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PREFACE 

This volume contains the full-length papers presented in the International Conference on 

Uncertainty Quantification in Computational Sciences and Engineering (UNCECOMP 2021) that 

was streamed from Athens, Greece on June 28-30, 2021.  

UNCECOMP 2021 is a Thematic Conference of ECCOMAS, with the objective to reflect the recent 

research progress in the field of analysis and design of engineering systems under uncertainty, 

with emphasis in multiscale simulations. The aim of the conference is to enhance the knowledge 

of researchers in stochastic methods and the associated computational tools for obtaining reliable 

predictions of the behavior of complex systems. The UNCECOMP conference series, held in 

conjunction with the COMPDYN conferences, gives the opportunity to the participants to interact 

with the Computational Dynamics community for their mutual benefit.  

The UNCECOMP 2021 Conference is supported by the National Technical University of Athens 

(NTUA) and the Greek Association for Computational Mechanics (GRACM). 
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who, with their work, contributed to the scientific quality of this e-book.  
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Abstract. One outstanding challenge in structural dynamics is lack of access to measurements
while systems are in operation. For example, this could be wind or wave loads on offshore
structures, contact forces between a vehicle’s wheels and a roadway, the action of an earthquake
on a tall building. In view of this, one specific and important problem is to infer both the
unknown inputs to a dynamic system and its internal states. The difficulty of this task is linked
to the inherent uncertainty in the system, which has two key sources. The first issue is the
presence of noise on the measurements or uncertainty in the dynamics of the system (process
noise); the second, is that it may not be possible to define a priori a functional form for the
loading signal. The Gaussian process latent force model is a tool to address both of these
tasks, it couples a known dynamic system with a flexible non-parametric representation of the
unknown forcing. This representation is chosen to be a Gaussian process in time, which is
used to estimate the distribution of possible functions which could have been the unmeasured
inputs to the system. One key benefit of this approach is that it provides closed-form expressions
for the process noise in the system, based on the characteristics of this function. This paper
extends the range of systems for which this type of model can be applied to those exhibiting
hysteresis. These systems represent a significant increase in difficulty; not only do they introduce
a nonlinearity into the system parameters, but this nonlinearity requires an additional hidden
state. It will be shown in this paper how a particle Gibbs approach allows Bayesian inference
over the intractable state-space model that describes these systems. This approach allows joint
input-state inference to be performed even in these highly nonlinear systems.
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1 INTRODUCTION

This paper will address the problem where output measurements from a nonlinear dynamic

system are available, from which the practitioner would like to infer the internal (hidden) states

of that system and its unmeasured inputs. A motivating example may be the situation where

a suspension system for a vehicle is identified in a laboratory environment, then in use, one

wishes to investigate the displacement and velocity of that dynamic element and the unmea-

sured excitation from the road, based on measurements of the acceleration in the vehicle. One

important class of systems for which input estimation is particularly difficult is hysteretic sys-

tems. Hysteresis, informally, introduces a memory effect into the system which can greatly

complicate identification, including input-state estimation. The contribution of this work is to

extend previous work on nonlinear input-state estimation [1] to the case of a hysteretic nonlin-

earity in order to demonstrate the general and powerful approach of nonlinear Gaussian process

latent force modelling.

One sensible framework for attempting the challenge of input (load) estimation is that of a

Bayesian state-space model (SSM) [2]. If measurements of the input to the system are available,

recovering the hidden states of the system is achieved by inferring the filtering or smoothing

distribution of the model. However, in the situation being considered here, these inputs are

unknown. It would be possible to assume that the system was excited with a white-noise;

however, this is often not true. It is necessary then to also model the unknown inputs to the

system with a view to inferring them. The challenge becomes that of making an appropriate

choice of tool to model these unknown inputs and how this may be incorporated into the model

of the dynamical system.

It is desirable that the model chosen to represent the forcing should be flexible enough to

accommodate the diversity of functions which may represent these unknown inputs. For this

reason, a white-noise assumption on the input may be too restrictive. Instead, it may be ap-

propriate to describe some of the characteristics of the function which may have generated the

forcing, for instance how many times differentiable it is. Such a tool exists in the Gaussian

process (GP), a flexible Bayesian nonparametric regression model (for an introduction see [3]

or [4]). Given the existence of such an approach, a system can be imagined which has some

defined dynamical structure where the input to that system is modelled as a GP in time which

provides a richer class of possible forcing signals.

Alvarez et al. [5] proposed such an approach for linear systems which could be modelled

as a dynamical system forced by a GP; they term this the Latent Force Model. By introducing

this first or second-order dynamic component to the data-modelling process, they increased the

range of scenarios which could be effectively modelled using the Gaussian process. However,

the implementation and training of such models can be difficult and time consuming. A sig-

nificant reduction in this complexity can be achieved given work by Hartikainen and Särkkä

[6], which shows that a temporal GP can be written as an equivalent linear Gaussian state-space

model (LGSSM) and an identical solution to the full GP is recovered by application of a Kalman

filter and Rauch-Tung-Striebel (RTS) smoother. It is then possible to transform the GP latent

force model of Alvarez et al. [5] into an LGSSM, where the states represent the dynamic sys-

tem augmented by one or more additional states which are equivalent to the GP input to the

system. This link was noted in [7]; however, one limitation remains — the dynamic model is

restricted to linear systems. This paper will present a methodology for removing this limitation

such that a nonlinear latent force model can be learnt, also within the state-space framework.

In particular, the extension to more difficult hysteretic nonlinearities is attempted. The main

2
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question being investigated is: ”Does the introduction of additional dynamic states, because

of hysteresis, impede joint input-state estimation with nonlinear Gaussian process latent force

models?”.

2 NONLINEAR LATENT FORCE MODELS

Beginning with the case of a linear latent-force model, for a second-order dynamic system,

the model being considered is,

Msq̈+ Csq̇+Ksq = U, U ∼ GP (0, k(t, t′)) (1)

where Ms, Cs, and Ks are the mass, damping and stiffness matrices of a second order system

which is forced by an unknown input U ; the subscript s is used to indicate that these are the

system matrices. The unknown input U is modelled as a Gaussian process with a zero mean and

a covariance kernel (function) in time, k(t, t′). Defining the states of the model x = [q, q̇,u]T,

with u being the augmented states which correspond to the GP, this model has an equivalent

continuous-time state-space representation,

ẋ(t) = Fx(t) + v(t) (2)

y(t) = Hx(t) + w(t) (3)

with H being the matrix which defines the observation of the states; for example, in the case

of observing the acceleration of the system, q̈, H = [−M−1
s Ks,−M−1

s Cs,M
−1
s , 0]. This ob-

servation is subject to white noise w(t) on the measurements. The dynamics of the process are

captured in the matrix F which can be considered to be made up of four block matrices,

F =

[
F11 F12

F21 F22

]
=

⎡⎣ 0 I 0
−M−1

s Ks −M−1
s Cs M−1

0 0 FGP

⎤⎦ (4)

In the top left, F11 is a block of the matrix which corresponds to the linear second-order

dynamics of the system; in the top right, F12 relates the forcing states u to this dynamical

system. The F21 block is zero, as the dynamics are assumed not to affect the forcing evolution

in time, i.e. the applied forces are independent of the dynamics. Finally, the matrix F22 contains

the state-space representation of the Gaussian process in time. How this matrix F22 is formed

will be briefly reviewed now and it will be seen how it, along with the process noise v(t) is fully

defined by the GP over U .

Following [6], for a GP with a stationary covariance function k(t, t′), it is possible to consider

the power spectral density of that covariance. Taking the popular Matérn 3/2 kernel as an

example, with r = |t− t′|, one has,

k(r) = σ2
f (1 +

√
3r

�
) exp

{
−
√
3r

�

}
(5)

which is governed by two hyperparameters; the length scale � and the signal variance σ2
f . Taking

the Fourier transform gives the spectral density of the process as,

S(ω) = 4σ2
fλ

3(λ2 + ω2)−2 (6)

where λ =
√
3/�. Observing that this is a rational function with a denominator which is a poly-

nomial in ω2, Hartikainen and Särkkä [6] apply a spectral factorisation on this density to show

3
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that this is equivalent to a stochastic differential equation (SDE) of order p, if the denominator is

a polynomial of order (ω2)p. More intuitively, the mode can be seen as an ordinary differential

equation (ODE) of order p forced by a white noise. Interestingly, this formulation links back to

the interpretation of a Gaussian process as a linear filter on a continuous white noise sequence.

For the Matérn 3/2 kernel being used as an example, this gives the SDE,

d2u

dt2
− 2λ

du

dt
− λ2 = ν(t) (7)

where ν(t) is a white noise process with spectral density q,

q =
12
√
3σ2

f

�3
(8)

It should be noted at this point, that this formulation gives the state-space form for a single

output GP; however, it is trivial to extend this to a number of independent GPs acting on the

different degrees of freedom in equation (1).

Therefore, for a single-degree-of-freedom harmonic oscillator forced by a GP with a Matérn

3/2 covariance function, the equation of motion,

mq̈ + cq̇ + kq = u, u ∼ GP (0, k(t, t′)) (9)

has an equivalent state-space form,

ẋ(t) =

⎡⎢⎢⎣
0 1 0 0

−k/m −c/m 1/m 0
0 0 0 1
0 0 −2λ −λ2

⎤⎥⎥⎦x(t) +
⎡⎢⎢⎣
0
0
0
1

⎤⎥⎥⎦ ν(t) (10)

y(t) =
[−k/m −c/m 1/m 0

]
x(t) + w(t) (11)

when one is observing acceleration and if the augmented state vector is x = [q, q̇, u, u̇]. The

solution to this system can then be found by discretising and applying the Kalman filter and

RTS smoother, since this is a LGSSM. For examples of the linear case, see [8], where inference

over the model is extended to include the hidden states of the oscillator, the unknown input U
and the parameters of the model Ms, Cs, Ks.

This paper however, is concerned with a more general case where the ODE which describes

the dynamic system is nonlinear. Considering a single-degree-of-freedom system, this means

inferring the displacement and velocity of an oscillator with an unknown input which can be

expressed as,

mq̈ + f(q, q̇) = u, u ∼ GP (0, k(t, t′)) (12)

under the same assumption that the unmeasured inputs can be modelled as a GP in time with

zero mean and some stationary covariance k(t, t′). Here f(q, q̇) is some function of the dis-

placement and velocity of the oscillator, it is possible to recover the linear case as a subset of

this model by setting f(q, q̇) = cq̇ + kq.

It will now be seen how a similar procedure as for the linear case can be followed to develop

a nonlinear latent force model. This approach is discussed in further detail in [8] where a similar

methodology is applied to a Duffing oscillator. Inspecting the structure of the SSM in equations

(10) and (11), it is clear that the state vector x can be viewed in two parts. The states related to
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the “physical” dynamical system (states related to q and q̇) and the augmented states which are

the GP modelling the forcing (in the case of the Matérn 3/2 kernel, u and u̇). This interpretation

gives some indication of how a nonlinear equivalent may be structured. The change in the

system equation to include nonlinear dynamics will result in the system states related to q and

its derivatives becoming nonlinear; however, the representation of the GP remains unchanged.

It is now possible to construct a nonlinear SSM with a similar structure to that seen in the

linear case,

ẋ(t) =

⎡⎢⎢⎣
q̇

u
m
− 1

m
f(q, q̇)
u̇

−2λu− λ2u̇

⎤⎥⎥⎦+

⎡⎢⎢⎣
0
0
0
1

⎤⎥⎥⎦ ν(t) (13)

y(t) =
u

m
− 1

m
f(q, q̇) + w(t) (14)

This form covers many commonly-encountered nonlinearities; however, for certain types

— notably hysteretic systems — additional states also need to be included in the model. For

the purposes of this paper, the important point is that to apply the GP latent force approach,

it is possible to augment the state vector of the system with a number of states which are a

direct equivalent to assuming a GP in time as the input signal. The challenge then is to perform

inference over this extended state-space model, to recover the smoothing distribution; in the

vast majority of cases, this distribution will not be available in closed form and some numerical

estimation must be employed. As a point of interest that will not be covered in any more depth,

it would also be possible to accommodate inputs to the system which appear in a nonlinear

manner as opposed to a simple additive forcing.

2.1 Inference

While the modification to the linear version of the GP latent force model may seem minor, it

unfortunately severely complicates the inference procedure. Remembering that the quantities of

interest are the hidden states of the model x, which include the internal states of the oscillator

and those related to the GP, the task to be solved (from a Bayesian filtering perspective) is

one of inferring the smoothing distribution of this state-space model. That is to recover the

distribution1 p (x1:T |y1:T ). Since the model is no longer linear with Gaussian noise, it is not

(generally) possible to recover this distribution exactly. Instead some approximation must be

made.

The problem being addressed is one of estimating a high-dimensional intractable posterior

distribution, which is the smoothing distribution of the nonlinear filter. This challenge will be

addressed by the use of a particle filter. The particle filter can be used to form an efficient ap-

proximation to the filtering distribution of a nonlinear state-space model in a Monte Carlo man-

ner. A number of weighted point masses (or particles) propagate through time and by repeated

proposal, weighting and resampling, they form an importance sampling approximation to the

filtering distribution at every time step; an introduction is given in Doucet and Johansen [9].

In general, algorithms of this type are referred to as Sequential Monte Carlo (SMC) methods

and their applicability has been shown to extend beyond inference of the filtering distributions

1The notation a : b is adopted to indicate the discrete index from time a to time b inclusively, e.g. x1:T would

denote the state vector x at all time points from step 1 to step T .
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of nonlinear state-space models; for example, Andersson Naesseth et al. [10] show how this

approach can be applied to probabilistic graphical models.

However, in this case, the object of interest is the smoothing distribution of the state-space

model. A naı̈ve approach to determining this distribution would be to apply a Markov Chain

Monte Carlo (MCMC) approach; there are two major limitations to this, firstly, the likelihood

of the system is not available in closed form. Secondly, the smoothing distribution can be very

high-dimensional and it becomes far harder to define efficient proposals within standard MCMC

schemes such as the Metropolis-Hastings algorithm. Andrieu et al. [11] show how the SMC

approach can be combined with an MCMC framework, to allow more efficient inference over

high dimensional distributions encountered in nonlinear state-space models. By showing that

the estimate of the marginal likelihood of the filter provided by the SMC algorithm p̂θ(x1:T |y1:T )
can be used within a Metropolis-Hastings step, they create a valid MCMC algorithm. It is also

shown that it is possible to construct an equivalent to the Gibbs sampling procedure, an approach

which will be used in this paper.

In the case considered here, it will possible to employ a slightly more sophisticated approach,

where multiple variables are sampled at once, specifically sampling all of the states together

x1:T . A form of particle filter over the nonlinear state-space model will be able to provide

an efficient proposal for the high-dimensional distribution being considered; in fact, it will be

possible to ensure that the proposal generates a valid sample from the smoothing distribution on

every iteration. In order to ensure the ergodicity of the Markov kernel which samples these states

they are conditioned upon the previous sample, this gives rise to the Conditional Particle Filter
(CPF) [12]. In a CPF, one state trajectory is fixed a priori which is included in the weighting

and resampling steps. Conceptually, one could think of this as “anchoring” the particle filter to

the previously-sampled state trajectory and ensuring it does not drift too far in a single iteration.

One challenge encountered when learning the smoothing distribution in an MCMC manner

with a CPF is poor mixing in the chain because of path degeneracy, a phenomenon where re-

sampling can mean particles all share a few common ancestors. This poor mixing more acutely

affects samples of the states close to the beginning of the time series. To overcome this short-

coming a simple yet powerful modification to the CPF approach was made by Lindsten et al.

[13]. The contribution of that work is to include an ancestor sampling step in the CPF algorithm.

At every point in time a new ancestor for the reference trajectory is sampled. Before presenting

this algorithmically, it is worth considering what is being asked in the ancestor sampling step:

“Given the location of the reference trajectory at time t, which of the particles at time t − 1
could have generated this sample?”. This possible ancestor for the reference trajectory at time t
is then sampled based on those proposal probabilities.

The algorithm for inferring the smoothing distribution using an MCMC approach incorpo-

rating the CPF with ancestor sample will now be given, a more thorough review and comparison

with an alternative method can be found in [12]. It should also be noted that, should the (hy-

per)parameters of the system need to be inferred this can be done as part of a full Particle Gibbs

with Ancestor Sampling [13] scheme; an example of this approach in the context of a GP latent

force model can be found in [1].

The algorithm for sampling P state trajectories using this approach can be found in Algo-

rithm 1. Starting from some initial trajectory X[0], each trajectory is drawn conditioned on the

previous sample X[p − 1] by means of a CPF with ancestor sampling. The CPF runs as in the

literature, a particle system is proposed from a prior q (x1), except the final particle which is

assigned the reference trajectory value; all particles are assigned equal weights. These particles

are then weighted by some operation Wθ,1 (x
i
1); in the case of the bootstrap filter, this is the
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Algorithm 1 MCMC Smoothing From a Conditional Particle Filter with Ancestor Sampling

1: Set X[0] � Initial reference trajectory.

2: for p=1,. . . ,P do
3: Sample xi

1 ∼ q (x1) for i = 1, . . . , N − 1
4: Set xN

1 = X[p− 1]
5: Calculate wi

1 = Wθ,1 (x
i
1) for i = 1, . . . , N

6: for t = 2, . . . , T do
7: Sample {ait,xi

t}Ni=1 ∼ Mθ,t (at,xt)

8: Calculate
{
w̃i

t−1|T
}N

i=1

9: Sample aNt with P(aNt = i) ∝ w̃i
t−1|T

10: Set xN
t = x′

t

11: Set xi
1:t ←

(
x
ait
1:t−1,x

i
t

)
for i = 1, . . . , N

12: Calculate wi
t = Wθ,t (x

i
1:t) for i = 1, . . . , N

13: end for
14: Draw k with P(k = 1) ∝ wi

T

15: return X[p] = x
(k)
1:T

16: end for

observation likelihood. Then, sequentially for every time point, the whole particle system is

moved from t− 1 to t by means of a move kernel Mθ,t (at,xt) which describes the resampling

and proposal steps. At this point the ancestor sampling operation takes place, the ancestral

weights of the reference
{
w̃i

t−1|T
}N

i=1
, are given by w̃i

t−1|T = pθ
(
xN
t |xi

t−1

)
the probability of

the value of the reference trajectory at time t given all the particles (including the reference) at

time t− 1. The ancestor for this point on the reference trajectory at time t can then be sampled

with probability proportional to these ancestral weights. The N th particle at this time step t
is then replaced with the reference, and the ancestral paths of the particle system are updated.

Finally, the weights of the particles at time t are calculated, Wθ,t (x
i
1:t). This pattern continues

up to the end of the available time data, i.e. for t = 1, . . . , T . Once the CPF has completed this

forward pass, a path can be sampled with probability proportional to the weights at the final

time step, P(k = 1) ∝ wi
T ; this is then assigned as the pth sample X[p]. These P samples then

provide a Monte Carlo approximation to the smoothing distribution of the state-space model.

Remembering that the aim is to recover the distribution over the unknown internal states

and inputs to the nonlinear system, given the augmentation of the states with the state-space

representation of the GP, this smoothing distribution is the object of interest. Therefore, em-

ploying this inference on the state-space model described in equations (13) and (14), will allow

the input-state estimation task to be carried out.

3 INPUT ESTIMATION OF A BOUC-WEN SYSTEM

In this work, the Bouc-Wen hysteretic system [14] is considered as a typical and interesting

benchmark. The model is formed in the same manner as in [15], with the equation of motion

given as,

mÿ + cẏ + ky + z(y, ẏ) = u(t) (15a)

ż(y, ẏ) = αẏ − β
(
γ|ẏ||z|ν−1z + δẏ|z|ν) (15b)
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The parameters of the system are chosen here to be m = 2, c = 100, k = 5× 104, α = 5× 104,

β = 1 × 103, γ = 0.8, δ = −1.1, ν = 1. The response of this system is simulated subject to

two different loading scenarios. First, the response of the system is simulated when the load is a

random sample drawn from a Gaussian process in time, the exact form of the proposed model.

Secondly, the response of the system to a sine wave excitation at 30 Hz, an input which is not

explicitly drawn from the GP prior over the forcing, but for which the GP may be a suitable

prior. It will now be shown that in both of these cases, very good estimates of the internal states

of the Bouc-Wen system and estimates of the unmeasured forcing signals can be recovered. In

both cases, the measured quantity is the acceleration of the oscillator, which is corrupted by

an additive white Gaussian noise with a variance of approximately 2% of the variance of the

measured acceleration. For both experiments a Matérn 5/2 kernel is used to model the unknown

latent force which adds three additional states to the nonlinear SSM being identified.

3.1 Loaded with GP

Initially, loading the oscillator with a sample of a Gaussian process with a Matérn 5/2 kernel,

the measured acceleration response to this load is simulated and shown in Figure 1.

Figure 1: Measured acceleration from the Bouc-Wen oscillator when forced by a random sample from a Gaussian

process with a Matérn 5/2 kernel.

This measured acceleration is used as the observed quantity in the model, as described in the

previous section. The Bouc-Wen equations are used to describe a nonlinear state-space model of

the dynamic system, which is coupled with the state-space representation of a Gaussian process

in time with a zero mean and a Matérn 5/2 kernel (the same as used to generate the data).

Given this known model form, it is expected that the model should perform well, provided the

inference scheme used (PGAS) converges appropriately.

In Figure 2, the estimated states from the proposed inference scheme are shown. On the left

hand side of the figure, the MCMC sampled paths are shown; the Markov chain was run for

5000 iterations with the first 1000 discarded as burn-in and the chain thinned by a factor of two.

The particle filter was run as a bootstrap filter with 15 particles included; notably, even with

this low number of particles the smoothing distribution can be seen to be well approximated. If

the samples are used to construct a Gaussian approximation of the smoothing distribution, as

shown in the left hand column of the figure, then it can be observed that all of the ground truth

8
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Figure 2: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the

samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,

two and three sigma intervals shaded. The four rows correspond to the first four states of the model: displacement,

velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

states lie within a three-sigma confidence interval.

To consider the quality of the fit in a purely deterministic sense, a normalised mean-squared

error metric is used such that,

NMSE =
100

Nσ2

N∑
i=1

{(yi − ŷi)}

if y is the measured “true” signal of length N with variance σ2 and the point estimates are given

by ŷ. Intuitively, this leads to values bounded at the lower end by zero which corresponds to

an exact fit and, as the quality of the fit degrades, the value increases. For some sense of this

quality, a prediction where every point was equal to the sample mean of {y}Ni=1 will give an

NMSE of 100. Anecdotally, one can consider a value less than 5 to be a ‘very good’ fit and

below 1 an ‘excellent’ fit.

For the estimations shown in Figure 2, if the mean of the samples is used as the expectation

over the states to provide a point estimate, the NMSE values are calculated. For the displace-

ment (frames (a) and (b)) the NMSE is 0.38; for the velocity (frames (c) and (d)), 0.33; for

z(y, ẏ) (frames (e) and (f)) 0.25; and for the force estimate (frames (g) and (h)) 2.18. These

metrics indicate that the method is performing well and confirms what is presented visually in

Figure 2. Excellent recovery of the dynamic states of the oscillator is observed, including the

additional hidden state related to the hysteresis in the system, and the estimate of the forcing

is also very good. Some of the increase in the NMSE when considering the forcing can be

attributed to the high-frequency components of this force which are smoothed out when the

mean over the samples is used as the point estimate. Since the uncertainty in the forcing is also
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quantified and shown in the figure, it can be seen that the behaviour of the forcing has been

captured remarkably well in this complex system.

3.2 Loaded with Sine Wave

In the previous experiment, it was known that the form of the latent force model exactly

matched the true forcing signal being applied to the system, i.e. the system was loaded with

a sample of a Gaussian process. A more challenging and realistic test case is one where the

loading signal is not a draw from a Gaussian process, but instead some known deterministic

function. A sine wave is chosen to be such a function with the forcing defined as u(t) =
120 sin (30 · 2π · t).

Figure 3: Measured acceleration from the Bouc-Wen oscillator when forced by a 30 Hz sine wave.

The response of the system to this sinusoidal forcing is shown in Figure 3. It is worth noting

at this point that, if it were known that a sine wave had been used to load the system, then it is

likely far less involved methods would work well to recover that signal. However, the power

of the proposed approach is that it uses the GP as a functional prior over the loading function,

which removes the need for prior knowledge with respect to the functional form of the forcing

which has been applied. This flexibility is particularly important where the system may be

subject to complicated and varying loads which are not easily expressed as a known function,

e.g. wind or wave loading on offshore structures.

As previously, the nonlinear GP latent force model is used to draw samples from the smooth-

ing distribution of a nonlinear SSM which is the Bouc-Wen model augmented by a GP with a

Matérn 5/2 covariance function. 5000 samples of the states are sampled using PGAS, of which

1000 are discarded and 15 particles are used in the bootstrap particle filter. Doing so allows the

results in Figure 4 to be constructed in the same way as Figure 2. In the left hand column, the

samples obtained from MCMC are shown in blue, with the ground truth shown in red and on the

right Gaussian assumed densities created by taking the expectation and variance of the samples

at every point in time. The rows again correspond to the states: displacement, velocity, z(y, ẏ)
and force. Reassuringly, the methodology continues to perform well, visually, even when the

loading signal does not match the prior functional form of the GP very closely.

As with the previous case it is possible to consider the NMSE between the ground truth and
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Figure 4: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the

samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,

two and three sigma intervals shaded. The four rows correspond to the first four states of the model: displacement,

velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

the expected values of the smoothing distributions. Considering the mean estimates gives values

of 0.48, 0.36, 0.31 and 5.22 for the displacement, velocity, z(y, ẏ) and force states respectively.

These values are larger than those observed in the previous experiment but only marginally so,

which reinforces the visual quality of the fit seen in Figure 4. This slight increase in the error

of the pointwise predictions is accompanied by an increase in the uncertainties estimated for

all states. This uncertainty manifests as increased variance in the samples which have been

generated from the Markov chain. These increases are most prominent in the forcing state,

which sees a far larger degree of uncertainty, and in the velocity state where significant increases

in uncertainty are seen close to the peaks of the response. It may be the case that the strong

dependence of z(y, ẏ) on ẏ causes uncertainty to be pushed onto the velocity state when the

effect of the nonlinearity on the observed acceleration is greatest.

Considering more closely the estimate of the forcing, the estimates in Figure 4 are also shown

in Figure 5 for the forcing state only. It can be seen that relative to the case study in Section

3.1 the uncertainty in the forcing estimate is far higher. However, clearly the main trend of the

sine wave has been recovered, and the ground-truth signal lies close to the expected values of

the smoothing distribution. In the lower frame of Figure 5, the Gaussian approximation to the

smoothing distribution more clearly shows how well the method is performing, despite the slight

increase in NMSE for this case. Remembering that this distribution has been approximated by a

set of Monte Carlo samples, it can be seen that the main cause of error is high-frequency content

in the mean estimate. These errors may well be a consequence of the limited number of samples

used to form the estimate, which will be discussed with reference to the computational load of

the proposed method. It is the opinion of the authors that the results shown here represent a

good recovery of the unknown load on the system.
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Figure 5: Estimated sine wave loading on the Bouc-Wen oscillator from the nonlinear latent force model. Ground

truth shown in red. Above, samples of the possible loading signals. Below, mean estimate in blue and three sigma

intervals shaded, of the approximated Gaussian distribution.

The results shown from these two case studies with the Bouc-Wen system provide reassuring

evidence that the approach proposed for joint input-state estimation in nonlinear systems has the

potential to work equally well when there are hysteretic nonlinearities present in the system. It

would appear that the additional states introduced in the model do not cause significant ob-

servability issues, in that the estimates of the states and the unknown loads remain very good.

However, it should be noted that there is still room for improvement. One shortcoming of the

methodology presented in this work is the significant computational burden. This stems from

the requirement to run multiple particle filters, which significantly increases the computation

time relative to the linear case [8]. To overcome this practical limitation, it may be necessary to

consider more efficient inference schemes in the future, or to resort to a different approximation

of the nonlinear system, for example, a Gaussian filter which approximates the nonlinearity.

This is expected to be of most benefit when the nonlinearity is weak in the system.

4 CONCLUSION

This paper has sought to understand the performance of a nonlinear input-state estimation

methodology proposed in [1] when the nonlinear system contains a hysteretic nonlinearity. A

Bouc-Wen system was chosen as a typical example of such a nonlinear dynamic model. It was

shown that, adopting the nonlinear Gaussian process latent restoring force approach based on

Particle Gibbs with Ancestor Sampling, it was possible to perform highly-accurate nonlinear

input-state estimation on this challenging dynamical system. Errors in state estimates were

seen to be consistently below 1%, including the additional internal state of the model, z(y, ẏ).
The estimates of the forcing were also seen to result in low pointwise error: 2.18% in the case

where a GP was used as the loading signal and 5.22% when a sine wave forcing was used. In

conjunction with these low error values, reasonable estimation of the uncertainty in the states

was also recovered which may be of more value when this type of identification is coupled with

further analyses. Finally, it was discussed how the major drawback of the proposed method, i.e.

its computational burden, is a promising area for further investigation.
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Abstract

Advances in computational power and numerical optimization routines enable the application 
of rigorous simulation and optimization techniques for the design and assessment of structur-
al and geotechnical (S&G) systems. Nowadays, the state of practice in the seismic design of 
high-importance structures has progressively moved toward the use of time-history dynamic 
analysis that are highly sensitive to the way of modelling the dynamic action. To be reliable, 
this type of analysis requires efficient methodologies for the selection of the seismic inputs
used as ground excitations.
In this paper, a new stochastic approach, based on the use of the wavelet transform is pro-
posed to generate an arbitrary number of seismic records having the same characteristics of 
a target accelerogram. The choice of the amplitude and number of bands in which to partition 
the frequency domain is a key source of variability to consider for the generation of samples 
with the desired time-varying amplitude and frequency content. 
To evaluate the influence of the use of an alternative fully non-stationary artificial accelero-
grams generation methods, a comparison between the proposed method and the one recently 
proposed by the first two authors is also presented in this paper. Specifically, in order to 
quantify the influence of accelerograms models on the seismic response, a structural system 
with viscoelastic damping is analysed, representative of a broad range of frequency-
dependent S&G assets.

Keywords: Fully non-stationary models, Harmonic Wavelet Transforms, Artificial accelero-
grams, Time-history dynamic analyses, Maxwell Model.
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1 INTRODUCTION

The pseudo-acceleration response spectrum, typically used by international seismic codes for 
modelling the earthquake-induced ground shaking, significantly facilitates the design of regu-
lar structure through proper modal combination rules. However, there are many cases (e.g. 
seismic site response analysis and seismic design of structures with energy dissipation devices) 
in which the use of the elastic design response spectrum is not considered appropriate and 
non-linear dynamic time-history analyses are preferred. In these situations, the use of a suite
of real accelerograms is an attractive option for modelling the seismic excitation; thus, differ-
ent Ground Motion Selection and Modification methods have been proposed in literature (see 
e.g. [1-4]).

As evidenced in [5-7], the result of the selection procedures is influenced by multiple 
sources of uncertainties related to the seismic hazard at the site of interest and to the mechani-
cal characteristics of the soil layers. As a consequence, it could be very difficult, if not impos-
sible, to select an adequate number of recorded accelerograms without applying large scale 
factors to each record of the set, which in turn would distort the original signals characteristics.

A suitable alternative for the definition of the input ground motion consists in the use of 
sets of artificial accelerograms, generated by procedures able to capture the large variability 
of the seismological parameters observed in recorded time-histories (see e.g [8,9]).

The wavelet transform represents a useful tool to perform a joint-time frequency represen-
tation of non-stationary signals; for this reason, different wavelet-based approaches have been 
used for simulating artificial non-stationary accelerograms (see e.g. [10,11]).

In this paper, a new stochastic artificial accelerograms generation method, based on the use 
of circular wavelets transform (CWT), is presented.

In comparison to other generation strategies available in the literature, the proposed pro-
cedure enables the generation of artificial time histories without the need of defying the evo-
lutionary power spectral density (EPSD) function of the ground acceleration. 

The correct choice of the amplitude and number of bands in which to partition the frequen-
cy domain is one of the main sources of variability to consider to achieve the generation of 
samples with the desired non-stationary characteristics.

In order to quantify the influence of different accelerograms models on the seismic re-
sponse, a comparison between the proposed method and the piecewise EPSD function meth-
od, recently proposed in [12] is also reported in this paper. 

The second stochastic generation method, for a given target accelerogram, requires the fol-
lowing steps: i) find a fully non-stationary model of earthquake ground motion such that the 
target accelerogram may be considered as one of its samples; ii) evaluate the mean elastic re-
sponse spectrum of a set of generated fully non-stationary accelerogram samples; iii) satisfy 
the compatibility with the elastic target response spectrum by means of an iterative procedure.

In order to highlights the performance of these two alternative probabilistic models on the 
seismic response, a structural system with frequency-dependent damping, based on the vis-
coelastic Maxwell model, is analysed in this paper. 

2 WAVELET-BASED FULLY NON-STATIONARY GENERATION METHOD

The wavelet analysis consists in the expansion of a given signal in terms of “wavelets”, which 
are generated by scaling and shifting a chosen function called “mother wavelet”. Among all 
different types of wavelets, the “harmonic” and “musical” ones proposed in [13] are particu-
larly useful for dynamic analysis. These families of wavelets are complex-valued functions in
the time domain, with a rectangular box-shaped Fourier transform in the frequency domain.
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Another approach to decompose a real-valued signal into the superposition of complex-
valued wavelets { , }, ( )m n k t having complex-valued combination coefficients { , },m n ka consists
in the use of the circular wavelets. The whole set of band circular wavelets is generated by:

1

{ , },, ,
1( ) exp i 2π

n

m n km n k
j m

t j t
n m

(1)

where the notation { , }m n is used to denote a wavelet occupyng the band of circular 
frequencies from 2πm to 2π n , with n m ; { , }, / ( )m n k k n m is a deterministic time 

shift of the wavelets belonging to the { , }m n indexed frequency band; 0,..., ( 1)n mk is
an integer number; and 1i is the imaginary unit.

In the discrete wavelets transform, the complex-valued combination coefficients , ,m n ka of
a target signal in the time domain are calculated by a discrete convolution of the signal, say

g ( )U tg ( )Ug ( , with the band wavelets { , }, ( )m n k t [3]:

, , , ,g
0

( )m n k
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N
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f
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t
tg

0 ft f
gUgg t

(2)

where the over-bar denotes the complex conjugate, t tt tt is the thth of the /fN t t
discrete time instants at which the signal is discretized, being t and ft the sampling interval 
and the time duration of the selected signal, respectively.

In this paper, the circular wavelets have been used for the randomisation of the target sig-
nal g ( )U tg ( )Ug ( . Specifically, the generation of the rth fully non-stationary artificial sample of the 
random process can be evaluated by the following formula:

1 1 , ,
( ) ( )

{ },{ , }, { , },
{ , } 0

( ) 2 cos i 2π
n m n m n k

r r
m,n km n k m n k

m n k j m f

a tf t j
n m t

(3)

where ( )
{ , },

r
m n k is the rth realization of a random variable uniformly distributed over the inter-

val [0,2π] while { }, { },argm,n k m,n ka is the corresponding deterministic phase of the com-

plex-valued coefficient of the target signal.

3 EVOLUTIONARY POWER SPECTRAL DENSITY FUNCTION METHOD FOR
MODELLING SEISMIC ACTION

For the sake of completeness, the four-step method recently proposed in [12] for generating 
random samples of a fully non-stationary zero-mean Gaussian process consistent with a target 
accelerogram is summarized in this section.

First, the time axis is divided in n contiguous time intervals, in which a uniformly modu-
lated process is introduced as the product of a deterministic modulating function, ( ) a t , times 
a stationary zero-mean Gaussian sub-process ( )kX t , whose power spectral density (PSD)
function 

kXG is filtered by two Butterworth filters:
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,

2 2 4 4 2 2 2 2
, ,

1 1 ; 1,...,
π ( ) ( )k

L k k
X k

H k L k k k k k

k nG (4)

where k is evaluated in such a way that the sub-process ( )kX t possesses unit variance. The 
predominant circular frequency k and the frequency bandwidth k in Eq. (4) depend on the 
occurrences of maxima kP and of zero-level up-crossings 0,kN of the target accelerogram, in
the various k intervals:

0, 0, 0,2π π
; π

2
2k k k

k k
k k k

N N
P

N
T T

0,k

k

N0π
Tk

π
22

(5)

Second, the modulating function ( ) a t is evaluated by least-square fitting the cumulative 
expected energy function of the stochastic process to the cumulative energy function ( )

gUE t( )
gU g
(U

of the target accelerogram subdivided in three-time intervals:

2 g2
1 2 2 3

1 2 2

( ) ( ,( ) ) ) exp ln ( , ) .(j j j
j

f

f

Utt t t ta t a
a t

t t t
t

t
a

t2 2 3( , ) ) exp2 ( , )2 3 .2 ln2 g
) lnln

22

g

j j1,1

g
t( ,( ,1,1,1 ,,2 (6)

in which 1 1( , ) ( ) ( )j j j jt t t t t t 1( , ) ( ) ( )1j j11 j j, ) ( ) (, ) ( ) (111 ( ) () (( ) ( is the window function and ( )t( ) the Heaviside 
unit step function.

Third, the ith sample of the random process is generated via the superposition of harmonic 
functions with random phases:

0 1
1 1

( ) ( ) 2 ( , )sin
N

k

mn
i i

r Xk k
k r

F t a t t t r t+ rG( )( , )( ),,1, ), ),,1( )k k1 )( k k11 (7)

being i
r the random phase angles, uniformly distributed over the interval [0,2π ] and Nm

the number of parts in which the kth PSD function 
kXG is discretized with a

frequency sampling interval.

Finally, the spectrum-compatibility is obtained by reducing the gap between the mean 
spectrum of the generated samples 1

0( , )jS and the target one ( )
0( , )TS , through 

the introduction of a corrective iterative PSD function ( )
k

j
XG :

( ) 2
1 0

1 2
0

( , )( ) ( )
( , )k k

T
jj

X X j
SG G
S

(8)

being 0 ( ) 1
kXG [14] and 0 the viscous damping.

According to the formulation described in [15], the generic spectrum-compatible sample 
can be generated as:

( )
0 1

1 1
( ) ( ) 2 ( , )sin ( ) .

N
j

k k

mn
ii

r X Xk k
k r

F t a t t t r t+ G r rG( )( , ),,1 ),1( ))k k1( )k k11 (9)
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Different types of spectrum-compatibility can be achieved, modifying the corrective 
iterative PSD function term ( )

k

j
XG as shown in [16].

4 NUMERICAL APPLICATION

In order to quantify the influence of the way of modelling the expected seismic action, two set 
of one hundred Fully Non-Stationary samples consistent with a target seismic accelerogram
have been generated using the proposed wavelet-based method (CWT) and the evolutionary 
piecewise power spectral density (EPSD) function procedure proposed in [12].

A comparison in terms of displacement response spectra, computed for SDoF oscillators 
with viscoelastic damping based on the Maxwell model is also presented in the paper.

4.1 Target Motion

The North-South component of the ground motion recorded at Vasquez Rocks Park during 
the 1994 Northridge earthquake has been used in the following as target accelerogram g ( )U tg ( )Ug ( .

The selected ground motion, downloaded from the Peer database [17], having a moment
magnitude Mw = 6.7 and a site-source distance RJB = 23.1 km [18], has been recorded with a
sampling time 0.02st by a station having an average shear wave velocity in the upper 
30 m equal to Vs,30 = 996 m/s (EC8 [19], soil class “A”). The total Intensity of the target ac-
celerogram, having an overall duration 36.6 sft , is equal to I0 = 1.9 m2/s3, while the total
number of zero-level up-crossings and peaks are N0

+ = 196 and P0 = 212, respectively.
In Figure 1, the trend of the time-history of the analysed target accelerogram is reported.

Figure 1: Time histories of the 1994 Northridge earthquake accelerogram.

4.2 Wavelet-based method

A fundamental step of the proposed Circular Wavelet Transform (CWT) method consists in 
the correct choice of the amplitudes of bands in which to divide the frequency domain of the 
selected signal g ( )U tg ( )Ug ( .

In this paper, three different schemes have been investigated considering a different subdi-
vision of the cumulative Fourier energy function evaluated as:

0

( |
fc

E f F 2
g[ ( ) ] | ) dU t fgg ( ) ] | )(g (10)

fc being the cut-off frequency and F g[ ( ) ]U tg ( ) ]g ((g the Fourier transform of the target signal.
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Accordingly, the frequency domain has been subdivided in frequency bands of:
1) equal-spaced bandwidths (ESB);
2) constant energy bandwidths (CEB);
3) non-uniform energy bandwidths (NUEB).
In the latter case, the choice of the bandwidths has been made according to the main 

changes in the slope of the E f function. In all three investigated schemes a subdivision
into 10 parts has been carried out.

The representation of the subdivision of the cumulative Fourier energy function for the 
three analysed schemes is reported in Figure 2.

In Figure 3, the mean values of the modules of the Fourier spectra, obtained for the three 
analysed configurations, are compared with the target one. It can be observed that the mean 
value of the module of the Fourier Spectrum of the generated samples is in a good agreement
with the target one only in the case of subdivision of the frequency domain with energy crite-
rium (schemes 2 and 3).

Figure 2: Representation of cumulative Fourier energy function (black line) together with the frequency bands
subdivision (grey vertical lines) for the three investigated schemes: a) equal-spaced bandwidths (ESB); b) con-

stant energy bandwidths (CEB); c) non-uniform energy bandwidths (NUEB).

Figure 3: Comparison among mean Fourier spectrum module of the generated samples by the CWT method and 
the target one (black line) considering: a) equal-spaced bandwidths (ESB); b) constant energy bandwidths (CEB);

c) non-uniform energy bandwidths (NUEB).
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In Figure 4, three generic samples (coloured lines) are plotted against the target accelero-
gram (black line), showing that in all cases the variation in amplitude appears to be preserved
in the time domain.

In Figure 5, the acceleration spectrum of the target accelerogram (red line) is compared to 
that obtained as the mean value of 100 samples (black solid line). The confidence interval
evaluated as the mean value plus/minus the corresponding standard deviation (black dotted 
lines) and the envelope of the maximum and minimum values of all samples (shaded area) are 
also reported in Figure 5.

In Figures 6a and 6b, further comparisons are offered in terms of the cumulative energy 
functions 0( )I t and the cumulative zero-level up crossing functions 0 ( )N t , respectively.

From the observation of the results obtained in the time and frequency domain, it emerges 
that a subdivision of the frequency domain in non-uniform energy bandwidths (third scheme)
leads to outcomes statistically closer to those of the target event.

Figure 4: Comparison among the target accelerogram (black line) and the ith generated sample by the proposed 
CWT method, considering a subdivision of the frequency domain in: a) equal-spaced bandwidths (magenta line);

b) constant energy bandwidths (yellow line); c) non-uniform energy bandwidths (blue line).

Figure 5: Comparison among the acceleration response spectrum of the target accelerogram (red solid line) with
statistics of the artificial ones: mean value function (black line); mean value plus/minus standard deviation func-
tions (black dashed lines); envelope of the maximum and minimum values of all samples (shaded area); consid-

ering a subdivision of the frequency domain in: a) equal-spaced bandwidths (ESB); b) constant energy
bandwidths (CEB); c) non-uniform energy bandwidths (NUEB).
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Figure 6: Comparison between the target (black line) and the averages a) cumulative energy functions, b) zero 
level up crossing functions, considering: equal-spaced bandwidths (ESB); constant energy bandwidths (CEB); c)

non-uniform energy bandwidths (NUEB).

4.3 Evolutionary Power spectral density function (EPSD) method

Using the iterative procedure described in Section 3, through 4 iterations, a set of 100 artifi-
cial accelerograms has been generated using appropriate modulating and PSD functions which 
allowed to preserve the amplitude and the frequency content of the target ground motion. Fur-
ther details about the parameters that characterize these functions can be found in [15].

4.4 Dynamic analyses of linear visco-elastic systems

In this section, displacement response spectra have been computed to illustrate the structural 
response of SDoF oscillators provided with linear viscoelastic damping ruled by:

..

g( ) ( ) ( )mu t r t U tg ( )g ((g (11)

where m is the mass of the system,
..
( )u t is the second-order derivative of the displacement rel-

ative to the ground ( )u t and ( )r t is the reaction force that in the Maxwell Model is given by:

0( ) ( ) ( )Mr t k u t k t (12)

being 0k the equilibrium modulus and ( )t the additional internal variable taken as the de-
formation of the Maxwell element, ruled by the state equation:

. .
( ) ( )t u t (13)

where:
M

M

c
k

(14)

Mk and Mc being the elastic stiffness and the viscous coefficient of the Maxwell element, re-

spectively, while
.
( )u t is the first-order derivative of the displacement ( )u t .

In this paper the values of 400 N/mMk and 40 Ns/mMc have been assumed, accord-
ing to case examined in [20].
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In Figure 7, the displacement spectra of the target accelerogram (red lines) are compared to 
that obtained as the mean value of 100 samples (black continues lines), using: a) the Circular
Wavelet transform method, with a subdivision of the frequency domains in non-uniform en-
ergy bandwidths (case 3); b) the Evolutionary Power spectral density function method. 

The confidence intervals are evaluated as the mean values plus/minus the corresponding 
standard deviations (black dotted lines); the envelope of the maximum and minimum values 
of all samples (shaded area) are also reported in Figure 7.

Figure 7: Comparison between target displacement spectrum (red line) of a system with linear viscoelastic 
damping based on the Maxwell model together with statistics of the artificial ones: mean value function (black
solid line); mean value plus/minus standard deviation functions (black dashed lines); envelope of the maximum 

and minimum values of all samples (shaded area): a) CWT method with non-uniform energy bandwidths
(NUEB), b) EPSD function method.

