: velocity magnitude contours around the airfoil, computed using the mean values of the
uncertain variables.

Uncertain variable
Farﬁeld velocity magnitude (m/s)
Farﬁeld velocity angle (deg)
Kinematic viscosity (m2 /s)

μ
6
2
3 × 10−3

σ
0.6
0.2
1 × 10−4

Table 3: NACA0012: Mean values and standard deviations of the uncertain variables.

Using the mean values and standard deviations of Table 3, two UQ scenarios are studied. In
the ﬁrst one, only the farﬁeld velocity magnitude and angle are considered as uncertain variables
(M = 2) while in the second one, all three uncertain variables are used. In both scenarios,
second-order polynomials are used (k = 2) for the niPCE variants and MC relies upon 1000
evaluations. The μJ and σJ approximations based on the MoM variants presented in section 2
along with the corresponding values computed based on a number of niPCE variants presented
in section 3 are listed in Tables 4 and 5 for M = 2 and M = 3, respectively, together with their
relative error compared to MC.
Compared to MC, FOSM computes μJ with a relative error that is smaller than 0.38% and
SOSM has an even smaller maximum deviation from MC of 0.19%. For the drag coefﬁcient,
SOSM even has the smaller deviation from MC than all other UQ methods tested herein. On
the other hand, deviations of the MoM-based σJ values from MC are higher that the ones
of the niPCE variants, especially for the lift coefﬁcient, for which a deviation of 8.8% is observed. From the FOSM- and SOSM-based statistical moments in Tables 4 and 5, it can be
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observed that SOSM consistently improves the μJ predictions over FOSM, this is not however
the case for σJ . This can be explained by analyzing the FOSM- and SOSM-based expressions
of σJ , eqs. 6 and 7, respectively. From there, it can be observed that the SOSM-based σJ
value
$ will always be< larger= than the
% FOSM-based one, due to the addition of a positive quan2


M
δ2 J
σi2 σj2 to the FOSM-based σJ2 value. Hence, if the FOSM-based
tity 12 M
i=1
j=1 δci δcj
c

σJ value is overestimated, SOSM can only increase this deviation from the reference value of
MC. The MoM-based σJ values for the drag coefﬁcient are more accurate than those for the lift
coefﬁcient (max. deviation of 1.2% from MC).
Summarizing the ﬁndings of this study, we can deduce that both FOSM and SOSM are quite
accurate when approximating the μJ values, with the SOSM consistently outperforming the
FOSM method for this statistical moment. On the other hand, the MoM-based σJ values may
deviate from the reference ones. Nevertheless, the small cost of the MoM-based approach and
especially that of FOSM that is independent of M , makes it a useful tool for robust design
optimization loops, as presented for instance in [21].
Method

Cost

FOSM
SOSM
niPCE-GQ
niPCE-Regression
niPCE-Regression-Adjoint
MC

2
4
9
12
8
1000

Lift
μJ (% Diff)
σJ (% Diff)
0.09538 (-0.38) 0.02070 (8.8)
0.09557 (-0.19) 0.02070 (8.8)
0.09577 (0.02) 0.01912 (0.5)
0.09571 (-0.04) 0.01911 (0.4)
0.09583 (0.08)
0.02012 (5)
0.09575
0.01902

Drag
μJ (% Diff)
σJ (% Diff)
0.08463 (-0.2) 0.01257 (0.9)
0.08472 (-0.16) 0.01257 (0.9)
0.08463 (-0.2) 0.01254 (0.6)
0.08619 (1.6)
0.01204 (-3)
0.08463 (-0.2) 0.01253 (0.5)
0.08486
0.01246

Table 4: NACA0012: Case with M = 2. Mean value and standard deviation of the drag and lift coefﬁcients as the
QoI computed with the MoM variants of section 2 and the niPCE variants of section 3, compared with the outcome
of MC. Numbers in the parentheses indicative the relative error w.r.t. MC. Cells corresponding to the lowest cost
and smallest absolute value of relative error are marked in bold.

Method

Cost

FOSM
SOSM
niPCE-GQ
niPCE-Regression
niPCE-Regression-Adjoint
MC

2
5
27
20
10
1000

Lift
μJ (% Diff)
0.09538 (-0.36)
0.09557 (-0.17)
0.09575 (0.02)
0.09584 (0.11)
0.09529 (-0.47)
0.09573

σJ (% Diff)
0.02071 (8.77)
0.02071 (8.77)
0.01913 (0.5)
0.01915 (0.61)
0.02001 (5.08)
0.01904

Drag
μJ (% Diff)
0.08463 (-0.24)
0.84723 (-0.13)
0.08462 (-0.25)
0.08463 (-0.23)
0.08462 (-0.25)
0.08483

σJ (% Diff)
0.01265 (1.2)
0.01265 (1.2)
0.01263 (0.99)
0.01261 (0.85)
0.01262 (0.9)
0.01251

Table 5: NACA0012: Case with M = 3. Notation as in Table 4.

5.2

DrivArer Car Model

The DrivArer car model, [22], developed by the Institute of Aerodynamics and Fluid Mechanics of TU Munich, is studied in this section. In speciﬁc, the fast-back conﬁguration with
a smooth underbody, with mirrors and wheels (F S wm ww) is used as a test case, ﬁg. 2. The
drag coefﬁcient is used as the QoI and the faﬁeld velocity magnitude and angle are treated as
uncertain variables, with mean values and standard deviations given by Table 6. The denominator of the drag coefﬁcient is considered constant. For the niPCE variants, a max. polynomial
degree of k = 2 is selected.
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Figure 2: DrivAer: pressure contours on the car surface and velocity contours plotted on a slice along the symmetry plane of the car, computed using the mean values of the uncertain variables.

Uncertain variable
Farﬁeld velocity magnitude (m/s)
Farﬁeld velocity angle (deg)

μ
38.9
0

σ
1
2

Table 6: DrivAer: Mean values and standard deviations of the uncertain variables.

A hex-dominated mesh of 12 million cells is used and the steady-state RANS equations are
solved, together with the Spalart–Allmaras turbulence model, [15]. Each ﬂow evaluation takes
approximately an hour in 120 cores. Due to the large computational cost, MC is not performed
for this test case. The FOSM approach is instead compared to the GQ and regression variants of
niPCE. The latter is conducted using the (k+1)M = 9 Gauss nodes used in GQ as the samples of
the regression method. It can be seen that the μJ computed by the FOSM method does not differ
much from the niPCE results (relative difference of 1.9%). Regarding σJ , a more signiﬁcant
deviation of 12% is observed.
Method

Cost

FOSM
niPCE-GQ
niPCE-Regression

2
9
9

Drag
μJ
0.32663
0.33305
0.33306

σJ
0.01668
0.01908
0.01946

Table 7: DrivAer: Mean value and standard deviation of the drag coefﬁcient computed with FOSM and two niPCE
variants.