5 CONCLUSIONS

Seismic response of structural and geotechnical systems is often highly sensitive to the way of 
modelling the dynamic action. In order to verify the influence of different fully non-stationary
artificial accelerograms generation procedures, two stochastic methods, have been compared. 

The CWT-method, proposed in this paper, consists in a phase angle rotation of the circular 
wavelets in the complex-valued space and allows the generation of the required number of 
fully non-stationary samples without the need of defying the evolutionary power spectral den-
sity function of the ground acceleration.

The choice of the number and the amplitude of bands in which to divide the frequency 
domain is an important step to generate samples with the desired time-variation of amplitude 
and frequency content.

The numerical results show that the generated samples obtained by the CWT method are
close to the target one in the case of the subdivision of the frequency domain in non-uniform 
energy bandwidths; furthermore, the average displacement spectrum of the artificial samples 
generated by the CWT method and computed for SDoF oscillators with viscoelastic damping
has a trend close to the target one.

The application of iterative corrections in the EPSD method allows the target displace-
ment spectrum to completely fall into the confidence interval evaluated as the mean value 
plus/minus standard deviation of the displacement spectrum of the generated samples. It ap-
pears that the EPSD function method allows to obtain samples having a displacement re-
sponse spectrum closer to the target one; however, it tends to be more complex and requires 
several iterative steps.
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Abstract. In many practical situations, the only information that we know about the mea-
surement error is the upper bound Δ on its absolute value. In this case, once we know the
measurement result x̃, the only information that we have about the actual value x of the corre-
sponding quantity is that this value belongs to the interval [x̃−Δ, x̃+Δ]. How can we estimate
the accuracy of the result of data processing under this interval uncertainty? In general, com-
puting this accuracy is NP-hard, but in the usual case when measurement errors are relatively
small, we can linearize the problem and thus, make computations feasible. This problem is well
studied when data processing results in a single value y, but usually, we use the same measure-
ment results to compute the values of several quantities y1, . . . , yn. What is the resulting set of
tuples (y1, . . . , yn)? In this paper, we show that this set is a particular case of what is called
a zonotope, and that we can use known results about zonotopes to make the corresponding
computational problems easier to solve.
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1 FORMULATION OF THE PROBLEM

1.1 Main objective of science and engineering

What do we want? We want to predict what will happen in the future – this is what science

does, and what we want to select the actions that will leads to the best possible future – this is,

crudely speaking, what engineering is for.

Both to predict the future state of the world and to select the best action, we must have

information about the current state of the world, i.e., about the values of all the quantities that

characterize this state. This information mostly comes from measurements. To predict the

future value y of a quantity or to describe each control parameter y, we use the known relation

y = f(x1, . . . , xN) between this future value (or control parameter) and the current values of

several related quantities x1, . . . , xN :

• we measure the values of the quantities x1, . . . , xN , and

• we apply the algorithm f(x1, . . . , xN) to the results x̃1, . . . , x̃N of measuring the quanti-

ties x1, . . . , xN , and return the value ỹ = f(x̃1, . . . , x̃N).

1.2 Need for uncertainty quantification

Measurements are never absolutely accurate; see, e.g., [9]. The result x̃ of each measurement

is, in general, different from the actual (unknown) value x of the corresponding quantity. In

other words, the measurement error Δx
def
= x̃− x is, in general, different from 0.

Since, in general, the measurement result x̃i is, in general, different from xi, our estimate

ỹ = f(x̃1, . . . , x̃N) based on the measurement results is, in general, different from the desired

value y = f(x1, . . . , xN).

How different can they be? What can we say about the estimation error Δy
def
= ỹ − y?

This is very important to know in many practical situations. For example, suppose that we are

prospecting for oil, and we estimated that in some location, there is ỹ = 150 million tons. What

shall we do? It depends on the accuracy of this estimate:

• if y = 150± 20, this is very good news; we should dig a well and start producing oil;

• on the other hand, if y = 150 ± 200, then maybe at this location, there is no oil at all; in

this case, it is better to perform some additional measurements first, to decrease the risk

of wasting money on the expensive well.

Estimating the approximation error Δy based on the known information about the measurement

errors Δxi is one of the main problems of uncertainty quantification.

1.3 Traditional probability-based approach to uncertainty quantification and its limita-
tions

Traditional engineering approach to uncertainty quantification assumes that we know the

probability distributions of each measurement error Δxi [9]. And indeed, in many real-life

situations we have this knowledge. However, there are many important practical situations

when we do not know these probabilities. To explain why, let us recall where the information

about the probabilities comes from.

In the ideal world, for each measuring instrument, we should compare, several times, the

measurement result x̃ with the actual value x of the corresponding quantity – and for each
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such comparison, compute the measurement error Δx = x̃ − x. After a sufficient number of

measurements, we would get a large sample of values Δx. Based on this sample, we will then

be able to find the corresponding probability distribution.

Of course, in reality, we never know the exact actual values of the physical quantities. How-

ever, in many cases, there exists another – much more accurate – measuring instrument, whose

measurement error Δxs is much smaller than the measuring error of the tested instrument; such

much-more-accurate measuring instruments are known as standard ones. In this case, with high

accuracy, the value x̃s measured by the standard measuring instrument is approximately equal

to the actual value, and the difference δx
def
= x̃− x̃s between the results of the two measurements

is approximately equal to the desired measurement error Δx. Thus, we can measure, several

times, the same quantities by both measuring instruments, and use the resulting sample to find

the probability distribution of the corresponding measurement error.

In many cases, such a calibration is indeed performed, and we get the corresponding proba-

bility distributions. However, in many other cases, such a calibration is not done – and thus, we

do not know the corresponding probabilities. There are two main reasons why calibration is not

done.

The first reason is that sometimes, we use state-of-the-art measuring instruments, for which

no other instrument is more accurate. This happens a lot in advanced science: e.g., it would be

nice if near the Hubble telescope, we would have a 5 times more accurate instrument – but the

Hubble telescope is the best we have. This often happens in applications as well. For example,

geophysical companies often use state-of-the-art measuring equipment: this equaipment costs

money, but it is still cheaper to use such expensive measuring instruments than to risk wasting

even more money on, e.g., drilling oil well where there is no oil at all.

The second reason is more mundane: yes, potentially, in a manufacturing plant, we can, in

principle, calibrate all the sensors, and get the corresponding probability distributions, but there

is a problem. Many sensors are very cheap nowadays: kids play with robotic toys that measure

distances to the walls etc. as they go, and these sensors can be bought for a few bucks. However,

calibrating each sensor requires access to an expensive accurate measuring instrument – and it

would cost several orders of magnitude more than the sensor itself. This is too expensive for a

manufacturing plant — which already usually operates at a very low profit margin.

1.4 Enter interval uncertainty

If we do not know probabilities of different values of measurement error Δx, what do we

know? For a device to be called a measuring instrument, we need to know at least some upper

bound Δ on the absolute value of the measurement error: |Δx| ≤ Δ. If we do not even

know such an upper bound, this means that after a measurement by this instrument, we cannot

say anything about the actual value of the measured quantity: it can be as far away from the

measurement result as we can imagine. In other words, what such a device would produce

is a wild guess, not a measurement result. Thus, such a bound is always produced by the

manufacturer of the measuring instrument.

And if we cannot find the probabilities of different values Δx, this upper bound is all we

know. In this case, once we know the measurement result x̃, the only information that we have

about the actual value x of the measured quantity is that this value is somewhere in the interval

[x̃−Δ, x̃+Δ]. Such uncertainty is naturally called interval uncertainty.
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1.5 Need for interval computations

Let us go back to the situation when, instead of the actual (ideal) value y = f(x1, . . . , xN),
we have an estimate ỹ = f(x̃1, . . . , x̃N) based on the measurement results x̃1, . . . , x̃N . If for

each of N measurements, we only know the upper bound Δi on the absolute value of the

corresponding measurement error Δxi, then all we know about the actual value y is that it is

equal to f(x1, . . . , xN) for some xi ∈ [x̃i −Δi, x̃i +Δi].
Thus, all we can say about the value y is that it belongs to the set

Y
def
= {f(x1, . . . , xN) : xi ∈ [x̃i −Δi, x̃i +Δi] for all i}. (1)

For continuous functions f(x1, . . . , xN) this set is also an interval. The problem of computing

the endpoint of this interval is known as the problem of interval computations; see, e.g., [7, 8].

In general, the interval computation problem is NP-hard; see, e.g., [6]. This means that

unless P = NP (which most computer scientists do not believe to be true), it is not possible to

have a feasible algorithm that solves all particular cases of this problems. However, in many

practical situations, there exist efficient algorithms that either compute the desired range Y – or

at least compute a good approximation to Y .

1.6 Possibility of linearization

One of the cases when a feasible algorithm for uncertainty quantification is possible is when

the weasurement errors Δxi are reasonably small – and usually, they are reasonable small. In

this case, we can use one of the main ideas of computations in physics (see, e.g., [2, 12]): expand

the corresponding expression in Taylor series in terms of the corresponding small quantities, and

keep only linear terms in this expansion. In our case, by definition of the measurement error

Δxi = x̃i − xi, we have xi = x̃i −Δxi, thus:

Δy = f(x̃1, . . . , x̃N)− f(x1, . . . , xN) = f(x̃1, . . . , x̃N)− f(x̃1 −Δx1, . . . , x̃N −ΔxN). (2)

Expanding the expression in the right-hand side of (2) in Taylor series in terms of Δxi, we get

f(x̃1 −Δx1, . . . , x̃N −ΔxN) = f(x̃1, . . . , x̃N)−
N∑
i=1

ci ·Δxi, (3)

where we denoted ci
def
=

∂f

∂xi

. Thus, the formula (2) takes the following form:

Δy =
N∑
i=1

ci ·Δxi. (4)

In this linearized case, we can feasibly compute the bounds on Δy. Indeed, since each

measurement error Δxi takes values from the interval [−Δi,Δi], and different measurement

errors do not depend on each other, the largest possible value of the sum (1) is attained when

each term ci ·Δxi attains the largest possible value. The corresponding linear function ci ·Δxi

is increasing when ci > 0 and decreasing when ci < 0. Thus:

• when ci > 0, the largest possible value of the quantity ci ·Δxi is attained when Δxi is the

largest possible, i.e., when Δxi = Δi; the resulting largest value of the quantity ci ·Δxi

is equal to ci ·Δi;
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• when ci < 0, the largest possible value of the quantity ci · Δxi is attained when Δxi is

the smallest possible, i.e., when Δxi = −Δi; the resulting largest value of the quantity

ci ·Δxi is equal to −ci ·Δi.

In both cases, the largest possible value of the quantity ci · Δxi is equal to |ci| · Δi. Thus, the

largest possible value Δ of the sum (4) is equal to

Δ =
N∑
i=1

|ci| ·Δi. (5)

By using this formula, we can explicitly compute Δ in N steps – i.e., in feasible time.

Comment. While, strictly speaking, this algorithm is feasible, still, in situations when we have

a large number N of inputs, it requires a large amount of computation time. It should be

mentioned that there exist more efficient algorithms for computing Δ; see, e.g., [5].

1.7 Need to estimate the joint uncertainty of several data processing results – the main
problem that we analyze in this paper

All the above discussions are about estimating a single quantity y. In reality, we usually

estimate several different characteristics y1, . . . , yn based on the same data x̃1, . . . , x̃N :

ỹ1 = f1(x̃1, . . . , x̃N);

. . . (6)

ỹn = fn(x̃1, . . . , x̃N).

For example, when we predict weather, we do not just predict temperature at one locations, we

predict weather, wind speed and direction, and humidity at several locations.

What is the accuracy of the resulting estimations? In other words, what can we say about the

corresponding approximation errors

Δyj
def
= ỹj − fj(x1, . . . , xN). (7)

As we have mentioned earlier, in many practical situations, we only know the upper bounds on

the measurement errors – so that we have interval uncertainty, for which the only information

that we have about each measurement error Δxi is the upper bound Δi on its absolute value:

|Δxi| ≤ Δ. Also, in many practical situations, measurement errors are relatively small – so that

we can ignore quadratic (and higher order) terms in the Taylor expansions. Then, we get the

linearized formulas

Δy1 = c1,1 ·Δx1 + . . .+ c1,N ·ΔxN ;

. . . (8)

Δyn = cn,1 ·Δx1 + . . .+ cn,N ·ΔxN ,

where we denoted cj,i
def
=

∂fj
∂xi

.

For each value yj , we can use the above techniques and find the interval of possible values

of the approximation error Δyj . However, this is not enough: we also need to also know

what combinations of the values (y1, . . . , yn) – i.e., equivalently, of the approximation errors

(Δy1, . . . ,Δyn) – are possible. For example, when we predict weather, in some cases, the
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future temperature in two nearby locations can range from 15 to 25 degrees. However, unless

these two locations are separated by a mountain – as we have in our city of El Paso – the

temperatures at these two locations cannot differ two much: we can have (15, 16) and even,

probably, (15, 17), but we cannot have (15, 25). How can we take this into account? How can

we describe the corresponding set of tuples (y1, . . . , yn)?
This is the problem that we analyze in this paper.

2 ANALYSIS OF THE PROBLEM: ENTER ZONOTOPES

2.1 General approach to solving problems: reduce and/or reformulate

A usual approach to solving a new problem is to try to find similar problems that have been

already solved – or at least for which there are some partial solutions. If we cannot immediately

come up with such a similar somewhat-solved problem, a natural idea is to try to reformulate

our problems in equivalent terms so that it will be easier to find a similar problem.

2.2 Enter zonotopes

For our problem, this reformulation becomes possible if we reformulate the formulas (8) in

vector terms, as

Δy = c1 ·Δx1 + . . .+ cN ·ΔxN , (9)

where Δxi ∈ [−Δi,Δi], and we denoted

Δy
def
= (Δy1, . . . ,Δyn) (10)

and

ci
def
= (c1,i, . . . , cn,i). (11)

For each j, the set Si of all the vectors Δxi ·ci for Δxi ∈ [−Δi,Δi] forms a straight line segment

connecting the points Δi · ci and −Δi · ci. The desired set S of all possible values of the sum

(9) is thus equal to the set of all possible sums of vectors from the corresponding sets Si:

S = {s1 + . . .+ sN : s1 ∈ S1, . . . , sN ∈ SN}. (12)

In geometry, the construction (12) is known as a Minkowski sum of the sets S1, . . . , SN ; this

sum is denoted by

S = S1 + . . .+ SN . (13)

The Minkowski sum of several straight line segments is known as a zonotope. Thus, our

conclusion is that the desired set of posisble values of the tuple Δy = (Δy1, . . . ,Δyn) is a

zonotope.

2.3 Main conclusion of this section

So, to solve our main problem – of estimating the joint uncertainty of several data processing

results – we need to be able to deal with zonotopes.

2.4 An interesting observation: every zonotope can be thus represented

We have shown that every set of possible values of the tuple (Δy1, . . . ,Δyn) – and thus,

of the tuple (y1, . . . , yn) – is a zonotope. Let us show that, vice versa, every zonotope can be

thus represented. Indeed, in the above representation, we use straight-line segments centered at
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0. Every straight-line segment Ti can be represented as the sum Ti = mi + Si of its midpoint

mi and a segment Si
def
= Ti −mi centered at 0, i.e., a segment connecting one of its endpoints

ci = (ci,1, . . . , ci,N) with the opposite endpoint −ci = (−ci,1, . . . ,−ci,N). Thus, each zonotope

T = T1 + . . .+ TN (14)

can be represented as

T = (m1 + . . .+mN) + (S1 + . . .+ SN). (15)

The set S1 + . . . + Sn can be interpreted as the set of possible approximation errors for a data

processing algorithm

fi(x1, . . . , xN) = ci,1 · x1 + . . .+ ci,N · xn, (16)

when we take Δ1 = . . . = ΔN = 1. Thus, every zonotope can indeed be represented as the set

of possible tuples (y1, . . . , yn) for some data processing algorithm.

2.5 Historical comment

The idea of using zonotopes was described, e.g., in [10], where it is shown that for a specific
data processing algorithm – namely, for the least square estimation under interval uncertainty

– the resulting set of possible tuples is a zonotope. In this paper, we show that this is true for

all data processing algorithms – and we also show that, vice versa, every zonotope can be thus

represented.

3 HOW TO DEAL WITH ZONOTOPES: WHAT IS KNOWN, WHAT WE PROPOSE,
AND WHAT ARE THE REMAINING OPEN PROBLEMS

3.1 What is known

In computational geometry, there are several efficient algorithms for dealing with zonotopes;

see, e.g., [3, 4]. Some of these algorithms have been efficiently used in [10].

3.2 What is the difficulty with the known algorithms

The main problem with these algorithms is that the exact description of the uncertainty-

related zonotope in an n-dimensional space requires as many n-dimensional parameters ci as

there are measured quantities x1, . . . , xN . In many practical problems, e.g., in seismology, N is

in thousands, so this description becomes difficult to process.

3.3 What we propose: general idea

The possibility to make computations easier comes from the fact that the number n of de-

sired properties y1, . . . , yn is much smaller than N . So, to speed up computations, we propose

to use the known results [1, 11] about the possibility of approximating zonotopes with “low-

complexity” sets, i.e., sets determined by a much smaller number of n-dimensional parameters.

By approximating a set S, we mean, as usual, producing a set A for which, for some small

number δ:

• each element s ∈ S is δ-close to some element a ∈ A, and

• each element a ∈ A is δ-close to some element s ∈ S.
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In mathematics, this closeness is usually described by saying that the Hausdorff distance

dH(A, S) between the sets S and A is smaller than or equal to δ, where the Hausdorff distance

dH(A, S) is defined as the small distance for which the above two conditions are true.

We can also say that the set A approximates the set S with relative accuracy ε if dH(A, S) ≤
δ · diam(S), where the diameter diam(S) is defined as the largest distance between two points

from the set S – this is a natural generalization of the width of an interval and the diameter of a

disk or of a sphere to general sets.

3.4 First simplifying result

The first simplifying result from [1, 11] is that each n-dimensional zonotope S can be ap-

proximated, with any given relative accuracy ε > 0, by a “low-complexity” zonotope, which is

the sum of N ′ = c(ε) · n · (log(n))3 segments for some constant c depending on ε.

Since n � N , the new number of n-dimensional vector parameters is much smaller than N
– thus, the problem becomes easier to handle.

3.5 Second simplifying result

The second simplifying result from [1, 11] is that each symmetric convex polyhedron – in

particular, each zonotope – can be approximated, with any given relative accuracy ε > 0, by

a convex polyhedron with “low” number of vertices v1, . . . , vN ′ – namely, by a polyhedron for

which the number N ′ is also bounded, from above, by the value c(ε) · n · (log(n))d � N , for

some small constant d.

In this case, the approximating set A is the convex combination of these vertices vj . In other

words, all elements a = (a1, . . . , an) from the approximating set A have the form

a = c1 · v1 + . . .+ cN ′ · vN ′ (17)

where ci ≥ 0 and

c1 + . . .+ cN ′ = 1. (18)

3.6 What are the remaining open problems

The results from [1, 11] (that we propose to use) are effective – they drastically reduce the

complexity of the corresponding problem – but at present, they are not supported by efficient

computational algorithms for producing the corresponding approximations. These results are

still useful – we spend time on computing the approximation only once, and then, we can enjoy

the benefits of this reduction for every single way we want to process this set.

However, it would be nice to have efficient algorithms for producing the corresponding ap-

proximations. Designing such efficient algorithms is the main open problem that we want to

emphasize. Hopefully, the fact that – as we have shown – such algorithms will be very helpful:

• not just in somewhat obscure computational geometry problems,

• but also in generic problems of uncertainty quantification

will hopefully encourage researchers to design such algorithms.
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Abstract 

The present study focuses on reliability analysis of linear discretized structures subjected to 
ground motion acceleration modeled as a zero-mean Gaussian stationary random process 
fully characterized by an imprecise power spectral density (PSD) function i.e. with interval 
parameters. The bounds of such interval parameters are determined by analyzing a large set 
of accelerograms recorded on rigid soil deposits. To discard outliers from the set of 
accelerograms, the Chauvenet’s Criterion is applied. Then, to assess structural safety, the 
imprecise PSD function of ground motion acceleration is incorporated into the formulation of 
the classical first-passage problem. Due to imprecision of the excitation, the reliability func-
tion of the selected extreme value response process turns out to have an interval nature. It is 
shown that the bounds of the interval reliability function can be readily evaluated by explor-
ing suitable combinations of the endpoints of the interval spectral moments of the selected 
response process identified relying on structural dynamic properties and taking advantage of 
the dependency of the proposed imprecise PSD function on three interval parameters only. 
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1 INTRODUCTION 
In seismically active regions, seismic forces represent the most critical actions on structural 

systems. These forces are closely related to ground motion accelerations due to earthquake,
which vary during the seismic event. It follows that seismic accelerations are the main func-
tions to be analyzed in earthquake engineering.  

Although the seismic accelerograms should be considered as samples of zero-mean non-
stationary Gaussian random processes, within the strong-motion time duration, earthquake 
ground motions can be reasonably modeled as samples of zero-mean stationary Gaussian sto-
chastic processes. The power spectral density (PSD) function, which fully characterizes the 
stationary model, must account for the site properties as well as for the dominant frequency of 
the ground motion [1]. Indeed, it is widely recognized that the parameters of the PSD function 
are strongly influenced by the geotechnical characteristics of the soil deposits on which the 
seismic accelerograms are recorded [2]. Stationary models have also been developed to obtain 
sets of acceleration time histories consistent with response spectra (see e.g., [3, 4]). Recently, 
a new model of the PSD function depending on the frequency of peaks and of zero-level up-
crossings as well as on the total intensity of recorded accelerograms has been proposed by 
Muscolino et al. [5]. Unfortunately, the main parameters of the PSD function are very often 
only vaguely known.

It is now widely recognized that, when available information on the various sources of un-
certainty is vague, incomplete or fragmentary, the use of non-probabilistic approaches (see 
e.g., [6, 7]) is more appropriate to model non-deterministic properties. Accordingly, in this
paper, the main parameters characterizing the seismic acceleration spectrum are modeled as
interval variables whose bounds are estimated by analyzing a set of accelerograms, recorded 
by stations located on rock subsoil. In particular, according to the international seismic code 
EC8 [8], accelerograms recorded on soil class A, in areas of high and moderate seismicity 
(surface-wave magnitude S 5.5M , Type 1 spectrum), are here analysed.

Since the total number of both zero-level up-crossings and peaks, and the total energy in 
the strong-motion time region are different from one accelerogram to another, in order to de-
fine the PSD function parameters of the model developed by Muscolino et al. [5], and to 
quantify the uncertainty affecting ground motion representation, the spectral content of 
accelerograms in such time region is studied. In particular, the histograms associated with the 
main properties characterizing the recorded accelerograms are analyzed once the Chauvenet’s
Criterion [9] is iteratively applied [10] to discard outliers. As a final outcome of the statistical 
analysis of the selected accelerograms, the ranges of variability of the main parameters of the 
PSD function are determined. Thus, it is shown that the PSD function, representative of 
accelerograms recorded on soils with specific geotechnical characteristics, can be appropriate-
ly modeled as a function of interval parameters [11, 12] whose ranges reflect the main proper-
ties of the excitation. A notable feature of the proposed model of the imprecise PSD function 
is that it depends on three interval parameters only.

Once earthquake excitation within the strong-motion time region is modeled as a zero-
mean Gaussian stationary random process, fully characterized by an imprecise PSD function, 
in this study the attention is focused on reliability analysis of seismically excited linear discre-
tized structures. In the framework of random vibration theory, under the assumption that a 
structure fails as soon as the generic structural response process of interest (e.g., displacement, 
strain or stress) firstly exceeds a prescribed safe domain within a specified time interval, the 
probability of failure is usually identified with the first-passage probability. The reliability 
function is the complement to unity of the first-passage probability. It represents the probabil-
ity that the maximum value of the generic structural response process of interest is equal to or 

36



F. Genovese, G. Muscolino and A. Sofi 

less than the critical level. Here, the Vanmarcke model [13] is adopted. According to this 
model, the reliability function depends on the first three spectral moments of the selected sta-
tionary random response process of interest. As a result of the imprecision of the PSD func-
tion of seismic excitation, the spectral moments as well as the reliability function turn out to 
be interval functions too. The lower bound (LB) and upper bound (UB) of the interval relia-
bility function, which define a p-box [14] representative of structural performance, and of the 
interval failure probability can be readily evaluated by exploring selected combinations of the 
three interval parameters characterizing the imprecise PSD function. Such combinations are 
identified as those providing the bounds of the spectral moments of the selected response pro-
cess and are shown to depend on the dynamic characteristics of the structure.  

Seismically excited linear oscillators are analyzed to investigate the influence of impreci-
sion of earthquake acceleration spectrum on structural safety as well as to demonstrate the 
accuracy of the proposed procedure for the evaluation of the LB and UB of the interval relia-
bility function.

2 ESTIMATION OF PARAMETERS OF THE PSD FUNCTION BY ANALYSING 
RECORDED ACCELEROGRAMS

2.1 Statistical analysis of accelerograms recorded on rigid soil deposits 
In order to characterize uncertainties affecting the power spectral density (PSD) function 

of seismic action, a set of 44 accelerograms, recorded on rigid soil deposits, is downloaded 
from the Engineering Strong Motion database (ESM) [15]. All the accelerograms considered 
in this work are recorded by stations located on rock subsoil (soil class A type 1 [8]), in areas 
of high and moderate seismicity (surface-wave magnitude S 5.5M , Type 1 spectrum). At-
tention is focused on the following properties characterizing the accelerograms: i) the strong-
motion time duration, DT , defined as the portion of time between the 5% and 95% of the cu-
mulative energy; ii) the frequency of zero-level up-crossings, N ; iii) the frequency of the
peaks, P ; iv) the normalized total intensity, 2

gU
2

gUg
; v) the predominant circular frequency, 0 ;

vi) the frequency bandwidth, 0 . By analyzing statistically the set of recorded accelerograms, 
the aforementioned properties are characterized through the following quantities reported in 
Table 1: the lower bound (LB), the upper bound (UB), the midpoint (mid), the normalized de-
viation amplitude (dev/mid), defined as (UB-LB)/(UB+LB) [11], the mean-value (MV), the 
standard deviation (SD), the skewness (skew) and the kurtosis (kurt) [16].  

In the framework of the statistical analysis of experimental data, the first step is to identify 
and discard outliers. For this purpose, in the present study the Chauvenet’s Criterion is ap-
plied iteratively until the number of complying accelerograms remains stable [10]. Discarding 
outliers, a set of 20 accelerograms for rigid soil deposits into high and moderate seismicity 
regions is obtained. The main parameters characterizing such set of accelerograms are re-
ported in Table 2. Notice that the iterative application of the Chauvenet’s Criterion leads to 
smaller scatters of the parameters, as can be inferred from the lower values of the normalized 
deviation amplitudes. However, further statistical analyses are needed to reduce the range of 
variability of the variance 2

gU
2

gUg
which exhibits huge fluctuations around the midpoint value. 

As will be shown through numerical results, such fluctuations yield a very wide range of the 
reliability function of seismically excited structures whose performance, therefore, might 
cover high safety levels as well high failure probabilities.  
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LB UB mid dev/mid MV SD skew kurt
 [s]DT 3.690 19.470 11.580 0.681 10.894 3.850 0.144 2.426

[Hz]N 1.704 13.980 7.842 0.783 6.268 2.651 1.329 4.287

[Hz]P 4.158 20.858 12.508 0.668 10.370 3.664 1.077 3.879
2 2 4m /s

gU
2

gUg
m 0.010 2.062 1.036 0.990 0.181 0.420 3.741 16.392

0 rad/s 10.708 87.838 49.273 0.783 39.380 16.654 1.329 4.287

0 rad/s 6.216 36.583 21.399 0.709 18.644 6.788 1.147 3.897

Table 1. Main characteristics of selected accelerograms. 

LB UB mid dev/mid MV SD skew kurt
 [s]DT 5.025 19.470 12.248 0.598 12.523 3.883 -0.004 2.252

[Hz]N 3.746 7.802 5.774 0.351 5.591 1.166 0.192 2.031

[Hz]P 6.006 11.406 8.706 0.310 8.955 1.629 -0.132 1.672
2 2 4m /s

gU
2

gUg
m 0.010 0.092 0.051 0.804 0.036 0.028 0.958 2.457

0 rad/s 23.534 49.024 36.279 0.351 35.127 7.327 0.192 2.031

0 rad/s 11.145 20.899 16.022 0.304 16.442 2.897 -0.240 1.582

Table 2. Main characteristics of selected accelerograms evaluated through the iterative application of the 
Chauvenet’s Criterion. 

2.2 Interval PSD function 
In this paper, the seismic acceleration, ( )gU t( )gU (g , is characterized by the unimodal one-sided 

power spectral density (PSD) function recently proposed by Muscolino et al. [5]:

g g

2 4
2 ( )

0 02 2 4 4
CPL

U U
H L

G G
g g 0U Ug g 0U U

2
U (1) 

where L and H are the control frequencies of the second-order low pass and first-order 
high pass Butterworth filters, respectively, ( )

0
CPG is a unimodal one-sided PSD function,

which can be viewed as the linear combination of the displacement and velocity responses of 
a second-order oscillator subjected to two statistically independent Gaussian white noise 
processes [17], given by: 

( ) 0
0 2 2 2 2

0 0 0 0

1 1 .
π ( ) ( )

CPG (2) 
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In the previous equation, 0 and 0 are the circular frequency bandwidth and the pre-
dominant circular frequency of the filtered stationary processes, respectively. Furthermore, in 
Eq.(1) the coefficient 0 is evaluated in such a way that the process g ( )U tg ( )Ug ( possesses unitary 
variance [5]. To define the main parameters of this model, the total number of both zero-level
up-crossings and peaks, and the total energy have to be evaluated [5]. However, as shown in 
the previous section, these quantities are different from one accelerogram to another. It fol-
lows that, in order to define the PSD function parameters of the model proposed by 
Muscolino et al. [5], and to quantify the uncertainty affecting ground motion representation, 
the spectral content of accelerograms in the strong-motion time regions has to be analyzed. 

In this paper, the above described uncertainties affecting the PSD function of ground mo-
tion acceleration are modelled via interval analysis [11, 12]. In particular, the so-called Im-
proved Interval Analysis [18] is adopted. Accordingly, the generic interval variable I

ix is 
defined as follows: 

mid, mid, ˆ, (1 ) (1 )I I I
i i i i i i i ix x x x x e (3) 

where the symbols ix and ix denote the LB and UB of the interval, respectively; the apex 

I characterizes the interval variables; ˆ 1,1I
ie is the so-called i-th extra unitary interval

(EUI), associated with the i-th interval variable [18]. In Eq.(3), mid,ix and i are the mid-

point value (or mean) and the normalized deviation amplitude (or radius) of I
ix , given, re-

spectively, by: 

mid,
mid,

;   0
2 2

i i i i i
i i

i

x x xx
x

(4a,b) 

where ( ) / 2i i ix x x is the deviation amplitude of I
ix ; i represents the deviation 

amplitude (or radius) of the dimensionless interval fluctuation ˆI I
i i ie around mid,ix such

that 1i .
Notice that, in the framework of interval symbolism, a generic interval-valued function f

and a generic interval-valued matrix/vector function A of the interval variables I
i ,

1,2,...i or I
j 1,2,...j and of classical, not interval, quantities kb 1,2,...k and c

1,2,... will be denoted in equivalent form, respectively, as:

1 2 1 2 1 2 1 2 1 2 1 2( , , ) ( , , , , ); ( , , ) ( , , , , ).I I I I I If b b f b b c c c cA A1 2 1 2 1 2 1 2 1 2) ( , , , , ); ( , , ) ( , , , , ).2 1 2 1 2 1 2 1 22
I I I I If 1 2) ( ,( ,1 2 , , ) ( ,, , ) ( ,1 2 111 1111, );22( ,( ,1 2 1 21 ( , , )( , , ), , ),1 2( , , ),1 2 (5a,b) 

The PSD function introduced in Eq.(1) depends on three parameters: the predominant cir-
cular frequency, 0 ; the circular frequency bandwidth, 0 ; and the variance, 

g

2  Ug

2
Ug

. These pa-

rameters are herein treated as interval variables i.e.:
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0 0 0

0 0 0

2 2 2
g g g g g g

0 0 0 0,mid 0,mid

0 0 0 0,mid 0,mid

2 2 2 2 2
,mid ,mid

ˆ, (1 ) (1 );

ˆ, (1 ) (1 );

ˆ, (1 ) (1 ).
U U Ug g

I I I

I I I

I
I I

U U U U U

e

e

e
g g

).2 2
U U Ugg ggU U

2
Ug ,mid ( 2

UUg id (1 2U
2 (1 ) (122

id (1 ) (1)) (12 id) (12
U

2 22 2
g gU Ug g
,U U,,U U,

g ,mid (mid)2
U Ug

) (12 id

(6a-c)

The midpoints, 0,mid , 0,mid ,
g

2
,midUg

2
,midUg

, and the normalized deviation amplitudes, 
0

,

0
, 2

Ug
2
UgU

, are assumed equal to those listed in the fourth and fifth columns of Table 2.

Under this assumption, the PSD function representative of accelerograms recorded on soils 
with specific geotechnical characteristics is consistently modelled as an interval function. This 
implies that the seismic spectra with deterministic parameters proposed in literature provide 
only indicative models of recorded accelerograms in seismic areas which may differ from the 
actual ones. Note that, since the PSD function in Eq. (1) depends linearly on 

g

2( )I
Ug

)2 I
Ug

, this vari-

able could be set a posteriori as a function of site seismic hazard or as a function of the ex-
pected peak ground acceleration. Based on this observation, the following expression of the 
interval extension of the PSD function given in Eq.(1) is assumed: 

g g g g

2 2
0 0; , ,( ) ( )I I I I I

U U U UG G
g g g g0 0Ug Ug Ug g

;U )2 I
0 0; , ,( ) (0 0 U U ) G; , ,( ) ( )) ( 2
0 0

I)( 2,( )0 0 ( )2 I
g

I
Ug

I
UGU (7) 

with 

g g

4
2

( )
0 0 0 0 0 02 42 4

; , ; ,
I
LI I I I CP I I

U U I I
H L

G G G
g gUg g

I
UG GI
U GG

gU Ug g

I
U UUUGU (8) 

where [5]

0 0 0 0 0 0 0 0 0 0, ; ( ) 0.1 ; ( , ) 0.8 .I I I I I I I I I I I
H H L L (9a-c)

For illustration purposes, Fig. 1 shows the realizations of the imprecise PSD function 

g
( )I

UG
gUg
( )I

UGUg
( )I

Ug
) pertaining to the extreme values of the interval parameters 0Ω

I and 0
I along with the 

nominal spectrum. Notice that imprecision causes a significant variation of the PSD function. 
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Figure 1: Realizations of the imprecise PSD function of ground motion acceleration 
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3 EQUATIONS GOVERNING THE PROBLEM 

3.1 Interval equations of motion 
Consider now a structural system subjected to the normalized interval stationary process 

g g0 0 0 0( ) ( ; , ) ( ; , , ) /I I I I I I I
g g g U UU t U t U t

g g

I) /U Ug g
) /) /U ) /U 0 0 0 0( ; , ) ( ; ,0 0 0

I I I
g g( ) g) ((0 0 ,0) ( ;) ((0( ) ( ; 0
I I
g ( )U ( ) ( ;) ( 0
I
g ( )) (( ; ,(( ; 0 , whose equations of motion can be written as:

( ) ( ) ( ) ( )I I I I
gt t t U tMU C U K U M τU ( ) ( ) ( ) ( )g( ) ( ) ( ) ( )I I I I (U ( ) ( ) ( )I ) ( ) ( )( ) ( )) (( ) ( )( ) (10) 

where M , C and K are the n n  mass, damping and stiffness matrices, respectively; τ
is the n -array listing the influence coefficients; 0 0( ) ( ; , )I I It tU U 0 0( ) ( ; , )0 0

I I I(( ;(U ( )I ) is the interval stationary 
Gaussian vector process of normalized displacements; and a dot over a variable denotes dif-
ferentiation with respect to time t . Under the assumption of classically damped system, the 
equations of motion can be decoupled by applying modal analysis. To this aim, the following 
modal coordinate transformation is introduced:

1 1

( ) ( ) ( )  ( ) ( )
s s

I I I I I
j j i i j j

j j

t t Q t U t Q tU ΦQ( )I
j j) j jU ( ) ( )  ( ) ( )

s s
I I

i j j ((( ) ( )  ( )( ) ( ) ( )( ) ( )( ) ( )I I
j j i( )  ( )( ) (( )  ( )( )( )  ( )( )  ( ( ) (11) 

where ( )I tQ ( )IQ is the vector of modal coordinates; 1 2 ... sΦ is the modal ma-

trix, of order ×n s , collecting the s n eigenvectors j , normalized with respect to the mass 
matrix, M , solutions of the following eigenproblem:  

1 2 ;   .T
sK M Φ ΦΩ Φ M Φ I (12) 

In the previous equation, Ω is a diagonal matrix listing the undamped natural circular fre-
quencies j ; sI is the identity matrix of order s ; and the superscript T denotes the transpose 
operator. Once the modal matrix Φ is evaluated, by applying the coordinate transformation 
(11) to Eq.(10), the following set of decoupled interval second-order ordinary differential 
equations is obtained: 

2( ) ( ) ( ) ( )I I I I
gt t t U tQ ΞQ Ω Q pQ ( ) ( ) ( )2 ( )2 IQ p( ) ( )( ) ( )2 ( )( )2 ( )22( ) ( ) 2I I)Q ( ) 2( )( ) 2( )( ) 2 )g )(g ((I (( (13) 

where TΞ Φ C Φ is the generalized damping matrix, and Tp Φ M τ is the vector of 
participation factors. For classically damped structures, the modal damping matrix Ξ is a di-
agonal matrix listing the quantities 2 j j , being j the modal damping ratio. 

3.2 Characterization of interval stochastic response processes 

The interval zero-mean stationary Gaussian stochastic response process ( )I tU ( )IU , ruled by 
the equations of motion in Eq.(10), is completely characterized in the frequency domain by 
the interval one-sided PSD function matrix, 0 0( ) ( ; , )I I I

UU UUG G 0( ) ( ;I I
0( ; ,; ,0( ) ( ;( ;UU UUG ( )I )UU , given by: 

g

*( ) ( ) ( ) ( ) ( )I I T T T T I
M M UGUU QQG ΦG Φ ΦH pp H Φ

gUg
( ) ( )I I T( )( ))UU QQG ( )( )( )( )( )( ))( )QQ ( )I

Ug
( )Ug
( ) (14) 

where the asterisk means complex conjugate; ( )I
QQG ( )I )QQG is the interval PSD function matrix 

of the modal coordinate vector ( )I tQ ( )IQ ; ( )MH is the modal frequency response function
(FRF) matrix, defined as: 
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12 2( ) jM sH I Ξ Ω (15) 

with j 1 denoting the imaginary unit. 
The interval one-sided PSD function matrix, which fully characterizes the stochastic re-

sponse vector process of geometric interval displacements ( )I tU , can be derived from Eq.(14) 

as
g g

2 2
0 0( ) ( ) ; , ,( ) ( ) ( ).I I I I I I

U UUU UU UUG G G
g g

)22
U Ug g

) ( )22
U U) () ( ( ).I ( )UUU

The generic response quantity of interest, ( )I
hY t (e.g., displacement, strain or stress at a 

critical point) can be determined from the knowledge of the interval displacement vector 
( )I tU ( )IU as follows: 

g g

2 T T
0 0( ) ; , ,( ) ( )I I I I I I I

h h h hU UY t Y t t tq U q U
g g
)I)2

hU Ug g
) hq U q UT I I T

h hUhh ( )I ( )IU (16)

where hq is a vector collecting the combination coefficients relating the response process 
( )I

hY t to ( )I tU .
The complete probabilistic characterization of the interval stationary Gaussian random re-

sponse process in Eq.(16) requires the knowledge of the interval one-sided PSD function 
( )

h h

I
Y YG of ( )I

hY t defined as follows: 

g

2 T( ) ( ) ( )
h h

I I I
Y Y h hUG UUq G q

g
)2

Ug
)2 q ( )I

hUUG q( )( )UU (17)

where I
UUGI
UUG is given by Eq. (14).

4 BOUNDS OF INTERVAL RELIABILITY FUNCTION 
Under the assumption that a structure fails as soon as the response at a critical location ex-

ceeds a prescribed safe domain for the first time, the probability of failure is usually identified 
with the first-passage probability, i.e. the probability that the extreme value random process 
for the generic structural response process of interest (e.g., displacement, strain or stress) first-
ly exceeds the safety bounds within a specified time interval [0, ]T .

For the generic response quantity ( )I
hY t (see Eq.(16)) of a structure under imprecise seis-

mic excitation, the extreme value random process, over the time interval [0, ]T , has an interval 
nature and is mathematically defined as: 

g g

2 2
max, max, 0 0 0 00

; , ,( ) max ; , ,( )I I I I I I I
h h hU Ut T

Y T Y T Y t
g
)

g 0)2 I)2
U Ugg 0 0) max ;max 0 ,(00 ,(0;; (18) 

where the symbol | | denotes absolute value. 
The interval cumulative distribution function (ICDF),

max,
,

h

I
YL b T , of the extreme value

random process, often called in literature interval reliability function, represents the probabil-
ity that max,

I
hY T is equal to or less than the barrier level b within the time interval [0, ]T . In

random vibration theory, the evaluation of the CDF function is a quite challenging task. Even 
in the simplest case of the stationary response of a SDOF linear oscillator under zero-mean 
Gaussian white noise, the exact solution of this problem is not available. Hence, several ap-
proximate techniques have been proposed in literature, which differ in generality, complexity 
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and accuracy. In the framework of approximate methods, the first-passage failure criterion by 
Vanmarcke [13] is usually adopted. According to this criterion, the ICDF function of the ex-
treme value random process max,

I
hY T can be written as:

g

g

g

max, max,

2
0 0

1.2

2
0,2,

20,

2
0,

, , ; , , ( )

π1 exp
2( )1exp

π
exp 1

2( )

h

h
h

h

h

h h

I I I I
Y Y U

I
Y I II

YUY
I

Y

I I
YU

L b T L b T

b

T
b

g
) I)2

Ug

)2 I))))
g
)Ug
))

)2 I))
ggUgg
)Ug
))

1 21 21 21 21.21 2

2( III
0 Y0 Y0 Y0, hYh0 hYh0 Y

1 exex
II

1 ex1 ex1 ex1 ex
2 Y, h

0
I

Y
II
0, hYh0 hYh

2, hYh

1IIIIIIIIIII
0 Y0 Y0, hYh0 Y

(19) 

where
h

I
Yh

I
Yh

is the so-called interval bandwidth parameter of the stationary process 

g
/I I I

h h UY t Y t
g

I
Ug

I
hY I
h defined as:

2

1,
0 0

0, 2,

Re
, 1 .h

h h

h h

I
YI I I

Y Y I I
Y Y

2

h hYh h

I
h

I
Y Yh hY

2

.
0, h2,
I I

Y2, h2,0
I I (20) 

In the previous equations, 0, 0, 0 0, ,
h h

I I I
Y Y0, 0,0,0

I
0,0,0, 0,

I
00,0,0000 1, 1, 0 0,

h h

I I I
Y Y1, 1,1,1,

I
1,1,1, 1,

I
11,1,1111 and

2, 2, 0 0,
h h

I I I
Y Y2, 22,2,

I
2,22, 2

I
222,22222 are the interval spectral moments [19] of zero-, first- and second-order,

respectively, of the normalized random process
g

/I I I
h h UY t Y t

g

I
Ug

I
hY I
h . Indeed, introducing the 

interval function 
g g

2 2
0 0( ) ; , ,( ) / ( )

h h h h

I I I I I I
Y Y Y Y U UG G

g g
)22 I

U Ug g
) / (2

U ) / (( )
h h

I
Y Yh h

G ( )I
Y Y ( )) (see Eq. (17)), the following re-

lationship holds: 

, , 0 0 0 0
0 0

, ; , d ( )d , 0,1,2.
h h h h h h

I I I I I I
Y Y Y Y Y YG G, ,h h

II
, ,,,, ,,, ,

h hYh h
( )d)d

hY Yh h
GYdd ( )dI ( )dI

Y YGYdd 2.0,1, (21) 

The LB and UB of the ICDF are formally defined as: 

2 2 g
0 0 0 0 g g

2 2 g
0 0 0 0 g g

max, max,

max, max,

2
0 0, , ( )

2
0 0

, , ( )

, min , ; , , ;

, max , ; , , .

I I I
U U

I I I
U U

h h

h h

Y Y U

Y Y U

L b T L b T

L b T L b T

g g
)

gUg gg
)2 I)2 2 I(Ug

(
g

(222

g g
)

gUg gg
)2 I)2 2 I(Ug

(
g

(222

g

2 ;2
Ug

g

2 .2
Ug

(22a,b) 

The previous bounds can be evaluated by performing global optimization for each value of 
the barrier level b under the constraint that the uncertain parameters range within the perti-
nent intervals. In the present study, a more efficient approach is proposed which takes ad-
vantage of the dependency of the imprecise PSD function on three interval parameters only. 
The key idea is to estimate the bounds of the ICDF starting from the knowledge of the LB and 
UB of the interval spectral moments of the normalized response process 

g
/I I I

h h UY t Y t
g

I
Ug

I
hY I
h ,

which are formally defined as follows: 
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0 0 0 0

0 0 0 0

, , 0 0,

, , 0 0
,

min ,
, 0,1,2.

max ,

I Ih h

I Ih h

I I
Y Y

I I
Y Y

0
h,I, h

0 0
I

0

0
h,I, h

0 0
I

0

imin, h ,IY min ,h I I ,II
minmin

0,1,2.,
max, h ,IY max ,h I I ,II
maxmax

(23a,b) 

Notice that only two optimization parameters appear in Eqs. (23a,b) i.e. 0 0
I and 

0 0
I . The interval spectral moments , h

I
Y, h

II
, hYh

( 0,1,20,1,2 ), in general, are not monotonic func-
tions of the uncertain parameters affecting the PSD function of seismic excitation (see e.g., 
[20]). However, in the framework of the proposed model of the imprecise PSD function (see 
Eq.(7)), the combinations of the values of the parameters 0 0

I and 0 0
I which yield 

the bounds of the interval spectral moments , h

I
Y, h

II
, hYh

( 0,1,20,1,2 ) can be readily predicted relying
on the dynamic behaviour of the seismically excited structure. In particular, attention should 
be focused on the possibility that resonance with some vibration modes of the structure occurs 
as the predominant frequency of the excitation 0 0

I ranges over the pertinent interval. 

5 NUMERICAL APPLICATION 
The presented procedure is applied to a single-degree-of-freedom (SDOF) system under 

seismic excitation characterized by the proposed imprecise PSD function (see Eq.(7)) with
interval parameters defined in Table 2 for moderate and high seismicity areas. The SDOF sys-
tem is characterized by stiffness 23500 kN/mk and modal damping ratio 0 0.05 . In or-
der to show the influence of resonance on the proposed procedure, two different values of the 
mass are assumed: (1) 52200 kgm (Case 1); (2) (1) / 2 26100 kgm m (Case 2). 

In Case 1, the natural frequency of the SDOF system is (1) (1)
0 / 21.217 rad/sk m and

no resonance can occur for values of the fluctuations of the predominant circular frequency 
0 0

I of the seismic excitation within the assigned range. In Case 2, the natural frequency 

of the SDOF system is (2) (2)
0 / 30.006 rad/sk m and resonance may occur when the di-

mensionless fluctuation of the predominant circular frequency 0
I takes the value 

0
( ) 0.173R , such that 

00
( )R (see Eq.(6a)). Attention is focused on the interval dis-

placement zero-mean stationary Gaussian random process ( )IU t .
Figures 2a and 2b display some realizations of the imprecise PSD function ( )I

UUG ( )I
UUGU ) of the 

displacement process 
g

( ) ( ) /I I I
UU t U t

g

I
Ug

( )I IU ( ))I for Case 1 and Case 2, respectively. For both cases, 

samples pertaining to all possible combinations of the endpoints of the uncertain parameters

0
I and 0

I (see Table 2) as well as to the nominal values are plotted. In addition, for Case 2 

the realizations associated with (2)
0 0Ω (resonance condition) and 0

I equal to its UB or LB
are plotted. By inspection of Fig. 2a, it is observed that, in Case 1, among the considered 
samples of the PSD of the response, those yielding the UB and LB of the zero-order spectral 
moment 0,

I
U0,

I
U00

I are associated with 0 0Ω , and 0 0Ω , , respectively. In Case 2, Fig. 2b shows 
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that, the sample corresponding to the resonance condition (2)
0 0 and 0 is expected to 

yield the UB of 0,
I
U0,

I
U00

I , while the LB is associated again with 0 0Ω , .
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Figure 2: Realizations of the imprecise PSD function of the displacement process 
g

( ) ( ) /I I I
UU t U t

g

I
Ug

( )I IU ( ))I : a) Case 1 

and b) Case 2.

Figures 3 and 4 display the 3D plots of the spectral moments ,
I
U,

II
,U ( 0,1,20,1,2 ) versus the

dimensionless fluctuations 
0 0 0 0

,I and
0 0 0 0

,I of the

uncertain parameters 0 0
I and 0 0

I for Case 1 and Case 2, respectively. As inferred 

from Fig. 2, the LB of ,
I
U,

II
,U ( 0,1,20,1,2 ) is obtained when the uncertain parameters are set equal

to the extreme values 0 and 0 for both Case 1 and Case 2. As far as the UB is sought, it is 

observed that in Case 1 it is achieved when the predominant circular frequency, 0
I , and the 

circular frequency bandwidth, 0
I , are both equal to their LB, in agreement with the prediction 

suggested by Fig. 2a. Conversely, Fig. 4 shows that in Case 2 the spectral moments are not 
monotonic functions of 0 0

I and it can be reasonably assumed that they achieve the UB

when (2)
0 0Ω and 0 0 , as suggested by Fig. 2b. 

)a )b )c

Figure 3: Spectral moments of the displacement process 
g

( ) ( ) /I I I
UU t U t

g

I
Ug

( )I IU ( ))I  versus the dimensionless fluctua-

tions of the uncertain predominant frequency 0Ω  and circular frequency bandwidth 0 : a) zero-order; b) first-
order; c) second-order (Case 1). 

0,U0,U00

0Ω

0

0Ω

0

1,U1,U11

0Ω

0

2,U2,U22

45



F. Genovese, G. Muscolino and A. Sofi 

)a      )b )c

Figure 4: Spectral moments of the displacement process 
g

( ) ( ) /I I I
UU t U t

g

I
Ug

( )I IU ( ))I  versus the dimensionless fluctua-

tions of the uncertain predominant frequency 0Ω  and circular frequency bandwidth 0 : a) zero-order; b) first-
order; c) second-order (Case 2). 

Figures 5 and 6 show the bounds of the ICDF,
max

( , )I
UL b T , and of the interval failure prob-

ability function,
maxmax,1, ( , ) 1 ( , )I I

f U UP b T L b T , along with the nominal solutions pertaining to 

Case 1 and Case 2, respectively. The observation time is set equal to 30 sT . The proposed 
bounds are contrasted with the “Exact” ones provided by the scanning method. An excellent 
agreement is observed. The proposed LB and UB of the ICDF are obtained from Eq. (19) set-
ting the variance of ground motion acceleration 

g

2( )I
Ug

)2 I
Ug

and the spectral moments ,
I
U,

II
,U

( 0,1,20,1,2 ) simultaneously equal to their UB and LB, respectively. Notice that the width of the 
intervals of

max
( , )I

UL b T and
max,1, ( , )I

f UP b T is very large mainly due to the high degree of uncer-

tainty affecting the variance of ground motion acceleration 
g

2( )I
Ug

)2 I
Ug

(see Table 2). In order to 

obtain results useful for design purposes, tighter bounds of the variance need to be derived by 
analyzing the selected set of recorded accelerograms. Furthermore, Figures 5 and 6 show that 
neglecting imprecision of the PSD function of seismic excitation may lead to a significant
overestimation of the safety level of the structure. Indeed, for a given threshold b , the worst-
case scenario identified by the LB of the ICDF and UB of the interval failure probability is 
highly underestimated compared to the nominal values obtained assuming deterministic pa-
rameters of the PSD function of the excitation.  
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Figure 5: a) ICDF and b) interval failure probability (in semi-logarithmic scale) of the extreme value displace-
ment process max ( )IU T : bounds obtained by applying the proposed approach and the scanning method; nominal 

solution (Case 1). 
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Figure 6: a) ICDF and b) interval failure probability (in semi-logarithmic scale) of the extreme value displace-
ment process max ( )IU T : bounds obtained by applying the proposed approach and the scanning method; nominal 

solution (Case 2). 

6 CONCLUSIONS 

Reliability analysis of linear discretized structures under seismic excitation has been ad-
dressed in the framework of the first-passage theory taking into account uncertainties af-
fecting the definition of the input described by a zero-mean Gaussian stationary random
process.

By analysing a set of accelerograms recorded on rigid soil deposits it has been recog-
nized that the power spectral density (PSD) function of ground motion acceleration has
an imprecise nature. Indeed, the three main parameters characterizing the PSD function
i.e. the predominant circular frequency, the circular frequency bandwidth and the vari-
ance of the process, assume very different values from one accelerogram to another.
Moreover, the analysis has shown that the PSD function representative of accelerograms
recorded in soils with specific geotechnical characteristics is more appropriately de-
scribed by an interval function.

This entails that the well-established seismic spectra, with deterministic parameters pro-
posed in literature, provide only indicative models of recorded accelerograms in seismic
areas which may differ from the actual ones.

Numerical results have demonstrated the remarkable influence of imprecision of earth-
quake excitation on structural performance. In particular, it has been shown that neglect-
ing uncertainties affecting the main parameters of earthquake spectrum may lead to
significant overestimation of the safety level.

REFERENCES 
[1] R. Clough, J. Penzien, Dynamics of structures, 2nd Edition. McGraw-Hill, 1993.

[2] F. Genovese, D. Aliberti, G. Biondi, E. Cascone, Geotechnical aspects affecting the se-
lection of input motion for seismic site response analysis, 151-161, M. Papadrakakis 
and M. Fragiadakis eds. 7th International Conference COMPDYN 2019, Crete, Greece,
24-26 June, 2019. 

[3] P. Cacciola, P. Colajanni, G. Muscolino, Combination of modal responses consistent 
with seismic input representation, Journal of Structural Engineering (ASCE), 130, 47–
55, 2004.  

47



F. Genovese, G. Muscolino and A. Sofi 

[4] G. Barone, F. Lo Iacono, G. Navarra, A. Palmeri, Closed-form stochastic response of 
linear building structures to spectrum consistent seismic excitations, Soil Dynamics and 
Earthquake Engineering , 142, e102749, 2019.

[5] G. Muscolino, F. Genovese, G. Biondi, E. Cascone, Generation of fully non-stationary 
random processes consistent with target seismic accelerograms, Soil Dynamics and 
Earthquake Engineering, 141, 106467, 2021. 

[6] I. Elishakoff, Possible limitations of probabilistic methods in engineering, Applied Me-
chanics Reviews, 53, 19–36, 2000.

[7] I. Elishakoff, M. Ohsaki, Optimization and Anti-Optimization of Structures under Un-
certainty. Imperial College Press, London, 2010. 

[8] EC8 (European Committee for Standardization, Eurocode 8). Design of structures for 
earthquakes resistance-Part 1: General rules, seismic actions and rules for buildings, 
(EN 1998-1).

[9] G. Barbato, E.M. Barini, G. Genta, R. Levi, Features and performance of some outlier 
detection methods, Journal of Applied Statistics, 38, 2133–2149, 2011.

[10] M.P. Maples, D.E. Reichart, N.C. Konz, T.A. Berger, A.S. Trotter, J.R. Martin, D.A. 
Dutton, M.L. Paggen, R.E. Joyner, C.P. Salem, Robust Chauvenet Outlier Rejection. 
The Astrophysical Journal Supplement Series, 238, 2 (49pp), 2018. 

[11] R.E. Moore, Interval Analysis, Prentice-Hall, Englewood Cliffs, 1966. 

[12] R.E. Moore, R.B. Kearfott, M.J. Cloud, Introduction to Interval Analysis, SIAM, Phila-
delphia, 2009.

[13] E.H. Vanmarcke, On the distribution of the first-passage time for normal stationary ran-
dom processes, Journal of Applied Mechanics (ASME), 42, 215–220,1975.

[14] S. Ferson, V. Kreinovich, L. Ginzburg, D.S. Myers, K. Sentz, Constructing probability 
boxes and Dempster-Shafer structures, Sandia National Laboratories SAND2002–4015, 
2003. 

[15] L. Luzi, G. Lanzano, C. Felicetta, M.C. D’Amico, E. Russo, S. Sgobba, F. Pacor, 
ORFEUS Working Group 5, Engineering Strong Motion Database (ESM) (Version 2.0), 
Istituto Nazionale di Geofisica e Vulcanologia (INGV) 2020. 

[16] L.D. Lutes, S. Sarkani, Random vibrations - analysis of structural and mechanical vi-
brations, Elsevier Inc, Boston, 2004. 

[17] J.P. Conte, B.F. Peng, Fully nonstationary analytical earthquake ground-motion model, 
Journal of Engineering Mechanics (ASCE), 123, 15–24, 1997.

[18] G. Muscolino, A. Sofi, Stochastic analysis of structures with uncertain-but-bounded pa-
rameters via improved interval analysis, Probabilistic Engineering Mechanics, 28, 152-
163, 2012. 

[19] E.H. Vanmarcke, Properties of spectral moments with applications to random vibration, 
Journal of Engineering Mechanics (ASCE), 98, 425–446, 1972. 

[20] M.G.R. Faes, M. A. Valdebenito, D. Moens, M. Beer, Bounding the first excursion 
probability of linear structures subjected to imprecise stochastic loading. Computers and 
Structures, 239, 106320, 2020.

48



STRUCTURAL RELIABILITY ESTIMATION OF STEEL MAST 
EXHIBITING RANDOM MECHANICAL AND ENVIRONMENTAL 

PARAMETERS

R. Bredow1, M.Kamiński2

1 PhD Candidate, Department of Structural Mechanics, Łódź University of Technology, POLAND
al. Politechniki 6, Łódź 90-924

e-mail: rafal.bredow@dokt.p.lodz.pl

2 Professor, Department of Structural Mechanics, Łódź University of Technology, POLAND
al.Politechniki 6, Łódź 90-924

e-mail: marcin.kaminski@p.lodz.pl

Keywords: generalized stochastic perturbation technique, Stochastic Finite Element Method, 
reliability analysis, structural mechanics.

Abstract. The aim of this work is to study an influence of environmental and mechanical 
uncertainties on reliability assessment of some steel mast subjected to the given dynamic wind 
spectrum. Some exemplary steel guyed mast structure has been tested including geometrical 
non-linearities inherent in its dynamic response history spectra for the ultimate and 
serviceability limit states. Numerical solution of dynamic excitation problem has been obtained
using the Finite Element Method system ROBOT. Further research, which has been performed 
in computer algebra system MAPLE 2019, included sensitivity study regarding an order of 
polynomial approximation of structural response functions and also the resulting structural 
probabilistic characteristics presented as the functions of the input uncertainties. The Weighted 
Least Squares Method with triangular weight functions has been applied to recover some 
structural response polynomials. Probabilistic analysis has been performed with the use of the 
Iterative Stochastic Perturbation Technique, where accuracy of this method has been compared 
with the Monte-Carlo simulation and also with the semi-analytical approach. A coincidence in 
this comparison for the first two probabilistic moments of structural response has been 
discussed in this paper accordingly.
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1 INTRODUCTION

This work contains a study of the influence of environmental and mechanical uncertainties 
on reliability index of some guyed steel mast subjected to the given dynamic wind spectrum.
This excitation has been defined using relatively short period spectrum following some 
experimental measurements. A structure of this mast has a height equal to 198.0 m and its shaft 
has been designed with the use of S235J2 steel in form of three-walled lattice with side width 
equal to 1.30 m. Leg members have been modelled as round pipes with diameter of 168.3 mm 
with the cross-section wall thickness adjusted to the ultimate limit state conditions. The mast 
face lacing elements have been designed as round pipes of the diameter 63.5 mm and their wall 
thickness has been designed quite similarly. Mast guys have been attached to the shaft at the 
altitudes equal 60.0 m, 120.0 m and 180.0 m from the ground level and they are introduced with 
the inclination angle equal to 45 degrees. A spiral single strand steel rope 1x37 with the 
diameter of 32.0 mm has been applied with the mean strength equal to 1960.0 MPa. The mean 
elasticity modulus of the cables has been assumed as 150.0 GPa, whereas elasticity modulus of 
the mast shaft elements has been adopted as 210.0 GPa. An initial tension for the mast guys has 
been provided by prestressing equivalent to 11.0 cm, 22.0 cm and 31.0 cm, correspondingly for 
the consecutive attachment levels with ascending order starting from the bottom.

Numerical model prepared in the Finite Element Method system ROBOT consists of 903 
finite elements. Mast shaft has been modelled by 2 node bar elements described by linear shape 
functions and 6 degrees of freedom at each end – mast structure consists of 894 of such 
elements. Mast guys has been modelled as cable finite elements implemented in this system 
according to the small-sag theory. This furtherly contributes to assumptions such as the 
equilibrium of the cable is being found considering constant tensile force of the cable along its 
length.

2 UNCERTAINTY ANALYSIS 

Several environmental and mechanical uncertainties have been taken into account for 
computer analysis of the dynamic response spectra in the most fragile elements of the mast. 
They have been defined as Gaussian variables with the given expectations and some interval of 
coefficient of variation. Both types of uncertainties and their implementation methods into 
numerical analysis have been discussed here as the functions of the approximating polynomial 
order and the input uncertainty level. The final graphs attached below include only these 
parameters, which appeared to be decisive for the mast reliability analysis.

2.1 Environmental uncertainties

The first environmental uncertainty is the external temperature applied to the mast structure. 
Two ranges of temperature load applied uniformly to the entire structure have been taken into 
consideration, namely from -10°C to +40°C, and also from -50°C until ±0°C. These two case
studies of external temperature have been additionally discretized into 11 sub-cases with an 
increase equal to °5°C. The second environmental uncertainty has been described by the 
uncertain wind velocity distribution. This wind load has been modelled according to the
Eurocode 1 guidelines for towers, chimneys and masts including an effect of the local wind 
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gusts [1]. A dynamic analysis of the wind influence on this structure has been performed for a
time interval of 10 minutes according to the spectrum included in Fig. 1.

Figure 1: Wind velocity fluctuations in 10-minute interval

The uncertainty description of dynamic wind action upon this structure has been performed 
similarly to the temperature load case. It means that 11 types of dynamic wind load histories 
have been analyzed, each of them described by a different multiplication factor applied to the 
spectrum presented in Fig.1. Values of peak wind velocity taken into account are specifically 
presented and discussed further in section 3.2. Wind action expressed as pressure applied to the 
mast consists of some mean load and supplementary patch load simulating additional wind 
gusts along certain parts of the mast according to [1]. An example of the wind load distribution 
applied to the mast shaft, which consists of both load types, has been presented in Fig. 2.

a) b)

Figure 2: Wind load distribution along the mast height: a) mean load, b) patch load
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2.2  Mechanical uncertainties

Mechanical uncertainties considered in this analysis are - the elasticity modulus of mast guys 
and, independently, elasticity modulus of mast shaft. In both cases 11 representative values of 
elasticity modulus have been taken into account. These representative test values of elasticity 
moduli have been calculated based on expected value, which refers directly to Eurocodes 
namely 210.0 GPa for mast shaft elements and 150.0 GPa for mast guys respectively. 
Multiplication factors for these representative values have been introduced as 0.90, 0.92, 0.94, 
0.96, 0.98, 1.00, 1.02, 1.04, 1.06, 1.08, 1.10, consecutively.

2.3 State variables

State variables for the steel guyed mast structure have been chosen according to the
Eurocode guidelines [2], [3], which indicates that verification of the Ultimate Limit States 
(ULS) and Serviceability Limit States (SLS) in probabilistic context is sufficient for its 
reliability. Analyzed state variables of the greatest interest represent both ULS and SLS states 
and they refer to the stress-state of main leg element, stress-state of face lacing element, global 
horizontal displacement of the top of mast shaft and also extreme twisting of the shaft. First 
two obviously have been taken upon with respect to ULS and the remaining two – for the SLS. 

3  NUMERICAL SOLUTION

3.1 Dynamic response spectra

Numerical solution has been obtained via simulations performed in the system ROBOT 
using non-linear dynamic analysis procedure based on the Broyden-Fletcher-Goldfarb-Shanno 
(BFGS) algorithm. Integration of equations of motion induced by the wind spectrum has been 
performed with the use of Hilber-Hughes-Taylor (HHT) solver [4]. An accuracy of the HHT 
method for geometrically non-linear guyed mast structure has been studied by a contrast with
the Newmark solver [5], which has been presented in Figure 3.

Figure 3: Response history for the stress in main leg computed using the HHT and the Newmark methods
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The HHT solver is based upon specific time discretization, where the structural 
displacements and velocities in the given time step are described using displacements, velocities 
and accelerations in the previous time step as 

2
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1

1/ 2
1

i i i i

i i i

x x t x t x
x x t x

2
i ix x2
ix

i i1 ix x t x1i i1 x tti

(1)

Time step of the method has been set here as 0.10 s and the output response results have
been saved every tenth time steps (at every 1.0 s). The mast dynamic response has been 
recalculated for several realizations of each random parameter about its expected value, so that 
176 series of the Stochastic Finite Element Method computations have been performed 
resulting in 105,600 discrete results of the principal state variables.

3.2 Structural Response Function approximation

The Weighted Least Squares Method (WLSM) has been selected in order to perform the 
Structural Response Function (SRF) approximation in the form of polynomials of order varying
from the 5th until the 10th one [6]. This has been completed for each state variable in the time 
step corresponding to the extreme values in the limit states. Let us note that the uniform,
triangular and Dirac weight functions distributions have been initially considered for this
approximation procedure. Triangular weight functions exhibited the best accuracy for the
provided series of dynamic response data with respect to least square error minimization and 
also overfitting phenomenon minimization criterium, so that they have been applied in further 
SFEM analysis. The prescribed weights for each uncertain parameter have been given in such 
a way that the greatest weight corresponds to the expected value. Referring to Table 1, one can 
notice that weights for WLSM approximation of the temperature load case should be 
(1,2,3,4,5,6,7,8,9,8,7), while for the peak wind are proposed as (1,2,3,4,5,6,5,4,3,2,1). The 
discrete values of each uncertain parameters have been presented in Table 1.

Input uncertain parameter
No. Temperature 

load 1
°C

Temperature 
load 2

°C

Peak wind 
velocity

m s-1

Elasticity 
modulus – guys

GPa

Elasticity 
modulus – shaft

GPa
1 -10.00 -50.00 19.80 135.0 189.0
2 -5.00 -45.00 20.24 138.0 193.2
3 0.00 -40.00 20.68 141.0 197.4
4 5.00 -35.00. 21.12 144.0 201.6
5 10.00 -30.00 21.56 147.0 205.8
6 15.00 -25.00 22.00 150.0 210.0
7 20.00 -20.00. 22.44 153.0 214.2
8 25.00 -15.00 22.88 156.0 218.4
9 30.00 -10.00 23.32 159.0 222.6

10 35.00 -5.00 23.76 162.0 226.8
11 40.00 0.00 24.20 165.0 231.0

Table 1: Discretization of the two uncertain parameters (expected values underlined)
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Each data of the response history has been approximated by 5th to 10th order polynomials. 
Finally, 4 uncertain parameters, 4 state variables and 600 time steps have been analyzed and 
the WLSM approximation by 6 different polynomials has been performed. So that general 
database consists of 57,600 polynomials obtained solely by finding the solution with the HHT 
solver. For a brevity of this work presentation, the SRF representing extreme value of some
state variables have been taken into account only. It has been assumed that this moment in 
dynamic analysis would be considered as the most dangerous from structural engineering 
perspective and its SRF should be serve in further mast reliability index estimation.

4 PROBABILISTIC ANALYSIS

Probabilistic analysis has been performed with the Stochastic Perturbation Technique (SPT),
and independently using Monte-Carlo simulations (MCS) and semi-analytical method (SAM)
also [7], [8]. The results obtained by SPT are marked with asterisk, these coming from the MCS 
- with a cross, while these obtained by SAM - with a diagonal box. The main study has been 
performed to verify how the order of approximation would affect the resulting basic 
probabilistic characteristics and, finally, reliability index determination. A coincidence in-
between three different probabilistic methods has been also investigated. Each SRF has been 
independently approximated as a function of some uncertain parameter. To pursue the 
abovementioned investigation it has been assumed that the SRF are some functions of a random 
variable with unknown standard deviation. Then, the SRFs have been presented as a result 
related directly to the coefficient of variation of this particular variable.

Expected values of normal stresses in the mast leg are presented in Fig. 4 below as the 
functions of the input coefficient of variation of Young modulus of the guys and also of the 
response polynomial order. As it is demonstrated, an increase of the input uncertainty leads 
each time to a decrease of this expectation. Further, one may notice that the resulting extreme 
expectation seems to be quite sensitive to the chosen approximation order, especially for larger 
values of the coefficient α. Higher orders of this approximation make these variations more 
remarkable. The resulting coefficients of variation of these stresses in addition to a wind 
pressure coefficient of variation have been presented further in Fig. 5. An interrelation in-
between these coefficients is almost linear and the impact of the polynomial approximation 
order is definitely smaller than in Fig. 4. On the other hand, the resulting coefficients of 
variation of these stresses with respect to Young modulus of the mast guys shown in Fig. 6  
presented more nonlinear interrelation to coefficient α. Increase of parameter α in such case 
results in non-linear increase of output coefficient of variation.

The expected values of the normal stresses in face lacing elements are contained in Fig 7 as 
the functions of the input coefficient of variation of Young modulus of the guys and also of the 
response polynomial order. Fifth and sixth order polynomials in this case presented opposite 
monotonicity to higher order polynomials which can be observed for values of parameter α
greater than 0.10. Once again one may notice that obtained expectations are sensitive to 
polynomial order for larger values of abovementioned parameter α. The resulting coefficient of 
variation of this stresses has been presented in Fig. 8. In this case an interrelation in-between 
input and output variations is expotentially related. Some additional inaccuracy in between SPT 
and SAM has been observed for tenth order polynomial approximation. It is seen that this 
randomness is the largest one, which confirms a fundamental role of the Ultimate Limit State 
for this structure safety. 
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Figure 4: Expected value of response function describing stress in main leg in reference to guys elasticity 
modulus coefficient of variation

Figure 5: COV of response function describing stress in main leg in reference to wind load coefficient of 
variation

Figure 6:  COV of response function describing stress in main leg in reference to guys elasticity modulus 
coefficient of variation
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Figure 7: Expected value of response function describing stress in face lacing in reference to guys elasticity 
modulus coefficient of variation

Figure 8: COV of response function describing stress in face lacing in reference to guys elasticity modulus 
coefficient of variation

Expected values of global horizontal displacement are shown in Fig. 9 below as the functions 
of the input coefficient of variation of Young modulus of the guys and also of the response 
polynomial order. As it was demonstrated, an increase of the input uncertainty leads each time 
to a increase of this expectation except for tenth order polynomial approximation. Further, one 
may notice that the resulting extreme expectation seems to be quite sensitive to the chosen 
approximation order, especially for larger values of the coefficient α. The resulting coefficients 
of variation of these stresses related to guys Young modulus coefficient of variation have been 
presented further in Fig. 10. An interrelation in-between these coefficients is expotentially 
monotonous. The best approximations of these coefficients of variations in-between all three 
probabilistic techniques has been observed for fifth, sixth and seventh order of polynomial 
approximation. 
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Figure 9: Expected value of response function in reference to guys elasticity modulus coefficient of variation

Figure 10: COV of response function in reference to guys elasticity modulus coefficient of variation

Expectations of a twist of the mast shaft are collected in Fig. 11 below as the functions of 
the input coefficient of variation of Young modulus of mast shaft and also of the response 
polynomial order. As it is demonstrated, an increase of the input uncertainty leads to a decrease 
of this expectation except for fifth order polynomial approximation where minor increase is 
observed. Further, one may notice that the resulting extreme expectation seems to be quite 
sensitive to the chosen approximation order, especially for larger values of the coefficient α.
The resulting coefficients of variation of these stresses related to mast shaft Young modulus 
coefficient of variation have been presented further in Fig. 12. An interrelation in-between these 
coefficients is nonlinearly monotonous. The best approximations of these coefficients of 
variations in-between all three probabilistic techniques has been observed for fifth, sixth,
seventh and eighth order of polynomial approximation. 
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Figure 11: Expected value of response function in reference to shaft elasticity modulus coefficient of variation

Figure 12: COV of response function in reference to shaft elasticity modulus coefficient of variation

5 RELIABILITY ASSESSMENT

Eurocode 0 statements regarding reliability of structures it should be noted that structures 
such as guyed steel masts undoubtedly belong to the highest reliability class RC3 thus their 
reliability assessment should be available at hand. The Authors propose in this paper to express 
reliability of the mast structure by the Cornell theory exposed in Eurocode 0. According to [2] 
the minimum reliability index value regarding ULS for RC3 class is equal to 4.3. For SLS the 
Eurocode 0 does not provide target reliability values with respect to the reversible SLS states 
and their arbitrary assumption must comply with the expectations of the investor as well as 
allow safe exploitation of the equipment attached to the structure.

The reliability index has been calculated as a function of coefficient of variation of the given 
input parameter and results of such investigation has been presented for most significant 
random parameters with respect to considered state variable under assessment. Significance of 
chosen random parameters once again has been dictated by the sensitivity of the mast structure 
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which has been visualized in probabilistic response spectra presented in chapter 4. From Figs. 
13-16 can be deduced that all proposed polynomial approximations produces similar outcome 
in form of reliability responses related to input parameter α. From all uncertainties taken into
account it can be noticed that the mast structure exhibits the greatest sensitivity towards 
uncertain Young modulus of guys and towards wind pressure. This observation can be 
expressed directly through determination and presentation of the reliability index as for Figs.14-
15 reliability drops below some arbitrary level of acceptance at relatively small values of input 
α parameter. When acceptance level is set as reliability index equal to 2.0 for example, then the
mean wind pressure and Young modulus should be described using random distributions with 
a coefficient of variation smaller than 0.08. 

Figure 13: Reliability index in function of input COV of shaft elasticity modulus with respect to ULS state of 
stress in face lacing elements

Figure 14: Reliability index in function of input COV of wind velocity with respect to SLS state of global 
horizontal displacement
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Figure 15: Reliability index in function of input COV of guys elasticity modulus with respect to SLS state of 
global horizontal displacement

Figure 16: Reliability index in function of input COV of shaft elasticity modulus with respect to SLS state of 
twist of mast shaft

6 CONCLUDING REMARKS

The Iterative Stochastic Perturbation Technique shows quite satisfactory coincidence in 
comparison with both Monte-Carlo simulation estimators and also with the semi-analytical 
method moments and it requires also remarkably less computational time and effort. This is 
very important considering the fact that nonlinear geometrical effects are considered during 
dynamic excitation of the structure, which undoubtedly is large scale civil engineering 
structure. More interestingly, higher order polynomials have returned neither more stable nor 
predictable random responses. Different orders of polynomials used in WLSM show exquisite 
accuracy when the input coefficient of variation is smaller than about 0.10 – 0.12. When the
input COV is above this value, the differences in-between various orders of polynomials 
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become more significant and even some of them show opposite monotonicity than the others. 
Some differences in between the SPT and referential techniques are observed above this 
uncertainty level. Nevertheless, material uncertainties or these associated with the dead loads
are well known and undergo smaller deviations than this limit in civil engineering. In such case 
it has been proven that an order of the polynomial used in reliability index assessment can be 
arbitrarily assumed and may result in quite satisfactory outcome. On the other hand, when 
uncertainties taken into account exhibit larger deviations such as wind velocity history or some 
other environmental phenomenon, the technique presented in this paper might be used to firstly 
verify and choose proper other of polynomial or other function in such manner that it would 
perform satisfactory coincidence in comparison with referential techniques. Such a function 
then might be used in non-stationary reliability assessment of the structure exhibiting some 
nonlinearities and subjected at the same time to the dynamic excitation.

One can notice that the given guyed mast structure exhibits different sensitivities with 
respect to the chosen uncertainty sources. What is more, the structural sensitivity can be 
associated with the certain state variable under consideration. In example let us imagine 
considering the twist of mast shaft – one can assume that the general structural stiffness of the 
mast towards twist could be directly associated with the stiffness of mast shaft itself. Obtained 
results confirms that the uncertainty in mast shaft elasticity modulus contributes in the greatest 
manner to its dynamic response to the wind excitation. The output COV of structure response 
function correlated with shaft elasticity modulus increases most significantly with increasing 
parameter α of elasticity modulus of mast shaft. Similar observations can be made with respect 
to the other state variables. From this analysis it can be furtherly concluded that for both ULS 
states (stress analysis in both main legs and the face lacing elements) the wind velocity is the 
most significant random parameter and for the SLS state expressed by horizontal displacement 
the mast structure exhibits the greatest sensitivity to elasticity of mast guys. What is more the 
temperature load is the least significant uncertain parameter considered in this paper with 
respect to all four state variables taken into account.

Sensitivity analysis and reliability index estimation are strictly related with each other as it 
may be observed from in this paper. Reliability index reaches the lowest values for the uncertain 
parameter to which the structure is the most sensitive – regarding limit state under 
consideration. In summary for both ULS associated with stress the structure presents the 
greatest sensitivity towards uncertainty expressed in wind velocity. Then for SLS associated 
with horizontal displacement the structure exhibits significant sensitivity with respect to both 
wind velocity and elasticity of mast guys and finally for SLS associated with structural rotation, 
the structure exhibits the greatest sensitivity towards elasticity modulus of mast shaft.

From another perspective it can be also noticed that various orders of approximating 
polynomials usually lead to similar results of probabilistic computer analysis and also, in
consequence, to similar reliability index values.
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Abstract. Fissile matter detection and characterisation are crucial issues; especially in nuclear
safety, safeguards, matter comptability, reactivity measurements. In this context, we want to
identify a source of fissile matter knowing external measures such as instants of detection of
neutrons during an interval of measure. Thus we observe the neutrons detection times emitted by
the fissile matter and going through the detector, then we compute the moments of the empirical
distribution of the number of neutrons detected during a time gate T. In order to identify the
source we have to get the following parameters: the multiplication factor k of the system, the
intensity of the source S, the fission efficiency εF .

Given the parameters of the source there are some models that allow us to predict the mo-
ments of counted number of neutrons during a time gate T. We consider a point model stat-
ing monokinetic neutrons are moving in an infinite, isotropic and homogeneous medium. The
method makes it possible to compute the first moments of the count number distribution.

Then, given the moments of counted number of neutrons during a time gate T we want to
get the parameters of the fissile source. In order to achieve this goal, we will use the following
method

• Bayesian approach in order the get the distribution of parameters. The a posteriori distri-
bution is non-trivial, samples can be achieved with Markov Chain Monte-Carlo methods
with covariance matrix adaptation (MCMC with CMA).
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Nomenclature

Nuclear constants
α Decreasing coefficient of the neutronic system

ν̄ Mean number of neutrons emitted by a fission event

ν̄S Mean number of neutrons emitted by a source event

λC Capture rate by time unit

λF Fission rate by time unit

D2S Diven factor of the source of order 2

D2 Diven factor of the fission of order 2

D3S Diven factor of the source of order 3

D3 Diven factor of the fission of order 3

fν Probability the fission emits ν neutrons

fν,S Probability that source emits ν neutrons during a source event

p Probability that a neutron causes a fission

Nuclear parameters
p Vector of the parameters of the system

p∗ Vector of the parameters of the system to estimate

εC Capture efficiency

k Multiplication factor

S Intensity of the source (neutron/units of time)

Observations and model outputs
M Vector of the first three simple statistical moments, the model

M̂ Vector of the first three simple empirical moments, the measures

T Time gate (units of time)

1 Introduction

We are interested in fissile matter detection and characterisation. We want to determine the

fissile source with external measures. Times of neutron detections during an interval of measure

provides the observations.

We study here an inverse problems under limited data. The inverse problem is ill-posed, getting

the entries of the model is challenging. To tackle this issue we use bayesian methods, the a

posteriori distribution provides the relative probability of the entries knowing the measures,

our observation [12]. In order to sample this distribution we will use a MCMC method: the

Metropolis-Hastings algorithm.

Since the distribution is degenerate when the measures are extensive, we will use an Adaptive-

Metropolis algorithm with Covariance Matrix Adaptation.
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The paper is organized as follows. First, we introduce the neutron point model and expose the

expressions of the simple moments of the neutrons count distribution [7].

Secondly, we will recall Bayes rules, present the requirements for the sampling and expose the

given covariance for the measures. And we will also present the sampling of the a posteriori

distribution, the discretisation with 3 parameters.

Finally, we will expose the results of the sampling with a benchmark. We will analyse the

features of the sampled distribution with an explicit sampling and MCMC one, and settle how

the work can be improved.

2 Stochastic neutronics problem, forward problem

The simplest model in neutronics is the point model approximation.

Definition 2.1 Point model [11]
The medium is infinite, homogeneous and isotropic. The neutrons are supposed point particles
moving at the same speed. Moreover, we consider the neutron’s life ends with a capture (with
or without a detection) or a fission. These events are poissonian type. Neutrons are produced
by fission and by the Poisson or compound Poisson type sources. A fission chain is modeled as
a branching process.

The model is governed by the following parameters

2.1 Source

We model the source as a compound Poisson process with a strength

Definition 2.2
S := Intensity of the compound Poisson process (1)

The probability distribution of the number of neutrons emitted by a source event is given by

fν,S (2)

where ν goes from 0 to the maximum number of neutrons emitted by the source νmax,S . The
mean number of neutrons emitted by one source event is

ν̄S :=

νmax,S∑
ν=0

νfν,S. (3)

From this, we can derive the following nuclear constants.

Definition 2.3 The Diven factors of order 2 and 3 of the source probability distribution are

D2S :=

∑
ν ν(ν − 1)fν,S

ν̄2
S

, D3S :=

∑
ν ν(ν − 1)(ν − 2)fν,S

ν̄3
S

(4)
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2.2 Fission

Definition 2.4 Let p be the probability that a neutron causes a fission (so 1− p is be the prob-
ability that a neutron be captured).
The probability distribution of the number of neutrons produced by a fission is

fν (5)

where ν goes from 0 to the maximum number of neutrons emitted by the fission νmax, and

ν̄ :=
νmax∑
ν=0

νfν (6)

the mean number of neutrons emitted by one source event. When a fission occurs ν̄ neutrons are
emitted on average.
Then

k := ν̄p (7)

is the mean number of children of a neutron. We will call it the multiplication factor [2].

In our case 0 < k < 1, so the system is stationary which is the most important configurations

for nuclear safety applications [9].

As previously, we obtain the formulas of the Diven factors of the fission of order 2 and 3.

D2 :=

∑
ν ν(ν − 1)fν

ν̄2
, D3 :=

∑
ν ν(ν − 1)(ν − 2)fν

ν̄3
(8)

Definition 2.5 The fission rate is
λF (9)

2.3 Capture

The neutron count is the action of detecting the neutron presence.

Definition 2.6 The capture rate is
λC (10)

Definition 2.7 We define the capture efficiency by

εC := Probability that a captured neutron is detected (11)

This efficiency is linked to the fission one εF by the equality

Definition 2.8
εF := Detector efficiency =

λCεC
λF

(12)

this is the ratio of the mean number of detections over the mean number of induiced fissions.

66



2.4 Measurements

We get our observations from a detector with Helium 3 [15]. Neutronicians choose this

element because its cross-section is large, so the capture probability is high. Neutrons are

absorbed in the detector with the reaction

3
2He +

0
1 n →1

1 H+3
1 H+ 765keV

then the proton emerging from the reaction causes an electric current. During a time interval

of duration Tmeas, each instant of detection is stored as a list in file (see fig. 1). Then we obtain

n = �Tmeas

T
� realizations of N[0,T ] the counted neutrons during a time gate T , and we compute

the empirical moments of this distribution

Figure 1: A measurement during t0 and tmax = t0 + Tmeas, with a time gate T

2.5 Forward model

Definition 2.9 Let N[0,T ] be the random variable representing the neutron counts during T . The
three first associated moments of this distribution are

• E[N[0,T ]] := the first moment of the neutron counted during T distribution

• E[N2
[0,T ]] := the second simple moment of the neutron counted during T distribution

• E[N3
[0,T ]] := the third simple moment of the neutron counted during T distribution

These are the outputs of our model.

In the case of the point model the simple moments can be expressed as a function of the so-

called Feynman moments Y2(T ), Y3(T ) [9].

Proposition 2.10 The first three simple moments of N[0,T ] are of the form

E[N[0,T ]] = ν̄SS
εFk

(1− k)ν̄
T

E[N2
[0,T ]] = E[N[0,T ]](1 + E[N[0,T ]] + Y2)

E[N3
[0,T ]] = E[N[0,T ]](1 + 3Y2 + Y3) + 3E[N[0,T ]]

2(1 + Y2) + E[N[0,T ]]
3

(13)

where the Feynman moments are given by

Y2(T ) =
εFD2k

(k − 1)2

(
1− ρ

ν̄SD2S

ν̄D2

)(
1− 1− e−αY T

αY T

)

Y3(T ) = 3

(
εFD2k

−(1− k)2

)2(
1− ρ

ν̄SD2S

ν̄D2

)(
1 + e−αY T − 2

1− e−αY T

αY T

)

− εFD3k3

(k − 1)3

(
1− k − 1

k

ν̄2
SD3S

ν̄2D3

)(
1− 3− 4e−αY T + 2e−2αY T

αY T

) (14)

where αY = λC + λF (1− ν̄)
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A proof of this result can be found in [7].

Our forward model is
M : R3 → R

3

p → M(p)
(15)

where p = (εC , k, S) and Mj(p) = E[N j
[0,T ]].

3 Bayesian inverse problem

3.1 Bayes principle

We have the observations M̂ which are the estimated moments of N[0,T ]. Bayes theorem [13]

states

P(p|M̂)
a posteriori distribution

∝ P(M̂|p)
likelihood

P(p)
a priori distribution

(16)

where the likelihood and the a priori distribution are as follows

1. Thanks to the Central Limit Theorem, given the parameter p the measures are Gaussian

with mean M(p) and covariance 1
n
Cov(p) where M refers to the expression of the exact

simple moments of the distribution of N[0,T ], Cov(p) the covariance matrix of the three

first simple moments, n the number of realizations.

This gives explicitly

P(M̂|p) ∝ 1√
det( 1

n
Cov(p))

e−
1
2

t(M̂−M(p))Cov(p)−1(M̂−M(p))n (17)

which is the expression of the likelihood up to a multiplicative constant.

The computation of Cov(p) needs the expression of the simple moments up to the order

6, and this is too complex to be computed analytically. So we will use the empirical

covariance matrix Ĉov.

P̃(M̂|p) ∝ 1√
det( 1

n
Ĉov)

e−
1
2

t(M̂−M(p))Ĉov
−1

(M̂−M(p))n (18)

2. The a priori distribution is assumed to be uniform on [εC,min, εC,max] × [kmin, kmax] ×
[Smin, Smax].

Our goal is to sample the a posteriori distribution 16. We will use two different methods: a

discrete sampling with a regular mesh and Adaptive Metropolis with Covariance Matrix Adap-

tation.

3.2 Explicit sampling of the a posteriori distribution

A simple way to obtain the explicit sampling of the a posteriori distribution is to use a regular

mesh of the domain [εC,min, εC,max]× [kmin, kmax]× [Smin, Smax] and compute the a posteriori

distribution on each point of the mesh. The computations were done with Ne points in each

directions. The overall number of evaluations of the forward model 15 is therefore N3
e . We

also compute the moments in order to have some quantitative information: mean, variance,

expectation to be compared with MCMC results.

Remark 3.1 By 16 the computation of the likelihood is true up to a multiplicative constant.
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3.3 MCMC sampling of the a posteriori distribution

The principle of the method is to build a Markov chain that has the target distribution as its

stationary distribution. Hence one can obtain a sample of the target distribution by sampling

and recording states from the chain. Various algorithms exist for constructing such Markov

chains, including the Metropolis-Hastings (MH) algorithm. The states of the MH chain are

produced iteratively. At each iteration, the algorithm picks a random proposal according to

some instrumental distribution that may depend on the current sample value. The proposal is

the candidate for the next sample value and it is either accepted (in which case the proposal value

is used in the next iteration) or rejected (in which case the proposal value is discarded, and the

current value is used in the next iteration) with some probability. The probability of acceptance

is determined by comparing the values of the target density at the current and proposal values

so as to ensure that the MH chain has the target distribution as its stationary distribution.

We implement here a specific MCMC method [10]: the Adaptive Metropolis algorithm with

Covariance Matrix Adaptation in order to sample a target distribution π.

The adaptation uses the Covariance matrix of the all the points proposed by the instrumental

law and accepted by the rejection procedure in order to accept more.

We implemented the following algorithm using [1] and [6]. Here

p = (p1, p2, p3) (19)

and we define p1,min = εC,min, p1,max = εC,max, p2,min = kmin, p2,max = kmax, p3,min =
Smin, p3,max = Smax The target distribution is denoted π.

We first initiate

• The empirical acceptance xrate.

• The initial scale factor of the instrumental law frac

• The target acceptance rate xobj

• The frequency of update of the scale factor NMC,1

• The burnin phase duration Nbp

• The initial parameter p0 is chosen with the uniform distribution over
⊗3

k=1[pk,min, pk,max]

Iteration i → i+ 1

1. During i ≤ Nbp , we use as instrumental law

qi+1 ∼ N (pi, frac
2Cbi) (20)

where qi+1 the proposal, pi the last accepted point, Cbi = diag(((pk,max − pk,min)2)3k=1).

2. After the burnin we use the instrumental law as in algorithm 4 of [1]

qi+1 ∼ N (pi, frac
2Ci) (21)

where Ci is defined by 24.
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3. Finally we compute the acceptance rate α using the likelihood ratio of the proposal and

the previous accepted point

α(qi+1,pi) = min(1,
π(qi+1)

π(pi)
) (22)

4. The acceptance-rejection criterion

u ∼ U([0, 1])
If u ≤ α(qi+1,pi) then qi+1 is accepted: pi+1 = qi+1 otherwise pi+1 = pi

(23)

is applied

5. We update the scale factor when i ≡ 0( mod NMC,1). We update the scale factor frac

frac = frac exp(xrate − xobj)

xrate =
Number of acceptation

Number of iterations

This is an algorithm with global scaling and with vanishing adaptation so the ergodicity of

the algorithm is achieved. The vanishing factor γi =
1
i
, it must be chosen as

∑
i γi = +∞ [1].