6

SUMMARY – CONCLUSIONS

In this paper, two Method of Moments approaches, namely First- and Second-Order SecondMoment (FOSM and SOSM), used for propagating uncertainties from the Quantities of Interest,
were analysed in terms of cost and predictive accuracy.
The FOSM approach requires the sensitivity derivatives of the QoI w.r.t. the uncertain variables, which were computed herein using continuous adjoint, at a cost of one Equivalent Flow
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Solution, irrespective of the number of uncertain variables M . This gives rise to a UQ method
with a cost that does not scale with M and is equal to 2 EFS, making it ideal for UQ problems
with many uncertain variables. SOSM additionally requires the computation of the Hessian
matrix of the QoI with respect to the uncertain variables. This is computed using a combination of the adjoint ﬁelds already computed for FOSM and the Direct Differentiation of the ﬂow
equations, computing the variations of the ﬂow ﬁelds w.r.t. the uncertain variables at a cost that
scales linearly with M ; the total cost of the SOSM-based UQ process is M + 2 EFS. Even
though the cost of SOSM scales with M , the fact that it only scales linearly and with a unitary
multiplier of M makes it twice as efﬁcient as the cheapest non-intrusive Polynomial Chaos Expansion method, which also utilized adjoint-based sensitivity derivatives of the QoI w.r.t. the
uncertain variables. Nevertheless, the need for second-order derivatives makes its development
and utilization tedious for applications with complex numerical models, like turbulent ﬂows
involving wall functions.
Regarding the accuracy of the two MoM approaches, the ﬁrst two statistical moments of the
lift and drag coefﬁcients were computed for two UQ problems pertaining to the ﬂow around
a 2D airfoil, with uncertainties emanating from the farﬁeld conditions and the ﬂuid kinematic
viscosity; these statistical moments were then veriﬁed with results obtained from Monte Carlo
simulations, acting as the reference method, as well as values obtained through a number of
niPCE variants. It was observed that both FOSM and SOSM compute the mean value of the
QoI with high accuracy, with SOSM consistently outperforming FOSM. On the other hand,
both MoM approaches exhibited a considerable difference (8.8%) from the MC results for the
standard deviation of the lift coefﬁcient, with a better behaviour observed for σJ of the drag
coefﬁcient. In addition, it was noticed that if FOSM over-predicts the standard deviation, SOSM
can only make the prediction worse since it adds an always constant contribution to the σJ
computed by FOSM.
Finally, the FOSM-based statistical moments of the drag coefﬁcient of the DrivAer car model
were compared to those computed with niPCE; the fariﬁeld velocity magnitude and angle were
considered as the uncertain variables. The mean value was computed with an acceptable accuracy (1.9% deviation from the niPCE results), however the standard deviation exhibited a
higher relative difference of 12%. Nevertheless, the low cost of the FOSM approach makes it
an ideal candidate as the UQ method used to compute the objective functions of robust design
optimization loops, as already presented by the group of authors in other publications.
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Abstract
This paper presents a software tool for carrying out reliability assessment of inelastic wind
excited systems through direct stochastic simulation. The tool address the need for practical
approaches that enable efficient evaluation of the safety of such systems in order to apply probabilistic performance-based design in wind engineering. In particular, the software application
is based on a recently proposed reliability assessment framework that integrates efficient inelastic response estimation approaches with a novel stochastic simulation scheme to propagate
a full range of code compliant uncertainties through inelastic systems. The eight tabs of the
graphical user interface of the software are designed to offer a user-friendly environment to
specify all relevant data in order to define and solve reliability analysis problems that are at
the core of modern performance-based wind engineering. The potential and applicability of the
software are illustrated on a 3-dimensional archetype building.
Keywords: Software, Uncertainty Quantification, Reliability Assessment, Stochastic Wind
Loads, Dynamic Systems.
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1

INTRODUCTION

With the introduction of performance-based wind engineering, the potential of designing
wind excited systems with controlled inelasticity has attracted growing interest and created a
need for tools to efficiently evaluate the safety of such systems while considering a full range
of uncertainties. To this end, an efficient framework that enables rapid uncertainty propagation
has been developed for assessing the reliability of systems experiencing inelasticity [1]. In particular, in estimating inelastic responses for each sample of the stochastic simulation, straindriven dynamic shakedown approaches have been developed to not only rapidly identify structural safety against common wind related failure mechanisms, e.g., low cycle fatigue and ratcheting, but also efficiently evaluate the plastic strains and deformations occurring at shakedown
while considering both concentrated and distributed plasticity [2],[3]. To further provide information on the inelastic responses beyond shakedown as well as any nonlinear response time
history of interest, an alternative adaptive fast nonlinear analysis (AFNA) approach that efficiently integrates the responses over the actual wind load history has been proposed for direct
integration with the reliability assessment framework [4].
In order to help bridge the gap between state-of-the-art research and current practice in wind
design, this paper presents a comprehensive software tool that enables the full transition from
proof-of-concept to practice of reliability estimation through direct uncertainty propagation.
The graphical user interface (GUI) of the tool consists in eight tabs that are designed for automatically carrying out all stages of the analysis, including defining the finite element model and
model uncertainties, calibrating the stochastic wind load model, executing the reliability analysis by propagating uncertainty through the system by stochastic simulation, and finally providing options to display or save simulation results. An application to a full scale archetype
building is presented to illustrate the practicality and efficiency of the software in propagating
a full range of code compliant uncertainties for reliability assessment of wind excited structures.
2

SOFTWARE FOR UNCERTAINTY PROPAGATION AND RELIABILITY
ASSESSMENT

2.1 Efficient Reliability Assessment Framework for Inelastic Wind Excited Systems
The reliability of a structure can be directly measured in terms of the failure probability
against a limit state of interest. In particular, the failure limit state can be expressed as ݃(= )܇
0. By convention, failure is defined as g(Y) < 0. The associated failure probability can then be
evaluated as:
1, ݂݅ ݃( < )܇0
ܲ = ܲ(݃( < )܇0) =  ࢟݀)࢟( ܇݂])܇(݃[ܫ  ڮ ,  = ])܇(݃[ܫ൜
0, ݂݅ ݃( )܇ 0

(1)

where Y is a vector of random variables, including uncertainties in both structural system and
external loads. In this work, all random variables in the analysis were carefully chosen so as to
be compliant with those considered in the derivation of load factors stipulated in design codes
[5]-[7]. In order to investigate the system level reliability of the structure and the possibility of
designing buildings with controlled inelasticity, a reliability assessment framework considering
not only traditional limit states, e.g., component yield, but also system-level inelastic limit states
has been proposed based on the concept of dynamic shakedown [1]. In particular, reliabilities
are estimated for the following four limit states (LS) of interest:
1. LS1: component-level yield limit state (traditional limit state used in current design);
2. LS2: system-level first yield limit state;
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3. LS3: system-level inelastic limit state (defined as the failure to achieve the state of dynamic shakedown);
4. LS4: inelastic displacement-based limit states.
To evaluate failure probabilities associated with inelastic limit states while considering a full
range of uncertainty, various efficient approaches have been developed to rapidly estimate inelastic responses of wind excited systems [2]-[4], enabling direct propagation of uncertainties
through the system. The failure probability can then be solved through the integral of Eq. (1)
for each limit state using simulation-based methods. In particular, an efficient stochastic simulation scheme based on conditional simulation [8] was developed to address the computational
challenges associated with direct Monte Carlo simulation, especially when the reliability index
of interest is associated with small failure probabilities, i.e., is in the tail of the distribution,
which usually requires very large sample sizes if reasonable accuracy is to be achieved. This
conditional simulation scheme is based on partitioning the wind hazard curve into a set of mutually exclusive and collectively exhaustive events, thereby enabling unbiased and high fidelity
estimation of small failure probabilities (e.g., 10-6) from small sample sets through the total
probability theorem. To further account for extreme wind events from each wind direction, a
sector-by-sector based approach, where the failure probability is defined from the most critical
sector, was developed within the aforementioned conditional stochastic simulation scheme. Finally, the failure probability can be further transformed into a commonly used reliability measure in terms of the “reliability index”, ߚ, for each limit state of interest based on the assumption
of the first-order reliability method, i.e., ߚ = Ȱିଵ (1 െ ܲ ).
2.2 Software Description
The software is equipped with a GUI where the user can, after introducing all relevant input
information, estimate the reliability of wind excited systems against various elastic and inelastic
limit states at both component and system levels, as defined in Section 2.1, through stochastic
simulation while considering a full range of uncertainties. To carry out the pre- and post-processing for the reliability assessment, the GUI is made up of eight tabs, as shown in Figure 1,
where the user can load the model, introduce the necessary information to set up the problem,
perform a preliminary gravity check, run the reliability analysis, and visualize and export analysis results. The various input parameters for the problem, ranging from the finite element
model, uncertainties, stochastic wind load model, simulation strategy, etc., to the analysis options are all input through the tabs. A detailed description of all menus and tabs are outlined an
accompanying manual distributed with the software.
The first step to carrying out reliability analysis using the software is to define all necessary
information for the building model. In particular, OpenSees (Open System for Earthquake Engineering Simulation) finite element models can be directly imported into the GUI through various tcl files for model generation on the Building Info. tab. Furthermore, to account for the
uncertainties (record-to-record variability) in the wind loads, the stochastic wind load model is
required. In this software, a wind tunnel informed proper orthogonal decomposition (POD)
model is adopted for simulating stochastic wind loads. Hence, the user is required to introduce
relevant POD data and information into the software on the Wind Loads tab. Statistical information for uncertainties associated with the structural system, gravity and wind loads must also
be provided for running the reliability analysis.
Another key aspect of running reliability analysis through the software is that the user must
set up the conditional simulation scheme [1], including the site specific wind hazard curve, for
the analysis. Two wind hazard curves will be generated by fitting a Type I or Weibull distributions to a series of basic wind speeds corresponding to various mean recurrence intervals (MRI)
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as suggested in ASCE 7 [9] while considering the selected Risk and Terrain Exposure Category
[9]. The user then has the option to choose their desired wind speed distribution for subsequent
analysis based on the fitted curves displayed on the Simulation Strategy tab.

(a) TAB 1: Building Info.

(b) TAB 2: Wind Loads.

(c) TAB 3: Gravity Loads.

(d) TAB 4: Simulation Strategy.

(e) TAB 5: Calculations.

(f) TAB 6: Analysis Results.

(g) TAB 7: Response Histories.

(h) TAB 8: Notes.

Figure 1: Layouts for all tabs of the software.

374

Wei-Chu Chuang and Seymour MJ Spence

Once the problem has been set up, two preliminary checks, namely the gravity check and
preliminary shakedown analysis, can be carried out on the Calculations tab. Output files summarizing sample information and demand to capacity ratios for all elements will be generated
automatically to assist the user in designing or modifying section sizes of the building in order
to achieve a target performance.
After the preliminary check, pressing Run reliability analysis button on the Calculations tab
starts the simulation and a wait bar is created (as a separated window) to update current progress
as the analysis moves through each sample. Once the computation is finished, the analysis results are saved automatically and can be displayed on the Analysis Results tab. Reliability indexes, critical elements, histogram for plastic reserves and probabilistic distributions for any
inelastic response of interest can be plotted selecting the corresponding button on this tab. All
outputs on this tab can also be exported from the main menu in csv or xlsx format. Finally,
response time histories can be generated on the Response Histories tab for any selected sample
of interest using the AFNA approach for further review.
3

CASE STUDY

An example building will be presented in this section to demonstrate the potential of the
presented software. All input and files necessary for running the reliability analysis are distributed with the software and described in detail in the user’s manual.
3.1 Description
A 45-story archetype building, as shown in Fig. 2(a), is presented to demonstrate the potential of the presented software. The layout consists of 45 levels of office space, floor system
composed of 63.5 mm (2.5 in.) of light-weight concrete over 76.2 mm (3 in.) of composite deck
supported by steel beams and columns. The columns and braces are wide angle W14 sections
except for the corner columns at lower levels, which are square box sections. Each floor is
considered to act as a rigid floor diaphragm for horizontal movements. The story height is 4 m
for all levels. The overall height of the structure is 180 m. In estimating elastic responses, the
first six modes are considered in the modal analysis with damping ratios of 2%. The steel composing the frame is assumed to be elastic perfectly plastic with nominal yield stress ܨ௬ = 345
MPa. The nominal Young’s modulus ܧ௦ and shear modulus ܩ௦ are taken to be 200 GPa and 77
GPa respectively. Nominal floor loads including self load, superimposed dead load and live
load are summarized in Table 1. Uncertainties in the structural system as well as in the gravity
and wind loads are considered in the reliability analysis (Table 2).
Self Load
2.4

Superimposed Dead Load
0.72

Live Load
3.1

Table 1: Nominal floor loads of the 45-story archetype building (Units: kN/m2).

ܨ௬
ܧ௦
ߦ
ܦ
ܮ௧

Nominal
345 (MPa)
200 (GPa)
2%
-

Mean/Nominal
1.1
1
1
1.05
0.24

Coefficient of Variation
0.06
0.04
0.3
0.1
0.6

Distribution
Normal
Lognormal
Lognormal
Normal
Gamma

Table 2: Description of random variables considered for the 45-story archetype building.
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Figure 2: (a) 3D view of the 45-story archetype building and (b) site specific 50-year non-directional mean
hourly wind speed at the reference height of the archetype building.