So that

Ci =
1

k + 1
(

k∑
i=0

pip
T
i + (k + 1)p̄kp̄

T
k ) (24)

where p̄i =
1

i+1

∑i
k=0 pk as in [6]. The covariance matrix is updated as in [8]

Ci+1 = (1− γi+1)Ci + γi+1(qi − p̄i)

p̄i+1 = (1− γi+1)p̄i + γi+1qi

(25)

The empirical covariance matrix and the mean proposal are updated as follows

The target xobj = 0.234 is chosen thanks to [4]. Since the a posteriori distribution can be really

degenerate the use of C and the global factor adaptation allows to sample well the distribution,

even if highly degenerated.

4 Test-cases, numerical application

The real parameter will be

p∗ =

⎛⎝εCk
S

⎞⎠ =

⎛⎝ 0.25 10−3

0.5 or 0.75 or 0.95
70 ms−1

⎞⎠ (26)

In the following figures the cross represents p∗, the observations M̂ are the values of the simple

moments of p∗.

We use the following bounds for the a priori distribution

εC,min = 0.1 10−2

εC,max = 0.4 10−2

kmin = 0

kmax = 1

Smin = 20

Smax = 200

(27)
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The quantity of interest is N[0,T ] when T = 10 ms and for a time of measurement of Tmeas =
36, 360, 3600 s. We have also considered αY = 2 ms−1 and

ν̄ = 2.4130

D2 = 0.7992

D3 = 0.4819

ν̄S = 1.000

D2S = 0

D3S = 0

(28)

The initialization parameters of the AM algorithm are

xrate = 1

xobj = 0.234

frac = 0.1

Nbp = 107

NMC,1 = max(
NMC

10000
, 1)

(29)

Regarding the explicit sampling there are N3
e points in the grid with Ne = 400.

The 2D-a posteriori distribution of the parameter p are estimated by histograms with 100× 100
from the AM sample.

Tmeas = 36s

k
=

0.
5

Tmeas = 360s Tmeas = 3600s

k
=

0.
75

k
=

0.
95

Figure 2: A posteriori distribution for (k, S) using 3P3M with explicit sampling

We can compare it to the result using the MCMC method
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Tmeas = 36s
k
=

0.
5

Tmeas = 360s Tmeas = 3600s
k
=

0.
75

k
=

0.
95

Figure 3: A posteriori distribution for (k, S) using 3P3M with MCMC sampling

We can also observe the a posteriori distribution for (k, εC)

Tmeas = 36s

k
=

0.
5

Tmeas = 360s Tmeas = 3600s

k
=

0.
75

k
=

0.
95

Figure 4: A posteriori distribution for (k, εC) using 3P3M with explicit sampling

We can compare these results to the MCMC method results
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Tmeas = 36s
k
=

0.
5

Tmeas = 360s Tmeas = 3600s
k
=

0.
75

k
=

0.
95

Figure 5: A posteriori distribution for (k, εC) using 3P3M with MCMC

5 Discussion

The explicit sampling of the distribution is really effective when the dimension of p is up to

three.

When the dimension is larger than four, the AM algorithm is efficient whatever the dimension

of p is.

We observe the higher the multiplication factor k the more the distribution is degenerate. The

same effects appear when the time of measurement Tmeas is large. The real value p∗ is in the

support of the distribution, but this support is large.

6 Conclusion

To sum up, in the context of the neutron point model we have used the analytic expression

of the three first simple moments which define the forward model of our inverse problem. Our

observations are the estimation of the three first empirical moments of the neutron count dis-

tribution. Then using the Bayes principle, we have exposed the estimation of the a posteriori

distribution of the parameters. Then we have implemented two sampling methods of this a

posteriori distribution:

• The first method is a simple sampling with a regular grid whose cost dramatically in-

creases with the dimension of the parameter.

• The second method is obtained by the use of the Adaptive Metropolis algorithm with

Covariance Matrix Adaptation

On an example with synthetic data, we observed that the support of the distribution contains the

true parameter. The distribution is more degenerate when the multiplication factor k is high,

and also when Tmeas is large.

The explicit sampling is well adapted when dim(p∗) ≤ 3, but it is too expensive when this

condition is not satisfied. Then the use of the AM-CMA approach is required.
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The present work shows that the sampling (explicit or with AM-CMA) is satisfactory to

retrieve the true for parameter for one time gate T when dim(p∗) ≤ 3. Considering two time

gates T1 and T2 will enable recovering a parameter of higher dimension.
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Abstract 

This paper presents the study in the machine learning aided stochastic slope stability analysis 
through the finite element method. The probability of failure of a dam with cohesive slope has 
been investigated. The numerical model has been built by the finite element method. An ad-
vanced machine learning algorithm called Extreme Learning Machine (ELM) is adopted to 
establish the regression model. The applicability and effectiveness of the presented approach 
are compared by the Monte-Carlo simulation method.  

Keywords: Slope stability analysis, machine learning, finite element method, experimental 
design. 
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1 INTRODUCTION 

Slope stability is one of the principal considerations in soil mechanics such as rainfall in-
duced landslide analysis and strength limit design of dam embankment. A series of research 
can be found in the slope stability analysis [1-11]. Herein, D.V. Griffiths presented research in 
slope stability analysis by finite elements methods [1], followed by the probabilistic slope sta-
bility analysis [2,3]. Nonlinear behaviour includes the nonlinear failure criterion and the 
yielding criteria on the elasto-plasitc analysis are investigated [4,5]. Reliability analysis for 
slope stability is presented by J.T. Christian et al. [6] and J.M. Duncan [7]. C.C. Huang et al. 
have conducted research in 3D slope stability analysis [8, 9]. Research shows, because of the 
uncertainty of the soil properties and the large-scale variation of the nature environment, the 
deterministic analysis is not always leading the results that reflect the real-world situation. 
Thus, the non-deterministic analysis is of favoured in such a design, especially the reliability 
analysis for the slope stability. 

This study presents a machine learning aided stochastic slope analysis by using extreme 
learning machine (ELM). ELM is a single hidden layer forward neural network (SLFN) that 
originally proposed by G.B. Huang [11], based on the four-layered feedforward neural net-
work versus three [12, 13]. Figure 1 illustrates the architecture of the classical ELM algorithm. 
The performance of the regression and multiclass classification is further discussed in [14, 15]. 
Researchers investigated on the improvements of the ELM algorithms and the effectiveness of 
its extension including bidirectional extreme learning machine (B-ELM) [16]; incremental 
extreme learning machine (I-ELM) [17-19]; on-line sequential extreme learning machine 
(OS-ELM) [20]; OS-ELM with kernel [21] and so on. G. Huang has summarised the current 
research work in ELM in a review article up to 2015 [22]. In this paper, a numerical investiga-
tion has been conducted for the dam embankment model demonstrated in Figure 2. The re-
sults are compared with the conventional Monte Carlo Simulation method to demonstrate the 
accuracy and the efficiency of the presented method. 

Figure 1: Classical ELM algorithm architecture 

Xi
Target 

Input Layer Random Hidden Neurons Output Layer 

H1 

H2

Hj

βj 

wi,j 

Input weight vector 
Output weight vector 

76



Z. Liu, D. Wu, D. Sheng, B. Fatahi and H. Khabbaz 

Figure 2: The illustration of the dam embankment 

2 PRELIMINARIES 

2.1 Deterministic slope stability analysis by FE models 

The deterministic slope stability analysis has been widely investigated by finite element 
analysis [1-6], due to the page limitation, the fundamental of the finite element analysis will 
not be repeated. In this study, the slope stability analysis has been conducted by shear strength 
reduction method according to previous research [1-7]. The factor of safety (FOS) is used to 
reduce the cohesion thus results in a reduction of the soil shear strength; the FOS is formulat-
ed as: 

FOS
'

c
c

(1) 

where c is the material cohesion and c’ is parameterised cohesion. 
The Mohr-coulomb yield function is adopted, the associated plasticity can be demonstrated 

as: 

1 3 1 3' ' ' 'sin ' 'cos '
2 2

F c (2) 

where when F>1, the soil is yielding thus the stresses are redistributed. The failure of slope is 
determined in displacements, at a certain FOS value, the result does not converge due to the 
increment of reduction of the soil shear strength, which indicated the slope failure due to the 
instability.  

2.2 Reliability analysis through Extreme Learning Machine (ELM) 

In this section, the algorithm of the extreme learning machine is introduced. As a single 
hidden layer forward neural networks, the goal is to minimise the cost function: 

2

1 1

N N

i i j i j
j i

Y g w x b t (3) 

for N samples and N hidden nodes. The input weight vector w is randomly generated based
on a continuous probability density function in an interval [-1, 1] [11], b is the bias vector. 
The ( )g x  is an activation function, in this study, Sigmoid function is adopted: 

Water level 

Seepage level 
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1( )
1 xg x

e
(4) 

The hidden layer output matrix H is formulated as: 

1 1 1 1

1 1

...

... ... ...

...

N N

N NN N

g b g b

g b g b

w x w x

H

w x w x

(5) 

leads to the output of ELM is given as follow: 

1
( ) ( )

N

i i
i

f x h x H  (6)

where β is known as the output weight vector that connects the hidden nodes and the output 
nodes, β can be calculated by:  

†H T (7) 

where †H is the Moore-Penrose generalized inverse of the hidden layer output matrix H [11]. 

3 NUMERICAL INVESTIGATION 

For the purpose of demosntration, a numerical example is investigated by adoping the 
presented ELM algorithm and then compared with the Monte Carlo Simulation (MCS) 
method. In this example, the horizontal displacement and vetical displacement of a point P 
within the dam body are selected as targets for the ELM regression. The finite element model 
is illustrated in Figure 3. Soil properties are choosen to be random varibles, the Young’s 
modulus, Poisson’s ratio and soil porosity are uniformly distributed [1], 
where 5 5~ 0.995 10 ,1.005 10E U  kPa, v ~ U (0.2487, 0.2512) and prosity p ~ U (0.398,

0.402); the soil density, soil cohesion and parameter tan  are lognormal distributed [2, 7],

where ρmean = 2000 kg/m3 ρsd = 60 kg/m3, cmean = 10 kPa  csd = 3 kPa, tan 0.5774sat mean

tan 0.0115sat sd , and  tan 0.3640unsat mean tan 0.0073unsat sd . 100 training 
samples are generated by latin hyper cube sampling method, computed by FEM and trained 
by ELM. In result verification, 10,000 samples are generated by the MCS method and 
computed by FEM. The results are compared between the trained ELM and MCS. The 
accuracy of the presented method is illustrated in Figure 4 and Figure 5. For the results 
presented in Figures 4 and 5, the total computional time of the MCS is over 200 hours, versus 
the presented ELM in 2 hours. It worth to mention that, FEM computation dominants the time 
consumption of ELM, by using the trained ELM, the testing time of newly generated 10,000 
samples is within 1 second. In this example, following computer configurations are used: 

System: Microsoft Windows 10 
CPU: Intel Core i7 – 8665U 1.9 GHz 
RAM: 16.0 GB 

78



Z. Liu, D. Wu, D. Sheng, B. Fatahi and H. Khabbaz 

Figure 3: Numerical example in FEM 

Figure 4: Horizontal displacement of the selected point. Unit: meter 

Figure 5: Vertical displacement of the selected point. Unit: meter 

4 CONCLUSIONS 

In this study, the machine learning aided stochastic slope stability analysis by extreme 
learning machine is conducted. Finite element method is adopted in the deterministic analysis. 
In order to verify the accuracy of the presented approaches, results are compared with Monte 
Carlo simulation. Results show the presented method agreed well with the Monte Carlo simu-
lation while the computation efficiency is improved from 200 hours to 2 hours. Furthermore, 
the results have been illustrated and compared by probability density function and cumulative 
density function. 

R2 (ELM) =0.9961 R2 (ELM) = 0.9961 

R2 (ELM) =0.9984 

R2 (ELM) = 0.9984 

P 

24m 

1m 

4m 

5m 
9m 
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Abstract. In order to describe spatially uncertain parameters by random fields, the underlying
autocorrelation structure in engineering structures is usually not known.. The idea of impre-
cise random fields is to acknowledge this lack of knowledge by adding epistemic uncertainties.
Within this contribution the influence of the correlation length is studied. In particular, it is
shown that there exist bounds that limit the case of having no idea at all. This “absolutely no
idea p-box” is defined by white noise and the random variable corresponding to the mean value
and standard deviation of the imprecise random field. By this, the limits of having “absolutely
no idea” can be described without the need of Karhunen-Loève expansion and random field
propagation. Then, at least for linear problems, every response in between can be estimated by
linear interpolation without any need for sampling.
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1 INTRODUCTION

Stochastic finite element (FE) method aims to describe a models response depending on

random input variables such as loads or material parameters. In this context, uncertainties are

distinguished into aleatory and epistemic [5]. The former describe the irreducible, intrinsic ran-

domness of a parameter and is classically described by probability theory. The latter is caused

by a lack of knowledge or data. However, gaining enough information to reduce epistemic un-

certainty is usually limited by finite resources or limited technical capabilities in engineering

reality. To consider such epistemic uncertainties, several possibilistic approaches can be used,

e.g. interval [9] or fuzzy [8] analyses. An honest approach usually considers both, aleatory and

epistemic uncertainties. Alternative approaches on the treatment of these mixed uncertainties,

e.g. evidence theory, fuzzy probabilities or probability boxes, have been reviewed for example

in [1].

In probability theory, random fields can be used to describe spatially uncertain values in

terms of their mean value, standard deviation and autocorrelation structure. While mean value

and standard deviation can be estimated by experiments quite easily, the autocorrelation be-

tween the random field values at two different locations can hardly be measured. To describe

such mixed aleatory and epistemic uncertainties, imprecise random fields have been introduced

lately [6]. This approach can be understood as an extension of probability box (p-box) approach

towards random fields. The random field parameters that cannot be determined precisely, e.g.

the correlation length, can be described as interval [3] or fuzzy valued [10]. Propagating such

imprecise random fields through an FE model, the quantity of interest is described by a p-box,

meaning a lower and upper bound instead of a crisp distribution. However, by introducing a

second loop over the epistemic uncertainties the sampling process can become very expensive.

Discretising the individual random fields for each correlation length by Karhunen-Loève (KL)

expansion furthermore leads to high-dimensional problems, especially when small correlation

lengths are involved [3, 4].

This contribution focuses on the autocorrelation structure where the lack of information is

incorporated by an interval valued correlation length. For this purpose, the concept of impre-

cise random fields and the KL expansion as a method to discretise random fields are introduced

in Section 2. It is important to ensure that the imprecise response is not affected by the local

or global error arising from the truncation of the KL expansion [4]. Therefore, an imprecise

random field input is carefully investigated in Section 3 in terms of the affect of the correla-

tion length and truncation order. Furthermore, the limits of the correlation length towards zero

(white noise) and infinity (random variable) are studied. Afterwards, the propagation of impre-

cise random field input parameters is studied for a linear problem including load and material

uncertainties within Section 4. Finally, the results are summarised and concluded in Section 5.

2 IMPRECISE RANDOM FIELDS

The concept of imprecise random fields allows to model one or several parameters of a

random field by interval or fuzzy variables. This way, epistemic uncertainties can be added to a

classically aleatory random field. Mixed uncertainties are usually propagated by a double loop

approach. After discretising the epistemic parameters within an outer loop, the probabilistic

problem resulting for each crisp parameter can be solved within the inner loop, e.g. by Monte

Carlo (MC) sampling. In case of imprecise random fields this means that each resulting random

field needs to be discretised. A well known method for this purpose is given by Karhunen-Loève

(KL) expansion [7] which will be shortly summarised in the following subsection. Afterwards
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the main idea of the probability box (p-box) approach is illustrated in order to describe and

propagate imprecise random fields.

2.1 Random field discretisation

Random fields X(z, ω) are parameters depending on space z ∈ Dd and chance ω ∈ Ω. They

can be described in terms of a mean value μX(z) and an autocovariance function Cov(z1, z2) =
σX(z1)σX(z2) Γ(z1, z2), where σX(z) is the standard deviation and Γ(z1, z2) describes the

autocorrelation between the random variables assigned to two arbitrary locations z1 and z2.

Within this contribution, the standard deviation is assumed to be constant, σX(z) = σX .

Then the random field can be described in terms of μX(z), σX and ΓX(z1, z2) and its series

expansion reads [11]

X(z, ω) = μX(z) + σX

∞∑
i=1

√
λiφi(z)ξi(ω), (1)

where ξi are independent standard normal distributed random variables. The eigenpairs {λi,φi}
are gained by solving ∫

D

ΓX(z1, z2)φi(z2) dz2 = λiφi(z1), (2)

where ΓX(z1, z2) can be decomposed as

ΓX(z1, z2) =
∞∑
i=1

λiφi(z1)φi(z2). (3)

To propagate random field parameters through a model, e.g. a stochastic finite element

(FE) problem, the infinite sum in Equation (1) needs to be truncated and the random field is

approximated by

X̂(z, ω) = μX(z) + σX

T∑
i=1

√
λiφi(z)ξi(ω). (4)

The corresponding expanded autocorrelation function then reads

Γ̂X(z1, z2) =
T∑
i=1

λiφi(z1)φi(z2) (5)

and maintains an error ε(z) depending on T

ε(z) = 1−
T∑
i=1

λiφ
2
i (z). (6)

With Cov(z1, z2) = σX(z1)σX(z2) Γ(z1, z2), Equation (6) is the normalised equivalent to the

often used error variance εσ2(z), defined e.g. by [2]. Furthermore, the mean error over the

whole domain, equivalent to the mean error variance ε̄σ2 , can be estimated by

ε̄ = 1−
T∑
i=1

λi

∫
D

φ2
i (z) dz. (7)
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In case of an analytical solution, the eigenfunctions are orthonormal, φi(z)φj(z) = δij , and

Equation (7) simplifies to [2]

ε̄ = 1− 1

|D|
T∑
i=1

λi. (8)

Random fields are classically categorised with aleatory uncertainties, meaning that they de-

scribe the intrinsic randomness of a phenomena itself, which cannot be further reduced. How-

ever, the describing parameters may contain epistemic uncertainty caused by a lack of knowl-

edge or data. For this reason, the concept of imprecise random fields is introduced in the fol-

lowing subsection.

2.2 Probability box approach

If one or several parameters cannot be determined precisely, the classically aleatory random

field includes also epistemic uncertainties, e.g. by interval or fuzzy valued parameters [10].

To avoid further assumptions on the fuzziness, this work considers epistemic parameters to be

interval valued. This leads to the concept of an imprecise random field [6],

[X](z, ω) = μI
X(z) + σI

X

∞∑
i=1

√
λI
iφ

I
i (z)ξi(ω), (9)

where the index I denotes the interval valued random field parameters. The interval valued

eigenvalues and -functions originate from an interval valued correlation length LI .

In this work imprecise random fields are propagated through an FE problem using the prob-

ability box (p-box) approach [1]. By this, the quantity of interest Y can be described by a left

and right bound [F Y , F Y ] of the cumulative distribution function (CDF). If further information

is available, e.g. the interval ranges μI
Y and σI

Y of the mean value and the standard deviation

or the probability family F , these can be added and the p-box is described by the quintuple

(F Y , F Y , μ
I
Y , σ

I
Y ,F).

The eigenvalues λi are not monotonically dependent on the correlation length L. For this rea-

son, a pure vertex analysis does not necessarily guarantee to gain the outer bounds of the p-box

in case an imprecise random field contains an interval valued correlation length. A straightfor-

ward possibility is to discretise LI , to perform a stochastic analysis with each Li ∈ LI and to

determine the p-box bounds by the minimum and maximum of all results [3]. Alternatively, if

the used model is monotonic, the relevant intermediate correlation lengths L∗
i ∈ LI of the im-

precise random field input can be determined by optimisation a priori [6]. This may reduce the

computational effort of propagating multiple random fields, especially when several imprecise

random fields are involved.

Note that when the constant standard deviation is considered to be interval valued (as well),

the choice to decompose the autocorrelation function instead of the autocovariance function -

as it is usually done in literature - becomes beneficial in terms of the computational cost. As

ΓX(z1, z2) is independent of σX , Equation (2) needs to be solved only once (per Li) and not for

each σX,i ∈ σI
X (in combination with each Li).
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3 INVESTIGATION ON CRUCIAL RANDOM FIELD PARAMETERS

Within this contribution one-dimensional (1D) random fields depending on the spatial param-

eter z ∈ D are investigated. Furthermore, an exponential autocorrelation function ΓX(z1, z2) is

considered,

ΓX(z1, z2) = exp

{
−|z1 − z2|

L

}
, (10)

which describes the decay of the autocorrelation in terms of the correlation length L. Note that

the stochastic dimension N of the random field depends on the truncation order T , see Equa-

tion (4). Due to the non-differentiability of Equation (10) at z1 = z2, the corresponding random

field can become very high-dimensional when L is small compared to the domain length l.
However, the availability of an analytical solution, described e.g. in [11], justifies the effort for

the purpose of this paper.

The parameters which describe a random field are investigated in this section. Equation (1)

can be interpreted as an expanded standard normal distributed random field (μS = 0, σS = 1)

that is scaled by σX and shifted towards μX(z). The mean value and the standard deviation

therefore do not influence the expansion itself. Beside the chosen autocorrelation function, the

main effect on the random field is caused by the correlation length. Therefore, in this section

a 1D standard normal distributed random field S(z, ω) defined on D = [0, 1] is investigated

for the correlation length values L = [0.01, 0.1, 1.0, 10.0] in Subsection 3.2. The results are

compared to the limits L → 0, which defines white noise, and L → ∞, which is equal

to a constant standard normal distributed random variable S(ω). However, the impact of the

truncation order T on the expansion error needs to be studied before.

3.1 Influence of the truncation order

When different correlation lengths Li ∈ LI are considered for an imprecise random field,

special care must be taken regarding the truncation order T . To ensure that the p-box bounds

are not affected by different errors within the input variance σ2{X̂(z, ω)} = σ2
X Γ̂X(z1, z2),

the truncation needs to be chosen individually for each Li, e.g. in terms of an equal mean

error ε̄i. As it can be seen in Figure 1a, the convergence of the latter and consequently the

stochastic dimension N = T is highly dependent on the correlation length ratio. For large L/l
the corresponding ε̄ is already small for very few truncation terms. It is therefore practical to use

the upper bound of LI to decide on ε̄. However, by this approach one can be forced to accept

extremely high dimensions for the lower bound of LI when the range of the interval valued

correlation length is large.

Table 1: Truncation orders T resulting to the mean errors ε̄ ≈ 3.2%, ε̄ ≈ 1.3% and ε̄ ≈ 0.8% regarding an

exponential autocorrelation function with different correlation length ratios L/l.

ε̄ ≈ 3.2% ε̄ ≈ 1.3% ε̄ ≈ 0.8%

L/l [−] T [−] ε̄ [%] T [−] ε̄ [%] T [−] ε̄ [%]

10.0 1 3.2441 2 1.2977 3 0.7963

1.0 7 3.0997 16 1.3064 26 0.7948

0.1 63 3.2382 156 1.3029 254 0.7993

0.01 625 3.2420 1551 1.3068 2534 0.7998
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In Table 1, for three possibly aimed errors ε̄ ≈ 3.2%, ε̄ ≈ 1.3% and ε̄ ≈ 0.8% (guided by

the lowest possible truncation terms T = 1, T = 2 and T = 2 of the maximum L/l) the closest

possible error ε̄i and the corresponding value Ti are listed for the different considered Li/l. As

can be seen for ε̄ ≈ 3.2%, not all Li/l can match this error well. The next possible error referred

to L/l = 10 is ε̄ ≈ 1.3%. Here the errors of the different Li/l are better comparable already

but T has more than doubled. Furthermore, if further relatively large correlation length ratios,

e.g. L/l = 5, were included, the corresponding error could again not match perfectly. For

this reason, the truncation has to be investigated for each problem considered with imprecise

random fields and the comparable error needs to be chosen individually depending on the in-

volved values Li to be propagated. Regarding the local error ε(z) depicted in Figure 1b, another

difficulty becomes clear in terms of different correlation lengths to be considered. Although all

Li/l fulfil the same mean error ε(z) ≈ 1.3%, the local error still varies significantly when T is

small. Depending on the quantity of interest, this can lead to localisation effects [4].

(a) convergence of ε̄ with increasing T (b) local variation of ε(z) for a fixed ε̄ ≈ 1.3%

Figure 1: Influence of different correlation length ratios L/l and truncation orders T on the mean error ε̄ and the

local error ε(z) of a 1D random field using an exponential autocorrelation function.

3.2 Influence of the correlation length

As already mentioned, the correlation length L is a parameter indicating how fast or slow

the autocorrelation between the random field values X(z1, ω) and X(z2, ω) decays with the

distance |z1 − z2|. When L/l → 0, the values of the field are completely uncorrelated which

is called white noise. On the other hand the random field converges towards a random variable

for L/l → ∞. In this subsection, the influence of Li/l on a standard normal distributed random

field S(z, ω) is studied and the convergence of the random field properties towards these two

limits are investigated. The corresponding truncation orders Ti are chosen according to a mean

error ε̄i ≈ 0.8%, compare Table 1.

In Figure 2 the effect of the different considered correlation length ratios as well as the limits

of L/l is visualised. On the left side, the autocorrelation function Γ(z1, z2) is depicted in its

closed form. It can be easily seen that the non-differentiability at z1 = z2 becomes more and

more crucial for decreasing L/l. On the right, three standard normal distributed random field
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(a) L/l → 0 (white noise)

(b) L/l = 0.01

(c) L/l = 0.1

(d) L/l = 1.0

(e) L/l = 10.0

(f) L/l → ∞ (random variable)

Figure 2: Influence of the correlation length ratio L/l considering a 1D standard normal distributed random field.

Left: closed form of the exponential autocorrelation function Γ(z1, z2), right: three random field realisations

Ŝj = Ŝ(z, ωj) (solid lines) and their corresponding mean values μ̂S,j = μ{Ŝj} (dashed lines).
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realisations Ŝj = Ŝ(z, ωj) are depicted for the different ratios L/l. Furthermore, the individual

mean value μ̂S,j = μ{Ŝj} corresponding to the realisation j is given in a dashed line of the

same colour. It can be seen that the variation of the random field increases with a decreasing

L/l. However, the higher the variation is, the more likely μ̂S,j falls close to the input mean

value μS = 0 of the random field. Therefore, the convergence behaviour of μ̂S,j is investigated

further in terms of the number nMC of random field realisations.

The variation of the mean value μ̂S,j of an individual random field Ŝj = Ŝ(z, ωj) seems

to depend on the correlation length ratio L/l. In the following the mean value μ{μ̂S,j} and

standard deviation σ{μ̂S,j} of the individual random field mean values μ̂S,j , j = 1, ..., nMC, are

discussed in terms of an increasing sample size nMC. As can be seen in Figure 3a, considering

a sufficiently large sample size the mean value μ{μ̂S,j} of all random field mean values con-

verges towards the input mean value μS = 0 that has been used in Equation (4) to create the

realisations. On the contrary, the standard deviation σ{μ̂S,j} of all random field mean values is

not generally converging towards the input standard deviation σS = 1 but towards individual

values σ ∈ [0, 1]. Furthermore, L/l → 0 describes the lower bound with σ{μ̂S,j} converging to

zero, L/l → ∞ the upper bound with σ{μ̂S,j} converging to one.

(a) μ{μ̂S,j} converging to μS (b) σ{μ̂S,j} converging to a value σ ∈ [0, σS ]

Figure 3: Convergence of the mean value μ{μ̂S,j} and the standard deviation σ{μ̂S,j} of the individual mean

values μ̂S,j = μ{Ŝj} of nMC standard normal distributed random field realisations Ŝj = Ŝ(z, ωj).

In this case, a standard normal distributed random field Ŝ(x, ω) has been used. It has been

found that μ{μ̂S,j} → μS = 0 and σ{μ̂S,j} → σ ∈ [0, σS = 1]. However, understanding

an arbitrary random field X(z, ω) as a standard normal distributed random field S(z, ω) that

has been scaled by σX and shifted towards μX(z), one can conclude in general that for j =
1, ..., nMC and nMC sufficiently large

μ{μ̂X,j} → μX independent of L/l, (11)
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and σ{μ̂X,j} is bounded by the limits of L/l,

σ{μ̂X,j} →
{
0 for L/l → 0

σX for L/l → ∞ . (12)

For this reason it can be worth the effort to once determine σ{μ̂S,j} of a standard normal dis-

tributed random variable as a function of the correlation length ratio L/l. Having this standard-

ised result for a given autocorrelation function one can estimate σ{μ̂X,j} of any random field

X(z, ω) by

σ{μ̂X,j}(L/l) = σX · σ{μ̂S,j}(L/l), (13)

where σX is the input standard deviation that is used to create random field realisations in

Equation (4). Then, if the random field propagates linearly through the applied model, the

mean value and standard deviation of a quantity of interest can be estimated immediately for

any further Li/l as soon as two correlation length values have been propagated.

Figure 4: Standard deviation σ{μ̂S,j} of the individual mean values μ̂S,j = μ{Ŝj} of nMC = 106 standard normal

distributed random field realisations Ŝj(z, ω) with respect to the correlation length ration L/l.

In Figure 4 the standard deviation σ{μ̂S,j} resulting from nMC = 106 individual random

field mean values μ̂S,j = μ{Ŝj} is depicted as a function of L/l. Note that the results of a

white noise property depend on the discretisation of the domain, here nel = 3000, and therefore

σ{μ̂S,j} is not exactly zero. However, it can be expected that for nel → ∞ it is σ{μ̂S,j} → 0.

It can be estimated that for correlation lengths L which are larger than ten times the domain

length l, the resulting random field starts to converge towards a random variable and the effort

of discretising the random field by KL expansion might not be justified. On the lower bound,

L/l is rather restricted by the feasibility in terms of the stochastic dimension than by converging

towards white noise.
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4 LINEAR BEAM STUDY

Considering a linear model Y = M(X) to propagate (imprecise) random fields X(z, ω), it

can be assumed that the mean value μ{Y } and the standard deviation σ{Y } depend linearly on

μ{μ̂X,j} and σ{μ̂X,j}. Instead of simulating several Li ∈ LI to determine the p-box of Y , the

computational cost could therefore be reduced significantly by just propagating the limits of L,

meaning white noise and a random variable, through the model to gain the p-box of “absolutely

no idea”. Any further needed Li/l could then be simply gained by linear interpolation. The

standard deviation σ{μ̂X,j} corresponding to a specific random field X(z, ω) with any standard

deviation σX defined on an arbitrary D can be gained by sampling, which is much cheaper

when the random field does not need to be propagated. Alternatively, it even can be estimated

by the standardised results depicted in Figure 4 by reading σ{μ̂S,j} corresponding to L/l from

the graph and multiplying this value with σX as given in Equation (13).

This assumption is further studied within this section. For this purpose, the beam problem

depicted in Figure 5 is considered assuming a linear elastic material. To gain a good rep-

resentation of white noise, the beam is discretised by nel = 3000 1D beam elements. The

investigated random fields are assumed as a function along the beam length l = 1m and to be

constant within the cross section A = 0.01m2 (1D random field). The maximum deflection

wmax = w(z = 0.5m) in the middle of the both-sided supported beam is the quantity of inter-

est. For a deterministic simulation using a Young’s modulus E = 210 · 109 N
m2 and a constant

line load q0 = 5000 N
m

, the quantity of interest results in wmax = 3.72 · 10−5 m.

wmax

b = h = 0.1ml = 1m

b

q0 = 5000 N
m

h

Figure 5: Linear-elastic beam with Young’s modulus E = 210 · 109 N
m2 under constant line load, deterministic

maximal deflection: wmax = 3.72 · 10−5 m.

In the following subsections, both, the line load and the Young’s modulus are considered as

imprecise random fields in first two studies independently, and in a third study combined.

4.1 Investigation on different imprecise random field input parameters

In the following, two studies on the correlation length ratio L/l are performed, each with one

parameter considered as imprecise random field input with the parameters given in Table 2. For

both studies, the discretised correlation length intervals L(1)/l = [0.01 : 0.01 : 0.1], L(2)/l =
[0.1 : 0.1 : 1.0] and L(3)/l = [1.0 : 1.0 : 10.0] as well as L/l → 0 (white noise, abbreviated by

WN) and L/l → ∞ (random variable, abbreviated by RV) are investigated chosing ε̄ = 0.8%.

A closer look is spend on the results of the values L(∗)/l = [WN, 0.01, 0.1, 1.0, 10.0,RV]. Each

Li/l simulation is performed using brute force MC with nMC = 10000 samples.

In the first study, the line load q is modelled as an imprecise random field with μq = q0 =
5000 N

m
and σq = 0.1μq = 500 N

m
. As q is in the numerator of the beam deflection solution,

it can be assumed that the propagation of Li/l through the FE model is linear. The Young’s

modulus E, considered with μE = E = 210 · 109 N
m2 and σE = 0.05μE = 10.5 · 109 N

m2 within

the second study, can be found in the denominator of the beam deflection solution. Therefore,

the results are expected to depend inversely on E(z, ω) and might not be Gaussian distributed

anymore.
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Table 2: Random field parameters considered for two studies including each one random field input parameter.

random field input mean value standard deviation

study 1 line load q(z, ω) μq = 5000 N
m σq = 0.1μq = 500 N

m

study 2 Young’s modulus E(z, ω) μE = 210 · 109 N
m2 σE = 0.05μE = 10.5 · 109 N

m2

The CDFs resulting from each Li/l are depicted in Figure 6 for both studies. The axis de-

scribing wmax is scaled uniquely such that both p-boxes can be directly compared qualitatively.

The deterministic result is given as a vertical dash-dot line, the results of L(∗)/l in different

colours and these of all other Li/l as grey dotted lines. Both results appear to be Gaussian dis-

tributed, which corroborates the assumption of a linear dependency between input and output.

(a) study 1: line load as input random field

(b) study 2: Young’s modulus as input random field

Figure 6: CDFs for different correlation length ratios L/l bounded by white noise L/l → 0 and a random variable

L/l → ∞ considering one random field input parameter.

In the first study, the input standard deviation is assumed to be ten percent of the input mean

value, σq = 0.1μq, while it is only five percent, σE = 0.05μE , in the second study. For this

reason, the resulting p-box is much wider in Figure 6a than in Figure 6b. The CDF gained by a

random variable spans the widest range of wmax. With decreasing L/l the CDFs become steeper.

The CDF of the white noise is very close to the deterministic value. It can be assumed that it will

converge towards a vertical line for nel → ∞. By this, one can estimate an “absolutely no idea
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p-box” by even just one stochastic simulation, the one assuming just a random variable. The

white noise result defining the second part of the p-box bound can be considered as a vertical

line μ{wRV
max}. In addition to the qualitative impression gained by Figure 6, the mean value and

standard deviation of both, input random fields and the quantity of interest according to each

L(∗)/l can be compared quantitatively in Table 3.

Table 3: Mean value μ{μ̂X,j} and standard deviation σ{μ̂X,j} of the considered input random fields as well as

mean value μ{wmax} and standard deviation σ{wmax} of the maximum beam deflection wmax resulting from a

propagation through a linear FE model for different L/l.

(a) study 1: line load as input random field

input realisations quantity interest

L/l [−] μ{μ̂q,j} [Nm ] σ{μ̂q,j} [Nm ] μ{wmax} [m] σ{wmax} [m]

WN 5.0001e+03 9.1424e+00 3.7223e-05 7.5621e-08

0.01 4.9986e+03 7.0213e+01 3.7213e-05 5.8664e-07

0.1 4.9998e+03 2.1207e+02 3.7214e-05 1.7917e-06

1.0 5.0002e+03 4.2623e+02 3.7221e-05 3.2960e-06

10.0 5.0013e+03 4.9965e+02 3.7231e-05 3.7368e-06

RV 5.0039e+03 5.0130e+02 3.7251e-05 3.7319e-06

deterministic 5e+03 - 3.72e-05 -

(b) study 2: Young’s modulus as input random field

input realisations quantity interest

L/l [−] μ{μ̂E,j} [ N
m2 ] σ{μ̂E,j} [ N

m2 ] μ{wmax} [m] σ{wmax} [m]

WN 2.1000e+11 1.9224e+08 3.7249e-05 4.3169e-08

0.01 2.0998e+11 1.4680e+09 3.7299e-05 3.3463e-07

0.1 2.1001e+11 4.4876e+09 3.7293e-05 9.9669e-07

1.0 2.0994e+11 8.9484e+09 3.7310e-05 1.6989e-06

10.0 2.0000e+11 1.0341e+10 3.7295e-05 1.8649e-06

RV 2.0990e+11 1.0457e+10 3.7313e-05 1.8716e-06

deterministic 2.1e+11 - 3.72e-05 -

As it was expected based on the behaviour of random fields investigated in Subsection 3.2,

the mean values μ{wmax} of the maximum beam deflection turn out to lay close to the determin-

istic result, independent of the correlation length. The standard deviation σ{μ̂X,j} of the input

random fields have been determined by the generated samples. Alternatively, σ{μ̂X,j} can be

determined by Equation (13). The values of both options are compared in Table 4 for both con-

sidered random field inputs, the line load q(z, ω) and the Young’s modulus E(z, ω). Note that

σ{μ̂S,j} has been determined by nMC = 106 samples, while the q(z, ω) and E(z, ω) have been

sampled only nMC = 104 times each. Still, the results are comparable already. Furthermore, it

can be seen that Equation (12) holds true for both input parameters E and q.

Regarding the standard deviation σ{wmax} of the quantity of interest, it can be seen that the

value is very small for white noise and increases with increasing L/l for both studies in Ta-
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Table 4: Comparison of the standard deviation σ{μ̂X,j} of the input random fields determined by nMC = 10000

samples with the result gained by factorising σ{μ̂S,j} of a standard normal distributed random field Ŝ(z, ω) by σX .

line load q(z, ω) [Nm ] Young’s modulus E(z, ω)[ N
m2 ]

L/l [−] σ{μ̂S,j} [−] σq · σ{μ̂S,j} σ{μ̂q,j} σE · σ{μ̂S,j} σ{μ̂E,j}
WN 0.0183 9.1500e+00 9.1424e+00 1.9215e+08 1.9224e+08

0.01 0.1408 7.0400e+01 7.0213e+01 1.4784e+09 1.4680e+09

0.1 0.4243 2.1212e+02 2.1207e+02 4.4552e+09 4.4876e+09

1.0 0.8593 4.2965e+02 4.2623e+02 9.0227e+09 8.9484e+09

10.0 0.9836 4.9180e+02 4.9965e+02 1.0328e+10 1.0341e+10

RV 0.9999 4.9995e+02 5.0130e+02 1.0499e+10 1.0457e+10

bles 3a and 3b. To investigate a possible linear dependence between input and output, σ{wmax}
is plotted versus σ{μ̂X,j} in Figure 7. The axis denoting σ{wmax} is scaled equally for both

studies. This way, the different percentages in the input standard deviations, σq = 0.1μq and

σE = 0.05μE become visible again. The values L(∗)/l are highlighted in red while all other

Li/l pairs are depicted as grey crosses. The blue line represents the assumed linear dependence

between white noise, for which it is σ{wmax} → 0 for nel → ∞, and the random variable. It

can be seen that the dependence between input and output standard deviation is not perfectly

linear, as the results lay above the blue line. Assuming a linear dependence and interpolating

any L/l response from the CDF gained by a random variable would therefore underestimate the

real standard deviation.

(a) study 1: line load as input random field (b) study 2: Young’s modulus as input random field

Figure 7: Dependence of the output standard deviation σ{wmax} on the input standard deviation σ{μ̂X,j} of the

individual mean values μ̂X,j = μ{X̂j} with nMC = 10000 random field realisations X̂j(z, ω) when one input

random field is considered.

The CDFs resulting from a linear interpolation of Li/l within the “absolutely no idea p-box”

are compared to the ones gained by sampling and propagation in Figures 8 and 9 for both stud-

ies. The underestimated standard deviation is clearly visible by the dashed lines, which denote

the interpolated CDFs, being slightly steeper than the corresponding CDF gained by sampling

(solid line). However, with respect to the spectrum resulting from “having no idea at all” about

the correlation length, the linear interpolation leads to a good estimate. Furthermore, if it is

supposed to represent the lower bound of L, the estimate returns a slightly more conservative

but save bound.
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(a) Lq/l = 0.01 (b) Lq/l = 0.1

(c) Lq/l = 1.0 (d) Lq/l = 10.0

Figure 8: Comparison of the CDFs gained by sampling and interpolation within the “absolutely no idea p-box” for

different correlation lengths Lq/l considering the line load as an imprecise random field input.

(a) LE/l = 0.01 (b) LE/l = 0.1

(c) LE/l = 1.0 (d) LE/l = 10.0

Figure 9: Comparison of the CDFs gained by sampling and interpolation within the “absolutely no idea p-box” for

different correlation lengths LE/l considering the Young’s modulus as an imprecise random field input.
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4.2 Investigation on the interference of two imprecise random field input parameters

The more parameters are considered as imprecise random fields the more expensive a sim-

ulation becomes. If the underlying interval valued correlation lengths need to be discretised,

each combination of Li/l corresponding to each parameter needs to be propagated. In this case,

a cheap estimate gained by linear interpolation can still become valuable. The beam problem

defined in Figure 5 is simulated again but with both parameters, the line load q(z, ω) and the

Young’s modulus E(z, ω), considered as imprecise random fields. The corresponding mean

values μq and μE as well as standard deviations σq and σE are still chosen as given in Table 2.

For both parameters, the correlation length values L(∗)/l = [WN, 0.01, 0.1, 1.0, 10.0,RV] are

chosen and each combination Lq,i/l × LE,i/l is propagated. The corresponding random fields

are truncated such that ε̄i = 0.8%. For the propagation of each Li/l combination, nMC = 30000
samples are generated.

The resulting CDFs for the quantity of interest wmax are depicted in Figure 10. The combi-

nation of twice white noise and twice a random variable are depicted in bold lines while the vice

versa combinations are depicted in bold dashed lines. For the sake of clarity, the combinations

where it is Lq,i/l = LE,i/l are depicted in coloured lines, all other combinations are plotted in

grey dotted lines.

Figure 10: CDFs for different combinations of correlation length ratios Lq/l and LE/l bounded by the combina-

tions of white noise Lq/l → 0, LE/l → 0 and random variables Lq/l → ∞, LE/l → ∞ considering two random

field input parameters.

As before, the mean value μ{wmax} is not affected but the standard deviation σ{wmax}. It

can be seen that all Li/l combinations lay within the p-box defined by the white noise com-

bination and the random field combination. Furthermore, the former seems again to converge

towards the deterministic result. The “absolutely no idea p-box” can therefore be defined by

only propagating the combination of both parameters being a random variable.

The resulting standard deviation σ{wmax} depending on the input combination of σ{μ̂q,j}
and σ{μ̂E,j} is depicted in Figure 11. The blue surface is spanned by the results corresponding

to [0, σ{wRV,q
max }] × [0, σ{wRV,E

max }]. The results σ{wmax} gained by propagating the pairs Lq,i/l,
LE,i/l are marked by a cross, while the interpolated value corresponding to this input is marked

by a dot on the surface. Furthermore, the interpolated and simulated values corresponding to

each other are connected by a line. This way the distance between the simulation cross and the

interpolation surface is visualised.

96



Figure 11: Dependence of the output standard deviation σ{wmax} on the input standard deviations σ{μ̂q,j} and

σ{μ̂E,j} of the individual mean values μ̂q,j = μ{q̂j} and μ̂E,j = μ{Êj}, respectively, with nMC = 30000 random

field realisations q̂j(z, ω) and Êj(z, ω) when two imprecise random fields are considered.

Compared to the two studies discussed in Subsection 4.1, the bilinear interpolation surface

matches most of the simulation results even better. The computational cost could therefore

be reduced drastically by only propagating the parameters modelled by random variables and

avoiding the propagation of several correlation length combinations. Additionally, this would

completely save the cost to determine the KL expansion, which can become expensive when

no analytic solution is available. The cost of each individual realisation can be furthermore

reduced significantly when the random property is constant for each realisation. Finally, prop-

agating one or several random variables means a low stochastic dimension which enables more

sophisticated sampling techniques than brute force MC sampling. As discussed in Subsec-

tion 3.1, the propagation of just one random field can become highly dimensional. Therefore

sophisticated sampling methods often suffer from the curse of dimensionality when they are

used to propagate random fields.

5 CONCLUSION AND PERSPECTIVES

In this contribution imprecise random fields described by interval valued correlation lengths

have been investigated. In a first study, the influence of the correlation length L on a standard

normal distributed random field has been studied in general. To describe the variability of

a random field X(z, ω) corresponding to L, the mean value μ{μ̂X,j} and standard deviation

σ{μ̂X,j} of the individual random field realisations mean values μ̂X,j have been introduced. It
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could be shown that the former converges towards the mean value μX used to define the random

field, while the converged value of the latter depends on L. However, the bounds of σ{ ˆμX , j}
are defined by the limits of the correlation length, L → 0 describing white noise and L → ∞
standing for a random variable. For the applied linear elastic example, these limits propagate to

a p-box which includes all other solutions corresponding to any L. As L ∈ (0,∞) represents

all possible correlation lengths when no information is available, this p-box has been called

“absolutely no idea p-box”.

In a second step the dependence between input and output of the simple linear mechanical

model has been investigated in terms of different imprecise random field input parameters. As

the mean value of the quantity of interest Y is barely affected by the correlation length, the

focus has been on the standard deviation. It has been shown that the dependence between

the standard deviation σ{Y } of the quantity of interest and σ{ ˆμX,j} is not perfectly linear.

However, determining it by assuming a linear dependence within the “absolutely no idea p-

box” has shown to result in a good estimate. Furthermore, as the real standard deviation σ{Y } is

underestimated, a linear interpolation of the lower interval bound results in a conservative p-box,

when L ∈ [L̃,∞) is considered. According to the fact that the correlation length (as well as the

autocorrelation function itself) is usually unknown, interpolating within an “absolutely no idea

p-box” can be a computational cheap method in terms of engineering application. As the white

noise converges towards a vertical line of the mean value μ{Y } corresponding to the random

field, only the random variable needs to propagated to determine this limit representation of the

p-box, avoiding the need for computationally expensive random field discretisation. By that,

the stochastic dimensions are reduced drastically and perhaps, more efficient low dimensional

sampling schemes could be applied to further reduce the computational cost for engineering

analysis.