Wind tunnel driven stochastic wind loads of T = 3600 s were considered with random wind
speeds generated from the site specific hazard curve, as shown in Figure 2(b). In modeling wind
directionality, eight sectors, specifically NE, E, SE, S, SW, W, NW and N, were considered in
the analysis. To further model the uncertainty in wind direction within each azimuthal sector in
the stochastic simulation, the wind direction is assumed in the software to be uniformly distributed between the upper and lower bounds of each azimuthal sector.
3.2 Results
The reliability for the archetype building was determined for four failure limit states outlined
in Section 2.1. In particular, peak interstory drift ratio of 1%, peak drift at the building top of
0.5% and permanent set of 0.1% were considered as deformation limits for LS4. The analysis
was carried out for a total of 3200 samples, i.e., 400 samples for each wind direction sector.
Figure 3 reports the reliability indexes for all limit states in a format that can be exported from
the software. By comparing the reliabilities associated with all limit states, it can be observed
that this structure is more susceptible to failure due to excessive inelastic deformations, peak
displacements at the building top and peak interstory drifts, rather than the inability to shakedown. In addition, figures for plastic reserve of the system and probability distribution of any
response parameter of interest can also be plotted on the Analysis Results tab, as shown in Figure 4 for the histogram of the plastic reserve of the system and the distribution associated with
the peak displacements at the building top in the X-direction.
Limit State
LS1
LS2
LS3
LS4

Description
First component yield
First system yield
Non-shakedown
Peak interstory drift-X
Peak interstory drift-Y
Permanent set-X
Permanent set-Y
Peak displacement @ Top-X
Peak displacement @ Top-Y

=
=
=
=
=
=
=
=
=

Reliability Index (Average) Floor (Average)
3.38
3.31
3.90
4.14
43
3.97
43
3.97
11
4.23
19
3.46
3.65
-

=
=
=
=
=
=
=
=
=

Reliability Index (Sectorial)
2.84
2.81
3.50
3.63
3.36
3.52
3.76
2.94
3.03

Floor (Sectorial)
43
43
12
21
-

Figure 3: Reliability indexes for the 45-story archetype building exported from the software.
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Figure 4: (a) Histogram of plastic reserve and (b) probability of exceedance of the peak displacements at the
building top in the X-direction for the 45-story archetype building.

4

CONCLUSIONS

This paper presented a software tool for carrying out reliability analysis of inelastic wind
excited systems through direct stochastic simulation with the aim of enabling the full transition
from proof-of-concept to practice of reliability estimation considering a full range of uncertainty. The tool is equipped with a GUI that consists in eight tabs that are designed for automatically carrying out all stages of the analysis including: importing the OpenSees finite element
model; calibrating the stochastic wind load model; executing the reliability analysis based on
efficient conditional stochastic simulation; and finally providing options to display/save the
results from the analysis and rerun samples of interest to have a comprehensive understanding
of the nonlinear response of the system. The potential of the presented software was demonstrated on a 45-story archetype building subject to stochastic wind loads.
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Abstract. Deep learning models have contributed to a broad range of applications, but require large amounts of data to learn the desired input-output mapping. Despite the success
in developing prediction engines that have high accuracy, much less attention has been given
to assessing the error associated with individual predictions. In this work, we study machinelearning models of uncertainty quantiﬁcation for regression, i.e., methods that are almost purely
data driven and use deep learning itself to quantify the conﬁdence in its predictions. We use
two approaches, namely the heteroscedastic and quantile formulations, and their extensions to
problems with multidimensional output. We focus on the low data limit, where the data sets
available are on the order of hundred, not thousands, samples. Through numerical experiments
we demonstrate that both heteroscedastic and quantile formulations are robust and good at uncertainty estimation even in this low data limit. We note that the quantile formulation seems
to have better performance and is more stable than the heteroscedastic case. Overall, our
studies pave the way towards practical design of deep learning models that provide actionable
predictions with quantiﬁed uncertainty using accessible volumes of data.
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1

INTRODUCTION

Deep learning models have contributed to a broad range of applications including image
processing, speech recognition, drug discovery and computational materials science. These
models can often vastly accelerate inference, but, being purely data driven with little input about
the subject matter, require large amounts of data to learn the desired input-output mapping. Most
of the work in the ﬁeld has been on developing prediction engines that have high accuracy; much
less attention has been given to automatically assessing the error associated with individual
predictions, but this is no less an essential task when the results are applied in ﬁelds such as
medicine or engineering [1].
In this work we study machine-learning based models of uncertainty quantiﬁcation for regression. In contrast with ensemble methods [2], probabilistic machine learning methods [3]
or dropout-based approaches [4], that use the mean and variance generated by the dispersion
among realizations of models, the strategies that we apply are based on treating the simultaneous
prediction of the target and its conﬁdence as a multi-task problem and training the regression
models using loss functions that speciﬁcally take into account a measure of predictive uncertainty. We speciﬁcally evaluate heteroscedastic [5] and quantile [6] formulations and consider
their extension to problems with multidimensional output.
The need for uncertainty quantiﬁcation is especially true in the low data limit, where the
density of input points is too low to have replicate measurements in small neighborhoods in
feature space, and yet predictions that do not separate the certain from the uncertain are often
not actionable! Therefore, in this work, we also study this small data limit. In particular, we
study the case where the data sets available are on the order of hundred, not thousands of,
samples. Real world data in the biological world are often similarly scarce, due, for example, to
the high-cost of experiments, a large number of control parameters, and the high-dimensionality
of the poorly-understood feature space, which makes it critical to maximize the predictive value
of the trained models.
The document is structured as follows. Sec. 2 introduces the different uncertainty quantiﬁcation formulations evaluated for regression tasks. Sec. 3 describes the machine learning
architectures used. Sec. 4 details the numerical experiments performed, and Sec. 5 ﬁnalizes
with conclusions drawn from the work.
2

UNCERTAINTY QUANTIFICATION MODELS

We compare two different strategies for deep-learning the uncertainty quantiﬁcation task,
namely the heteroscedastic [5] and quantile [6] formulations. The former models the predictions as normal random variables with parameters that depend on the input. The learning
task, then, involves the simultaneous prediction of the mean and the variance of the target output. The quantile formulation, on the other hand, directly learns the various quantile functions
for the prediction as a multi-task setting. We also consider extensions of heteroscedastic and
quantile formulations for problems with multidimensional output. This section describes both
approaches in more detail.
2.1

Heteroscedastic Model

For simplicity, we ﬁrst consider a heteroscedastic model which regards the one-dimensional
observed value as a sample from a univariate normal distribution, with the mean and the variance
given by a smooth function of the input features. In the next subsection, we will generalize the
method to higher-dimensional observations, for which multivariate Gaussian distributions shall
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be adopted. To learn to predict both mean and variance, the machine learning model is trained
to minimize the negative log-likelihood (NLL) of the feature-dependent normal distribution [5].
Hence, the heteroscedastic loss over the entire training dataset which consists of N pairs of
input xi and output yi , i = 1 . . . N , can be expressed as,
>

L(f, σ; y

i

?N
, xi i=1 )

N
3 i
3
1 
1
3y − f (xi )32 + 1 log σ(xi )2 ,
=
N i=1 2σ(xi )2
2

(1)

with f (x) and σ(x)2 the mean and variance predictions of the model, respectively, and N the
samples in the training set. This is similar to the work of Lakshminarayanan et al. [7], but differs
in the fact that we do not use ensembles, and also, we guarantee the positivity of the variance
by predicting log σ(xi )2 as in [5], instead of the softplus function log(1 + exp(·)) that they use.
Multivariate Approach
For prediction of multiple outputs, a product of one-dimensional normal distributions is not
able to capture the correlation in the uncertainty prediction of the different outputs. Therefore,
we use the probability density function (PDF) of a multivariate normal distribution to construct
the heteroscedastic loss for the multivariate case. The PDF of a multivariate normal distribution
can be written as
$
%
1
det(Σ)−1/2
T −1
exp − (z − μ) Σ (z − μ) ,
(2)
f (z; μ, Σ) =
2π k/2
2
where μ ∈ Rk stands for the mean, Σ ∈ Rk×k represents the positive deﬁnite covariance matrix,
and k is the output space dimension. To learn to predict both the mean and covariance, the machine learning model is trained to minimize the NLL of the multivariate normal PDF, again with
parameters chosen as smooth functions on the input domain. The multivariate heteroscedastic
loss corresponds to
>

L(f , Σ; y

i

?N
, xi i=1 )

N

1  i
=
(y − f (xi ))T Σ(xi )−1 (yi − f (xi )) + log det(Σ(xi )) ,
N i=1

(3)

where f (x) ∈ Rk stands for the vector of the mean prediction of the model with k outputs,
Σ(x) ∈ Rk×k represents the predicted covariance matrix, y the true mean value, and the constants (2π)−k/2 and 1/2 have been omitted. To guarantee the that the covariance matrix Σ is
positive deﬁnite, the learning task is speciﬁed such that one learns A such that Σ = AT A, which
is positive by deﬁnition.
In general, we need to be careful to avoid the ﬂat-directions of A, i.e., the changes in A
that do not change AT A making the learning task difﬁcult. In the two-output case, with vector
f (x) ∈ R2 and matrix A(x) ∈ R2×2 , which will be the focus of our study, this problem is easily
solved. For simplicity, the explicit x dependence of A is (mostly) omitted in the following
description. Since the 2 × 2 matrix A can be represented in terms of scalar components a, b, c, d,
as
$
%
a b
A=
,
c d
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the corresponding covariance matrix can be written as
$
T

Σ = A A=

a b
c d

%T $

a b
c d

%

$
=

a2 + c2 ab + cd
ab + cd b2 + d2

%

$


2
σ12
σ11
2
σ12 σ22

%
. (4)

Note that any simultaneous rotation by the same angle of the vectors given by the columns of
matrix A leaves the covariance matrix unchanged. We choose rotation angle θ = arctan(c −
b)/(a + d), to force b = c. With this convention, we can learn the three unconstained parameters
a, b ≡ c, and d instead of the three parameters σij that need to be constrained to obtain a positive
matrix Σ. The remaining freedom in the choice of the parameters turns out to be discrete sign
freedoms of the two rows that do not pose difﬁculties in learning. With Σ in hand, the likelihood
function can be explicitly calculated by computing the inverse of the 2 × 2 covariance matrix
analytically,
%
$ 2
1
σ22 −σ12
−1
,
(5)
Σ =
2
−σ12 σ11
det(Σ)
2 2
2
σ22 − σ12
= 0. Deﬁning: e = (e1 , e2 )T = y − f (x), allows to write
with det(Σ) = σ11

%T $ 2
%$
%
$
1
σ22 −σ12
e1
e1
NLL =
+ log det(Σ)
2
−σ12 σ11
e2
det(Σ) e2
1
2
(σ 2 e2 − 2 σ12 e1 e2 + σ11
e22 ) + log det(Σ) .
=
det(Σ) 22 1

(6)

Thus, the loss function for a heteroscedastic approach with two outputs can be written in a
simpliﬁed form as
>

L(f , Σ; y

i

?N
, xi i=1 )

N $
1 
1
=
(σ22 (xi )2 (y1i − f1 (xi ))2
N i=1 det(Σ(xi ))

− 2 σ12 (xi )(y1i − f1 (xi ))(y2i − f2 (xi ))
i 2

+ σ11 (x )
2.2

(y2i

%

− f2 (x )) ) + log det(Σ(x ))
i

2

i

.

(7)

Quantile Model

The quantile model does not make any assumption about the underlying distribution of the
samples. Thus, instead of predicting mean and variance of a normal distribution, the predictions
are directly of the various quantiles. A quantile is a set of values that divides a frequency
distribution of a variable into equal groups, each containing the same fraction of the whole
variable range. To learn a quantile map with a machine learning model, the model is trained to
minimize the quantile loss for any given quantile α ∈ (0, 1). The quantile loss for an individual
sample xi is deﬁned as [8]
"
α ξi
if ξ i ≥ 0 ,
i
,
(8)
Lα (ξ ) =
(α − 1) ξ i if ξ i < 0 .
where ξ i = y i − f α (xi ), and, y i and f α (xi ), correspond to the observed value and the predicted
quantile α, respectively.
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In order to learn to predict several quantiles simultaneously, a loss function composed by the
sum over the individual quantile losses of the entire data set can be formulated as follows
α

>

L({f } ; y

i

?N
, xi i=1 )

N
 1 


=
Lα y i − f α (xi ) .
N i=1
α

(9)

Speciﬁcally, we devise our model to predict three quantiles: the 1st, 5th, and 9th deciles, corresponding to α = 0.1, 0.5 and 0.9, respectively. Note that the quantile for α = 0.5 is the median
of the distribution.
Multivariate Approach
Extending the quantile formulation to prediction with multiple outputs is not as direct as
in the heteroscedastic case, since there is no underlying assumption of the form of the sample distribution, nor a basis for imposing an ordering in multivariate observations as is in the
scalar one-output case. Among possible multivariate quantile extensions, we use the generalization given by the geometric quantile formulation proposed in [9]. In the geometric quantile
formulation, the d-dimensional multivariate quantiles are indexed by elements of the open unit
ball B (d) = {u|u ∈ Rd , |u| < 1}. A function Φ(u, t) = |t| + u, t is deﬁned for any
element u ∈ B (d) and t ∈ Rd , with ·, · denoting the usual Euclidean inner product. The
geometric quantile Q̂n (u) corresponding to (‘index’) u and based on d-dimensional data points
X1 , X2 , . . . , Xn is deﬁned as
n

Q̂n (u) = arg min
Φ(u, Xi − Q) .
(10)
Q∈Rd

i=1

Note that for u = 0, the quantile Q̂n (0) corresponds to the spatial median. Also, note that
a u with |u| close to 1 corresponds to an extreme quantile, while close to 0 corresponds to a
central quantile. In general, the magnitude of |u| measures the extent of deviation of Q̂n (u)
n
with respect to the center of the cloud formed by the {Xi }i=1 points, while the direction of u
can be interpreted as providing a notion of how ‘out’ a point is in a given direction with respect
to the center of the cloud, considering the geometry of the cloud itself. Further details can be
found in [9].
In our case, we restrict ourselves to directions of u = 1, i.e., the vector with unit components,
while adopting the proper normalization to make it an element of B (d) . Overloading the alpha
notation, to keep a knob α ∈ (0, 1), we deﬁne the following geometric multivariate quantile
loss
%
$
1
i
i
(11)
Lα (ξ ) = Φ √ (2α − 1) , ξ ,
d
where ξ i = yi − f α (xi ), f α (xi ) is the predicted multivariate quantile model, yi is the observed
value and d is the output dimension. Note that α = 0.5 corresponds to the spatial median,
while for α < 0.5 this quantile formulation really uses the u = −1 direction. Analogously to
the 1D case, we learn simultaneously several geometric multivariate quantiles (in the u = ±1
direction), by minimizing
α