For engineering applications the suggested approach appears very attractive. Further investi-

gations are needed to investigate nonlinear problems. Here, for some parameters the dependence

between input and output can become more complex. Still, a first linear estimate can be used to

reduce the sampling effort.

REFERENCES

[1] M. Beer, S. Ferson and V. Kreinovich, Imprecise probabilities in engineering analyses.

Mech. Syst. Signal Pr. 37. 4–29, 2013.

[2] W. Betz, I. Papaioannou, D. Straub, Numerical methods for the discretization of random
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Abstract

3D concrete printing technology is getting increasing recognition in the construction indus-
try. The extrusion-based printing method represents the most popular and promising one 
among the 3D printing techniques for concrete. However, mostly time-consuming trial-and-
error explorations, i.e. mainly experimental studies have been performed so far.
By utilizing numerical simulation, a fundamental understanding of the relations between pro-
cess - process parameters - product properties could be achieved. Also, they enable us to 
study the dependencies of properties of the printed product on process parameters and mate-
rial behavior. The extrusion-based 3D concrete printing process can be reliably controlled 
and optimized by taking into account the uncertain nature of the process and material param-
eters.
In this study, the Finite Element (FE) method combined with a pseudo-density approach, fol-
lowing the soft-killing approaches in topology optimization is applied. The numerical simula-
tions allow to reliably estimate the strength-based failure mechanisms that might occur 
during the 3D concrete printing of a wall structure by varying one of the printing process pa-
rameter printing velocity. 
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1 INTRODUCTION
Very recently, additive manufacturing techniques for concrete technology have gained 

wide attention. They indicated their potential to become a serious supplement to conventional 
concrete casting in molds. 3D concrete printing (3DCP) is one of the fastest evolving technol-
ogies in construction engineering, which is illustrated by the rapid growth of both research 
and industry projects carried out worldwide [1]. The main reason for this is it directly ad-
dresses the challenges related to the sustainability and productivity of the construction indus-
try.

However, the current practice is based on the trial-and-error procedure, which makes the 
research of the 3DCP process expensive and time-consuming [2].

One of the reasons is that there exist significant knowledge gaps regarding the relations be-
tween the design, material, and process parameters. The quality of the fabricated product is
significantly influenced by these parameters which also exhibit interdependency [3].

Therefore, it is of vital importance to establish a relation between the process parameters 
and the printed product to avoid unreliability and failure [1, 4]. By implementing a numerical 
simulation of the 3DCP process, a more fundamental understanding of the relations between 
the printing process, the process parameters, and the properties of the printed product could be 
achieved.

Since the technology is new, the deterministic approach, i.e. applying safety factors to ac-
count for the uncertainty of the system, may not be applicable. Accordingly, the Stochastic 
Finite Element Method (SFEM) incorporating the spatially varying pseudo-density approach
is proposed to include the uncertain nature of the process and material parameters of the ex-
trusion-based 3D concrete printing. Also in the numerical modeling along with the progress-
ing printing process, a previously generated finite element (FE) mesh is activated layer by
layer that includes all material parameters. These vary spatially and temporarily due to the 
time dependency of the curing process. The numerical simulations allow to reliably estimate 
strength-based failure mechanisms that might occur during the 3D concrete printing of a wall 
structure.

2 STATE OF THE ART
To obtain a stable and reliable printed product, two criteria have to be considered and con-

trolled during the manufacturing: the overall failure probability and the geometrical dimen-
sions of the single layers. Non-sufficient strength, stiffness, or stability may already cause the 
failure of the structure during the printing process. These properties are strongly dependent on 
the printing process parameters, e.g. printing velocity, temperature, nozzle diameter, as well 
as on the concrete mixture.

In this context, Van der Putten et al. [21] studied the effects of the linear printing speed and 
the time gap between two subsequent layers on the microstructure of printed concrete. Ac-
cordingly, the two parameters significantly influence the surface roughness, the compressive 
strength, and the interlayer bonding strength. Therefore, it is of vital importance to establish a 
relation between the process parameters and the mechanical properties of the printed product 
in order to avoid unreliability and failure [1,4].

Structural reliability analysis aims at computing the probability of failure, by accounting 
for different sources of uncertainties. These include inherent randomness of the material or
lack of data [10], geometrical imperfection, random loading [11], uncertainties due to human
error, and adopted model [12]. For example, for printable concrete Wolfs et al. [4] showed 
that the mechanical characteristics of printable concrete are random in nature with different
values of coefficient of variation minimum of 3.8% to a maximum of 23%.
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Since it includes safety definition and uncertainties in the analysis the probability of fail-
ure is a more reliable and complete measure of safety [19].

To compute the failure probability, it is necessary to formulate a limit state function g(x)
which, for instances can include the displacements, stresses, or strains where X is a vector of 
basic random variables, which describe the randomness in the geometry, material properties,
and loading, etc. [ 15,19].

( ) 0
f

g x

P f x dxx (1)

where fx is the joint probability density function (PDF) of random vector X and g(x) is the 
limit state function, with g(x) ≤ 0 denoting the failure domain and g(x) > 0 is the safe domain.
Making its direct estimation for Eq. (1) is computationally expensive in the general case, but 
various approximation methods have been developed to evaluate the failure probability, here 
the method used is the Adaptive Kriging Monte Carlo Simulation (AK-MCS), Which saves 
the costly evaluation of the actual limit state function [15]. It is based on Monte Carlo Simula-
tion (MCS) and Kriging meta-model [24], by using the Kriging meta-model to approximate 
the limit state function, which is then combined with MCS to evaluate the probability of fail-
ure [22].

The limit state function for the extrusion-based 3D printing processes of the wall is elastic 
buckling and plastic collapse. The elastic buckling mechanism reflects failure caused by a loss 
of geometrical stability, while plastic collapse is characterized by the maximum stress reach-
ing the material yield strength [23].

The value of the yield strength is dependent on the type of failure criterion adopted for the 
printing material. Two representative failure criteria are pressure-dependent shear failure fol-
lowing the Mohr-Coulomb theory and compressive failure described by the maximal stress 
theory [23].

To determine the maximum shear stress developed as a result of the self-weight, determin-
istic FEM is typically restricted to average values of the input variables, it fails to consider the 
uncertainties and leads to a rough representation of reality [10,13,14].

To account for the various uncertainties arising in the model description (geometry, mate-
rial properties, or loading) encountered in engineering practice, researchers have been trying 
to extend the standard FEM into the Stochastic Finite Element Method (SFEM) by incorporat-
ing random variables into the mathematical and computational formulations [10, 12, 15]. It 
has been named the Random Finite Element Method (RFEM) and the Probabilistic Finite El-
ement Method (PFEM) [10].

SFEM consists mainly of discretization of stochastic fields, a FEM analysis part, and esti-
mation of system response statistics [16]. Different approaches are available for the discretiza-
tion of a stochastic field, some of them are the midpoint method, the interpolation method, the 
local average method. Once the stochastic fields are generated, Monte Carlo simulation is the 
most straightforward method, since it only needs repeated execution of an existing determinis-
tic solution by utilizing many realizations of the random variables [16,18,19].

2.1 Compressive failure 
Plastic collapse is reached when the compressive strength becomes lower than the vertical 

compressive stress. Wolfs et al. [4], experimentally determined the evolution of the compres-
sive strength over the time of the curing process and have developed equations based on the 
average result for 3D printable concrete.
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y y,0 y,1 rσ r, t = σ + σ t (2)

where σ y ,0 is the initial yield strength of the printable concrete at the moment it leaves the 
printing nozzle, σ y ,1 is the gradient of temporal increment, and rt is the curing time at a spe-
cific location.

However, experimental variations were observed in a series of compression and shear tests 
conducted at different ages of the fresh concrete [4].  It is shown that the experimentally ob-
tained results exhibit a large scatter with coefficients of variation ranging from 13 to 21 % for 
the compressive strength. Furthermore, as indicated in Eq. (2) the experiments have revealed 
that the studied material properties increase linearly over time. From these findings, it is obvi-
ous that reliability-oriented modeling needs to account for both temporal changes and the ran-
domness of the material parameters.

Random fields are more frequently applied in structural engineering analyses related to 
concrete. A parameter considering spatial variability is mainly determined by the mean, the 
variance, and the scale of fluctuation [28,31]. For concrete structures in some literature, the 
correlation properties are usually taken into account by utilizing exponential functions [30].
Bottenbruch et al. [29], have done a numerical investigation on spatial correlation of concrete 
and identified that it is significant along with the layers for pouring concrete in layers by slip 
forming.

Nonetheless, in most literature, the correlation length is assumed and these assumptions 
are not consistent with each other [32], the reason for this is the lack of available data [30,31]. 
The probability of failure can be underestimated resulting in an unconservative design if this 
value is ignored or implicitly assumed to be infinite [12,16,33,35]. To avoid this the modeling 
needs to account for the correlation length.

The compressive stress σp (r,t) depends on the height of the wall h (r) to be printed. This 
compressive stress acting on any of the layers can be written as follows [8]:

pσ r = ρ g h rc (3)

Where ρ c is the material density, g is the acceleration of gravity. Similarly, Wolfs et al. [4]
experimentally determined the density of the printable concrete.

3 NUMERICAL MODELING OF 3D CONCRETE PRINTING
During the extrusion process the rheological properties of the concrete change. The materi-

al should be flowable at the pumping and extruding stage and after deposition, it should gain 
rapid strength to have a stable shape and to carry the subsequent layers [5, 6].

Figure 1: Gradient of the strength development of 3D printed concrete wall.
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To ensure the bond strength between layers the time gap between consecutive layers 
should be kept as low as possible [7]. This time dependency of the evolution of the yield 
stress is one of the main components in numerical modeling.

Fig.1 shows the gradient of the concrete strength due to the different ages and resting times
of the layers. Compared to the other layers, the concrete of the bottom layer is more mature 
than in the subsequent layers. To analyze the shape stability or buildability of the printed 
structure at a given time, this gradient of the strength over the height of the structure should 
be considered [8]. As each layer is activated in the numerical modeling this spatial variation is 
considered.

For each of the printed layer, the curing time (t c ) can be calculated based on the printing 
velocity (νp ), counting the number of layers from bottom to top according to the printing pro-
gress and assuming that there is no time gap between layers, the ith layer will have a curing 
time of:

1ci
p

Lt i N , (4)

where N is the total number of layers and L is the length of the printed layer.
The numerical model is based on the finite element method (FEM) following the layer-

wise production process, i.e. each layer is activated separately. However, the problem arises 
when the layer thickness of the concrete and the size of the FE mesh do not coincide because 
the size of the FE is much lower than the thickness of the layers, see Fig.2.

Figure 2: 3D Concrete printed layers and the FE mesh 

This has been addressed by introducing a novel modeling approach, applying the FE while 
considering a pseudo density approach similar to the soft-killing approach in topology optimi-
zation, for more detail, see [9].

In addition to the above-mentioned modeling procedure, as mentioned in the previous sec-
tion uncertainties arising in the model description (geometry, material properties, or loading) 
are also included by utilizing structural reliability analysis.

Numerical simulation is performed using the commercially available programing language 
MATLAB, and UQLab (which is an open-source scientific module, a framework for Uncer-
tainty quantification developed at ETH Zurich), to investigate the buildability of 3D concrete 
printing wall structures during the printing process.
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3.1 Numerical example
The wall is modeled as a two-dimensional structure and constructed in a layer-wise process 

to perform failure analyses. Finite Element analysis with 4-node bi-linear finite elements is 
applied. The boundary condition considered is the bottom layer fixed as a result of friction on 
the printed bed [17]. The geometry of the numerical simulation includes wall width w = 
43.5mm, wall-length L = 1000mm, the thickness of each layer t = 10mm, the Poisson ratio of 
the printing material (which is assumed to be constant during the curing process) taken as 0.3.
The analysis was limited to a number of 17 layers to avoid the elastic buckling according to a 
parametric model developed by Suiker et al. [2]. Deterministic uniform load configuration is 
used only considering the self-weight as a result of the layer-wise production process and ac-
tivated as the printing progresses.

3.1.1 Numerical simulation of the compressive failure
The temporal changes and the randomness of the compressive strength are represented by 

random variables [30], generated from the normal distribution [25,26,27]. This random field 
is characterized statistically by three parameters defining its first moments, the mean, the 
standard deviation, and the correlation length. Therefore, results obtained from Eq. (2) are 
taken as the mean value for each Finite Elements(FE), for this process one of the discretiza-
tion methods i.e. midpoint method is used [16].

In particular, this numerical simulation is focused on buildability (part of overall failure 
probability) of the 3D printed concrete wall by varying one of the printing process parameter 
i.e printing velocity. Also, different values of the correlation length have been investigated in
the numerical simulation.

The mean and standard deviation can conveniently be combined in terms of the dimension-
less coefficient of variation, taking the result from Wolfs et al. [4], to be 0.168. For example, 
for printing velocity of 1.4 m/mm, the temporal development of compressive strength at the 
bottom layer is described as a Gaussian random field with a mean based on Eq. (2) is 7.8 kPa
and the standard deviation is 1.31. For all the other layers temporal development of compres-
sive strength can be calculated similarly.

In this research, a “Markovian” correlation function is used where the spatial correlation is 
assumed to decay exponentially with distance [28]. It has the form of:

τ
ij-2 τ

ρ = exp
θ

(5)

where is the correlation length and τ i j is the separation distance between two finite ele-
ments.

Realizations of the random compressive strength fields are produced using covariance ma-
trix decomposition. It is a direct method of producing a homogeneous random field [36]. A
covariance matrix is formulated for a single layer, then the covariance matrix is decomposed
into a lower and upper triangular matrix via a LU Decomposition, to generate correlated nor-
mally-distributed random variables for each layer.

Additionally, the layer-wise production process of the concrete structure is included in the 
FE model while considering a pseudo-density approach [9].

y y,min y y,min
Pσ x = σ + ρ x σ -σ (6)
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Where σ y (x ) denotes the resulting compressive strength of the concrete, σ y ,min > 0 is a 
lower bound to avoid zero entries, σ y refers to the nominal compressive strength, spatially-
varying pseudo-density ρ (x ) [0,1] , and p >1 denotes a power-law correlation that is im-
plemented to achieve density values closer to the lower and upper bounds of the design varia-
bles.

Based on Wolfs et al. [4] experimental result concrete density is taken as a random variable 
with normal distribution [25,26,27], the mean value of 2020 kg/m³, and the coefficient of var-
iation is 1.96% for the determination of the compressive stress. 

To generate the random field for the concrete density, here also the Markovian correlation 
function Eq. (5) and the covariance matrix decomposition are applied. Correspondingly, mate-
rial density is modeled considering a pseudo-density approach.

c c,min c c,min
Pρ x = ρ + ρ x ρ -ρ (7)

where ρ c (x) denotes the resulting concrete density, ρ c ,min (x) > 0 is a lower bound to avoid 
zero entries, ρ c is the nominal concrete density, ρ and p are similar to Eq.(6).

In a random field, the value assigned to each cell or finite element, in this case, is itself a
random variable, thus the mesh which has 1050 finite elements, contains 1050 random varia-
bles. For both the compressive strength and the compressive stress for each analysis,3000 re-
alizations were performed with input shown in Table 1, by varying the printing velocity (νp )
and Correlation length (θ).

Parameter Values considered
νp (m/min) 0.7, 1.4, 2.1, 3

(m) 0.1, 1, 10, 100

Table 1:  Parameters varied in the numerical example while holding the other parameters constant.

Figure 3: Single realization of the compressive strength for the printing velocity of 2.1m/mm and correlation 
length 10m.

A single realization of the compressive strength is shown in Fig.3, both the randomness 
and time dependency are observed, and the effect of the correlation length is also included in 

106



Meron Mengesha, Albrecht Schmidt, Luise Göbel, Tom Lahmer, and Carsten Könke

the realization. Correlation between the properties of the neighboring freshly printed elements 
is noticed.

The strength-based failure of the structure is studied by comparing the temporal evolution 
of the compressive yield stress with the increasing hydrostatic pressure caused by subsequent-
ly placed concrete layers (compressive stress). Gravity-induced stresses increase with the 
height of the printed product, whereby the maximum stress values occur in the bottom layer.
For each realization, the mean and standard deviation is taken to perform the failure probabil-
ity at the bottom layer.

Combining the written MATLAB script and UQLab, the result for the printing velocity of 
2.1m/min is shown in Fig.4.

(a)                                                                           (b)

Figure 4: UQLab output for Adaptive Kriging Monte Carlo Simulation printing velocity of
2.1m /min and correlation length of 0.1 m.

Fig.4 shows graphical visualization of the convergence of the AK-MCS analysis (Fig.4b), 
a Kriging surrogate model from a small initial sampling of the input vector produces an exper-
imental design iteratively refined close to the currently estimated limit-state the surface g(x) = 
0 (Fig.4a).

(a)                                                                   (b)

Figure 5: Effect of printing velocity and correlation length on the Probability of failure of
compressive strength.
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The numerical simulation output, see Fig.5a, indicates that with increasing printing veloci-
ty, the probability of failure of the buildability of the printed wall increase. This fact was ex-
pected because the 3D concrete printing process is a time-dependent process. Increasing the 
printing velocity means lowering the curing time, which also results in a lower compressive 
strength. Another important observation from Fig.5a is the influence of spatial correlation 
length on the probability of failure. Different correlations cause a large difference in results. If
the spatial correlation length for selected printing velocity increases, then the probability of 
failure also increases.

Furthermore, it can be observed the probability of failure of the top layer is different. The 
reasons for that are: (1) for the 3D printed wall the concrete age at the top layer is smaller 
compared to the other layers which affect the compressive strength and (2) to check the accu-
racy of the numerical simulation. Fig. 5b shows that the probability of failure is higher at the 
bottom than the other layers as expected even if the curing time for the top layer is smaller 
than the bottom layer but it is subjected to higher stress, the aforementioned result is for 
3m/min printing velocity.

4 CONCLUSION
A numerical modeling procedure of a 3D concrete printed (3DCP) wall is proposed, in 

which uncertainties implemented via the Stochastic Finite Element Method (SFEM) and a
spatially varying pseudo-density approach are considered. To minimize the computational 
cost, Adaptive Kriging Monte Carlo Simulation (AK-MCS) is utilized.

The aforementioned method enables to predict the probability of failure of the 3D printed 
concrete wall. The influence of the printing velocity and the spatial correlation length on the 
probability of failure was studied. For a simple 2D example of a wall, it was shown clearly 
that the influence of spatial correlation length on the probability of failure is significant. Dif-
ferent correlation lengths cause a difference in the results. However, in practice correlation 
lengths are often assumed based on literature and these assumed values for the correlation 
length of concrete properties are not consistent with each other [32]. The suggested values for 
the correlation length could be the initial values for further investigations.

In the future, additional failure mechanisms, the influence of additional mechanical 
properties, and process parameters will be studied. It will give rise to a more realistic 3DCP 
model.
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Abstract. The advent of single-cell or single-molecule sampling techniques allowed the study
of abnormalities in small subsets of cell populations as well as subtle differences of evolving
biological phenomena. A major challenge in this effort is the quantification of statistical dif-
ferences between the probability distributions of measured quantities; particularly when small
perturbations or small distributional changes need to be detected. Here, we propose to use as
a discriminative tool the Rényi divergence whose key advantage is its ability to highlight dif-
ferences between probability tails. In addition, we describe an algorithm which is based on a
variational representation formula for the Rényi divergence and implicitly estimates it by solv-
ing an optimization problem. We evaluate the discrimination performance on both synthetic
and real datasets. The proposed algorithm is able to detect distributional differences which are
below 0.5% and quantify the trade-off between number of samples and neural network complex-
ity. The comparison with existing density ratio approaches reveals that the proposed method is
significantly better when the dimension of the data is moderately high (e.g., larger than 10).
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1 INTRODUCTION

Population datasets emerge in many scientific fields such as biology [1, 2], ecology [3],

epidemiology [4] and molecular motion in biochemistry [5, 6] to name a few. Particularly in bi-

ology typical population datasets now consist of tens of thousands of samples measuring dozens

of quantities of interest. For instance, high dimensional single-cell technologies, such as flow

and mass cytometry [7], are able to capture the abundance of up to 40 proteins on thousands of

cells simultaneously. Such moderate to high dimensional datasets cannot be screened out man-

ually (e.g. through scatter plots) and computational approaches are required for the detection

of clusters and differences in the data. Despite the recent proposal of computational tools that

handle single-cell population data [2, 8], a major challenge in the characterization of cellular

heterogeneity still remains. Indeed, it is often the case that rare sub-populations exist in the

samples which are very difficult to be detected due to their low abundance levels. For instance,

stem and progenitor cells are underrepresented in the total cell population therefore; they are

rarely detected using general-purpose methodologies over large populations of cells.

Statistical quantities such as the mean value and the covariance matrix are not sufficient dis-

criminative metrics because they do not capture the complete probabilistic characteristics of the

two populations. On the other hand, a probability distance or a divergence could capture all the

statistical information induced by the observed sample distributions. Additionally, probability

distances which are sensitive to small perturbations and be able to detect small distributional

changes are ideal choices. In this paper, we suggest using Rényi divergence as an approach

to discriminate between two population datasets. Rényi divergence has the advantage that its

hyper-parameter controls how much weight to put on the tails of the distributions thus it can

become very sensitive to rare sub-populations inside the population datasets (see Figure 2 for

three examples).

The estimation of the Rényi divergence becomes feasible with the use of a variational rep-

resentation [9, 10, 11]. Variational representations essentially transform the estimation of a

divergence to an optimization problem over an infinite-dimensional function space. Then, the

function space is approximated by a neural network parametrized space in a similar fashion to

[12, 13, 14, 15]. Thus, we present and then evaluate an algorithm that estimates the Rényi diver-

gence which we named NERD (Neural-based Estimation of Rényi Divergence) algorithm.The

utilization of neural networks offers additional advantages such as the ability to handle high

dimensional data as well as any type of input data with the trade-off being the requirement for a

large sample size; a limitation which is already alleviated in practice by the production of large

amounts of single-cell measurements per experiment.

We first evaluate NERD algorithm on synthetic data where the ground truth is known. NERD

is capable of handling high-dimensional data better than state-of-the-art methods such as ITE

[16]. We assess the behavior of the estimator as a function of various hyperparameters such as

the number of samples, the rarity of the sub-population and the choice of function space. We nu-

merically show that NERD algorithm is capable of accurately estimating the Rényi divergence

in high dimensions given enough sample size. We also compute the discriminative capabilities

of NERD between single-cell populations. The two populations consist of cells from healthy

participants as well as healthy cells contaminated by a small portion of “sick” cells. We show

that NERD algorithm can discriminate confidently when the percentage of rare subpopulation

is above 0.2% and the number of available samples is above 40K.
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2 DEFINITION AND PROPERTIES OF THE RÉNYI DIVERGENCE

Let Q and P be two probability measures (or distributions) on a measurable space (Ω,M).
The Rényi divergence of order α > 0 with α �= 1 of Q with respect to P is defined as [17, 18]

Rα (Q||P ) :=
1

α(α− 1)
logEP

[(
dQ

dP

)α]
(1)

when Q and P are mutually absolutely continuous1 with respect to each other, otherwise,

Rα (Q||P ) = ∞. The ‘ratio’ dQ
dP

is the Radon-Nikodym derivative of Q with respect to P
which always exists due to the imposed absolute continuity condition. The defining properties

of a divergence are that (a) it is non-negative and (b) it equals to zero if and only if Q = P .

Despite not being a distance since it is neither symmetric nor satisfies the triangular inequality,

divergences are widely used for the comparison of probability distributions.

In some studies, the definition of Rényi divergence utilizes the factor 1
α−1

(cf. [19, 20, 9])

instead of 1
α(α−1)

, nevertheless, we prefer the definition (1) due to the symmetry property

Rα (Q ||P ) = R1−α (P ||Q)

when 0 < α < 1. Using this symmetry property, the definition of Rényi divergence is straight-

forwardly extended to α < 0 (e.g., R−1 (Q ||P ) := R2 (P ||Q)).
The definition of Rényi divergence is extended to α = 1 where the limit equals to the

Kullback-Leibler divergence defined by

DKL (Q||P ) :=

∫
log

dQ

dP
dQ (2)

when Q � P , otherwise DKL (Q||P ) = +∞ as well as to α = 0 where the limit equals to

the reverse2 Kullback-Leibler divergence. Interestingly, several other divergences are linked

to Rényi divergence. Rényi divergence has an one-to-one and onto correspondence with α-

divergence [21] where Rényi divergence can be obtained as an affine transformation of the log-

arithm of the α-divergence. Rényi divergence is also related to Hellinger distance [22] as well

as to χ2-divergence [22] for particular values of α. Figure 1 summarizes those relationships.

Further properties of the Rényi divergence can be found for instance in [23, 20, 9].

Figure 1: Rényi divergence as a function of its order α and its connections to other divergences. The case α = 0.5
relates with the Hellinger distance while the cases α = 1 & 2 relate with Kullback-Leibler and (Pearson’s) χ2

divergence, respectively. Rényi divergence is reverse symmetric around 0.5 thus the cases α = 0 & −1 relate with

reverse Kullback-Leibler and reverse (i.e., Neyman’s) χ2 divergence, respectively.

1We say that Q is absolutely continuous with respect to P if for every measurable set A ∈ Ω, P (A) = 0 ⇒
Q(A) = 0. It is written as Q � P .

2In the sense that the order of Q and P has been reversed.
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2.1 Rényi Divergence Highlights Distributions’ Tail Differences

Existing literature has shown that Rényi divergence is capable of efficiently bounding the

probability of rare events and more generally of risk-sensitive observables of a distribution

[18, 24, 25] through its order parameter. Intuitively, the order parameter as a power factor of the

density ratio leverages the amount of weight put on the tails of the distributions. For instance, in

[24], to discriminate between rare events from distributions with infinitesimal small differences

the order had to be sent to infinity.

We demonstrate this sensitivity property of the Rényi divergence through a series of ex-

amples. First, we consider two zero-centered univariate Gaussian distributions with different

standard deviations3, Q ≡ N (0, σ2
1) and P ≡ N (0, σ2

0). The Rényi divergence of Q with

respect to P is given by [26]

Rα (Q||P ) =

{
1
α
log σ0

σ1
+ 1

2α(α−1)
log

σ2
0

ασ2
0+(1−α)σ2

1
if ασ2

0 + (1− α)σ2
1 > 0

+∞ otherwise
. (3)

As α approaches to the ‘finiteness’ limit
σ2
1

σ2
1−σ2

0
, the Rényi divergence takes exponentially-large

values resulting in an unequivocal discrimination between the two distributions. Going one step

further, if σ2
1 = σ2

0(1+ε) with ε being a small number then α should be of order O(ε−1) in order

to efficiently discriminate between the two distributions. Figure 2(a) demonstrates this behavior

for two values of ε. Analogous discriminative capacity is observed when the Rényi divergence

between a Gaussian distribution with full covariance matrix and a Gaussian with diagonal co-

variance structure is calculated. In this second example, let Q be a zero-mean Gaussian with

covariance matrix Σ1 =

[
1 ρ
ρ 1

]
and P a zero-mean Gaussian with covariance matrix equal to

the identity matrix (i.e., independent components). Figure 2(b) presents the Rényi divergence

as a function of its order. As it is evident from the plot, there are both positive and negative α’s

of order O(ρ−1) that assign very large values to the Rényi divergence implying that even very

small correlations between variables could be detected when |α| becomes sufficiently large.

Additionally, both Gaussian examples show that large values for the order may result to infinite

Rényi divergence and there is a finiteness limit for α that should not be exceeded. Therefore,

caution must be placed on the choice of the order value. As a rule of thumb, the ”closer” the

two distributions are the larger the value of α can (or must) be set.

In this paper, we suggest exploiting this sensitivity property and distinguish between statis-

tical populations of data that differ slightly by containing samples from rare sub-populations.

Rare sub-populations are hard to detect exactly because of their rarity. Therefore, we aim to

search for the highest value for Rényi divergence by tuning α. As a third and more relevant

motivation example, Figures 2(c) & (d) present the Rényi divergence between a mixture of two

Gaussians (Q ≡ (1−w)N (μ0, σ
2
0)+wN (μ1, σ

2
1)) with w corresponding to the percentage of the

less probable population and a Gaussian (P ≡ N (μ0, σ
2
0)). Under this particular setting, there

is an optimal α that maximizes the Rényi divergence. Additionally, the smaller the percentage

of the less probable population the larger the value of the optimal α is. This is consistent with

the two previous examples in the sense that distributions with smaller differences require larger

values of α in order to obtain larger Rényi divergence values.

3In this paper, we always consider P to be the baseline (or unperturbed) distribution while Q is the different or

perturbed one.
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Figure 2: Rényi divergence of Q (perturbed) with respect to P (unperturbed) as a function of α between: (a)
two 1D zero-mean Gaussian distributions with different variances (σ2

0 = 1, σ2
1 = 1 + ε), (b) two 2D zero-mean

Gaussian distributions with different covariance structure (ρ: correlation coefficient between the two elements

of the perturbed Gaussian) and (c)-(d) between a mixture of two Gaussians and a Gaussian distribution (w: the

percentage of the second mode in the mixture).

2.2 A Variational Representation Formula for the Rényi Divergence

By definition, the estimation of Rényi divergence requires either the knowledge of the den-

sities of the probabilities involved or an approximation of their ratio. An alternative approach is

to transform the estimation problem into an optimization problem via the utilization of a vari-

ational representation. A variational representation formula is essentially a lower bound of the

divergence for which the optimal solution gives rise to the divergence value. It consists of two

mathematical ingredients: the function space where the optimal solution will be searched for

and, the representation expression, called here the ‘objective functional’, whose optimization

leads to the value of the divergence.

The following theorem, proved in [11], states that Rényi divergence is the solution of a vari-

ational optimization with an objective functional which is the difference of two risk-sensitive

observables (i.e., the expression inside the curly brackets in (4)).

Theorem 1. Let P,Q be two probability measures on (Ω,M) and α ∈ R \ {0, 1}. Then,

Rα (Q||P ) = sup
g∈Mb(Ω)

{
1

α− 1
logEQ[e

(α−1)g]− 1

α
logEP [e

αg]

}
, (4)

where Mb(Ω) is the space of all (real-valued) measurable and bounded functions from Ω to R

and we assume the conventions +∞−∞ = −∞ and −∞+∞ = −∞.

The optimal solution under appropriate conditions provided in [11] can be explicitly written

as g∗ = log dQ
dP

, and, the aim of this paper is to approximate g∗ as accurately as possible. Finally,

taking α → 1, we recover the Donsker-Varadhan variational formula for the Kullback-Leibler
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divergence [27] which is given by

DKL (Q||P ) = sup
g∈Mb(Ω)

{EQ[g]− logEP [e
g]} . (5)

Hence, equation (4) can be seen as a generalization of the Donsker-Varadhan formula to the

Rényi divergence. Similarly, the Donsker-Varadhan formula with the order of Q and P reversed

is obtained when α → 0.

3 NEURAL-BASED ESTIMATION OF RÉNYI DIVERGENCE (NERD)

The variational formula in (4) is still not fully practical because (a) the expectations cannot be

explicitly computed since Q and P are not known, and (b) the infinite dimensional space of test

functions (i.e., of g’s) needs to be restricted to a parametric representation that can be handled by

a computer. Regarding the first issue, the expectations are replaced by their statistical averages

using a finite number of samples. This approximation fits well with our setting since we only

have access to samples from the distributions of interest. Moreover, as the number of samples

tends to infinity, the statistical averages converge to the respective expectation values.

For the latter issue, we concentrate to Ω = R
d and parametrize the space of all measurable

and bounded functions with neural networks of bounded activation function for the output layer.

Letting θ ∈ R
p be the parameter vector with the weights and biases of the neural network, our

aim is to optimize gθ : R
d → [−M,M ] where M is a user-defined clipping factor. In our

experiments we enforce the boundedness condition via the use of M tanh
( ·
M

)
as the activation

function of the output layer. The error induced by this second approximation can be controlled

using (a) Lusin’s theorem [28] where the space of all measurable and bounded functions is

replaced with all continuous and bounded functions with arbitrary accuracy and (b) the fact that

a large enough neural network is a universal approximator of continuous and bounded functions

[29, 30].

The parameters of the neural network are estimated using stochastic gradient ascent because

we are searching for the solution that maximizes the objective functional. The pseudo-code of

the neural-based Rényi divergence estimator is provided in Algorithm 1. When α = 1 or 0,

we apply the finite sampling approximation formulas stemming from the Donsker-Varadhan

variational representation (5).

3.1 Statistical Properties of NERD

The asymptotic consistency of NERD has been shown in [11, Theorem 2]. However, sta-

bility and consistency results as well as bias-variance trade-offs for finite number of samples

is an open and active problem even for the Kullback-Leibler case [31, 32, 33]. The main en-

cumbrance stems from the fact that both terms in the objective function of Rényi’s variational

representation are sensitive to tail events and the variance of the estimator could grow exponen-

tially with the true value of the divergence [33]. A partial solution proposed in [33] sets a small

clipping factor M applied to the output of the final layer which results in reduced variance for

the estimator at the cost of larger bias especially when the value of Rényi divergence is high

since the maximum possible value for the estimator is 2M . As it is already presented, NERD

algorithm has adopted the clipping operator. In the following section, we propose a different

approach to reduce the variance by utilizing a different, more regularized function space for the

optimization problem.
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Algorithm 1 Neural Estimation of Rényi Divergence (NERD)
Input: Sample matrix X ∈ R

N×d ∼ Q, sample matrix Y ∈ R
N×d ∼ P , order parameter α,

neural network gθ(·), batch size m and learning rate λlr

Output: Rényi divergence estimate: R̂N
α

1: θ ← Initialize_Neural_Network()

2: while not converged do
3: Choose randomly m samples from X: {xi}mi=1 and from Y : {yi}mi=1

4: Compute the variational expression:

R(θ) =
1

α− 1
log

1

m

m∑
i=1

e(α−1)gθ(xi) − 1

α
log

1

m

m∑
i=1

eαgθ(yi) (6)

5: Update the neural net’s parameters:

θ ← θ + λlr∇θR(θ)

6: end while
7: Compute the variational estimate using all samples:

R̂N
α =

1

α− 1
log

1

N

N∑
i=1

e(α−1)gθ(xi) − 1

α
log

1

N

N∑
i=1

eαgθ(yi) (7)

3.2 Using Lipschitz Continuous Functions as Test Functions

The space of test functions can be selected differently. The cost of choosing a subset of

Mb(Ω) is that a lower bound –but not necessarily strictly lower– for the divergence is obtained.

Given that we are interested in alleviating the impact of finite sampling on the approximated

risk-sensitive observables, we propose to use Lipschitz continuous functions with Lipschitz

constant K as the function space over which the optimal solution will be sought for. The 1-

Wasserstein distance, which is also defined on the Lipschitz function space but uses a different

objective functional, has shown significantly better stability and convergence properties during

the training of GANs [14, 15]. Thus, we anticipate improved statistical properties such as

reduced variance in our experiments. Theoretically, it has also been shown that the function

space replacement from measurable to Lipschitz functions retains the divergence property for

the α-divergence [34] hence it is also retained for the Rényi divergence.

From an implementation perspective, the only difference for NERD algorithm is the removal

of the clipping function and the addition of a gradient penalty term in (6). The new formula is

given by

R(θ) =
1

α− 1
log

1

m

m∑
i=1

e(α−1)gθ(xi) − 1

α
log

1

m

m∑
i=1

eαgθ(yi)

+ λGP
1

m

m∑
i=1

max
(
0, ||∇xgθ(zi)||2 −K

)
,

(8)

where zi = uixi + (1− ui)yi and ui ∼ U(0, 1) for i = 1, ...,m. We remark that this is the one-

sided gradient penalty and it is only activated when the square of the gradient’s norm is above

K. The two-sided gradient penalty which is valid for the Wasserstein distance is not applicable

118



A. Tsourtis, G. Papoutsoglou and Y. Pantazis

for the Rényi divergence since the norm of the gradient is not everywhere equal to one for the

optimal test function.

4 RESULTS

In this Section, we test the accuracy of the proposed algorithm on two synthetic examples

as well as its discriminative efficacy on one real biological dataset. Our aim is to numerically

evaluate the performance of NERD algorithm on the statistical estimation of Rényi divergence

and also explore the Rényi’s order parameter that leads to the most efficient discrimination be-

tween two sample distributions with small sub-population differences. Our results are compared

against a state-of-the-art density ratio approximation algorithm implemented by the Information

Theoretical Estimators (ITE) toolbox [16].

4.1 Experimental setup

In Section 3, we presented two variants of the NERD algorithm depending on the chosen

space of test functions: i) the space of continuous and bounded test functions referred to as

NERDCb
, and ii) the space of Lipschitz continuous test functions referred to as NERDLip. The

boundedness condition of NERDCb
is enforced through a bounding factor M > 0 on the ac-

tivation function of the final layer. In contrast, the Lipschitz continuous condition is enforced

through the addition of a regularization term that depends on two hyper-parameters: the Lip-

schitz constant K > 0 and the regularization coefficient λGP . Both M and K are capable of

affecting the trade-off between estimation bias and estimation variance with smaller values fa-

voring reduced variance with the cost of increased bias. Table 1 summarizes the value ranges

of all (hyper-)parameters that appear in our numerical experiments.

Neural network hyperparameters were set following a similar rationale as in [12] where the

Kullback-Leibler case was studied and the implementation is carried out using TensorFlow24.

Specifically, we employ fully-connected feed-forward neural networks with l = 3 layers, vari-

able number of units per layer and tanh(·) as activation function for the hidden layers. The

number of units per layer is primarily dependent on the dimension of the data while the number

of trainable parameters is typically of order O(103). Given that the sample size of the the stud-

ied datasets is between O(104)−O(105) we anticipate no overfitting. For the sake of fairness,

both NERD variants share the same architecture (i.e., hidden layers, number of units per layer,

activation function) except the activation function of the output layer which is different.

We apply Adam optimizer [35] as the training algorithm with its default hyperparameter

values. The learning rate is set to λlr = 0.0005 for the synthetic examples while the number

of iterations was Nit = 20000. Due to slower convergence, the respective values for the real

dataset are λlr = 0.01 and Nit = 60000. Moreover, we set a large value to the batch size so that

samples from the tails are included in the statistical average with high probability at each step.

We also set the hyperparameter of the ITE-based estimator that defines the number, k, of

nearest neighbors. Since the computational cost increases non-linearly with k, ITE becomes

prohibitive for high dimensions and large sample sizes. We found that setting k = 20 is a

balanced choice for approximating the Rényi divergence in our experiments.

Finally, our primal goal in the synthetic examples is to assess the accuracy of the estimator,

hence, we fix the order of the Rényi divergence to α = 0.5. Such order value provides a

stable statistical behavior with low variance for the estimator relative to the other values of α.

In contrast, for the real dataset example, we provide results for a range of α values excluding

4Code will be available upon acceptance.
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Table 1: Parameters’ symbols, their categorization and range in our experiments.

Parameter Explanation Association Range
N No. samples Data set O(104)−O(105)
d Dimension Data set [1, 50]
w Sub-population proportion Data set [0.002, 0.2]
ρ Correlation coefficient Data set [0, 0.9]

α Order Rényi divergence [0.1, 0.9]

k No. nearest neighbors ITE 20

M Boundedness const. NERD (bounded) [1, 50]
K Lipshcitz const. NERD (Lipschitz) [1, 10]
λGP Gradient penalty NERD (Lipschitz) 0.1

Nit No. iterations (training steps) Training alg. [10000, 150000]
m Batch size Training alg. 4000
λlr Learning rate Training alg. [0.0005, 0.01]
l No. hidden layers Neural network 3
θ Vector w/ weights & biases Neural network —

p Dimension of θ Neural network O(102)−O(103)

α ∈ {0, 1} wherein the variance of the estimator might become very large [32, 33].

4.2 Rényi Divergence Estimation on Synthetic Data

4.2.1 Between a Gaussian Mixture Model (GMM) and a Gaussian

In our first example we consider Q to be a 1-D bimodal distribution (mixture of two Gaus-

sians) and P a 1-D Gaussian distribution. The first mode of Q will be referred to as the ’main’

mode and the second one as the ’rare’ mode, inspired by biological data terminology of main

and rare cell sub-populations. The mean and variance of P and of the main mode of Q were set

equal to one another. Specifically,

Q = (1− w)N (μ0, σ0) + wN (μ1, σ1) (9)

P = N (μ0, σ0)

where the μ’s and the σ’s denote the means and variances of the distributions and w is the

probability of the rare mode. In our simulations, we set μ0 = 0, σ0 = 1 for the main mode and

μ1 = 1, σ1 =
1
4

for the rare mode. The upper panels of Figure (3) illustrate the convergence of

all estimators as the sample size increases. As expected, larger sample sizes reduce the variance

of the estimators and N = 50000 is sufficient for this example. Additional experimentation not

shown here revealed that similar results are obtained for other values of μ1, σ1 and α.

The lower panels in Figure 3 depict the effect of the probability of the rare mode w on

the estimation of the Rényi divergence. Since the percentage of samples between the main

and the rare mode of Q is controlled by w, we consider the range between 0.3% and 10%

as being representative of the frequencies found in cases of rare cell populations in disease-

like situations. Apparently, as w decreases it becomes harder to differentiate between Q and

P . Interestingly, both NERD variants are more accurate both in terms of variance and bias in

discriminating between slightly different sample distributions for the same sample size. On the

other hand, the ITE estimator has undeniable difficulties with small values for w due to its large

variance.
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Figure 3: Estimated Rényi divergence between a GMM with two modes and a Gaussian distribution using both

variants of NERD algorithm and ITE with the order fixed at α = 0.5. Upper panels: As the sample size N
increases, all methods converge to the exact Rényi divergence value (red solid line) with decreasing variance. Here,

we set w = 0.2 and quantiles in the box-plots are estimated over 10 independent runs. Lower panels: Estimated

Rényi divergence as a function of the sub-population proportion w. Here, the sample size is N = 40000. Evidently,

both variants of NERD exhibit less bias and reduced variance relative to ITE-based estimator for w < 0.05.

4.2.2 Between Two High-dimensional Gaussians

In this example, we let Q and P be two zero-mean multivariate (standardized) Gaussian

random variables of dimension d with different covariance matrices. We impose the element-

wise correlation corr(xi, x d
2
+j) = δi,jρ to the samples x ∼ Q where i, j = 1, . . . , d

2
and δi,j

is Kronecker’s delta. In contrast, no correlation is assumed for the samples y ∼ P . We test

how the estimation accuracy of both variants of NERD changes with increasing dimension as

well as correlation coefficient. This setting is quite challenging because as dimension increases

the probability mass concentrates in a ball around the origin whose radius is exponentially

decreasing with respect to the dimension. Moreover, as the correlation coefficient increases

the intersection between the supports of the sample distributions is significantly reduced which

could result in large estimation errors.
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Figure 4: Rényi divergence between two multivariate Gaussian distributions as a function of the correlation

coefficient ρ and the dimension d. The red solid line represents the exact Rényi divergence, whereas each boxplot

corresponds to the 2nd and 3rd quantiles of the estimator over 10 independent iterations. In all cases, we set

M = 50 and K = 5. Upper panels: We compare two d = 4-dimensional Gaussians and draw N = 50000
samples for each. Both NERD variations are close to the exact Rényi divergence value, whereas ITE slightly

overestimates it. Middle panels: With dimension being d = 20 and sample size being N = 150000, NERD with

Lipschitz continuous functions provide the most accurate estimates relative to the others. Nit = 20k]. Lower
panels: For d = 50 and N = 300000 samples, the variance for both NERD variations is high and increases as the

correlation coefficient increases. ITE-based estimator has no variability but its estimate is entirely inaccurate.

Figure 4 presents the estimation results for the three methods considered in this paper as a

function of dimension and correlation coefficient ρ. We consider three values for the dimension:

d = 4 (upper row of panels), d = 20 (middle row of panels), and d = 50 (lower row of panels)

while we range ρ ∈ [0.1, 0.9]. When ρ < 0.5 our results indicate that all three methods provide

satisfactory divergence estimations. When ρ increases, both NERD variants accurately estimate

the Rényi divergence for d ≤ 20 with small variance. In contrast, the variance increases sig-

nificantly as ρ increases (lower panels) revealing that even larger sample size is required. This

finding is in partial agreement with the results in [33] where it is shown that variance of this

variational-based estimators may grow exponentially with the value of the Rényi divergence.

On the other hand, we found that the NERDLip estimator has less variance relative to NERDCb

especially for ρ = 0.9 revealing that the restriction of the function space to Lipschitz continu-

ous functions as presented in Section 3.2 is beneficial from a statistical estimation perspective.
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Finally, despite having very low variance in all cases, ITE-based estimation is inaccurate for

large values of ρ even for d = 4.

Concerning the computational cost in CPU time, the most important factors are the sample

size N and the dimension d. The training of neural network’s parameters scales linearly with

N and in most cases with d too while ITE approach which is based on k-nearest neighbors

does not scale efficiently neither with N nor with d. Despite being architecture and dimension

dependent, we advocate that the break even point in terms of computational cost between the

NERD and ITE approaches is for sample size N approximately between 5 · 104 and 105. We

also remark that NERDLip is approximately twice as slow as NERDCb
due to the additional

computational cost induced by the regularization term.