>

L({f } ; y

i

?N
, xi i=1 )

N
 1 


=
Lα yi − f α (xi ) .
N i=1
α

With this setting, we again use α = 0.1, 0.5 and 0.9.
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3

MACHINE LEARNING MODELS

To instantiate the uncertainty quantiﬁcation formulations discussed and estimate f , f α and
Σ, we construct different machine learning architectures and train them for regression tasks.
Speciﬁcally, we build multi-layer feed-forward neural networks with different number of layers
and train them using the loss functions described for heteroscedastic and quantile formulations.
The multi-layer feed-forward neural network that we train is composed of neurons with dense
connections. The output oλν of each artiﬁcial neuron ν in layer λ is computed as


(13)
oλν = h wνλ · ξ λ + bλν ,
where ξ λ represents the input vector at layer λ; wνλ and bλν represent neuron parameters: weight
vector and bias, respectively; the operator · denotes a dot product; and h, the activation function.
We use a rectiﬁed linear unit (ReLU): ReLU(β) = max(0, β) as the activation function, except
in the output layer where we use a linear activation.
We keep the same architecture in all cases to asses the impact of the loss function. We adapt
the number of model outputs according to the uncertainty quantiﬁcation to evaluate:
• 1D Heteroscedastic: prediction of mean response f (x) and variance σ(x)2 .
• 2D Heteroscedastic: prediction of mean response f (x) and covariance matrix Σ(x).
• 1D Quantile: prediction of α = 0.1, 0.5, 0.9 quantiles, f 0.1 (x), f 0.5 (x), f 0.9 (x), respectively.
• 2D Quantile: prediction of u = ±1 α = 0.1, 0.5, 0.9 multivariate quantiles, f 0.1 (x),
f 0.5 (x), f 0.9 (x), respectively.
Speciﬁcally, a heteroscedastic model for one-variable prediction has two outputs: f (xi ) and
σ(xi ), while a heteroscedastic model for two-variable prediction has ﬁve outputs: f1 (xi ), f2 (xi ),
σ11 (xi ), σ12 (xi ) and σ22 (xi ). Analogously, a quantile model for one-variable prediction has
three outputs, since we chose to predict three quantiles: f 0.5 (xi ), f 0.1 (xi ) and f 0.9 (xi ). A quantile model for two-variable prediction has six outputs, since we chose to predict three quantiles:
f10.5 (xi ), f20.5 (xi ), f10.1 (xi ), f20.1 (xi ), f10.9 (xi ) and f20.9 (xi ).
Regularization To reduce the possibility of model overﬁtting we apply two well known
techniques. We use dropout [10] after each dense layer to randomly drop a fraction of the
layer’s neurons and avoid co-adaptation. We also make use of the Tikhonov regularization by
minimizing the 2 norm of the weight vectors wνλ associated to the different neurons in the
model.
4

NUMERICAL EXPERIMENTS

We compare the heteroscedastic and quantile formulations in terms of predictive uncertainty
for synthetic data, where we know the ground truth, using regression prediction tasks with
one-output (1D case) and two-outputs (2D case). We assess the effect of model complexity
by training machine learning models with different numbers of layers. To measure the performance we use the following metrics: mean squared error (MSE) eq. (14), the coefﬁcient of
determination (R2 ) eq. (15) and the negative log-likelihood (NLL) eq. (16).
N
3
1 3
3y i − f (xi )32 ,
MSE(y, f ) =
N i=1
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N
i
i 2
i=1 (y − f (x ))
R (y, f ) = 1 − 
,
n
i − ȳ)2
(y
i=1
2

ȳ =

N
1  i
y ,
N i=1

N
3 i
3
1 
1
3y − f (xi )32 + 1 log σ(xi )2 .
NLL(y, f, σ) =
N i=1 2σ(xi )2
2

(15)

(16)

Note that these expressions refer to the 1D case but analogous expressions apply to the 2D
case for MSE and NLL. For computing R2 in the 2D case, the outputs are concatenated in a 1D
vector. Note also that for the quantile model the prediction f (xi ) used is the median, i.e., the 5th
decile: f 0.5 (xi ). Additionally, note that the NLL expression is valid only for the heteroscedastic
model. For measuring NLL of a quantile model, in 1D, we use a normal approximation where
we suppose that the interdecile range (IDR), equivalent to the difference between 9th and 1st
deciles (i.e., 80% of the samples), corresponds to 80% of the samples of a normal distribution.
In a normal distribution this percentage is contained in a band of 1.28σ radius from the mean.
Hence we use σ(xi )q = IDR(xi )/2.56. We do not estimate the likelihood for the 2D quantile
model.
Moreover, in order to have a metric that is sensitive to predictive uncertainty but that is independent of the hypothesized sample distribution, we use the 80% coverage. This is estimated
in the 1D heteroscedastic case by computing the fraction of samples falling inside the band of
1.28σ radius from the mean. In the 2D heteroscedastic case, by computing the fraction of samples falling inside the ellipsoid with isolevel equal to −2 log(0.2). In the 1D quantile case, by
computing the fraction of samples falling inside the interval between 1st and 9th deciles. And
in the 2D quantile case, by computing the fraction of samples falling inside the square deﬁned
by using multivariate quantiles α = 0.1 and α = 0.9 as corners.
4.1

Synthetic Data Generation

Synthetic data has been constructed using the Hill model,
⎧
kh
⎨ r1 + (r2 − r1 ) kh +xh
H(x; r1 , r2 , k, h) =
⎩
−h
r1 + (r2 − r1 ) k−hk+x−h

for h ≥ 0 ,
(17)
for h < 0 ,

with parameters h and r1 , r2 , k > 0.
For the 1D case, i.e., the one-output case, the Hill model with parameters r1 = 10, r2 = 30,
k = 10 and h = −6 is used as the base function, y = H(x). A 1D Gaussian noise is added
to it. The Gaussian noise has mean zero and standard deviation given by another Hill model
with parameters r1 = 5.48, r2 = 3.16, k = 10 and h = −6. In this way we simulate a
heteroscedastic, i.e., feature-dependent, noise model. This data is plotted in Figure 1 (Left). It
can be seen that it corresponds to a monotonically decreasing 1D signal with relatively high
dispersion and that the dispersion moderately increases for higher x-coordinate values. Note
that the MSE of the noisy data with respect to the clean data is MSE=19.03.
For the 2D case, i.e., the two-outputs case, a Hill model with parameters r1 = 10, r2 = 30,
k = 10 and h = 5 is used as base function for y1 = H(x) and y2 = H(x + 1). A 2D
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Gaussian noise is added to the outputs. The Gaussian noise has mean zero and covariance
matrix Σ = AT A with
%
$
5 × 10−3 x2 2 × 10−3 x
.
A(x) =
2 × 10−3 x 8 × 10−3 x2
This data is plotted in Figure 1 (Right). It can be seen that it corresponds to a monotonically
increasing 2D signal with relatively low dispersion and that the dispersion increases for higher
x-coordinate values. Note that the MSE of the noisy data with respect to the clean data is
MSE=0.19.
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Figure 1: Synthetic data generated for model training. Left: 1D, N=3000. Right: 2D, N=10000.