Figure 5: Rényi divergence estimates of NERDLip (K = 1), NERDCb
and ITE when comparing healthy against

disease-contaminated distributions, over varying α when the abundance of disease samples is set to w = 0.2 (left

panel) and w = 0.05 (right panel). Errorbars are computed over 5 iterations. Both NERD variants generate similar

consistent results while ITE estimates have shift and scaling issues making it untrustworthy.

4.3 Detecting Sub-populations in Single-Cell Datasets

Using data from [36], we test the efficacy of NERD to discriminate distributions from real

biological settings5. Specifically, we consider single cell mass cytometry measurements on

16 bone marrow protein markers (d=16) coming from healthy and disease individuals with

acute myeloid leukemia. The dataset consists of more than 150K healthy and 25K disease cell

samples. Before analysis, data were transformed using the inverse hyperbolic sine arcsinh()
transformation with a cofactor of 5, which is typical in order to have comparable supports across

dimensions. Following [8] we mix healthy and disease samples at decreasing frequencies. For

this, we first split the healthy samples randomly into two equally sized subsets X and Y . Then,

we replace a predefined percentage of samples in X with disease samples; that is, {20%, 5%,

1%, 0.5% and 0.2%} of cells. The resulting distributions QX and PY reflect the properties of

settings where rare, disease-associated cell populations must be detected from otherwise healthy

samples.

Figure 5 shows the Rényi divergence estimates for various α ∈ (0, 1) and two values for the

sick cells percentage. Both NERD variants and ITE estimate positive values for the divergence

thus they do discriminate the healthy distribution PX from QY when w = 0.2 (left panel). When

5Data were accessed from https://community.cytobank.org/cytobank/experiments/
46098/illustrations/121588
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w = 0.05 (right panel), NERD algorithm continues to produce positive values and be able to

discriminate between the two distributions, however, ITE estimates are negative for several

values of α. It seems that ITE approach has shift and scaling issues. Those estimation errors

can be partially reduced by increasing k at the cost of significantly higher computational effort.

We additionally remark that the curve of the NERD-estimated Rényi divergence as a function

of its order is in accordance with Figure 2(c)-(d) in the sense that as α increases the value of

the divergence does also increase. Even though the distributions of the biological data are not

normal, this consistency in the behavior of Rényi divergence suggests that NERD algorithm

correctly estimates the divergence value.

Figure 6: Histograms of repeated NERD estimates (60 runs) when trying to discriminate between two healthy

datasets R̂α(PY ||PY ) (blue color) and between a healthy dataset and a dataset contaminated with sick sub-

population with proportion w%: R̂α(QX ||PY ) (orange color). We consider two sample sizes: N = 78797
samples per distribution (upper panels) and N

2 samples (lower panels). As the rare sub-population of sick cells

decreases in numbers, it is harder to discriminate between the healthy and diseased distributions.

Finally, we investigate the limits of NERD algorithm in discriminating between healthy and

sick cell contaminated distributions. Apparently, as w approaches 0, it becomes more difficult

to distinguish the two distributions because the number of sick cells amounts to few dozens.

Similarly, sample size is an important factor in order to generate statistically significant out-

comes. Figure 6 presents histograms of repeated estimates of Rényi divergence with α = 0.5
computed via NERDLip algorithm for the healthy vs healthy case (blue color) and diseased vs

healthy case (orange color). In the upper row of panels, we use all available data while the

sample size is halved in the lower row of panels. As it is evident from the x-axis, the estimates

of Rényi divergence for the healthy vs healthy case is doubled for the lower panels revealing

that sample size is indeed a crucial factor for accurately estimating the divergence which is zero

for this case. Moreover, histograms are separated for values of w above 0.005 for both sample

sizes. On the other hand, there is overlap of the histograms when w = 0.002 especially for

the halved sample size. This is also evident from the Kolmogorov-Smirnov (KS) test computed

on the histograms. Table 2 reports the p-value and the statistic of the KS test using build-in
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function kstest2. Overall, we conclude that sick cell proportion below w = 0.002 cannot

be detected with NERD for α = 0.5 and sample size below N = 40000. Nevertheless, when

we increase α to 0.8, differences between the histograms start to emerge (last row in Table 2)

showing that larger values for α could assist in discriminating even rarer sub-populations.

Table 2: p-values and statistic for the KS test. Apart from one case, KS test suggests that the two distributions are

different.

α w p-value KS stat samples

α = 0.5 1% 1.5× 10−45 1 N ≈ 79K
α = 0.5 0.5% 9.4× 10−44 0.98 N
α = 0.5 0.2% 3.6× 10−12 0.51 N

α = 0.5 1% 7.8× 10−28 1 N/2
α = 0.5 0.5% 4.9× 10−26 0.96 N/2
α = 0.5 0.2% 0.0068 0.3 N/2
α = 0.8 0.2% 1.4× 10−5 0.433 N/2

5 CONCLUSIONS

In this paper, we propose an efficient discrimination approach based on Rényi divergence

to quantify the difference between population datasets and answer whether or not two sample

population come from the same distribution. The estimation of Rényi divergence is performed

via the optimization of functions parametrized by neural networks. We investigated the per-

formance of the presented algorithm (NERD) on several synthetic and real biological datasets.

We showed that both NERD variants accurately estimate the Rényi divergence and discrimi-

nate rare sub-populations in the data given sufficiently-large number of samples. Therefore, its

potential to be used as a screening and/or detection tool in single-cell applications is high. As

future work, we target towards devising novel techniques that reduce the estimator’s variance

and require smaller sample sizes.
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Abstract. Statistical analysis of massive datasets very often implies expensive linear algebra
operations with large dense matrices. Typical tasks are an estimation of unknown parameters
of the underlying statistical model and prediction of missing values. We developed the H-MLE
procedure, which solves these typical tasks. The unknown parameters can be estimated by
maximizing the joint Gaussian log-likelihood function, which depends on a covariance matrix.
To decrease the high computational cost, we approximate the covariance matrix in the hier-
archical (H-) matrix format, which has only a log-linear computational cost. The H-matrix
technique allows inhomogeneous covariance matrices and almost arbitrary locations. Espe-
cially, H-matrices can be applied in cases when the matrices under consideration are dense
and unstructured.

For validation purposes, we implemented three machine learning methods: the kNN, random
forest, and deep neural network. The best results (for the given datasets) were obtained by the
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1 Introduction

The number of measurements that should be statistically analyzed increases from year to

year. The involved statistical methods often contain intensive operations with large dense ma-

trices. In case these measurements are distributed irregularly across the given domain, the effi-

cient algorithms like the Fast Fourier Transformation and similar are not applicable. Therefore,

new efficient methods are needed.

To make these expensive computations possible, we suggest to use the hierarchical matrix

(H-matrix) technique [19, 18, 29, 26]. We will demonstrate how to solve statistical inference

and prediction tasks appearing very often in spatial statistics. This work is an extension of our

previous research [32, 31]. The first novelty is that we simultaneously identify four unknown

parameters and not three. This new parameter is the regularization term - the nugget τ 2. Another

novelty is the new research on how well we can make statistical predictions with H-matrix

approximations. Finally, we compare our identified parameters and predicted values with the

actual results and with results obtained by other methods. We summarize the strong and weak

sides of the H-matrix technique.

Assumptions. Let (s1, . . . , sn) be the set of locations. We model the set of measure-

ments as a realization from a stationary Gaussian spatial random field. Specifically, we let

Z = {Z(s1), . . . , Z(sn)}�, where Z(s) is a Gaussian random field indexed by a spatial location

s ∈ R
d, d = 2, 3. Then, we assume that Z has zero mean and a stationary parametric covariance

function C(h;θ) = cov{Z(s), Z(s + h)}, where h ∈ R
d is a spatial lag vector and θ ∈ R

4

the unknown parameter vector of interest. Statistical inferences about θ are often based on the

Gaussian log-likelihood function:

L(θ) = −n

2
log(2π)− 1

2
log |C(θ)| − 1

2
Z�C(θ)−1Z, (1)

where the covariance matrix C(θ) has entries C(si − sj;θ), i, j = 1, . . . , n. The maximum

likelihood estimator of θ is the value θ̂ that maximizes (1). When the sample size n is large, the

evaluation of (1) becomes challenging. Indeed, the storage of the n-by-n covariance matrix C

130



A. Litvinenko, R. Kriemann, V. Berikov

requires O(n2) units of memory. Computation of the inverse and log-determinant of C(θ) cost

O(n3) FLOPs. Hence, parallel and scalable methods that can reduce this high cost are needed.

Similar works for the case when measurements are located on a rectangular grid can be

resolved via the fast Fourier transformation (FFT) method [47, 9, 16, 45, 11] with the computing

cost O(n log n). However, the FFT method does not work for data measured at irregularly

spaced locations or requires expensive, non-trivial modifications.

Other recent ideas include the low-tensor rank methods [30, 36, 22], covariance tapering [14,

24, 42, 43], likelihood approximations [44, 12], Gaussian Markov random-field approximations

[13], Vecchia framework [46, 23], the nearest-neighbor Gaussian process models [10], the low-

rank update [40], multiresolution Gaussian process models [37], equivalent kriging [27], and

Bayesian-like approach [34, 35].

An H-matrix approximation of covariance matrices was done in [28, 41, 4, 20, 3, 6, 39].

The inverse of the covariance matrix was approximated in [2, 3, 5]. The H-matrix tech-

nique for the parameter estimation was proposed in [3, 2]. There are many implementations

of H-matrices exist: HLIB (http://www.hlib.org/), H2 (https://github.com/
H2Lib), HLIBPro (https://www.hlibpro.com/), and some others. In this work, we

are using the HLIBPro library. For extended details, we refer to our earlier works [31, 32]. The

data, which we used in this work were generated in the ExaGeoStat library [1]

(https://github.com/ecrc/exageostat) without using H-matrices.

Matérn covariance functions: We consider the Matérn family [33], which has gained widespread

interest in recent years [17]. The Matérn covariance depends only on the distance h := ‖s−s′‖,

where s and s′ are any two spatial locations:

C(h;θ) =
σ2

2ν−1Γ(ν)

(
h

�

)ν

Kν

(
h

�

)
+ τ 2I, (2)

with parameters θ = (σ, �, ν, τ)�. Here σ2 is the variance, τ 2 the nugget, ν > 0 controls the

smoothness of the random field, with larger values of ν corresponding to smoother fields, and

� > 0 the spatial range parameter that measures how quickly the correlation of the random field

decays with distance. A larger � corresponds to a faster decay. Kν denotes the modified Bessel

function of the second kind of order ν.

Prediction: Estimating the unknown parameters θ is only an intermediate step. Once it is done,

the estimation θ̂ ≈ θ is used for prediction at new locations. Let I1 := (s1, . . . , sn) be locations

with known values Z1, and I2 = (sn+1, . . . , sn+m) be the new locations with unknown values

Z2 = {Z(sn+1), . . . , Z(sn+m)}� to be predicted. Here

(Z(s1), . . . , Z(sn), Z(sn+1, . . . , Z(sn+m))
� is a Gaussian random field indexed by spatial loca-

tions with indices from the index set (I1, I2). We assume that vector (Z1,Z2) is zero mean and

has a stationary parametric covariance function. After discretisation we can get the following

block covariance matrix [
C11 C12

C21 C22

]
, (3)

where C11 ∈ R
n1×n1 , C12 ∈ R

n1×n2 , C21 ∈ R
n2×n1 , and C22 ∈ R

n2×n2 . Now, the unknown

vector Z2 can be computed by the following formula [8]

Z2 = C21C
−1
11 Z1. (4)

We can also say that Z2 has the conditional distribution with the mean value C21C
−1
11 Z1 and the

covariance matrix C22 −C21C
−1
11 C12.
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2 H-matrix approximation of covariance matrices and the log-likelihood

The H-matrix technique is defined as a recursive partitioning of a given matrix into sub-

blocks. The majority of these sub-blocks are approximated by low-rank matrices on the fly

(without computing any dense sub-matrices). And only a minor number of sub-block are cal-

culated as dense matrices without any approximation. Details about block partitioning and

heuristic algorithms used for low-rank approximation are not so trivial. Therefore, we skip

them here and refer to [26, 32, 31].

The H-matrix approximation error depends on the type of the covariance matrix, its smooth-

ness, covariance length, computational geometry, nugget, and the dimensionality of the prob-

lem. For some matrices, the problem may become ill-posed since even tiny perturbations in the

covariance matrix C(θ) may result in considerable perturbations in the log-determinant and the

log-likelihood. The usage of τ 2I regularisation helps partially to resolve this issue.

Storage and complexity. We let C(θ) ∈ R
n×n be approximated by an H-matrix C̃(θ; k)

or C̃(θ; ε). In the first case we fix the maximal rank k in each sub-block (the approximation

accuracy will vary from sub-block to sub-block). In the second case we fix the accuracy ε in

each sub-block (the ranks of sub-blocks will vary). The H-Cholesky decomposition of C̃(θ; k)

costs O(k2n log2 n). The solution of the linear system L̃(θ; k)v(θ) = Z costs O(k2n log2 n).

The log-determinant log |C̃(θ; k)| = 2
∑n

i=1 log{L̃ii(θ; k)} is available for free. The cost of

computing the log-likelihood function L̃(θ; k) is O(k2n log2 n) and the cost of computing the

MLE θ̂ in m iterations is O(mk2n log2 n).

Maximization of the log-likelihood. To maximize L̃(θ; k) ≈ L(θ) we use the Brent-Dekker

method [7, 38]. It is implemented in the GNU Scientific library https://www.gnu.org/
software/gsl/. The Brent-Dekker algorithm first uses the fast-converging secant method

or inverse quadratic interpolation to maximize L̃(θ; ·). If those do not work, then it returns to

the more robust bisection method. In the following we will call this optimization procedure

H-MLE. It iteratively computes parameter θ where the maximum of L̃(θ; ·) is achieved.

Additionally to the H-Cholesky factorisation C(θ) = L(θ)L(θ)�, we implemented a more

stable factorisation L(θ)D(θ)L�(θ), which avoids extracting square roots of diagonal ele-

ments. Both factorizations are connected via LDL� = (LD1/2)(LD1/2)�. Very small negative

diagonal elements can appear due to, e.g., the rounding off error.

The computation of θ̂ depends on the number of iterations in the optimization algorithm and

the used threshold (10−4 in our experiments). The maximal number of iterations we used was

400. We may need more depending on the initial guess and the threshold. The running times

are listed in Table 4.

H-matrix approximation error analysis. For multiple numerical tests we refer to our earlier

works [32, 31, 26]. There the reader can find numerical errors for C, the Cholesky factor L,

and the log-likelihood L. The H-matrix approximation accuracy of the Cholesky factor and the

inverse depends on the condition number of C. The prediction accuracy can be estimated as

follows

‖Z2 − Z̃2‖ = ‖C21C
−1
11 Z1 − C̃21C̃

−1
11 Z1‖

= ‖C21C
−1
11 Z1 − C̃21C

−1
11 Z1 + C̃21C

−1
11 Z1 − C̃21C̃

−1
11 Z1‖

≤ ‖C21C
−1
11 Z1 − C̃21C

−1
11 Z1‖+ ‖C̃21C

−1
11 Z1 − C̃21C̃

−1
11 Z1‖

≤ ‖C21 − C̃21‖ · ‖C−1
11 ‖ · ‖Z1‖+ ‖C̃21‖ · ‖C−1

11 − C̃−1
11 ‖ · ‖Z1‖

Now we see that the quality of the prediction depends on the quality of the H-matrix approxi-
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mation of matrices C21 and C−1
11 , i.e. the norms ‖C21 − C̃21‖ and ‖C−1

11 − C̃−1
11 ‖. In our earlier

works [32, 31, 26], we demonstrated the error decay for C and C−1.

3 Prediction Errors

We used the Mean Loss Efficiency (MLOE), the Mean Misspecification of the Mean Square

Error (MMOM), and the Root Mean Square Error (RMSE) as in the 2021 KAUST Competition

on Spatial Statistics for Large Datasets [21]:

MLOE :=
1

M

M∑
j=1

⎛⎝Et

(
(Ẑa(sj)− Z(sj))

2
)

Et

(
(Ẑt(sj)− Z(sj))2

) − 1

⎞⎠ , (5)

MMOM :=
1

M

M∑
j=1

⎛⎝Ea

(
(Ẑa(sj)− Z(sj))

2
)

Et

(
(Ẑa(sj)− Z(sj))2

) − 1

⎞⎠ . (6)

Here (s1, . . . , sM) := J is a fixed subset of M < n randomly-chosen locations. For numerical

purposes M was chosen to be equal 1000. Ẑt(sj) and Ẑa(sj) are respectively kriging prediction

at sj using the true and approximated model (plugging in the true parameters and estimated

parameters in the covariance function), and Et (·) and Ea (·) are respectively the expectation

using the true and approximated model. We refer to [21] for more details.

MLOE gives us an understanding of the average loss of prediction efficiency when the ap-

proximated model is used to predict instead of the true model. MMOM presents the average

misspecification of the mean square error when calculated under the approximated model.

The RMSE error was used to evaluate the prediction accuracy

RMSE =

√√√√ 1

nt

nt∑
i=1

(
Ẑ(si)− Z(si)

)2
, (7)

where Ẑ(si) and Z(si) are respectively the predicted and true realization values at the location

si in the testing dataset, and nt is the total number of locations in the testing dataset.

4 Machine learning methods to make predictions

Machine learning is aimed at building a model of data automatically from the observations.

The obtained predictions can be considered as a baseline for comparison with other forecasting

methods in which some additional information on the studied process is used. In the following,

we tried three methods:

k-nearest neighbours (kNN): This method belongs to classical non-parametric family of sta-

tistical machine learning methods and follows a simple idea: for each data point x for which

one needs to predict its output ŷ, find its k nearest neighbors x1, . . . , xk with respect to some

metrics, and set ŷ = 1
k

∑k
i=1 yi, where yi is the observed value of the response for point xi. The

value of k should be determined in the best way, for example, by cross-validation procedure or

using an independent test sample for error estimation.

Random Forest (RF): Random Forest (RF) is another popular machine learning method in

which a large number of decision (or regression) trees are generated independently on ran-

dom sub-samples of data. The final decision for x is calculated over the ensemble of trees by
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averaging the predicted outcomes. The method is theoretically well-substantiated and gives

state-of-the-art results in many practical tasks, especially in the presence of many irrelevant

features describing the observed data.

Deep Neural Network (DNN): Methods of this broad class are based on the artificial neural

network paradigm, which models the functioning of neurons in the brain. In our study, we use

a fully connected neural network (FCNN) which includes several fully connected layers, i.e.,

connecting each neuron in a layer to every neuron in the next layer (see an example in Fig-

ure 1). Mathematically speaking, the input feature vector transformation performed with each

layer can be presented as a matrix-vector multiplication, where the matrix elements are neuron

connection weights. Each layer is followed by a non-linear activation unit. FCNN training pro-

cedure consists of finding neurons’ connection weights for which the quality metric takes the

best value (usually by gradient descent technique).

Each ML method needs a fine-tuning stage to optimize its hyperparameters or architecture.

Figure 1: Example of FCNN architecture. The input layer consists of two neurons (input feature dimensionality),

and the output layer consists of one neuron (predicted feature dimensionality). Three hidden layers with different

numbers of neurons are presented.

The best value of k and the distance metric should be determined for kNN. For RF, one needs

to set the number of trees in the ensemble, tree complexity, and splitting criterion. For FCNN,

one needs to optimize the number of layers and neurons in each layer. For some other DNN

( kNN and RF) parameters, we use default Matlab, Scikit-learn, or Tensorflow settings. For

other hyperparameters (such as k for kNN, the number of trees for RF, or the number of layers

and hidden units for FCNN), we minimized the root mean squared error (RMSE) metric using

a validation sample repeatedly obtained by random sub-sampling of data in the proportion 1:9.

We used a candidate set of k values in the interval {1, . . . , 20}, number of trees in the inter-

val {100, . . . , 150} and examined some variants of FCNN architecture for different number of

hidden layers in the interval [3, 10] (having 50-100 neurons in each hidden layer).

5 Numerical results, obtained by the H-MLE method

Datasets: For all tests below we used datasets from the statistical competition [21]. Three

hidden layers with different numbers of neurons The spatial domain is the unit square D :=
[0.0, 1.0] × [0.0, 1.0]. Each dataset includes 90% of training samples and 10% testing samples,
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where prediction should be made.

In the following, we will perform the following numerical tests: 1a, 1b, 2a, and 2b.

Tests 1a, 1b, and 2a contain 100, 000 locations, and Test 2b contains 1, 000, 000 locations.

The training datasets and datasets for predictions are taken from [21].

Hardware: For the H-MLE method we used a parallel cluster with two Intel Xeon Gold 6144

processors. Each processor has 8 cores (16 threads) with 3.5GHz and 384GB RAM in total.

Software: All H-MLE numerical results are reproducible. We invite the reader to install

HLIBPro-2.9 (from www.hlibpro.com), download our code from https://github.
com/litvinen/large_random_fields.git and play with it.

Parameters identified in Test 1a are used for the prediction in Test 1b. Parameters identified

in Tests 2a and 2b are used for prediction in Tests 2a and 2b, respectively.

After we identified all parameters and did all predictions, we uploaded all these data to the

competition webpage[21] and the organisers of that competition computed for us the approxi-

mation errors. These errors are listed in Tables 1 and 5.

5.1 Tests 1a and 1b: Parameter identification and prediction, 8 datasets with n = 90, 000+
10, 000

In the Test-1a, there are 16 given datasets from different zero-mean stationary isotropic Gaus-

sian random fields with a Matérn covariance. The training dataset consists of 90, 000 randomly

distributed locations and associated observations at these locations. The task is to infer four

unknown parameters of the Matérn covariance function shown in (2) for each dataset.

To avoid negative intermediate values for these parameters, in the following we assume that:

σ =
2.0

1.1σ0
, � =

1.0

1.5�0
, ν =

1.0

1.2ν0
, τ =

1.0

2.0τ0
,

where σ0, �0, ν0, τ0 the new parameters to be identified by the optimization algorithm. As the

initial guess, we took (σ0, �0, ν0, τ0) = (2, 2, 1, 15). If we saw that we were wrong with these

values (too many iterations were needed), we rerun the optimization algorithm with some new

values. The advantage of this “log”-representation is that the auxiliary values σ0, �0, ν0, τ0 are

allowed to take negative values, whereas σ, �, ν, τ not. Negative values may appear during

iterations in the MLE optimization procedure.

Table 1 contains 8 solutions for 8 given datasets [21]. The 1st column contains the dataset

index, columns 2,3,4 and 5 contain values of (σ2, �, ν, τ 2) respectively. The column 6,7,8, and

9 contain the true values (σ̂2, �̂, ν̂, τ̂ 2) respectively. The columns 10 and 11 contain the MLOE

and MMOM errors. The 12th columns contains the RMSE error (as defined in Eq. 7). One can

see that in some rows the estimated parameter values are very close to the true values, but in

some not. The reason is that the derivative of the log-likelihood function at the point (σ, �, ν, τ)
is almost zero (is equal to our threshold 10−4), and our optimization algorithm indicates this

point as the maximum. To improve the estimate, we should iterate longer. Later, in Test-1b,

the estimated parameters are used for the prediction, and one can see that our predictions are

reasonable.

One can see that for some datasets (e.g., 4,5,7), the MLOE and MMOM errors are large.

We would not say that the H-matrix method failed since the optimization algorithm’s accuracy

to compute the MLE estimate was 10−4. We think that the problem is ill-posed and contains

multiple solutions, i.e., there are many points θ where the derivative of L is almost zero. Here

“almost” means smaller than 10−4.
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dataset σ2 	 ν τ2 σ̂2 	̂ ν̂ τ̂2 MLOE MMOM RMSE

1 0.29 0.0106 2.471 2.5e-14 1.5 0.0175 2.3 0 2.2e-2 4.8e-1 4e-3

2 1.762 0.0223 1.501 1.1e-14 1.5 0.0211 1.5 0 1.8e-4 8.8e-2 2.4e-2

3 1.478 0.0305, 0.600 1.0e-10 1.5 0.031 0.6 0 2.0e-6 8.0e-3 0.23

4 1.09 0.0176, 1.522 7.0e-14 1.5 0.0526 2.3 0 1.8 3566 5.6e-4

5 0.95 0.0781 0.714 1.3e-13 1.5 0.0632 1.5 0 2.2e-1 100 5.4e-3

6 1.32 0.0826 0.601 1.22e-27 1.5 0.0928 0.6 0 5.4e-4 5.3e-2 0.12

7 2.38 0.4370 0.795 2.47e-8 1.5 0.1686 1.5 0 2.5e-1 164 2e-3

8 1.2 0.2043 0.601 4.1e-17 1.5 0.2475 0.6 0 2.8e-3 6.4e-2 6.6e-2

Table 1: H-MLE method. Comparison of the identified (columns 2-5) and true parameters (columns 6-9).

Equation 4 was used to do prediction at the new 10, 000 locations. Figure 2 (left and right)

visualize datasets 4 and 7 (see the 4th and 7th rows in Table 1), where the estimated parameters

are far away from the true values (see also the last three columns in Table 1). As we can see

90, 000 given measurements (yellow points) and 10, 000 predicted (blue points) for both datasets

are very good aligned.

Figure 2: Test-1b, datasets 4 and 7: Prediction obtained by the H-MLE method. The yellow points at 90, 000
locations were used for training and the blue points were predicted in 10, 000 locations. Although the identified

parameters for these datasets were far away from the true values (see rows 4 and 7 in Table 1), one can still observe

a very good alignment of yellow and blue points.

5.2 Test-2a: Parameter identification and prediction, n = 90, 000 + 10, 000

There are two datasets in this experiment. Each dataset contains 90, 000 measurements to

identify unknown parameters (training of the statistical model). Later this model is used to

predict unknown values in new 10, 000 locations. The identified parameters for both datasets

are listed in Table 2. The columns 2,3,4,5 contain the values (σ2, �, ν, τ 2) respectively, the

6th column the value L(σ2, �, ν, τ 2), and columns 7,8,9,10 contain the true values (σ̂2, �̂, ν̂, τ̂ 2)
respectively. These true values were obtained from organisators after the competition [21] fin-

ished.

Parameters ν and τ were identified well, but σ2 and � not. We see two possible reasons

for this. The first reason is that the true model was not Gaussian. The second reason is the

insufficient threshold 10−4 in the MLE optimization algorithm. Initially, the organizers did

not provide any additional information about the utilized model. Here, we actually tested how

the Gaussian model approximates the Tukey g-and-h random model [48]. Meaning, that both

datasets in Task-2a were univariate non-Gaussian spatial datasets, which were generated by
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the Tukey g-and-h random fields. These fields generalize Gaussian random fields Z(s). The

Tukey g-and-h random process T (s) is defined by marginal transformation at each location s as

follows:

T (s) := ξ + ω · exp(g · Z(s))− 1

g
· exp

(
hZ2(s)

2

)
, (8)

where ξ and ω are the location and scale parameters. The parameter g defines the skewness and

h ≥ 0 the tail-heaviness. Two different pairs of (g, h) were chosen, which simulate medium and

strong deviation from Gaussian random fields. These parameters ξ, ω, g, h used for generating

both datasets are listed in Table 2.

data σ2 � ν τ 2 L σ̂2 �̂ ν̂ τ̂ 2 ξ ω g h
1 7.7 0.07 1.037 1.6e− 15 9.6e+ 4 1 0.1 1 0 1 2 0.2 0.2

2 31 0.047 1.066 4.0e− 14 0.5e+ 4 1 0.1 1 0 1 2 0.5 0.3

Table 2: H-MLE method. Comparison of the obtained parameter values with the true values for Test-2a, n =
90, 000.

Figures 3 (left and right) show predictions obtained by the H-MLE method. The yellow

points at 90, 000 locations were used for training and the blue points were predicted in 10, 000
new locations. One can see a very good alignment of yellow and blue points on both pictures.

Figure 3: Test-2a, datasets 1 and 2: Prediction obtained by the H-MLE method. The yellow points at 90, 000
locations were used for training and the blue points were predicted in 10, 000 locations. One can see a very good

alignment of yellow and blue points on both figures.

5.3 Test-2b: Parameter identification and prediction, n = 900, 000 + 100, 000

There are two datasets in this experiment. Each dataset contains 900, 000 measurements to

identify unknown parameters (training of the statistical model). Later this model is used to

predict unknown values in new 100, 000 locations. The identified parameters are listed in Ta-

ble 3 for two datasets. The columns 2,3,4,5 contain the values (σ2, �, ν, τ 2) respectively, the

6th column the value L(σ2, �, ν, τ 2), and columns 7,8,9,10 contain the true values (σ̂2, �̂, ν̂, τ̂ 2)
respectively. These true values were obtained from organisators after the competition [21] fin-

ished.

Table 4 summarizes the computational times for the H-MLE method. We note that this

computing time varies a lot for the parameter identification task because it depends on the
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data σ2 � ν τ 2 L σ̂2 �̂ ν̂ τ̂ 2

1 3.72 1.143830 0.94636 4.4e-3 3.6e+5 1.5 0.0632 1.5 0

2 0.92 0.012496 1.30867 8.5e-9 1.8e+6 1 0.1 1 0

Table 3: H-MLE method. Comparison of the obtained parameter values with the true values for Test-2b, n =
900, 000.

initial guess in the optimization algorithm. If the initial guess lies very close to the (unknown)

true value of θ, then only a few iterations are needed. If not, then a few hundred iterations and

the computing time may increase by a factor of 10.

Datasets/ 1a 1b 2a 2b

Tasks param. infer. pred. param. infer., pred. param. infer., pred.

H-MLE

comp. time (sec.) 360-3600 60 180-3600, 120 3600-36000, 600

Table 4: Computing time for the parameter inference and for the prediction, H-MLE method.

Figures 4 (left and right) show predictions obtained by the H-MLE method. The yellow

points at 900.000 locations were used for training and the blue points were predicted at 100.000
new locations. One can see a very good alignment of yellow and blue points (on the right) and

slightly different values on the left.

Figure 4: Test-2b, datasets 1 and 2: Prediction obtained by the H-MLE method. The yellow points at 900.000
locations were used for training and the blue points were predicted in 100.000 locations. One can see a very good

alignment of yellow and blue points (on the right) and slightly different values on the left.

138



A. Litvinenko, R. Kriemann, V. Berikov

6 Numerical results, obtained by the machine learning methods

To run the kNN method we used a usual notebook with Intel i5-9300 CPU, 2.40GHz and 8

GB RAM. We perform Monte-Carlo simulations, in which we repeatedly split the given dataset

on training and testing subsamples and average the obtained prediction error estimates over

all runs. In our experiments on both datasets in Test-2a, the kNN method has shown the best

Monte-Carlo cross-validation results (over 100 runs) in comparison with other used ML meth-

ods. Predictions for datasets 1 and 2 from Test-2a are shown in Fig. 5.

Running the kNN method with different k, we found out that k = 3 is optimal for Test-

2a, and k = 7 for Test 2b. Trying different numbers of trees in the random forest method,

we defined that an ensemble of 120 regression trees is optimal. Further, we have designed the

FCNN architecture with 7 hidden layers with 100 neurons in each layer. The number of training

epochs is 500, and the batch size equals 10000. We use tanh(·) activation function and Adam

optimizer. The average calculation time is 0.07 sec. for kNN (k-d tree was used to speed up

calculations), 12 sec. for RF and 173 sec. for FCNN. Because of its efficiency, we decided to

run only the kNN method for the prediction in Test-2b.

Table 5 contains the RMSE errors for all methods (defined in Eq. 7). Note that the dataset2

from Test-2b is sampled from the same random field as the dataset1 from Test-2a. The dataset1

from Test-2b is sampled from the same random field as the dataset5 from Test-1a. Remarkable is

that RMSE for the dataset5 (100.000 locations) in Test-1a (5th row in Table 1) is equal 5.4e−3,

whereas RMSE for similar dataset1 (1.000.000 locations) from Test-2b is equal 0.25. We can

explain this with 1) the fact that the MLE approach faces difficulties with large matrices, since

the condition number of C is increasing, and 2) the number of needed iterations in the MLE

optimization procedure increases. We did not run RF and FCNN methods on Test-2b because

the computing time is much larger than for the kNN time. The kNN time for Test-2b is 1.23

sec.

Predictions for datasets 1 and 2 from Test-2b are shown in Fig. 6. The training datasets are

depicted by yellow points and kNN predictions by blue points. We can see that the kNN method

provides very good results.

Test-2a Test-2b

dataset 1 2 1 2

H-MLE 0.057 0.14 0.25 0.021

kNN 0.129 0.357 0.007 0.04

RF 0.226 0.607 — —

FCNN 0.243 0.74 — —

Table 5: Comparison of RMSE errors for H-MLE, kNN, RF, and FCNN methods.
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Figure 5: Test-2a, datasets 1 and 2: Prediction obtained by the kNN method. The yellow points at 90.000 locations

were used for training and the blue points were predicted at 10.000 new locations. One can see a very good

alignment of both.

Figure 6: Test-2b, datasets 1(left) and 2(right): Prediction obtained by the kNN method. The yellow points at

900.000 locations were used for training and the blue points were predicted at 100.000 new locations. One can see

a very good alignment of both.

7 Conclusion

We developed the H-MLE procedure to estimate unknown parameters and to make statistical

predictions. In order to make computations faster, we approximated the joint Gaussian log-

likelihood function in the H-matrix format. In the numerical section, we considered 8+2+2 =
12 datasets: 8 in Tests 1a and 1b, 2 in Test-2a, and 2 in Test-2b. All datasets in Tests 1a, 1b and

2a contain 90, 000 locations for training and 10, 000 for testing (prediction). Both datasets in

Test-2b contained 900, 000 locations for training and 100, 000 for prediction.

The H-matrix technique drastically reduces the required memory and computing time, mak-

ing it possible to work with larger sets of observations obtained on unstructured meshes. The

main drawback of using the H-matrix technique is that too many linear algebra operations are

required to estimate just four scalar unknown parameters. For example, for some datasets with

the unlikely chosen initial guess, we needed 400 iterations. On each iteration, we computed one

H-Cholesky factorization, one scalar product and solved a linear system. In total, it can take up

to 8 hours on a modern parallel node for the dataset with 900, 000 locations. A possible remedy

is to precompute the initial guess. It will significantly reduce the required number of iterations.

This could be done, for instance, on a smaller subset of observations. Another drawback is that
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the H-matrix approximation of C and L was recomputed entirely on every iteration for the new

values of τ and σ. It would be a lot cheaper to add a new diagonal or scale the existing C. It

is indeed possible to modify the optimization algorithm, but the whole procedure will become

more complicated. And the last drawback is that the total complexity depends on the matrix

size and the number of parameters. For one to four parameters, the total computing time is

acceptable, but it will be too large for five or more parameters. To tackle problems with large

number of parameters we suggest to use low-rank tensor methods [30, 15, 25].

Among all implemented ML methods (kNN, random forest, deep neural network), the best

results (for given datasets) were obtained by the kNN method with three or seven neighbors de-

pending on the dataset. The results computed with the H-MLE method were compared with the

results obtained by the kNN method. For Test-2a, the H-MLE method showed a smaller RMSE

error than the kNN method, whereas, for Test-2b, the kNN method was better. To conclude, it is

not surprising that our H-MLE method worked fine on most datasets. We also understand that

we can improve the H-MLE results simply by taking a smaller threshold and more accurate H-

matrix arithmetics. What surprised us is that the well-known and straightforward kNN method

performed very good and very fast. Since we did not make any theoretical comparison and

compared H-MLE and ML methods only numerically on given datasets, we can not in general

conclude which method is better. We also remind that we used kNN only for the prediction.
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OPTIMAL SELECTION OF BAYESIAN VIRTUAL SENSORS FOR
DAMAGE DETECTION UNDER VARIABLE ENVIRONMENTAL

CONDITIONS

Jyrki Kullaa

Abstract

Measuring structural vibrations with a large sensor network results in lots of data in struc-
tural health monitoring applications. A large number of sensors is advantageous for damage
detection and localization. By storing only a few selected Bayesian virtual sensors it is possi-
ble to decrease the amount of data and reconstruct the discarded sensor data even with high-
er accuracy than the original measurements. A method is proposed, in which the stored and
reconstructed data are used for damage detection and localization in the time domain. A nu-
merical experiment was performed with a structure having a large number of sensors. The
excitation and environmental conditions were variable and unknown. An optimal sensor
placement algorithm was applied individually to each measurement to select the appropriate
virtual sensors for storage. Less than ten percent of the data were stored, and the signals of
all the reconstructed sensors were still more accurate than the actual measurements. The
stored and reconstructed data outperformed the actual measurement data in damage detec-
tion and localization. Surprisingly, damage detection was also more successful with the
stored and reconstructed data than with the full set of virtual sensors.
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2 VIRTUAL SENSING AND OPTIMAL SENSOR PLACEMENT

2.1 Empirical Bayesian virtual sensing
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2.2 Data compression
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2.3 Optimal sensor placement
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3 DAMAGE DETECTION AND LOCALIZATION

4 NUMERICAL EXPERIMENT
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Abstract. Health Monitoring strategies rely on tracking the health status of critical engineering
structures (Structural Health Monitoring) and of people (monitoring of medical conditions) to
detect anomalies in the measurements and make inferences on the health condition for support-
ing decisions on preventive actions to be implemented to restore normal conditions. In these
applications, the health monitoring devices are subjected daily to various events that can dam-
age internal electrical components and sensors. As a result, the quality of the data collected
can be compromised and therefore lead to a wrong health assessment. Therefore, robust health
monitoring strategies need to be capable of automatically detecting sensors failures. Having
the sensors’ data is often not enough to gain insights into a monitoring system failure since the
data variation can be related to changes in operating and environmental conditions. Alterna-
tively, a supervised machine learning approach can be used. However, this requires an engineer
to label the data in real-time, which rarely happens. Nonetheless, the common practice when a
system fails is to write failure reports from which information about the failure can be extracted.
Manually extracting comprehensive labels from the failure reports can be time-consuming. A
strategy for automatically extracting failure labels from a set of failure reports written to de-
scribe failures of different types of sensors of a monitoring device is presented. This strategy
consists in transforming the reports in their word vector form, processing each failure report
to reduce the list of important words and identifying clusters of reports. The feasibility of the
proposed approach is shown through its application to the failure reports compiled to describe
seven types of failure of a low-cost wearable device based on an Arduino programmable board.
Comparisons between manually extracted labels, and labels extracted with the proposed strat-
egy when considering semi-supervised and unsupervised clustering strategies are presented. It
is shown that the proposed strategy is capable of identify the failure label of a cluster of reports
with a good accuracy. Therefore, enabling the development of a self-supervised classification
algorithm for sensor fault identification for robust Structural Health Monitoring.
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1 INTRODUCTION

In engineering and healthcare applications, effective monitoring strategies are being devel-

oped tracking the health status of critical engineering structures (Structural Health Monitoring,

SHM) [1, 2] and of people [3, 4] to make inferences on the health condition and support de-

cisions, such as preventive actions to restore normal conditions. Therefore, the measurements

obtained with the monitoring system must be informative, reliable and accurate. However, a

monitoring device can fail during operating conditions because of poorly manufactured sensors

and/or electronics, problems with cable harnesses, ageing effects, improper handling, electro-

magnetic interference, and environmental factors [5]. Unnoticed failures of the monitoring

device undermine the quality of the measurements and consequently compromise inferences

and decisions making. In SHM applications, a faulty monitoring device could lead to a wrong

assessment of the remaining useful life of a structure [5]. This is one of the key bottlenecks

undermining the reliable deployment of SHM technologies. A faulty wearable health monitor-

ing devices can cause fatal conditions to be missed, over-treatment and it might produce health

anxiety or fatigue [3, 6].

Failures of the monitoring device may not be detected during inspections [5]. The implemen-

tation of an additional monitoring system can be costly and prone to the same problems. Several

investigations have been carried out for automatically detecting a faulty monitoring device for

chemical process monitoring [7], in aircraft control applications [8, 9], in wearable health moni-

toring devices [10] and in SHM applications [1, 2, 5, 11, 12]. Broadly speaking, the approaches

for sensor validation [5, 13] can be grouped into model-based approaches, knowledge-based

approaches and data-driven approaches. Currently the monitoring device health status cannot

be reliably identified and/or distinguished from structural failures and/or operating and envi-

ronmental conditions by using only measurements [14, 15, 16, 17, 18, 19]. Alternatively, a

supervised machine learning approach can be used where discriminative features in the mea-

surements are paired with failure labels. However, this would require an engineer to label the

data in real-time, which rarely happens and might be inaccurate [1, 2, 20], and to asses the dis-

criminative features. Nonetheless, the common practice when a system fails is to write failure

reports [21, 22] from which information about the failure of the device can be extracted. Manu-

ally extracting comprehensive labels from the failure reports can be time-consuming. Therefore,

this work focusses on automatically extracting failure labels from a set of failure reports written

to describe failures of different types of sensors of a monitoring device. This strategy consists in

transforming the reports in their word vector form, processing each failure report to reduce the

list of important words and identifying clusters of reports for each failure type. The feasibility

of the proposed approach is shown through its application to the failure reports compiled to

describe the sensor failures of a low-cost wearable device based on an Arduino programmable

board. The chosen application displays similar challenges encountered in SHM applications,

such as: (i) the sensors employed record various quantities at different rates; (ii) the measure-

ments are influenced by operational and environmental conditions; (iii) similar failure types can

occur for the same sensor; (iv) only a limited dataset of recorded failures is available; and (v)

the number of elements in the training dataset for each failure type is imbalanced. Comparisons

between manually extracted labels, and automatic extraction based on semi-supervised and un-

supervised clustering strategies are presented. Finally, the implications of using these labels to

train a self-supervised classification algorithm for sensor fault identification are discussed.
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2 BRIEF DESCRIPTION OF THE MONITORING DEVICE AND FAILURES CON-
SIDERED

A low-cost wearable device that includes typical sensors used in wearable applications is

chosen for investigating several failure types while keeping the costs low. This monitoring

device is composed of a programmable Printed Circuit Board (Adafruit Metro Mini 328), a

temperature sensor (digital Dallas Temperature Sensor), a humidity sensor (digital Grove -

Temperature & Humidity Sensor Pro), an accelerometer (analog Triple Axis Accelerometer

BMA220(Tiny) ) and a Galvanic Skin Response (GSR) sensor. Seven types of failure are man-

ually induced for a total of 117 failure instances. Specifically, three failure types are considered

for the GSR sensor and two for the accelerometer, a failure type for the temperature sensor and

another for the humidity sensor. Moreover, different number of failure instances are considered

for each failure type.

Wearable devices, and in general small electronic devices, experience predominantly failures

related to the solder joints and to the the sensor connectors [23]. These failures can be caused

by improper soldering, ageing, improper handling of the wearable device or cracks in the solder

at the connection point caused by a bent Printed Circuit Board (PCB). Within the current setup

these failures can be easily reproduced by disconnecting wires at the interface with the PCB.

Depending on the sensor and which pin was disconnected, the effects on the recorded signal

varied. Moreover, another common failure type is related to burnt resistors. This failure type

is induced by adding a resistor to the analog and power pins of the GSR sensor. The induced

failures are summarised in Table 1.

Failure Type Effects on measurements Occurrences
(GSR, analog, pin) jumps to 521 24

(GSR, ground, pin) jumps above 1000 24

(GSR, burnt, resistor) signal distorted 16

(accelerometer, ground, pin) jumps to higher values 11

(accelerometer, power, pin) jumps to lower values or zeros 11

(humidity, power, pin) jumps to different values or -300% 18

(temperature, ground, pin) jumps to different values or -127 ◦ C 13

Table 1: Induced failures and effects on recorded data

Data was recorded during controlled and operating conditions, and a failure report was writ-

ten each time a failure occurred, for a total of 117 failure instances. Data and reports are stored

within a Structured Query Language database for easy retrieval of information.

3 FAILURE INVESTIGATIONS AND FAILURE REPORTS

Failure investigations of a structure/system are carried out by an expert to identify the root-

cause of failure and suggest remedial actions [21, 22]. Each failure investigation includes the

measurements collected in operation, an analysis of the patterns observed in the measurements

before and after the failure occurred, the lab experiments and steps required to identify the root-

cause of the failure, and a failure report. Currently, the information collected during failure

investigations is used for quality assessment, to support decisions about design changes and

schedule maintenance [22]. The information collected during these investigations can be also

used to improve SHM technologies.
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Failure reports are documents with a standard outline [21, 22] and with sections written as

free text. The first section focuses on the description of the failure effects observed during

operating conditions, and it includes images and plots, and a brief description of the patterns

observed in the measurements. Other sections focus on describing the steps taken to identify the

root-cause of failure and to reproduce it; the remedial actions implemented; and how to manage

similar failures in the future. One example of a failure report for the low-cost monitoring device

under investigation is provided in Figure 1.

Figure 1: Example of a failure report.

Manual extraction of the information from reports can be time consuming and costly. There-

fore a strategy for automatically grouping and extracting the failure labels from failure reports

is presented.

4 APPROACH FOR REPORTS CLUSTERING AND LABEL EXTRACTION

A strategy is proposed for automatically grouping the reports according to the failure type

described and extract the failure labels by pre-processing the failure reports and applying Nat-

ural Language Processing (NLP) techniques. Each document is represented as a vector in a

multi-dimensional space, the so-called document embedding [24]. Initially text is extracted

from the failure reports (word documents) by using the docxpy python package. The number

162



Andreea-Maria Oncescu and Alice Cicirello

of representative words of each failure report is reduced to the most relevant ones by applying

pre-processing techniques [24] such as: tokenization; reducing list of tokens; part of speech

tagging; and lemmatization. Then, each failure report is represented as a vector in a word-space

model. In particular, the Term Frequency-Inverse Document Frequency (TF-IDF) [24] is used

in combination with Bag of Words (BoW) [24] to refine the list of words. BoW considers the

raw frequency of that specific word within the report [24] and therefore selects the most frequent

words. However, some words, such as figure, failure or sensor, are not helpful for distinguish-

ing the group of reports. These non-informative words are then eliminated by using the TF-IDF

approach [24] which considers how many times each word appears in one document and also

how many times that word appears in all the documents of the corpus. Words that appear in all

the documents being processed will be given a zero TF-IDF score.