4.2

Results

For the numerical experiments, we build sets of 3000 samples for the 1D case and 10000
samples for the 2D case. For the 1D case, we construct uncertainty estimator models with
50 neurons per layer, and, 2, 3, 5 and 10 layers. For the 2D case, we construct uncertainty
estimator models with 100 neurons per layer and, 1, 2, 3, 5 and 10 layers. We use low and
high levels of regularization. These correspond to: dropout=0.01 and Reg 2 = 1 × 10−8
(i.e., the factor used for weighting the regularization term given by the 2 norm of the network
weight parameters), for low regularization and dropout=0.2 and Reg 2 = 1 × 10−5 for high
regularization. We split the data in 80% training and 20% testing. We train these models with
the Adam optimizer [11] during 500 epochs for 1D models and 1000 epochs for 2D models,
since those are the approximate number of epochs for stabilized loss function. All the models
are implemented in Keras [12].
Box plots for the 1D results obtained for training with N=2400 samples evaluated over the
test set (600 samples) for 20 repetitions are shown in Figure 2. Note that both type of models
exhibit good performance not only with respect to the predicted value (MSE comparable to
training data, median R2 > 0.75) but also in terms of the uncertainty estimations, with similar
NLL and coverage close to the expected 80%. Overall, metrics are slightly better for the quantile
model, even when the data is a heteroscedatic noisy data. Interestingly, note that there is no
signiﬁcant change in performance for the different number of layers evaluated (2, 3, 5 and 10
layers) or for the low and high regularization levels used.
Box plots for the 2D results obtained for training with N=8000 samples evaluated over the
test set (2000 samples) for 20 repetitions are shown in Figure 3. Note that both type of models
exhibit good predictive accuracy (MSE comparable to training data, median R2 > 0.9) and the
uncertainty estimations are close to the 80% coverage speciﬁed, with slight under-prediction
for the heteroscedastic case and the quantile with low regularization and small over-prediction
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Figure 2: Statistics for models with low and high regularizations, for 1D data and N=2400 samples. LY denotes
the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

for the quantile with high regularization. Additionally, performance is similar for models between 1 and 3 layers, with performance degrading a little for models with 5 layers and high
regularization or 10 layers.
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Figure 3: Statistics for models with low and high regularizations, for 2D data and N=8000 samples. LY denotes
the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

4.2.1

Low Data Limit in 1D

For evaluating the consistency between models trained with enough data and models trained
in the low data limit, we repeat the training procedure but using N = 30 samples for training.
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Note that in this case we let models with 10 layers to train during 1000 epochs.
Box plots for the 1D results obtained for training with N = 30 samples evaluated over the test
set (2970 samples) for 20 repetitions are shown in Figure 4. MSE and R2 for the heteroscedastic
model have been framed in ranges comparable to quantile results so some boxes for the 2 layers
neural network are cut. Note that despite the substantial reduction of the data for training, the
model performance only narrowly degrades with respect to the case where enough samples
are available. Also, some differences between the performance of the two main uncertainty
quantiﬁcation paradigms start to emerge, as well as some more notorious deviations with respect
to the complexity of the architecture of the network or the regularization level.
The performance of the quantile formulation degrades less than the heteroscedastic one, with
lower MSEs and NLLs, higher R2 and coverage closer to the 80% expected value. Also, the
quantile performance is consistent for 2 to 5 layers deteriorating for the 10-layers network with
low regularization (labeled LY10L in the plots). In general, the regularization seems to play a
minor role, with little differences in the 80% coverage prediction between low and high regularization. In contrast, the heteroscedastic model with 2 layers has poor performance. Between
3 to 5 layers, low regularization seems moderately better than high regularization, but the opposite seems to apply for 10 layers. These results seem to indicate that the quantile formulation
is more robust for the low data limit, requiring only marginal regularization, unless the network
has a high complexity, in which case stronger regularization helps. The heteroscedastic formulation needs an architecture that has medium complexity to be effective in the low data limit,
with slightly better performance for low regularization.
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Figure 4: Statistics for models with low and high regularizations, for 1D data and N=30 samples. LY denotes
the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

Additionally, we include results in the low data limit for models trained to minimize the MSE
loss, i.e., without considering any uncertainty quantiﬁcation formalism. Box plots for the 1D
results obtained for training with N = 30 samples evaluated over the test set (2970 samples)
for 20 repetitions are shown in Figure 5. The homoscedastic label denotes that no speciﬁc noise
model is used for training. Note again that the degradation observed for heteroscedastic and
quantile formulations, is in the order of the one for the homoscedastic case, in the small data
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Figure 5: Statistics for models with low and high regularizations, for 1D data and N=30 samples, trained without uncertainty quantiﬁcation. LY denotes the number of layers, while the L or H sub-index is used to denote
regularization level.

limit. Therefore, adding uncertainty quantiﬁcation does not sacriﬁce model performance, even
in the low data limit. On the contrary, it provides a complementary level of information and
a small reduction of the model dispersion, specially for cases where the MSE loss has worse
performance.
Nevertheless, in the low data limit it makes more sense to also assume that the amount of
data for testing is low. Hence, a more practical comparison seems to be to also evaluate model
performance in a small testing set. We evaluate this criterion in the models with 3 layers. In this
comparison, we randomly select 40 samples and split them randomly into two subset: N = 30
samples for training and the remainder 10 samples for testing. We sweep over a logarithmic
10 × 10 grid of the regularization parameters. For dropout in the range: [1 × 10−3 , 2 × 10−1 ] and
for Reg 2 in the range [1×10−8 , 1×10−4 ]. For each of the different regularization combinations
in the grid, we train a model for 500 epochs and evaluate the performance with respect to all
the metrics in the testing set of 10 samples. We compute 20 repetitions over the grid sweeping
and report the test median in Figure 6. Not all the metrics are completely consistent with each
other, but it seems that the performance for the heteroscedastic model is slightly better on the
lower left corner (i.e., very low dropout and 2 regularization), while there does not seem to be
a clear trend in the quantile model.
4.2.2 Low Data Limit in 2D
We proceed as in the 1D case and train models for the 2D data in the low data limit using N =
60 and low and high regularizations. Note than in this case the heteroscedastic model requires
more iterations to achieve reasonable performance (i.e., about 10000 epochs). Likewise, we
train the highly regularized quantile model for 3000 epochs due to slight oscillations. Box
plots for the 2D results obtained for training with N = 60 samples evaluated over the test
set (9940 samples) for 20 repetitions are shown in Figure 7. Overall the performance of the
low data limit models is consistent with the models trained with enough samples. The main
differences can be found in the 80% coverage results, with both formulations exhibiting better
performance for models with low regularization. As a reference, box plot results for training
with MSE loss are included in Figure 8. Again, uncertainty quantiﬁcation formulations, do not
degrade performance while slightly reducing model dispersion and providing a measure of the
conﬁdence in the machine learning model predictions.
Analogously to the 1D case, we also evaluate the model performance in a small testing set
using models with 3 layers. Therefore, we randomly select 80 samples and split them randomly
into two subset: N = 60 samples for training and the remainder 20 samples for testing. We
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Figure 6: Statistics for models with 3 layers over a grid of different dropouts and 2 norm regularizations for 1D
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0.8 correspond to better performance. Top: Heteroscedastic. Bottom: Quantile. Same scale used in both cases.
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Figure 7: Statistics for models with low and high regularizations, for 2D data and N=60 samples. LY denotes
the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

sweep over the same 10 × 10 logarithmic grid of the regularization parameters than in the 1D
case. For each of the different regularization combinations in the grid, we train a model for
5000 epochs for the heteroscedastic case and 1000 epochs for the quantile case, and evaluate
the performance with respect to all the metrics in the testing set of 20 samples. We compute 20
repetitions over the grid sweeping and report the test median in Figure 9. It seems clear that in
both formulations better results are achieved for small dropout regularization.
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Figure 8: Statistics for models with low and high regularizations, for 2D data and N=60 samples, trained without uncertainty quantiﬁcation. LY denotes the number of layers, while the L or H sub-index is used to denote
regularization level.
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Figure 9: Statistics for models with 3 layers over a grid of different dropouts and 2 norm regularizations for 2D
data and N=60 samples. When blue colormap is used, lower values correspond to better performance; when red
colormap is used, higher values correspond to better performance; when gray colormap is used, values closer to
0.8 correspond to better performance. Top: Heteroscedastic. Bottom: Quantile. Same scale used in both cases,
losing some resolution.

5

CONCLUSIONS

In this work, we applied uncertainty quantiﬁcation models, namely heteroscedastic and quantile formulations, to synthetic data with one and two-outputs. We trained neural-network models
with different complexities and evaluated their performance in the low data limit, where just a
handful of data (tens of samples) is available. Through numerical experiments we demonstrate
that both heteroscedastic and quantile formulations are robust and good at uncertainty estimation even in the low data limit. Furthermore, we ﬁnd that in these formulations, very small ‘true
regularization’ strategies, such as dropout or weighting of the 2 -norm of the parameters, are
required to produce good results even for complex models. Also, we note that the quantile formulation seems to have better performance and is more stable than the heteroscedastic case, i.e.,
the quantile models do not degrade as fast when model complexity is increased. Overall, our
studies pave the way towards practical design of deep learning models that provide actionable
predictions with quantiﬁed uncertainty using accessible volumes of data.

391

Cristina Garcia-Cardona, Yen Ting Lin and Tanmoy Bhattacharya

ACKNOWLEDGEMENTS
This work has been supported in part by the Joint Design of Advanced Computing Solutions
for Cancer (JDACS4C) program established by the U.S. Department of Energy (DOE) and the
National Cancer Institute (NCI) of the National Institutes of Health, and was performed under the auspices of the U.S. Department of Energy by Los Alamos National Laboratory under
Contract DE-AC5206NA25396. YTL acknowledges partial support from LDRD (Laboratory
Directed Research and Development) program under project 20210043DR (Uncertainty Quantiﬁcation for Robust Machine Learning). Approved for public release LA-UR-21-22482.
REFERENCES
[1] E. Begoli, T. Bhattacharya, and D. Kusnezov, “The need for uncertainty quantiﬁcation
in machine-assisted medical decision making,” Nature Machine Intelligence, vol. 1, pp.
20–23, Jan. 2019.
[2] S. Jain, G. Liu, J. Mueller, and D. Gifford, “Maximizing overall diversity for improved
uncertainty estimates in deep ensembles,” Proceedings of the AAAI Conference on
Artiﬁcial Intelligence, vol. 34, no. 04, pp. 4264–4271, Apr. 2020. [Online]. Available:
https://ojs.aaai.org/index.php/AAAI/article/view/5849
[3] C. Blundell, J. Cornebise, K. Kavukcuoglu, and D. Wierstra, “Weight uncertainty in neural
networks,” in Proceedings of the 32nd International Conference on International Conference on Machine Learning - Volume 37, ser. ICML’15. JMLR.org, 2015, p. 1613–1622.
[4] Y. Gal and Z. Ghahramani, “Dropout as a Bayesian approximation: Representing model
uncertainty in deep learning,” in Proceedings of Machine Learning Research, M. F. Balcan
and K. Q. Weinberger, Eds., vol. 48. New York, New York, USA: PMLR, 20–22 Jun
2016, pp. 1050–1059. [Online]. Available: http://proceedings.mlr.press/v48/gal16.html
[5] A. Kendall and Y. Gal, “What uncertainties do we need in Bayesian deep learning for
computer vision?” in Advances in Neural Information Processing Systems, I. Guyon,
U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vishwanathan, and R. Garnett, Eds.,
vol. 30. Curran Associates, Inc., 2017, pp. 5574–5584. [Online]. Available: https://
proceedings.neurips.cc/paper/2017/ﬁle/2650d6089a6d640c5e85b2b88265dc2b-Paper.pdf
[6] S. Abeywardana, “Deep quantile regression,” 2018, https://towardsdatascience.com/deepquantile-regression-c85481548b5a.
[7] B. Lakshminarayanan, A. Pritzel, and C. Blundell, “Simple and scalable predictive
uncertainty estimation using deep ensembles,” in Advances in Neural Information
Processing Systems, I. Guyon, U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus,
S. Vishwanathan, and R. Garnett, Eds., vol. 30. Curran Associates, Inc., 2017,
pp. 6402–6413. [Online]. Available: https://proceedings.neurips.cc/paper/2017/ﬁle/
9ef2ed4b7fd2c810847ffa5fa85bce38-Paper.pdf
[8] T. S. Ferguson, Mathematical Statistics: A Decision Theoretic Approach. New York and
London: Academic Press, 1967.
[9] P. Chaudhuri, “On a geometric notion of quantiles for multivariate data,” Journal of the
American Statistical Association, vol. 91, no. 434, pp. 862–872, Jun. 1996.

392

Cristina Garcia-Cardona, Yen Ting Lin and Tanmoy Bhattacharya

[10] N. Srivastava, G. Hinton, A. Krizhevsky, I. Sutskever, and R. Salakhutdinov, “Dropout:
A simple way to prevent neural networks from overﬁtting,” Journal of Machine Learning
Research, vol. 15, pp. 1929–1958, 2014.
[11] D. P. Kingma and J. Ba, “Adam: A method for stochastic optimization,” arXiv preprint
arXiv:1412.6980, 2014.
[12] F. Chollet, Keras documentation, 2018. [Online]. Available: https://faroit.com/keras-docs/
2.1.2

393

UNCECOMP 2021
Proceedings of the
4th International Conference on
Uncertainty Quantification in Computational Sciences and Engineering
M. Papadrakakis, V. Papadopoulos, G. Stefanou (Eds.)

First Edition, September 2021
ISBN: 978-618-85072-6-5

Institute of Structural Analysis and Antiseismic Research
National Technical University of Athens, Greece