These weights can be calculated by first finding the term frequency (tf) [24]:

tf(word) =
Number of times the word appears in document

Total number of words in document
(1)

Next, the inverse document frequency term is needed (idf) [24]:

idf(word) = log
(

Total number of documents in corpus

Number of documents containing the required word

)
(2)

Finally, the TF-IDF score (which takes values in the interval [0,1]), is calculated as [24]:

TF-IDF = tf(word) × idf(word) (3)

The words with TF-IDF scores above a certain threshold are then used to represent each

document as a vector. Once this vector representation is obtained, groups of reports belonging

to different failure types can be then obtained by applying semi-supervised and unsupervised

K-means clustering [25]. While in the unsupervised clustering the initial cluster centres are

randomly allocated, in the semi-supervised clustering the initial cluster centres are assigned

by selecting one report for each failure type. Once the K-means algorithm has been run to

determine each cluster centre and the reports belonging to that cluster, the label of each cluster

is manually extracted by selecting a single report within that cluster that is close to the identified

cluster centre.

5 APPLICATION OF THE PROPOSED APPROACH

A TF-IDF score threshold of 0.0019 was set. The K-means implementation from the sklearn

package [26] was used where the cluster number was set to 7. A brute-force algorithm was im-

plemented to quantify the performance of K-means clustering. This performance was assessed

in terms of “accuracy”, that is the ratio of correct failure type predictions to total predictions

made. Since multiple classes are considered and each class has an unequal number of obser-

vations, the confusion matrix is also considered. These matrices display the count values of

the correct and incorrect failure labels predictions, and they are defined such that rows display

the expected class, while the columns represent the predicted class obtained with the clustering

algorithm. The goal is to maximise the count values obtained on the main diagonal since they

correspond to the total number of failures for that class.

For the unsupervised K-means clustering with 100 starting points, a maximum accuracy of

83.7% was observed, and a lowest of 70.1%. The clustering with the lowest accuracy is shown

in Table 2.
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Labels L1 L2 L3 L4 L5 L6 L7

L1= (GSR, analog, pin) 12 0 0 0 12 0 0

L2= (GSR, ground, pin) 12 12 0 8 0 0 0

L3= (GSR, burnt, resistor) 0 0 16 0 0 0 0

L4= (accelerometer, ground, pin) 0 0 0 11 0 0 0

L5 = (accelerometer, power,pin) 0 0 0 11 0 0 0

L6= (humidity, power, pin) 0 0 0 0 0 18 0

L7= (temperature, ground, pin) 0 0 0 0 0 0 13

Table 2: Unsupervised clustering, confusion matrix with accuracy of 70.1%.

It can be observed that the failure types (GSR, analog, pin), (GSR, ground, pin), (accelerom-

eter, ground, pin), and (accelerometer, power, pin) can be miss-clustered due to the similarity

of the failure reports and to the reduced number of reports to learn from. In Table 3 it is shown

that even when an accuracy of 83.7% is obtained, the failure type (accelerometer, power, pin)

can still be entirely miss-clustered.

Labels L1 L2 L3 L4 L5 L6 L7

L1= (GSR, analog, pin) 24 0 0 0 0 0 0

L2= (GSR, ground, pin) 0 24 0 0 0 0 0

L3= (GSR, burnt, resistor) 0 0 16 0 0 0 0

L4= (accelerometer, ground, pin) 0 0 0 11 0 0 0

L5 = (accelerometer, power,pin) 0 0 0 11 0 0 0

L6= (humidity, power, pin) 0 0 0 0 6 12 0

L7= (temperature, ground, pin) 0 2 0 0 0 0 11

Table 3: Unsupervised clustering, confusion matrix with accuracy of 83.7%.

These results could be improved by considering pre-knowledge on the labels and/or rela-

tionships between words at the TF-IDF stage, before running the clustering algorithms, or by

increasing the number of available documents.

For example, when the initial cluster centre was set manually by assigning one failure report

to each failure type, the accuracy was improved as shown in Table 4 and the (accelerometer,

power, pin) was correctly clustered.

Labels L1 L2 L3 L4 L5 L6 L7

L1= (GSR, analog, pin) 20 4 0 0 0 0 0

L2= (GSR, ground, pin) 0 24 0 0 0 0 0

L3= (GSR, burnt, resistor) 0 3 13 0 0 0 0

L4= (accelerometer, ground, pin) 0 0 0 2 9 0 0

L5 = (accelerometer, power,pin) 0 0 0 0 11 0 0

L6= (humidity, power, pin) 0 0 0 0 0 18 0

L7= (temperature, ground, pin) 0 2 0 0 0 0 11

Table 4: Semi-supervised clustering, confusion matrix obtained when initial cluster centres are assigned by speci-

fying one report belonging to each cluster.
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Therefore, when the labels are extracted automatically, some reports may be incorrectly

labelled. As a result, this would reduce the performance of a self-supervised classification algo-

rithm. Nonetheless, the overall performance of the proposed approach can still reach a certain

target accuracy while at the same time reducing the setting up time by making the labelling

process fully automatic or semi-automatic for the user.

6 CONCLUSIONS

An approach for extracting information obtained during failure investigations is proposed

with the aim to facilitate the implementation of a self-supervised machine learning strategy that

enables to detect if a monitoring device failed, and if so, to classify which sensor failed and the

type of sensor failure.

Within the proposed approach, the process of extracting labels from failure reports, and

therefore assigning labels to the corresponding measurements, is sped up by pre-processing the

failure reports and applying Natural Language Processing (NLP) techniques to create a vector

representation of each failure report in the word-space. The failure report vector representations

are clustered together using K-means clustering, and a failure label is assigned to each cluster.

The applicability of the proposed approach was shown by analysing the reports collected

when performing failure investigations of a low-cost health monitoring device. This application

displays similar challenges encountered in SHM applications, such as: (i) the sensors employed

record various quantities at different rates; (ii) the measurements are influenced by operational

and environmental conditions; (iii) similar failure types can occur for the same sensor; (iv) only

a limited dataset of recorded failures is available; and (v) the number of elements in the training

dataset for each failure type is imbalanced. Seven types of failures were manually induced, and

measurements with different sensors were recorded during operating and testing conditions.

Failure reports for each failure investigated were written, and paired with the recorded data. A

small dataset of 117 failures was produced. This limited dataset was characterised by four dif-

ferent faulty sensors, two of which displayed multiple failure types and an imbalanced number

failure were considered for for each failure type.

It was shown that the proposed label extraction procedure when using unsupervised cluster-

ing can miss-cluster entirely one of the failure types even if yielding an overall high accuracy.

As a result, this would reduce the performance of the self-supervised classification algorithms.

Nonetheless, the overall performance of the proposed approach can still reach a certain target

accuracy while at the same time reducing the setting up time by making the labelling process

fully automatic or semi-automatic for the user. It was concluded that when dealing with small

failure datasets, with unbalanced classes and similar failure types that the semi-supervised clus-

tering procedure should be preferred.

Indeed, depending on the complexity of the failure reports, the extraction of the failure type

labels using NLP strategies can lead to wrong labels assignment, with the risk of not including

a particular failure type in the training dataset. Moreover, a failure type can potentially be

wrongly identified in the failure report itself, and in fact it might not be supported by the features

observed in the data. In turn, this will affect the capability of the proposed approach to detect

and isolate the correct failure type for new, unseen data. This is of particular importance for

SHM applications. The assessment of the quality of the features-label pairs for improving the

training of the classification algorithm is the subject of current research investigations.
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ON THE INVESTIGATION OF UTILITY FUNCTIONS ON OPTIMAL 
SENSOR LOCATIONS

Felipe Igea , Manolis N. Chatzis , and Alice Cicirello

Abstract

Structural Health Monitoring uses data collected from sensors placed on structures to deter-
mine their operating condition and whether maintenance is required. Often, optimal sensor 
placement strategies are used to find the optimal locations for the identification of their modal 
properties, structural parameters and/or abnormal behaviours under the influence of model 
and measurement uncertainty. An approach that has been frequently used to solve the problem 
of sensor placement is the Bayesian experimental design. This approach chooses the locations 
using the data measured by the sensors to reduce the prior uncertainty of the parameters that 
are being inferred. The Bayesian experimental design minimizes the uncertainty of the param-
eters to be inferred through the use of metrics called utility functions. Most of these metrics are 
based on functions of the posterior distribution. In this paper, the use of three utility functions
(Bayesian D-posterior precision, Bayesian A-posterior precision, and Expected Information 
Gain) is investigated for the problem of sensor placement.

The case study chosen consists of a beam with translational and rotational springs connected 
to the ground subject to an impulsive load. The goal of the analysis is to select the most in-
formative position of a sensor in order to update the distribution of two uncertain physical 
parameters of the beam based on natural frequencies extracted using the Eigensystem Realiza-
tion Algorithm. It is shown that for the case investigated, the three utility functions yield the 
same optimal sensor location.
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1 INTRODUCTION

2 BAYESIAN OPTIMAL DESIGN FRAMEWORK

169



2.1 Bayesian Framework
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3 NUMERICAL RESULTS
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3m; ρ (density) = kg/m3; E (Young’s modulus) =

L
L

(η=0.01 for all modes).
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by a state estimation based on a few additional measurements. However, the uncertain heat
consumption generated by consumers presents a major challenge in this endeavor. In this paper
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in order to minimize the uncertainty in the demand values which are estimated by solving a
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tween the desired information gain and the costs for installing the chosen sensors. A steady-state
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1 INTRODUCTION
District heating networks are closed looping systems in the sense that water is pumped from

heating plants towards consumers through a pipe system and flows back through parallel laid

pipes. Energy is transmitted by heating up the water at the heating plants and cooling it down at

the consumer’s place. Within the grid the energy flow through each element is not predetermined

by the network operator but is a result of the energy extracted by the consumers. In order to

ensure security of supply and minimize energy losses in the grid, temperature and pressure at

the heating plant have to be adjusted accordingly.

Future district heating networks will be characterized by lower temperature levels and addi-

tional decentralized feed-in [16] making it considerably more difficult to ensure, that no grid

element is overloaded. Therefore additional information about the network state and conse-

quently the consumer’s actual consumption have to be obtained. However, constantly measuring

the demand at each consumer’s place is not practically feasible. The large number of additional

sensors would not only mean high investment cost but also a high onside electricity demand.

Moreover measurements directly at the consumers may be misleading, due to the way they

are connected to the grid. Usually the main pipes are laid under the roads and smaller pipes

connect these with the heat-exchange-stations inside the buildings. If the consumption changes

drastically or is close to zero the network state inside this connection pipes is not representative

for the main pipes in the grid.

Alternatively, the heat consumption can be predicted or estimated based on external param-

eters [6]. These estimations naturally inherit some kind of uncertainty affecting the model

prediction [18]. Hence, we say that uncertainty propagates from the consumption parameters

to the network’s state via the parameter-to-observable map. In this paper we propose a model-

based approach to place a small number of sensors at optimal positions in the district heating

network in order to minimize the variance of the estimated demand values. We claim that

a better knowledge about the consumer’s consumption eventually leads to more precise state

predictions in the whole network. In order to quantify the uncertainty of both the demand

estimation and the model’s prediction we use the linearized parameter-to-observable map and a

Bayesian viewpoint.

Optimal sensor placement is a broad field of research. It often appears in the context of

optimal experimental design in the literature [2, 17, 10, 12, 21]. Probabilistic sensitivity-based

approaches [3, 14, 19] and Bayesian inference-based perspectives [1, 2, 11] are mainly used

as a tool to maximize the information gain obtained from optimally positioned sensors at low

cost. A topic that is closely related to our question is leakage detection. A review paper on

leakage detection methods in district heating networks is given by [24]. In [5] a distributed

demand response approach based on augmented Lagrangian methods to optimize the heating

demand with minimal private information exchange is developed. To the best of our knowledge,

the sensor placement problem for variance-minimal demand estimation has not been applied to

district heating networks so far.

The paper is structured as follows. In Section 2 we introduce a heating model which maps the

consumer’s demand onto the network’s state. A Bayesian inference approach for model-based

optimal experimental design is applied to our setting in Section 3. Numerical results for a

real-sized district heating network are presented in Section 4. We end the paper with a short

discussion of the results and a conclusion.
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2 HEAT MODEL EQUATIONS
For practical purposes we are interested in the pressures and temperatures at given points in

the network as well as the amount of water flowing through the pipes. Therefore, an operator

(y,θ,η) �→ e(y,θ,η) is constructed which couples the consumer demands θ, the network state

y consisting of temperatures T, pressures p and mass flows �m, and set-point values η. In the

following we describe the different components of this operator e. The structure of district

heating networks can be described and implemented as a graph G = (V,E) with nodes V and

directed edges E ⊆ V ×V. In this setting, the network state is defined according to the edges

and nodes of the graph:

y � (pi,T i,Tend
kl ,T

start
kl , �mkl), for all i ∈ V and (k, l) ∈ E, (1)

where pi,T i are the pressure and the temperature in node i, and Tend
kl ,T

start
kl , �mkl denote the water

temperature at the end respectively the start of edge (k, l) and the mass flow on that edge. These

kinds of models are commonly used to analyze different aspects of district heating networks

[9, 15, 23, 4, 7]. In this paper, we assume steady state conditions and neglect time delays in the

network. Since G is directed, we can assign a nominal flow direction to each edge. For an edge

(i, j) ∈ E the nominal flow direction is from node i to node j, meaning that �mi j ≥ 0 if water

flows form node i towards node j. The superscripts start and end should be understood in the

sense of this nominal flow direction. Per definition it follows that �mi j = − �m ji and Tend
i j = Tstart

ji .

We only investigate treelike networks with one heating plant, in which the mass flow directions

cannot change. Therefore, we deliberately choose the nominal flow direction in such a way, that

only positive values for the mass flow occur, i.e., if (i, j) ∈ E then �mi j ≥ 0.

Let Ni � { j ∈ V | (i, j) ∈ E or ( j, i) ∈ E} be the set of nodes in the neighborhood of i which

are connected to node i by an edge (i, j) ∈ E or ( j, i) ∈ E. Furthermore, let

E+i �
{( j, i) ∈ E | j ∈ Ni and �m ji > 0

}
and E –

i �
{(i, j) ∈ E | j ∈ Ni and �mi j ≥ 0

}
denote the set of edges through which water flows into respectively out of node i. Kirchhoff’s

law can be applied to the network in the sense that the total mass of water which flows into a

node, matches the total mass of water flowing out of a node:∑
( j,i)∈E+i

�m ji =
∑

(i,j)∈E –
i

�mi j, for all i ∈ V . (2)

The temperature in each node is determined by the mixing laws of thermodynamics [23]:

T i =
���
∑

( j,i)∈E+i

�m ji Tend
ji
�	

/ ���

∑
( j,i)∈E+i

�m ji
�	
 , for all i ∈ V . (3)

Similarly, the temperature at the origin of an edge is given by the temperature of the node if the

edge is an outflow of that node:

Tstart
i j = T i if (i, j) ∈ E –

i . (4)

In our model, the four edge types Eload, Epipe, Eheating and Epump are distinguished. A single

edge might represent multiple components in the physical network:
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• The edges Eload represent consumers in the heating grid. In the physical world a heat

exchanger is used to transfer energy from the district heating grid into the household

heating system. A valve controls the mass flow through the heat exchanger in order to

keep the water flowing back into the district heating network at a constant temperature.

Additional equipment might be installed in order to measure the heat consumption or

restrict the maximal mass flow [8]. This behavior is modeled as

Tend
i j = Tset

i j , for all (i, j) ∈ Eload (5)

�mi j =
�Qi j

cp

(
Tstart

i j −Tend
i j

) , for all (i, j) ∈ Eload (6)

pi − p j ≥ Δpmin, for all (i, j) ∈ Eload (7)

where cp = 4.182 kJ kg−1 K−1 is the specific heat capacity of water and Tset
i j and �Qi j

are the consumer’s set-points for the return temperature and the transferred heat energy,

respectively. The model parameters θ are exactly these heat energies �Qi j on a demand

edge (i, j) ∈ Eload. A minimum pressure difference Δpmin has to be applied by the grid in

order to enable the flow through all components, cf. [8].

• Pipes Epipe are passive elements in the grid, meaning that the change in pressure and

temperature are not actively controlled but resulting from the mean mass flow through the

pipe and the soil temperature Ta:

Tend
i j =

(
Tstart

i j −Ta

)
exp

(
− li jλi j

cp �mi j

)
+ Ta , for all (i, j) ∈ Epipe, (8)

pi − p j = κi j fD,i j
8li j

π2ρd5
i j

�m2
i j + ρg(zj − zi), for all (i, j) ∈ Epipe, (9)

compare [9, 23]. The coefficient λi j denotes the heat transferred through the isolation per

pipe length and temperature difference between water and soil in W m−1 K−1. Furthermore,

fD,i j is the Darcy friction factor which is can be calculated by the Colebrook-White equation

1√
fD,i j
= −2log10

(
εi j

3.7di j
+

2.51

Rei j
√

fD,i j

)
(10)

depending on the inner roughness εi j and the diameter di j of the pipes, as well as the

Reynolds number Rei j . The correction factor κi j is introduced in eq. (9) to account for

the pressure loss due to bends. The constants κi j , di j and εi j are grid parameters that are

assumed to be well known. Evidently, ρ = 997 kg m−3 is the density of water and zj − zi
is the difference of altitude between the nodes j and i.

• The heating edges Eheating are introduced to serve as slack edges to fulfill the law of energy

conservation in the grid. Therefore the equations

Tend
i j = Tset

i j for all (i, j) ∈ Eheating (11)

p j = pi for all (i, j) ∈ Eheating . (12)

restrict only the temperature at the end of an edge to be at a fixed set-point Tset
i j while the

pressure does not change.
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• Likewise, the pump edges Epump are introduced as slack edges where the temperature

Tend
i j = Tstart

i j , for all (i, j) ∈ Epump

i j , (13)

does not change. Typically, the model has only one heating and one pump edge which

are directly connected in series and represent the largest heating plant in the network.

The pressure difference between the supply side and the return side is at its highest at the

heating plant and decreases with increasing distance. The demand edge (ν,w) ∈ Eload

with the lowest pressure difference is the so called worst point of the network. In real

life networks this point is well known. The typical control scheme consists of measuring

the pressure difference at this point and adjusting the pump pressure in such a way that

the requirement in eq. (7) is just met for the worst point. Additionally an overall pressure

level has to be maintained to prevent evaporation. These restrictions are mimicked in our

model by fixing the pressures

pν = p0, pw = p0 −Δpmin, (14)

with a suitable setpoint value p0 measured in bar.

The functional relations (2) – (14) form a system of nonlinear equations which are summarized

by the operator e(y,θ,η) in a state equation

e(y,θ,η) = 0, (15)

which has a unique solution y(θ,η) for given consumer demands θ and given set-point values

η � (p0,Δpmin,pstart
i j ,T

set
i j ) as introduced before. The proof of the uniqueness and existence of

the solution can be done analogous to [9]. We solve eq. (15) by a Newton-method with projected

gradients where the starting point is determined after a fixed point iteration according to [9, 23].

3 BAYESIAN INFERENCE AND OPTIMAL EXPERIMENTAL DESIGN
Model-based optimal design of experiments has the task to find a setup of experimental

conditions, like sensor positions and control mechanisms, such that the model parameters can

be estimated with minimal variance. In our setting we want to find optimal sensor positions in

district heating networks such that the uncertainty in the estimated demand values θ is minimized.

The model equation (15) brings the state y, the demands θ and the set-point values η into a

functional relation. Our aim is to employ temperature-, pressure- and flow-sensors that measure

the components of the solution y(θ,η). However, not all state variables in the network are of

equal interest. We want to exclude the unreasonable sensor positions at the outset to reduce

the dimension of the resulting optimization problem. Therefore, we select only a subset of the

vector y as possible output channels that can be measured by sensors. Let Ξ be such a selection

matrix. Thus, we introduce the overall parameter-to-observable map

θ �→ h(θ) � Ξ · y(θ,η) ∈ Rns (16)

that maps the model parameters to ns quantities of interest that can be directly measured

by sensors. This mapping h(θ) serves as our computer model that is commonly enhanced

by a probabilistic point of view [22] where the collected data z is assumed to be subject to

observational noise which is modeled as a random variable ε:

z = h(θ) + ε . (17)
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Within a Bayesian framework, the posterior probability distribution of the estimated param-

eters is determined by the Bayes formula. Let γ > 0 and π0 ∈ N(θ0,Γ0/γ) be a Gaussian prior,

capturing the a priori knowledge we have about θ. Furthermore, let ε ∈ N(0, Σ) be a Gaussian

random variable with density ρ and noise covariance matrix Σ. We assume that the measure-

ments obtained from different sensors are independently distributed and thus Σ is a diagonal

matrix. Considering eq. (17), the data likelihood π(z | θ) has thus the density ρ(z−h(θ)). Then

the posterior π(θ | z) is given by

π(θ | z) ∝ π(z | θ)π0

= exp

(
−1

2
‖z−h(θ)‖2

Σ−1 −
γ

2
‖θ − θ0‖2

Γ –1
0

)
,

(18)

where ‖x‖A �
√
x�Ax is the weighted norm of a vector x with a matrix A. The maximum

a posteriori estimator (MAP) is a point θ that maximizes this posterior probability distribution

function:

θ(z) � argminθ

(
1

2
‖z−h(θ)‖2

Σ−1 +
γ

2
‖θ − θ0‖2

Γ –1
0

)
, (19)

compare [22].

In our case, the parameter-to-observable map is nonlinear and thus one cannot expect to

obtain a posterior probability distribution that yields confidence regions which are analytically

tractable. Therefore, we linearize the mapping θ �→ h(θ) at the MAP point θ to obtain a

Gaussian posterior whose covariance matrix is given by

Cpost

(
θ
)
=
(
J� Σ−1 J + γ Γ –1

0

)−1

, (20)

where J is the sensitivity matrix which is computed by the implicit function theorem:

J �
∂ h
∂ θ

����
θ=θ

= −Ξ
[
∂e

(
y(θ,η),θ,η)
∂ y

]−1
∂e

(
y(θ,η),θ,η)
∂ θ

(21)

The confidence region G(θ,Cpost, α) around the MAP point θ to a level 1 − α, where α ∈ (0,1),
has then the analytical expression

G
(
θ,Cpost, α

)
�

{
θ ∈ Rnp : (θ −θ)� C –1

post(θ −θ) ≤ χ2
np
(1 − α)

}
, (22)

where χ2
np
(1 − α) is the quantile of the χ2 distribution with np degrees of freedom, see [10].

We now introduce weights ωk ∈ {0,1} for each predefined sensor position k = 1, . . . ,ns such

that ωk = 1 if, and only if, sensor k is used. Set Ω � diag(ω1, . . . ,ωns
) as the weight matrix

containing the vector ω on its diagonal. The knowledge received from the used sensors is added

to the noise model ε ∈ N(0,Ω−1 Σ), whereby a division by zero is set to infinity. This has

the meaningful interpretation that an unused sensor yields an infinitely large covariance in the

corresponding output channel, i.e., we know nothing about that quantity of interest.

These weights ω directly influence the MAP point

θ(z;ω) � argminθ

(
1

2
‖z−h(θ)‖2

Ω Σ−1 +
γ

2
‖θ − θ0‖2

Γ –1
0

)
, (23)
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the sensitivity J in eq. (21), the posterior covariance matrix of the parameters

Cpost

(
θ(z;ω),ω )

=
(
J� Ω Σ−1 J + γ Γ –1

0

)−1

, (24)

as well as the confidence region in eq. (22), compare [2, 14].

In an optimally designed experiment, a fair compromise between the cost c ∈ R
ns
+ of the

used sensors and a measure Ψ of Cpost, representing the information gain by these sensors, is

obtained. In order to reduce the computational complexity of the following problem and since z
is difficult to obtain or not available beforehand, we set θ(z;ω) = θ0 to an initial MAP estimation

and keep it constant through the optimization. Let κ > 0 be a penalty factor and let ‖·‖0 be the

0-"norm". We consider the optimal experimental design problem

min
ω∈{0,1}ns

Ψ
[
Cpost

(
θ0,ω

) ]
+ κ

ns∑
k=1

ck ‖ωk ‖0 (25)

If ns is large, problem (25) is very difficult to solve due to combinatorial explosion. Therefore,

we perform a relaxation on the domain of definition of ω and replace the discontinuous penalty

by a smooth function Pδ, where δ ∈ (0,1], which converges to the 0-"norm" for δ → 0. For

δ = 1 this function has the form Pδ=1(ω,c) � c�ω, otherwise

Pδ(ω,c) �
ns∑

k=1

ck fδ(ωk), for δ ∈ (0, 1
2
), (26)

where fδ(x) : [0,1] �→ [0,1] is continuously differentiable and approximates the 0-"norm", see

[1] for more details. The relaxed optimization problem

min
ω∈[0,1]ns

Ψ
[
Cpost

(
θ0,ω

) ]
+ κ Pδ(ω,c) (27)

is first solved for δ = 1 and then by a reiteration scheme for diminishing δ the optimal sensor

weights ωopt tend to become sparse and {0,1}-valued for a suitable choice of κ > 0, cf. [1, 2].

We solve problem (27) by standard BFGS-SQP methods [20].

According to [12], the most prominent design criteria Ψ measuring the size of a matrix C are

the following:

ΨA = trace(C), ΨD = det(C), ΨE = λmax(C). (28)

It is known that problem (27) with δ = 1 is convex for Ψ = ΨA and Ψ = ΨD, see [17]. However,

using ΨE requires non-smooth methods [13]. In this paper, we choose to compute the trace of

the posterior covariance matrix.

4 NUMERICAL RESULTS FOR A REAL-SIZED HEATING NETWORK
We demonstrate our method for the heating grid in the district Darmstadt-Nord of the German

city Darmstadt. The network is operated by the ENTEGA AG, the heat is provided by a central

heating plant and distributed to 67 consumers through a pipe network of approximately 14.2 km

length. The graph representation of the grid consists of 372 edges and 306 nodes.

Over the course of a day significant changes of overall demands as well as the relative

distribution between the consumers is observed in practice. In the following we analyze the

experiment design for each hour of the day individually and compare the results. Final investment

decisions would have to be taken such that they yield good performance in all hours of the day.

The hourly index is omitted in this section.
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Figure 1: Network structure of the considered heating grid. Consumers with hourly measured

demands are marked as circles, unmeasured as triangles. Green markers represent residential

buildings, red ones commercial buildings and blue represent buildings in the group others.

4.1 Prior demand estimation
The prior load distribution N(θ0,Γ0/γ) is estimated based on available consumption data.

For 56 consumers the load is directly measured with hourly resolution. Let KM be the index set

of all measured consumers and let KU be the index set of all unmeasured. The mean parameter

θ0, i for the measured demand �Qd
i of consumer i is given by the mean consumption over all

observed days d

θ0, i =
1

D

D∑
d=1

�Qd
i , for all i ∈ KM . (29)

Unmeasured consumers j ∈ KU are paired with similar measured consumers j∗ ∈ KM. The

expected demand is given by scaling the expectation value of the paired consumer by the

associated total consumption that was also available for us, �Q2019
j , respectively, �Q2019

j∗ :

θ0, j =
�Q2019

j

�Q2019
j∗
θ0, j∗, for all j ∈ KU . (30)

The return temperatures Tset for each consumer are estimated by the same procedure. Different

heat consumption profiles can be explained by the varying outdoor temperatures and by different

consumer behavior [6]. Grouping consumers for whom similar behavior is expected leads

to three groups. The first group Gres, being residential buildings, consist of 40 multi-family

houses and one single-family house. The second group GTC is made up by 10 commercial

buildings. The remaining 17 buildings form the group Gother and are not expected to show

strong similarities. Fig. 1 shows the distribution of demand classes in the network.
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(a) covariance matrix (b) correlation matrix

Figure 2: In 2a the covariance matrix Γ0 for the heat demand �Q hour 3 to 4 pm is shown. The

first block represents the group of measured residential buildings, followed by the unmeasured

residential buildings for which all correlation coefficients are set to zero. The second block

represents measured and unmeasured commercial buildings, the third the buildings of the "other"

group. The variances can differ by several orders of magnitude due to the largely different size

of the buildings. 2b shows the corresponding correlation matrix normalized by the standard

deviations.

The standard deviation σi for the measured demands i are estimated by

σi =

√√√
1

D

D∑
d=1

( �Qd
i − θ0, i

)2
, for all i ∈ KM . (31)

Within the first two groups the normalized standard deviations σi/θ0, i are close-by for all hourly

measured consumers. The standard deviation of the unmeasured demands

σ j =
θ0, j

|KM |
∑

i∈KM

σi

θ0, i
, for all j ∈ KU, (32)

are therefore estimated by scaling the mean normalized variations by the estimated demand

expectations. For the group Gother all standard deviations can be gathered directly from the data.

The entries Γ0, i j for the prior covariance matrix Γ0 can now be gathered by

Γ0, i j =

⎧⎪⎪⎨⎪⎪⎩
σ2

i , if i = j,
1

D−1

∑D
d=1

( �Qd
i − θ0, i

) ( �Qd
j − θ0, j

)
, if i, j ∈ Gres ∩KM or i, j ∈ GTC ∩KM,

0, else.

(33)

The covariance coefficients between two groups as well as for consumers in group Gother are set

to 0, because no similarity in the demand patterns are expected here. When ordered according

to the groups, the block structure of the covariance matrix becomes clearly visible as it is shown

in Fig. 2a for the hour 3 to 4 pm.
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The factor γ > 0 must be large enough to achieve regularity of the covariance matrix, see

eq. (24), and to make the solver of the optimization problem (27) numerically stable. This factor

also brings the prior into proper scaling when added to the data misfit part of the covariance

formula in eq. (24). In our case, taking γ = 5 × 103 was sufficient.

4.2 Sensors
Two different kinds of sensors are considered, namely pressure sensors and power flow sensors

measuring three values simultaneously. There are two parallel pipes in the grid, one delivering

hot water and one returning the cold water to the heating plant. Let (i, j) ∈ Epipe be a pipe on

the return side (cold water) and (k, l) ∈ Epipe be the corresponding parallel pipe on supply side

(hot water). A potential power flow sensor would then measure the mass flow �mi j , which is

equal for both pipes, as well as the temperatures Tend
i j and Tstart

kl . The power transmitted along

the pipe-pair is given by the temperature difference between the two pipes and the mass flow

through them:

Pkl
i j = cp �mi j

(
Tend

i j −Tstart
kl

)
. (34)

There are 150 plausible positions for such heating power sensors and as many pressure sensor

locations as nodes in the network are available, altogether we obtain ns = 456 candidate sensor

positions.

Each sensor has a different accuracy when measuring the quantities of interest. The pressure

sensors operate with a 0.04 % precision of the measured pressure value: Δ pi = 0.04 % · pi, for

all i ∈ V. The mass flow �mi j is determined by measuring the flow speed with a fixed accuracy.

The accuracy of the mass flow therefore depends on the pipe diameter di j and the density of

water ρ:

Δ �mi j = ρ
d2

i j

4
· 0.012 m s−1, for all (i, j) ∈ E . (35)

For the temperature measurement, we have ΔT i = ΔTend
kl = ΔTstart

kl = 0.6 ◦C, for all i ∈ V
and (k, l) ∈ E. These values form the diagonal entries of the covariance matrix Σ of the noise

model ε, see eq. (17). The non-diagonal entries in Σ are set to zero since we assume the sensor

readings to be statistically independent.

4.3 Computational results
We solved the state equation (15) by a Newton-method with projected gradients after the

starting point had been computed by a truncated fixed-point iteration. The usage of projected

gradients enhanced the convergence properties, since the network was designed to yield only

positive mass flows �m. After computing the sensitivity matrix J , see eq. (21), we solved

problem (27) with a standard SQP-method where the Hessian is constructed by BFGS-updates.

The reiteration scheme with the penalty term was performed starting with δ1 = 1 and then

updating δk+1 � δk/2 for k = 1, . . . ,6. Thus, in a few reiterations, the optimal sensor weights

became sparse and almost {0,1}-valued. We additionally want to point out that the solution

was found after approximately 120 function and 110 gradient evaluations in total for each hour,

respectively.

We pick the hour of the day with the highest heat demand, which was 9 to 10 am, and

compare the results for different values of κ in Tab. 1. We also generated 500 random vectors
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(a) Costs of optimal sensors for

different κ and hours of the day

(b) Optimized sensor positions for

7 am, κ = 7 × 10−5 and 9 am, κ = 1 × 10−4

Figure 3: 3a The optimized set of sensors depends on the chosen value for κ as well as the hour

of the day due to different prior assumptions for the demands. Sets resulting in equal costs are

usually very similar or equal as in 3b. This indicates that the proposed approach leads to sensor

positions that perform well for all hours.

ωrnd and computed the average of their respective ΨA,ΨD and ΨE criteria, to compare with an

optimal selection of ω and with no sensors at all. We observe that the smaller the value of

κ the more sensors are used and the smaller is the design criterion. However, the greater the

number of installed sensors the higher the costs. The improvement of prior information about

the demands which is achieved by using sensors at the optimized positions ωopt, is between

56 % and 64 % when evaluating ΨA, clearly over 99 % when using ΨD and between 71 % and

77 % when evaluating ΨE. A random selection of an equal number of sensors produces a much

smaller difference while the computational efforts are much higher.

As seen in Fig. 3a, the optimal trade-off between the cost of sensors and the design criterion

varies for the different hours of the day for a constant κ resulting in a different number of

sensors and therefore different costs at the optimal solution. This behavior can be attributed

to the different prior assumptions over the demands for each hour of the day. Fig. 4 shows the

design criteria ΨA over the cost for the sensors for optimized sensor networks for each hour

individually. By changing the value for κ the optimum can be altered along these estimated

optimality curves. It can be seen from this representation that the curve steeply decreases for

low numbers of sensors and flattens for higher numbers. This is similar to a pareto-front known

from multi-objective optimization. Additionally, it seems as if the optimality curves tend to

Table 1: Comparison of the solution of problem (27) for different κ from hour 9 to 10 am. We

additionally computed the design criteria ΨD and ΨE.

# ‖ω‖0 c�ω κ ΨA ΨD ΨE

0 0 - - 23.46 1.65 × 10−127 7.91

ωrnd 7 - - 22.60 1.20 × 10−127 7.62

ωopt 7 1.630 × 104 1.2 × 10−4 10.27 3.48 × 10−131 2.28

ωrnd 9 - - 22.58 1.14 × 10−127 7.65

ωopt 9 2.202 × 104 0.7 × 10−4 9.28 3.45 × 10−132 2.00

ωrnd 15 - - 21.97 8.98 × 10−128 7.47

ωopt 15 3.546 × 104 0.3 × 10−4 8.55 5.55 × 10−133 1.80
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Figure 4: By choosing κ, a trade-off can be made between a better information score ΨA and

lower costs. The lines along the weighting moves tend to shift towards higher prices and worse

scores for increasing θ0 and σ2. The values given in these figures are the mean values for all

consumers. It can be seen that there are also some exceptions to this trend.

shift towards higher costs as well as higher ΨA-values with overall higher demands and higher

variances for the demands. Even though these trends do not hold true for all demand priors

examined, it should be taken into account when choosing a κ for practical applications. Fig. 3b

shows the position of sensors for the hour 7 am and κ = 7 × 10−5 which is exactly the same as

the set for the hour 9 am choosing κ = 1 × 10−4. Similarly as in this example the chosen sensor

positions for different hours tend to match each other closely if κ is set in such a way that similar

cost arise in the optimum. It can therefore be expected that a set of sensors optimized for one

hour provides good results for the other hours as well.

The mapping y = h(θ) can be used to estimate the network’s state y. Since we assume normal

distributed uncertainty for the consumers demand, we can use the linearised model to estimate

an normal distribution for the state yest ∈ N (
y0, Σy

)
with the covariance matrix Σy given by

Σy ∝ J Cpost J
�, (36)

where J is the sensitivity matrix from (21). In Fig. 5 the estimated states for the prior and

the posterior estimation over the demands for hour 9 am and κ = 1 × 10−4 are compared, by

calculating the change in variance for each individual state variable. The graphic shows the

temperatures variance as node color and the mass flow variance as edge color for the supply

side of the network. It can be seen directly, that the uncertainty does not only decrease near the

measurements, but for almost all state variables. When separating the grid into different sections

it seems as if within each section the gains are relatively even, but differ strongly between the

sections. This can be motivated by the different consumer structure. By comparing with Fig. 1 it

can be observed that the lowest section on the right side mostly consists of residential buildings.

For these the variances were already rather low for the prior assumption as seen in Fig. 2a. In the

middle section on the right side, many consumers are classified as "others", showing comparable

large demands and large variations in the prior. Therefore the relative gain is larger for this area.
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Figure 5: The linearized model can be used as a state estimator. Using the posterior estimation for

the consumers demand significantly reduces the uncertainty compared to the prior assumption.

This plot shows the uncertainty change for the temperatures (node color) and the mass flow

(edge color) for the supply side of the network.

5 CONCLUSION
In this paper we presented a Bayesian approach for a sensor placement problem in heating

networks to improve the reliability of our knowledge about one of the most important system

parameters – the consumer’s heat consumption. The sensor placement task can be interpreted

as an optimal experimental design problem which we modeled using the solution of the state

equation of the heating network, its sensitivity matrix and the Bayes formula for the parameter’s

covariance. We solved this optimization problem by a BFGS-SQP method with a reiteration

scheme to obtain sparse and almost {0,1}-valued sensor weights. The optimally positioned

sensors measure temperatures, pressures and mass flows in the network at a trade-off between

small covariance values and low costs. In subsequent numerical experiments we applied our

method to the heating network of the northern district of the German city Darmstadt. We showed

that the optimal placement of a few sensors significantly increased the informational value of the

uncertain demands at low cost when compared to randomly placed sensors. This shows that our

method is superior to Monte-Carlo approaches. An enhanced knowledge of the demand values

provides the basis for a detailed monitoring of the network state in order to reduce industrial

waste-heat.

Even though the numerical results are very promising, some barriers remain for practical use

of this approach. In order to optimize the sensor positions, a prior distribution for the demands is

required. For our investigated network, this was done by analyzing each consumer’s past demand

which was measured with hourly resolution for most buildings. However, measurements of this

kind are rather uncommon in district heating networks. The expected demand as well as the

variance of the demands who were not measured, were estimated by comparing the buildings

with measured ones. In order to treat these consumers equally to the measured ones, the non-
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diagonal entries of the covariance matrix should be estimated as well. However, this task is

not trivial since estimating the coefficients, e.g., by the mean of the coefficients in the same

buildings group, will most likely lead to a matrix which is not positive definite and therefore no

valid covariance matrix.

The optimal sensor positions found in our setting may differ from the sensors that would

be chosen in real life application. For example, sensors are still placed in the connection

lines between single buildings and the main grid, which is equivalent to directly measuring

the demand at the consumers heat exchange station. These measurement positions would be

unsuitable for real life applications due to fast demand changes that are likely to occur. However,

this possibility is not considered by the steady state model. Another example is given by the

two pressure sensors in Fig. 3b, which are next to each other. In our model, this is equivalent to

measuring the mass flow through this pipe as given by (9). For practical applications this would

not be a preferable setup, as the pressure differences between the two nodes are too small to gain

usable information.

In order to install sensors in real district heating grids, many additional factors need to be

taken into account, e.g., how well a potential sensor position could be reached, for installation

or maintenance. The optimization scheme proposed in this paper can contribute to this decision

process by suggesting optimal sensor positions under simplified conditions or by comparing

different possible settings in the context of the chosen model.
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Abstract. The propagation of parameter uncertainty through engineering models is a key task
in uncertainty quantification. In many cases, taking into account this uncertainty involves the
estimation of expected values by means of the Monte Carlo method. While the performance
of the classical Monte Carlo method is independent of the number of uncertainties, its main
drawback is the slow convergence rate of the root mean square error, i.e., O(N−1/2) where N is
the number of model evaluations. Under appropriate conditions, the quasi-Monte Carlo method
improves the order of convergence to O(N−1) by using deterministic sample points instead of
random sample points. Two examples of such point sets are rank-1 lattice sequences and Sobol’
sequences. However, it is possible to further improve the order of convergence by applying the
so-called “tent transformation” to a rank-1 lattice sequence, and by “interlacing” a Sobol’
sequence. In this work, we benchmark these two techniques on a slope stability problem from
geotechnical engineering, where the uncertainty is located in the cohesion of the soil. The
soil cohesion is modeled as a lognormal random field of which realizations are computed by
means of the Karhunen–Loève (KL) expansion. The quasi-Monte Carlo points are mapped to
the normal distribution required in the KL expansion using a novel truncation strategy. We
observe an order of convergence of O(N−1.5) in our numerical experiments.
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1 INTRODUCTION

In practical engineering problems, uncertainty plays an essential role. This uncertainty can, for

example, be present in the material parameters such as the cohesion of the soil in a slope stability

problem. In this type of problem, the goal is to assess the stability of natural or man-made

slopes. Classically, this assessment is carried out in a deterministic way, i.e., no uncertainty is

taken into account. However, this approach offers only limited insight. In order to gain a better

insight into the stability of the slope, the uncertainty of the soil needs to be propagated through

its mathematical model, which consists of a discretized partial differential equation (PDE). A

popular and straightforward method to account for this uncertainty is by using a “sampling

method”. The most well known method belonging to this family is the Monte Carlo method,

see [1]. In this method, the expected value of a user-chosen quantity of interest is computed

as an average of multiple simulation outputs, each resulting from a different “sample” of the

uncertainty. While the performance of the Monte Carlo method is independent of the stochastic

dimension, i.e., the number of random variables used to represent the uncertain parameters,

the computational cost measured in terms of the number of model evaluations is often still too

large. This high computational cost stems on the one hand from the fact that all the samples are

computed on one, possibly fine, discretization level (e.g., in order to approximate a PDE), and

on the other hand from the slow convergence rate of the root mean square error, i.e., O(N−1/2)

where N is the number of samples. As engineering problems grow more complex and thus more

costly, improvements which lower the computational cost of the Monte Carlo method have been

proposed. One such improvement consists of converting the (single-level) Monte Carlo method

into a Multilevel Monte Carlo method, see, e.g., [2]. In the Multilevel Monte Carlo method,

the engineering problem is discretized multiple times with different mesh resolutions. The

meshes resulting from the discretization are then grouped in a mesh hierarchy. The Multilevel

Monte Carlo method achieves a speedup by taking many samples on computationally cheap

low resolution meshes, and few samples on computationally expensive high resolution meshes.

Another possible improvement consists of replacing the Monte Carlo sampling method by a

quasi-Monte Carlo sampling method, see [3]. Instead of the random points used in the Monte

Carlo method, the quasi-Monte Carlo method computes its samples at well chosen deterministic

points. By using this approach, the order of convergence can be improved to O(N−1), see [3, 4].

Most of these methods employ only a first-order Finite Element discretization of the underlying

PDE. In previous work, see [5], we obtained an order of convergence close to O(N−1) when

combining the Multilevel Monte Carlo method with a quasi-Monte Carlo sampling method. In

[6, 7], we combined the p-refinement of the Finite Element method (FEM) discretization with

the Multilevel quasi-Monte Carlo sampling method, applied to a slope stability problem. There,

the multilevel mesh hierarchy is constructed following a p-refinement approach, i.e., the order

of the elements in the subsequent meshes is increased.

However, it is known that the O(N−1) order of convergence can be improved for sufficiently

smooth problems by using certain techniques, such as the tent transformation applied to a rank-

1 lattice sequence [8] or by using an interlacing technique applied to a Sobol’ sequence, see,

e.g., [3, 9]. In this work, we investigate if a higher-order quasi-Monte Carlo convergence can

be obtained in a single-level setting, by applying the tent transformation and the interlacing
technique. The investigation is carried out by applying the above mentioned techniques on

a slope stability problem, where realizations of the random field, that is used to model the

uncertainty, are computed using a truncated KL expansion.
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The slope stability problem itself is discretized by means of triangular quadratic Finite Ele-

ments.

The paper is structured as follows. First, we present the model problem, and briefly discuss the

underlying Finite Element solver. Second, we review the theoretical background of the quasi-

Monte Carlo method as well as the tent transformation and interlacing techniques. Last, we

present numerical results obtained by tent-transformed rank-1 lattice sequences and interlaced

Sobol’ sequences. Both results will be compared to the ones obtained by means of the standard

rank-1 lattice and Sobol’ sequence.

2 MODEL PROBLEM AND MESH DISCRETIZATION

The model problem we consider consists of a slope stability problem where the cohesion of the

soil has a spatially varying uncertainty, see [10]. In a slope stability problem, the safety of the

slope can be assessed by evaluating the vertical displacement of a point near the top of the slope,

when sustaining its own weight. We consider the displacement in the plastic domain, which is

governed by the Drucker–Prager yield criterion. A small amount of isotropic linear hardening

is taken into account for numerical stability reasons. Because of the nonlinear stress-strain

relation arising in the plastic domain, a Newton–Raphson iterative solver is used. In order to

compute the displacement, an incremental load approach is applied, i.e., the total load resulting

from the slope’s weight is added in discrete load steps, starting with a force of 0N. These loads

steps are added until the total downward force resulting from the weight of the slope is reached.

This approach results in the following system of equations for the displacement,

KΔu = f +Δf −k, (1)

where Δu stands for the displacement increment and K is the global stiffness matrix resulting

from the assembly of element stiffness matrices Ke, see § 3.2. The right hand side of Eq. (1)

stands for the residual. Here, f is the sum of the external force increments applied in the previous

steps, Δf is the applied load increment of the current step and k is the internal force resulting

from the stresses. For a more thorough explanation on the methods used to solve the slope

stability problem we refer to [11, Chapter 2 §4 and Chapter 7 §3 and §4].

For the mesh discretization of the slope stability problem we use second-order triangular La-

grangian Finite Elements, see Fig. 1. Here, the Finite Element nodal points are represented as

black dots.

Figure 1: Mesh discretization used for the slope stability problem.

3 THEORETICAL BACKGROUND

In this section, we present some basic background on the usage of quasi-Monte Carlo (QMC)

methods in estimating the expected value of a quantity of interest pertaining to the solution of
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a PDE under uncertainty. We first explain the QMC estimator for estimating an integral and

how to obtain an estimator on its variance, both for (tent-transformed) lattice sequences and

(interlaced) Sobol’ sequences. Next, we review how the uncertainty is modeled, in our slope

stability problem, by means of a Karhunen–Loève expansion, and how it is accounted for in

the equations of the Finite Element model. Last, we discuss how quasi-Monte Carlo points are

generated according to (tent-transformed) lattice sequences and (interlaced) Sobol’ sequences.

3.1 Quasi-Monte Carlo Estimator

The expected value of a function P against an s-dimensional probability density function φ is

defined by

E [P] :=

∫
R

· · ·
∫
R

P(x1, . . . , xs)φ(x1, . . . , xs)dx1 · · ·dxs =

∫
Rs

P(x)φ(x)dx. (2)

The integral in Eq. (2) can be approximated by means of an equal-weight quadrature rule, such

as the Monte Carlo and quasi-Monte Carlo methods. In our setting, the function P stands for

the quantity of interest based on the solution of our PDE which has stochastic parameters mod-

eled by the variables x ∼ φ. In order to approximate this expected value, both the multivariate

integral, as well as the solution to the PDE for a given sample of the stochastic parameters, i.e.,

P(x), will have to be approximated. We obtain an approximation for the quantity P(x), resulting

from our FEM discretization, which will be referred to as PL(x), where the L stands for the

“discretization level”. Likewise, we do not compute the exact solution of the multidimensional

integral, but approximate it by means of the quasi-Monte Carlo method.

To approximate Eq. (2) we employ a randomized quasi-Monte Carlo estimator of the form

QQMC
L :=

1

RL

RL∑
r=1

1

NL

NL∑
n=1

PL(Φ−1(u(n,r)
L )). (3)

In here, u(n,r)
L represent the points of our quasi-Monte Carlo point set, where n denotes the index

of the point and r denotes the particular “random shift”. Since quasi-Monte Carlo points are

defined on the unit cube [0,1]s with respect to the uniform distribution, we need a mapping

such that they act as samples from the density φ. For product densities, this can be achieved by

applying the inverse of the cumulative distribution function component-wise. This is denoted

by the mapping Φ−1. Note that we have E[P] ≈ E[PL] ≈ QQMC
L . The “random shifting” and

mapping will be explained in §3.3 and §3.3.3, see also Fig. 2 for an illustration of Monte Carlo

(MC) sampling points versus quasi-Monte Carlo (QMC) sampling points.

The reason that we use “randomized” quasi-Monte Carlo estimators is to obtain an unbiased

estimator, as well as an error estimator.

By means of the RL independent random shifts, Eq. (3) is in fact averaged over RL estimators.

Hence, the variance of the estimator can be estimated by

V

[
QQMC

L

]
=
V[PL]

NL RL
≈ VQMC

L :=
1

(RL−1)

1

RL

RL∑
r=1

(
P(n,r)

L −QQMC
L

)2
, (4)

where P(n,r)
L := PL(Φ−1(u(n,r)

L ). From Eq. (4), the root mean square error is estimated as

RMSE(QQMC
L ) =

√
V

[
QQMC

L

]
≈
√

VQMC
L . The RMSE will be used as an error estimator for the
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Figure 2: Example of MC and QMC sample points.

QMC estimator. We will plot this quantity in §4 in order to assess the accuracy of our numerical

experiments.

3.2 Modeling the Uncertainty

The uncertainty present in the cohesion of the soil of the slope stability problem is modeled

as a random field. Realizations of the random field are computed by means of the truncated

Karhunen–Loève (KL) expansion,

Z(x,ω) = Z(x)+

s∑
n=1

√
θn ξn(ω)bn(x), (5)

where s is the number of terms in the expansion, i.e., the number of stochastic dimensions.

Here, Z(x) is the mean of the field and ξn(ω) denote i.i.d. standard normal random variables.

The eigenvalues θn and eigenfunctions bn(x) are the solutions of the eigenvalue problem

∫
D

C(x,y)bn(y)dy = θn bn(x), (6)

where C(x,y) is a given covariance kernel. The covariance kernel C(x,y) we consider for the

random field is the Matérn covariance kernel

C(x,y) :=
σ2

2ν−1Γ (ν)

⎛⎜⎜⎜⎜⎝
√

2ν ‖x−y‖2
λ

⎞⎟⎟⎟⎟⎠
ν

Kν

(√
2ν
‖x−y‖2
λ

)
, (7)

where ν is the smoothness parameter, Kν(·) is the modified Bessel function of the second kind,

Γ(·) is the gamma function, σ2 is the variance, λ is the correlation length, and ‖·‖2 is the L2

norm. The integral in Eq. (6) is approximated by means of a numerical collocation scheme. For

more information, we refer to [12, Chapter 7 Section 2].

In order to incorporate the uncertainty in the Finite Element model, we consider the integration

point method, i.e., point evaluations of the random field are computed by means of Eq. (5) at

the quadrature points and accounted for during numerical integration of the element stiffness

matrix, see [13]. Here, the uncertainty resides in the elastoplastic constitutive matrix D. This

matrix is used for constructing the element stiffness matrices

Ke =

∫
Ωe

BT DBdΩe, (8)
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——Full Mesh—— ——Reference Element——

Figure 3: Locations of the quadrature points � and the evaluation points of the random field �.

—— ν1 = 2.0 —— —— ν2 = 14.0 ——

Figure 4: Point evaluations of an instance of a random field with ν1 = 2.0 and ν2 = 14.0.

with B the matrix containing the derivatives of the element shape functions. In practice, the

right-hand side in Eq. (8) is computed as

Ke ≈
|q|∑
i=1

BT
i DiBi wi, (9)

with Bi = B(q(i)) the matrix B evaluated at the ith quadrature point q(i), Di = D(ω(i)) the elasto-

plastic constitutive matrix D containing the value of the uncertain soil cohesion ω(i), computed

as a point evaluation of the random field at q(i), and wi the quadrature weight.

With the integration point method, Eq. (5) is evaluated in the quadrature points used for the

numerical integration of Eq. (9), i.e., x = q. This is illustrated in Fig. 3, where the set q is

represented by the �, and the random field evaluation points, x, are represented by �.

In order to represent the uncertainty of the cohesion of the soil, we use a lognormal random field.

This field is obtained by applying the exponential to the field obtained in Eq. (5) component-

wise, i.e., Zlognormal(x,ω) = exp(Z(x,ω)). After this mapping, the lognormal random field has

a mean of 8.02kPa and a standard deviation of 100Pa. We consider a random field with a

correlation length λ = 1.5, a variance σ2 = 1, and a stochastic dimension s = 100. Two different

values for the smoothness ν of the random field are considered: ν1 = 2.0 and ν2 = 14.0. The

smoothness parameter governs the smoothness of the random field: a lower value for ν implies

a rougher random field and vice versa. In Fig. 4, we show instances of this random field, for the

two different smoothness parameters ν1 and ν2.
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3.3 Quasi-Monte Carlo Sampling

Quasi-Monte Carlo points are deterministic low-discrepancy points used for numerical integra-

tion. Different approaches exist to generate these points. We consider two approaches, rank-1

lattice sequences and Sobol’ sequences. Classically, these point sets have been constructed in

order to be used for integration against the uniform distribution on the unit cube [0,1]s. In

§3.3.3 we will describe how to use these point sets for integration against the normal distribu-

tion, as required in the KL expansion in Eq. (5). Important to note is that although we describe

the technical details behind the construction of these point sets here, the end user can just use a

library routine to generate them, see, e.g., [14, 15, 16].

3.3.1 Lattice Sequences

The points belonging to a rank-1 lattice sequence are determined by a generating vector z ∈ Zs,

which consists of one integer value per considered stochastic dimension s. The choice of this

generating vector determines the quality of the sample points. When the total number of points

is a fixed number N then the nth point of the “lattice rule” (instead of a lattice sequence) is given

by

u(n) := frac
( n
N

z
)

for n = 0, ...,N −1, (10)

where frac(·) denotes the function that takes the fractional part. When written in this form, the

number of points cannot be extended beyond the maximal number of points N, and there is no

guarantee that using an initial amount of these points will have a “nice” distribution in the unit

cube. In order to obtain a sequence of “nicely” distributed sample points, we instead define the

nth point by

u(n) := frac(φ2(n) z) for n = 0,1, . . . , (11)

where φ2 stands for the radical inverse function in base 2, see, e.g., [17, 18], and possibly

limiting n < Nmax for some large enough Nmax. The radical inverse function in base 2 mirrors

the binary representation of a number around its binary point, e.g., 6= (110)2, then φ2((110)2)=

(0.011)2 = 0.375. Algorithms to find good generating vectors for Eq. (10) and Eq. (11) are

known, and such vectors can be found in the literature, see, e.g., [18].

As already touched upon in §3.1, the deterministic nature of quasi-Monte Carlo sample points

introduces an additional bias on the stochastic quantities of the computed solutions. There-

fore, “randomness” needs to be reintroduced in order to obtain unbiased estimates. This is

accomplished by a procedure called “random shifting”. The procedure consists of adding to

each point of the lattice sequence, a uniformly distributed number w ∈ [0,1)s, after which the

fractional part is taken. This is illustrated in Fig. 5. By using R independent random shifts,

the resulting R independent estimators can also be used to estimate the variance of our QMC

estimator, and hence providing us with an error estimator.

The shifted version of Eq. (11) is then given by

u(n,r) := frac(φ2(n) z+wr) for n = 0,1, . . . and r = 1,2, . . . ,R. (12)

The use of such a lattice sequence, constructed with a “good” generating vector, in the QMC

estimator from Eq. (3), can achieve a theoretical order of convergence of O(N−1) in a certain
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Figure 5: Random shifting procedure applied to points belonging to a rank-1 lattice sequence.
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Figure 6: Rank-1 lattice points and tent-transformed rank-1 lattice points in the unit cube.

Sobolev space which contains integrands with square-integrable mixed first derivatives see, e.g.,

[4] for details. However, by applying the tent transformation

T (y) := 1− |2y−1|, (13)

component-wise to the points generated by Eq. (12), and defining

v(n,r) := T
(
u(n,r)
)
, (14)

for usage in Eq. (3) instead of the original points u(n,r), it is possible to obtain a better order

of convergence than O(N−1), provided that the integrand is sufficiently smooth, see, e.g., [8,

19, 20]. In our numerical experiments, this smoothness will be influenced by the smoothness

parameter ν of the random field, and by the order of approximation of the FEM solution. We

note that in order to achieve higher-order convergence it is necessary to only consider estimators

where the value for NL is a power of 2. This has the effect that the point set will act like a

sequence of embedded lattice rules. See Fig. 6 for an illustration of tent-transformed lattice

points.

3.3.2 Sobol’ Sequences

The Sobol’ sequence is a “digital net” in base 2, that uses a binary generating matrix per di-

mension. We denote these matrices by C1, . . . ,C j for j = 1, . . . , s. For the Sobol’ sequence these
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Decimal Binary Gray code Gray code binary Multiplication with C4 Shifted with (0.010)2 Decimal

0 000 0 000 0.000 0.010 0.25

1 001 1 001 0.100 0.110 0.75

2 010 3 011 0.010 0.000 0.00

3 011 2 010 0.110 0.100 0.50

4 100 6 110 0.111 0.101 0.625

Table 1: Gray coded and digitally shifted Sobol’ points in dimension 4.

matrices are upper triangular. To obtain the jth dimension of the nth Sobol’ point, we write

n = (nm−1 · · ·n1n0)2 in binary representation, and use the m×m binary matrix C j to compute

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
y1
...

ym

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝ C j

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n0
...

nm−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (15)

where all additions and multiplications are carried out modulo 2. The jth dimension of the

nth point is then given by interpreting the output vector as the binary expansion, i.e., u(n)
j =

(0.y1y2 · · ·ym)2. We demonstrate the approach stated above for the computation of the first five

points of the fourth dimension. Suppose the 3×3 subset of the generating matrix C4 is given by

C4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 1 0

0 1 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (16)

The first five points generated by C4 for n = 0,1,2,3,4, which in binary are 0 = (000)2,1 =
(0012),2 = (010)2,3 = (011)2 and 4 = (100)2, hence are equal to (0.000)2 = 0, (0.100)2 = 0.5,

(0.110)2 = 0.75, (0.010) = 0.25, and (0.001)2 = 0.125. In practice, one avoids multiplying with

the full matrix C j by generating the points in Gray code ordering. This has the benefit that the

next point can be obtained from the previous one by adding only the column of the generating

matrix where the bit was changed. This changes the ordering of the Sobol’ points, but they will

still have their “nice” distribution properties.

In order to obtain an unbiased estimator, and an error estimator, we need to introduce some

“randomness” on the deterministic points. This is accomplished by means of a “random dig-

ital shift”. The digitally shifted nth Sobol’ point is obtained by adding the bits of the binary

expansion of the shift to each digit of the Sobol’ point modulo 2, for each dimension, i.e.,

u(n,r) = u(n) ⊕wr. This is illustrated in Tab. 1 for the first 5 Gray coded points in dimension 4

with a shift w that has the value w4 = 0.25 = (0.010)2 as its fourth component.

Is has been shown in the work of Dick, see e.g., [21], that higher-order convergence can be

obtained by a “digit interlacing” technique if the integrand is sufficiently smooth. Again, in

our numerical experiments this smoothness will be influenced by the smoothness of the random

field and by the order of approximation of the FEM solution. In order to obtain Sobol’ points

with interlacing factor α in s dimensions, one starts with Sobol’ points in αs dimensions and

then “interlaces” α dimensions into a single dimension by interlacing the bits of the points. For

example, for an interlacing factor of 2 we take the binary representations of the Sobol’ points in

the first two dimensions as x = (0.x1x2 · · · xm)2 and y = (0.y1y2 · · ·ym)2 and then form the point

(0.x1y1x2y2 · · · xmym)2. In practice, the interlacing of the Sobol’ sequence can also be done by

interlacing the rows of the generating matrices of the original Sobol’ sequence. The interlaced
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Figure 7: Standard Sobol’ points and Sobol’ point with interlacing factor 2.

Sobol’ sequence points are then generated from these interlaced matrices which have dimension

αm×m. As was the case with the tent-transformed lattice points, we need to ensure that we only

consider estimators where NL is a power of 2 in order to achieve higher order convergence. An

illustration of interlaced Sobol’ points is given in Fig. 7.

3.3.3 Using QMC points for integration against the truncated normal density

Up till now the discussion was centered on quasi-Monte Carlo points which are sampled uni-

formly from the unit cube [0,1]s. In order to use these points for integration against some other

distribution and domain, see Eq. (2), we need to map them to the adequate distribution. This can

be achieved by applying the inverse of the cumulative distribution function component-wise.

Our modeling of the random field, see § 3.2, involves standard normally distributed numbers.

However, for our experiments in which we hope to achieve a convergence better than order 1 in

estimating the expectations, i.e., O(N−1), we will truncate the domain from (−∞,∞)s to [−b,b]s

for some choice of 0 < b < ∞. With respect to our general scheme of approximating Eq. (2)

this will introduce an additional domain truncation error in our sequence of approximations

E[P] ≈ E[PL] ≈ QQMC
L . There is no established analysis for obtaining higher order quasi-Monte

Carlo convergence on the infinite domain (−∞,∞)s, except for on the unit cube, see, e.g., [3,

9]. Therefore, we follow the truncation approach which has been used in other references

as well, see, e.g., [22, 23]. The following errors need to balanced: (1) the Finite Element

discretization error which is adjusted by choosing different discretization parameters L and p,

(2) the dimension truncation error which results from truncating the infinite KL expansion to

only s terms, see Eq. (5), (3) the domain truncation error which results from the truncation of

(−∞,∞)s to [−b,b]s and (4) the quadrature/cubature approximation error which results from

approximating an s-dimensional integral with an s-dimensional QMC rule using NL sample

points. The theoretical analysis and careful balancing of these different sources of error will

be the topic of future research. In this work, we demonstrate numerically that it is possible to

achieve a higher-order convergence.

4 Results

In this section, we present numerical results obtained by applying a tent-transformed lattice

sequence and an interlaced Sobol’ sequence to the slope stability problem introduced in §2.
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Figure 8: The QoI as the vertical displacement of the center point of the upper left element of

the model, indicated by a dot.

Rank-1 lattice points are computed with the Julia package LatticeRules.jl, where the generat-

ing vector z was constructed with the component-by-component (CBC) algorithm with order 2

weights, see [24]. The Sobol’ points are computed with the Julia package DigitalNets.jl, see

[15]. We used the Sobol’ points and the pre-interlaced Sobol’ generating matrices from [16, 25].

Instances of the random field are computed with the Julia package GaussianRandomFields.jl,
see [26]. We use the in-house Finite Element Matlab code developed by the Structural Me-

chanics section of the KU Leuven. All results have been computed on a workstation equipped

with 2 physical cores, Intel Xeon E5-2680 v3 CPU’s, each with 12 logical cores, clocked at

2.50 GHz, and a total of 128 GB RAM.

As the quantity of interest (QoI), we choose the vertical displacement of the center point of the

upper left element of the model, see Fig. 8. By choosing a QoI located inside the element, we

ensure that the displacement is represented by a quadratic polynomial, since quadratic shape

functions are used to compute a displacement at this center point. This approach is followed as

to ensure that the higher-order derivatives are continuous. Between elements there exists only

C0 continuity. However, inside the elements, the continuity is as high as the order of the shape

functions used for the representation of the solution. Hence, we interpolate to a point located

inside the element. The spatial dimensions of the slope, in our slope stability problem, consist

of a length of 20m, a height of 14m and a slope angle of 30◦. The material characteristics are,

a Young’s modulus of 30MPa, a Poisson ratio of 0.25, a density of 1330kg/m3 and a friction

angle of 20◦. Plane strain is considered for this problem. The characteristics of the random

field considered to model the uncertainty in the cohesion of the soil, are given in § 3.2. For the

truncation of the domain, see § 3.3.3, we take a value b = 2, and thus truncated the domain to

[−2,2]s.

First, in §4.1, we numerically verify that each method computes the same expected value. Next,

in §4.2, we show the convergence of the root mean square error of each method with respect to

the number of samples taken.

4.1 Convergence of the Expected Value

In Fig. 9, we show the maximum absolute error on the bound of the 95% confidence interval of

the expected value in function of the number of samples,

Max Error :=max
{ ∣∣∣Q[PL]95%,top−Q[PL,Ref]

∣∣∣, ∣∣∣Q[PL]95%,bottom−Q[PL,Ref]
∣∣∣ }, (17)

where Q[PL] is computed according to Eq. (3) and the top and the bottom of the 95% confidence

interval are obtained by Q[PL]95%,top := Q[PL]+ 1.96VQMC
L and Q[PL]95%,bottom := Q[PL]−

1.96VQMC
L with VQMC

L computed according to Eq. (4) for each method. As the reference value

Q[PL,Ref] we take the average of our final approximations obtained by the interlaced Sobol’
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Figure 9: Absolute error on the expected value in function of the number of samples.

sequence and the tent-transformed lattice sequence, computed with 8192 samples and 8 shifts.

The results from this simulation are chosen, because the root mean square error yields the lowest

value, see Fig. 10, and we thus expect these values to be the most accurate. The numerical values

for Q[PL,Ref] are 0.05415452 for ν1 = 2.0, and 0.05419605 for ν2 = 14.0.

From the graphs in Fig. 9 we can confirm that all estimators converge to the same value. For the

case with ν1 = 2.0 all estimators converge approximately with O(N−1) which is as expected due

to the limited smoothness of the random field. For the case with ν2 = 14.0 we obtain O(N−1)

convergence for the plain QMC sequences, i.e., the lattice sequence and the Sobol’ sequence,

and we observe, as expected, an improved convergence of O(N−1.5) for the tent-transformed

lattice sequence and the interlaced Sobol’ sequence.

4.2 Convergence of the Root Mean Square Error of the Estimator

In Fig. 10, we show the RMSE (root mean square error) of the estimators in function of the

number of samples N, see Eq. (4). We observe that for a smoothness parameter ν1 = 2.0 in

the Matérn kernel, the order of convergence for all approaches is O(N−1) which is as expected.

We do notice that in our example the tent-transformed lattice sequence has an RMSE which

is approximatively a factor 10 lower than the standard lattice sequence. For the case of the

higher smoothness ν2 = 14.0, we observe that using the tent-transformed lattice sequence and

the interlaced Sobol’ sequence achieves an order of convergence close to O(N−1.5). For the

vanilla versions of the lattice sequence and the Sobol’ sequence, a classical quasi-Monte Carlo

convergence of O(N−1) is achieved, as expected. We conclude that the combination of a smooth

random field, i.e., ν large, and higher order elements, in combination with a tent-transformed

lattice sequence or an interlaced Sobol’ sequence shows higher order convergence in our exper-

iment.
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Figure 10: RMSE of the estimator in function of the number of samples.

5 CONCLUSIONS

In this work, we investigated two techniques to attain higher-order convergence by means of

quasi-Monte Carlo methods in approximating expectations in a geotechnical slope stability

problem. These techniques are tent-transformed lattice sequences and interlaced Sobol’ se-

quences. We discussed how the deterministic quasi-Monte Carlo points for these point sets

are obtained. We benchmarked these two techniques on a slope stability problem where the

cohesion of the soil has a spatially varying uncertainty. The uncertainty is represented as a

lognormal random field, and realizations of the random field are computed using a truncated

KL expansion. We illustrated that, for a sufficiently smooth random field combined with tent-

transformed rank-1 lattice points or with interlaced Sobol’ points, and higher order elements, an

order of convergence of O(N−1.5) can be obtained. We compared the numerical results obtained

by these two techniques against numerical results where a standard rank-1 lattice sequence, or

a non-interlaced Sobol’ sequence is used. For these latter two approaches, we observed the

classical order of convergence of O(N−1).
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Abstract. General-purpose uncertainty quantification software has become a well established
requirement in modern engineering workflows. Different communities (e.g. applied maths,
engineering, economics, etc.), however, generally employ diverse arrays of technologies and
workflows, from computing infrastructure to programming languages. To overcome the intrinsic
limitation of a single language, standalone software package, we introduce UQCLOUD, an
OS- and programming language- independent, cloud-based version of UQLAB. UQCLOUD

follows a software-as-a-service (SaaS) model, that allows anyone to take advantage of the well-
established UQLAB suite, without the need to adapt their computational workflows to include
MATLAB.
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1 INTRODUCTION

Including uncertainty quantification (UQ) in modern research and engineering practice has

become a well established trend in the past decades. From academic research to validation,
verification and uncertainty quantification (VVUQ) in engineering design [8], dealing with

uncertainty is becoming a standard requirement, even for regulatory bodies. This trend has

been enabled by the constantly increasing availability of accurate computational models and re-

lated high performance computing infrastructure, and at the same time by recent developments

in general-purpose uncertainty-quantification software. A remarkable offering of the latter is

available at the time of this writing, from the well-established C++-based Dakota project in the

United States [3], to the PYTHON-based Open-TURNS in France [1], the MATLAB-based COS-

SAN in the UK [10], and the more recent, once again PYTHON-based [4] and [9], to mention

a few. Along the same lines, the MATLAB-based UQLAB software framework [5] began its

design and development phase back in 2013, with the goal of providing a state-of-the-art uncer-

tainty quantification software that would be accessible to applied scientists of all backgrounds,

regardless of their programming experience. Given its widespread adoption, counting over

3,500 unique registered users worldwide since July 2015, it is clear that both its set of features

and its intuitive, beginner-friendly interface have hit a sweet-spot in our intended audience.

As an effort to further disseminate the adoption of advanced UQ tools across disciplines,

in 2019 we launched the UQWORLD online community ([6], https://uqworld.org/),

which now counts hundreds of users worldwide. Among the feedback collected by several

users on that platform , what is commonly seen as a deterrent in the adoption of UQLAB in a

number of communities, especially outside engineering, is the programming language choice.

The classical “standalone software” paradigm, poses an important limitation in its adoption,

especially in industrial contexts: it can be difficult to incorporate it into existing workflows that

make use of different software.

Increasing portability outside the pure cross-OS compatibility offered by MATLAB is not an

easy task to achieve. UQLAB has reached a remarkable degree of maturity, with over a hundred

thousands lines of optimized code that in many cases capitalize on the efficient linear algebra

facilities offered by MATLAB. Porting the entire software to a different language would there-

fore be complex both from a technical perspective (significant expertise would be needed in

both the underlying theoretical tools and in the programming language of choice), and from a

practical one (it may result in actually slower results, and it would create a maintenance night-

mare). UQLAB is also an active project, constantly evolving at its own pace thanks to the work

of the researchers and developers from the Chair of Risk, Safety and Uncertainty Quantifica-

tion in ETH Zurich. Adding to this the rapidly evolving landscape of scientific programming

languages (e.g., PYTHON 3 vs PYTHON 2.7, the rise of Julia, the prevalence of C in certain

modeling communities), makes it clear that any port to a specific language would only be a

temporary patch to fix a greater underlying issue.

With this in mind, we started exploring modern alternatives to the classical standalone soft-

ware model, that could provide an OS- and programming-language- agnostic, portable version

of UQLAB. In this contribution we present UQCLOUD, a modern software-as-a-service (SaaS)
incarnation of UQLAB that aims at solving the three key aspects of portability, continuous

integration with the main UQLAB software, and performance.

In this paper we present a brief review of the state of the UQLAB ecosystem, and then

introduce the main structure of UQCLOUD, with an outlook to its implications. To showcase the

advantage of such an infrastructure, we also showcase UQ[PY]LAB, a set of software bindings
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Figure 1: The general UQ framework for managing uncertainty (after [12, 2]) that defines the UQLAB semantics.

that provide full access to UQLAB in PYTHON.

2 THE UQLAB ECOSYSTEM

2.1 The UQLab software framework

At the core of the UQLAB project, lies the UQLAB software framework (www.uqlab.
com), initially released in 2017 after a two years-long beta testing phase. Designed around the

general framework for UQ originally developed in [12, 2] and illustrated in Figure 1, UQLAB

provides a natural sandbox for the design and development of complex UQ analyses, without

requiring extensive technical knowledge from the users. As of March 2021, with over 3,500

unique registered users from 90 countries worldwide, UQLAB has become a household name

in the UQ software community.

In terms of software and development model, UQLAB has reached the maturity stage. At

the same time, its wide adoption in largely different fields (ranging from theoretical physics

to medical engineering, from computational macroeconomics to disease propagation) is a tes-

timony to the growing need of a software designed around perspective users, rather than just

around the profiles of the developers. Its self-imposed target of disseminating UQ outside the

bounds of traditionally UQ-savvy fields has been successfully maintained in the past few years.

UQLAB is a public mirror to the research conducted at the Chair of Risk, Safety and Uncer-

tainty Quantification at ETH Zurich (www.rsuq.ethz.ch). Its scientific content (embedded

in the open source UQLABMODULES) keeps therefore growing at a steady pace, and it is not

expected to relent any time soon.

2.2 UQWORLD: a global UQ community

While on the one hand the rapid diffusion of UQLAB demonstrated that it helped filling

the niche of general-purpose, accessible UQ software, it also highlighted a second need in the

scientific community. Since its early stages, the UQLAB userbase has been highly varied in

the degree of technical skills, academic background, and applications. No single resource,

however, was available to group together such a large melting pot of different professionals. In
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Figure 2: The UQWORLD homepage

2019, the UQWORLD online community [6] was created, with the goal of providing an open

forum for UQ practitioners and experts to get in touch and discuss about their needs, or share

their expertise.

While a section of the community website (see Figure 2) is dedicated to the use of UQLAB,

the vast majority of the available resources are software-independent, and as of today several

hundreds of users interact on the community forums, seeking for answers and providing feed-

back and suggestions. While still in its infancy, UQWORLD is rapidly gaining momentum, and

it provides a good starting point to get a pulse of the needs of UQ practitioners worldwide.

A UQLAB-related topic that comes up the community discussions (see, e.g., https://
uqworld.org/t/matlab-but-but-python-r-c-cobol/147), is the choice of de-

veloping UQLAB in MATLAB. Many community members felt the choice of MATLAB some-

what exclusive, as it does not cater to the entire userbase of UQLAB, something that is essen-

tially impossible due to its sheer variety. With this in mind, we started brainstorming about a

possible solution to this issue, that would not require translating UQLAB in a number of dif-

ferent languages, each with their own strengths and weaknesses, and highly specialized syntax.

The result is UQCLOUD, a modern take on software that is independent on the user platform.

3 INTRODUCING UQCLOUD

3.1 A paradigm shift: from local software, to cloud-based software-as-a-service

UQCLOUD aims at bridging the gap between the UQLAB software and any development

or production environment that does not include MATLAB. Due to the numerous challenges

involved in translating and maintaining several UQLAB variants in different programming lan-

guages, UQCLOUD adopts a more modern software-as-a-service (SaaS) paradigm. In a nut-

shell, it provides an online programming interface (API) that provides UQ computations on

demand, by relying on a UQLAB-powered service running on one or more cloud computing

instances. Because the UQLAB service is a deployed program created through the MATLAB

deployment toolbox, it is itself, as a matter of fact, MATLAB independent.

The UQCLOUD platform consists of several instances that are deployed on cloud premises.

An abstract view of the components of such an instance is shown in Figure 3. Each box denotes
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Figure 3: An abstract view of the components of a UQCLOUD instance.

a containerised computing environment [7]. Such environments are virtual lightweight replicas

of separate computing nodes, each performing a predefined set of tasks.

At the core of UQCLOUD lies the so-called UQLAB engine. It consists of several contain-

ers, the workers. Each worker is designed to execute any UQLAB-related computation that it

is tasked with. To ensure licensing compliance, no MATLAB session is running in any com-

ponent of UQCLOUD. Rather, a standalone UQLAB-based custom designed executable server

is deployed through the MATLAB CompilerTM,1. The workers require therefore no MATLAB

installation (and associated licensing).

In practice, users do not directly interface with the UQLAB workers. Instead, they contact

the API service container, either directly or through dedicated software bindings. The commu-

nication follows the secure industry-standard REST API paradigm (see e.g. [11]). The role

of this service is to receive computation requests from the users and return the results in an

asynchronous manner. Only authenticated users can submit such requests, which serves two

purposes: (1) access control to cloud computing resources, and, (2) performing each UQ com-

putation within a persistent UQLAB session that is dedicated to that user.

The latter is a major requirement for the core UQCLOUD offering, which aims to deliver

virtually all the features provided by UQLAB. In this setting, users can perform arbitrary

workflows regardless of their complexity. This is made possible by an underlying persistent,

user-specific UQLAB session on the cloud that can contain several re-usable INPUT, MODEL

and ANALYSIS objects similar to a native UQLAB session within MATLAB.

Finally, the communication between the API service and the workers is mediated by a task-

scheduler, that deals with the distribution and bookkeeping of user tasks across workers, and

giving appropriate responses to user queries through the API service.

1https://mathworks.com/products/compiler.html
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Such an infrastructure also enable full bi-directional asynchronous communication with the

client. In other words, this provides support for workflows that require computational model

evaluations outside the cloud (e.g. local). This is relevant, e.g., when local software is re-

quired to perform an analysis, or in the case of strict software licensing. As an example, users

can perform reliability analysis on the cloud, but every limit state function evaluation can be

executed on either local or dedicated hardware. This is even supported in adaptive settings,

where continuous transactions between the user and UQCLOUD are needed to identify the most

parsimonious solution path to the problem.

Although one can communicate with UQCLOUD directly through so-called REST API calls

(structured messages in JSON format), this type of communication is recommended only for

very advanced usage, e.g. to interface existing software to UQCLOUD. In general, this lack

of user-friendliness is expected to deter most of the users with limited expertise in implement-

ing such calls. Hence, as an integral part of UQCLOUD, we are also developing user-facing

software bindings. Those are language-specific packages that handle the communication with

UQCLOUD, while providing a near-native UQLAB experience to the end user.

The first such software binding, called UQ[py]Lab, is developed for PYTHON and will be

presented next. Note that, while the software bindings are indeed language-specific, they consist

only of the few hundreds lines of code needed to prepare and interpret the JSON structured

messages needed by the API, a much more manageable cost w.r.t. translating and maintaining

the entire UQLAB software into multiple languages.

3.2 UQ[py]Lab: UQLAB in PYTHON

Arguably one of the more mainstream languages in data science, PYTHON was chosen as

the first language for UQCLOUD bindings, resulting in the UQ[py]Lab package. Although

UQ[py]Lab is still under development (beta stage at the time of writing), it already supports

most of the UQLAB features2.

To showcase this tool, we revisit a textbook UQ problem that was included in [5], where

the UQLAB framework was initially introduced. Consider the truss structure illustrated in

Figure 4. It is characterised by 10 uncertain parameters, namely the Young moduli, E1 and

E2, the beam sections A1 and A2 and the six variable loads, P1, . . . , P6. The input variables

are distributed according to independent lognormal or Gumbel distributions, parametrised by

their first- and second-order moments and all variables are assumed statistically independent.

The failure criterion (limit state) in this analysis corresponds to a threshold on the deflection at

mid-span V1, which is calculated by an in-house simple finite elements model (FEM), available

locally in the native PYTHON file truss.py (within a function called model).

The code that runs the reliability analysis is given in Figure 4 in two flavours. On the left

side, we showcase the standard UQLAB code within MATLAB, whereas on the right side we

show the equivalent UQ[py]Lab code in PYTHON. In both cases, the sequence of commands is

summarised as follows:

• An INPUT object is created, based on the provided information about the distributions of

the input parameters.

• A MODEL object is created by specifying that it is based on a function in a file named

truss_model.m (resp. truss.py, function model) in MATLAB (resp. PYTHON).

In both cases, this script executes the same FEM code.

2https://www.uqlab.com/features
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Truss structure: Parameter distributions:
Name Type μ σ/μ
E1,E2 (Pa) Lognormal 2.1× 1011 10%
A1 (m2) Lognormal 2.0× 10−3 10%
A1 (m2) Lognormal 1.0× 10−3 10%
P1, . . . , P6 (N) Gumbel 5.0× 104 15%

UQLab (Matlab) code:
Input.Marginals (1).Name = 'E1';

Input.Marginals (1).Type = 'Lognormal '

;

Input.Marginals (1).Moments = [2.1e11 ,

2.1 e10];

Input.Marginals (2).Name = 'E2';

...

myInput = uq_createInput(Input)

Model.mFile = 'truss_model ';

myModel = uq_createModel(Model);

Analysis.Type = 'Reliability ';

Analysis.LimitState.Threshold = 0.13;

Analysis.Method = 'IS';

Analysis.MaxSamples = 1e4;

myAnalysis = uq_createAnalysis(

Analysis)

UQ[py]Lab (Python) code:
Input = {

'Marginals ' : [

{'Name' : 'E1',

'Type' : 'Lognormal ',

'Moments ': [2.1e11 , 2.1e10]},

{'Name' : 'E2',

...

]}

myInput = uq.createInput(Input)

Model = {

'Type': 'Model',

'ModelFun ':'truss.model'

}

myModel = uq.createModel(ModelOpts)

Analysis = {

'Type' : 'Reliability ',

'LimitState ':

{ 'Threshold ': 0.13 },

'Method ': 'IS',

'MaxSamples ': 1e4

}

myAnalysis = uq.createAnalysis(

Analysis)

Figure 4: Reliability analysis of a truss structure: problem representation (top left), uncertain input parameters

(top right) and UQLAB/UQ[py]Lab pseudo-code to perform the analysis in MATLAB (bottom left) and PYTHON

(bottom right).
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• An ANALYSIS object is created to perform the reliability analysis. In this example, a

maximum admissible mid-span displacement of 0.13 cm is specified, together with the

reliability estimation method of choice, importance sampling. The maximum allowed

cost is set to 104. After executing the uq_createAnalysis() function in MATLAB

(resp. uq.createAnalysis() in PYTHON), the results are stored in the workspace,

inside the myAnalysis variable.

Next, we would like to highlight the similarity and essential equivalence between the two

versions of the code. The overall simplicity and almost natural-language-based syntax of the

original UQLAB is fully preserved in its python-based counterpart, UQ[Py]Lab. Of course,

language specific choices need to be made, due to the different data structures available in

different languages. As an example, UQLAB makes extensive use of the MATLAB native struc-
tures, which are not available in PYTHON, where they are substituted instead by the equivalent

dictionaries.

Although the user experience with UQ[py]Lab is reminiscent of UQLAB, there are sig-

nificant differences in the actions that take place in the background. In the UQLAB case, all

operations take place locally on the machine of the user. In the UQ[py]Lab case, most of the UQ

computations (creation and evaluation of INPUT, MODEL or ANALYSIS objects) take place

in the cloud instead. The main exception to this is related to computational model evaluations

(non surrogate-based), which are mostly executed locally. This applies to the truss example,

where the FEM code is wrapped inside a PYTHON script that runs locally.

Despite the remote execution, the service latency is minimal (order of milliseconds), provid-

ing a user experience that is very close to standalone local software.

4 CONCLUSIONS AND OUTLOOK

In this work we presented a short review of the state of the UQLAB project as a whole, with

a focus on its latest offspring, UQCLOUD.

To address the growing need of powerful, easy-to-learn UQ software in diverse fields of

applied science and engineering, we introduce UQCLOUD, a programming language- and OS-

agnostic version of UQLAB that runs on the cloud in a SaaS paradigm. We demonstrated

how it can be used through minimalistic software bindings to nearly replicate the full UQLAB

experience without the need of a local MATLAB installation, in PYTHON.

Shifting to a cloud-based software framework has the potential to change the way UQ is

performed, as it can remove the computational burden from the client device. Among others,

we plan on providing bindings in a number of different languages, including Julia, C++/C#, R,

and many others. The development of dedicated online services/mobile applications based on

the UQCLOUD platform, e.g. for sensitivity and reliability analysis, is also planned.

5 ACKNOWLEDGMENTS

This paper is a part of the project “Surrogate Modeling for Stochastic Simulators (SAMOS)”

funded by the Swiss National Science Foundation (Grant #200021 175524), whose support is

gratefully acknowledged.

REFERENCES

[1] Baudin, M., Dutfoy, A., Iooss, B. and Popelin, A.-L. 2015 , Open turns: An industrial

software for uncertainty quantification in simulation, arXiv preprint arXiv:1501.05242 .

216



[2] De Rocquigny, E., Devictor, N. and Tarantola, S., eds 2008 , Uncertainty in industrial
practice – A guide to quantitative uncertainty management, John Wiley & Sons.

[3] Eldred, M. S., Giunta, A. A., van Bloemen Waanders, B. G., Wojtkiewicz, S. F., Hart,

W. E. and Alleva, M. P. 2006 , DAKOTA, a multilevel parallel object-oriented framework

for design optimization, parameter estimation, uncertainty quantification, and sensitivity

analysis, Technical report, Citeseer.

[4] Feinberg, J. and Langtangen, H. P. 2015 , Chaospy: An open source tool for designing

methods of uncertainty quantification, Journal of Computational Science 11, 46–57.

[5] Marelli, S. and Sudret, B. 2014 , UQLab: A framework for uncertainty quantification

in Matlab, in Vulnerability, Uncertainty, and Risk (Proc. 2nd Int. Conf. on Vulnerability,

Risk Analysis and Management (ICVRAM2014), Liverpool, United Kingdom), American

Society of Civil Engineers, pp. 2554–2563.

[6] Marelli, S., Wicaksono, D. and Sudret, B. 2019, The UQLab project: steps toward a global

uncertainty quantification community, Proc. 13th Int. Conf. on Applications of Stat. and
Prob. in Civil Engineering (ICASP13), Seoul, South Korea.

[7] Merkel, D. 2014 , Docker: lightweight linux containers for consistent development and

deployment, Linux journal 2014(239), 2.

[8] National Research Council 2012 , Assessing the reliability of complex models: mathemat-
ical and statistical foundations of verification, validation, and uncertainty quantification,

National Academies Press.

[9] Olivier, A., Giovanis, D., Aakash, B., Chauhan, M., Vandanapu, L. and Shields, M. D.

2020 , UQpy: A general purpose python package and development environment for un-

certainty quantification, Journal of Computational Science 47, 101204.

[10] Patelli, E., Broggi, M., Angelis, M. d. and Beer, M. 2014 , Opencossan: An efficient open

tool for dealing with epistemic and aleatory uncertainties, in Vulnerability, Uncertainty,

and Risk: Quantification, Mitigation, and Management, pp. 2564–2573.

[11] Richardson, L., Amundsen, M. and Ruby, S. 2013 , RESTful Web APIs, O’Reilly Media,

Inc.

[12] Sudret, B. 2007 , Uncertainty propagation and sensitivity analysis in mechanical models
– Contributions to structural reliability and stochastic spectral methods, Université Blaise
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Abstract.
Over the past decade, industrial companies and academic institutions pooled their efforts

and knowledge to propose a generic uncertainty management methodology for computer sim-
ulation. This framework led to the collaborative development of an open source software
dedicated to the treatment of uncertainties, called “OpenTURNS” (Open source Treatment of
Uncertainty, Risk’N Statistics). This paper aims at presenting a new Python package, called
“otbenchmark”, offering tools to evaluate the performance of a large panel of uncertainty
quantification algorithms. It provides benchmark classes containing problems with their refer-
ence values. Two categories of benchmark classes are currently available: reliability estimation
problems (i.e., estimating failure probabilities) and sensitivity analysis problems (i.e., estimat-
ing sensitivity indices such as the Sobol’ indices). This package can either be used for vali-
dating a new algorithm or automatically comparing various algorithms on a set of problems.
Additionally, the package provides several convergence and accuracy metrics to compare the
performance of each algorithm. To face high-dimensional problems, otbenchmark offers
graphical tools to draw multidimensional events, functions and distributions based on cross-
cuts visualizations. Finally, to ensure otbenchmark’s accuracy, a test-driven software devel-
opment method has been adopted (using, among others, Git for collaborative development, unit
tests and continuous integration). Ultimately, otbenchmark is an industrial platform gath-
ering problems with reference values of their solutions and various tools to achieve a robust
comparison of uncertainty management algorithms.
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1 INTRODUCTION

Complex computer simulation often requires implementing uncertainty management meth-

ods to evaluate associated risks, robustness and design margins. Several industrial companies

and academic institutions pooled their efforts and knowledge to propose a generic uncertainty

management methodology for computer simulation. This framework led to the collaborative

development of an open source software dedicated to the treatment of uncertainties, called

“OpenTURNS” (Open source Treatment of Uncertainty, Risk’N Statistics) [3]. Initially created

by EDF R&D, Airbus Group and Phimeca Engineering, later joined by IMACS and ONERA,

OpenTURNS is a generic, modular, transparent and multi-accessibility industrial software ded-

icated to serve several purposes (e.g., uncertainty quantification, uncertainty propagation, sur-

rogate modeling, reliability, sensitivity analysis and calibration).

In the vein of a first bennchmark challenge organized in 2019 (the “Black-box Reliability

Challenge” [12]), this paper aims at presenting a new Python module, called “otbenchmark”1,

which aims at providing several automatic tools to evaluate the performance of a large panel

of uncertainty quantification algorithms by relying on the probabilistic programming frame-

work offered by OpenTURNS. In other words, this module provides benchmark classes for

OpenTURNS. It sets up a framework to create use-cases or problems associated with reference

values. Such a benchmark problem may be used in order to check that a given algorithm works

as expected and to measure its performance in terms of speed and accuracy.

Two categories of benchmark classes are currently provided: the first one is devoted to re-

liability estimation problems (i.e., estimating failure probabilities), the second one is devoted

to sensitivity analysis problems (i.e., estimating sensitivity indices such as the Sobol’ indices).

otbenchmark is currently composed of 26 reliability problems and 4 sensitivity problems.

For all these problems, reference solutions are provided. These solutions are obtained, either

from a crude Monte Carlo estimation with a controlled convergence, or using (when possible)

an exact resolution (e.g., provided by algebraic operations on input distributions). Addition-

ally, otbenchmark provides several convergence and accuracy metrics to compare the per-

formance of each algorithm. Finally, in order to perform a complete benchmark, a loop can be

automatically set to evaluate a large panel of algorithms over the complete set of examples.

Graphical representations are often useful to help the analyst to understand the underlying

behavior of complex reliability or sensitivity problems. Since many of these problems have di-

mensions larger than two, it raises numerous practical issues. otbenchmark offers graphical

tools to draw multidimensional events, functions and distributions based on cross-cuts. Finally,

to ensure otbenchmark’s accuracy, a test-driven software development method was followed

(using, among others, Git and github.com for collaborative development, unit tests and contin-

uous integration).

Thus, otbenchmark is an industrial benchmark platform for uncertainty management al-

gorithms, and can be seen as a versatile tool offering diverse problems with corresponding

solutions, robust metrics and graphical representations for high-dimensional problems.

In this paper, section 2 gives a formulation reminder for reliability and sensitivity prob-

lems, presents the probabilistic programming framework of OpenTURNS and demonstrates the

added value of otbenchmark over the existing benchmark repositories. Section 3 defines the

package’s object-oriented architecture by detailing its main classes. Section 4 introduces the

benchmark problems and the research for the most accurate associated reference values. Fi-

nally, section 5 is an illustrative example of the results automatically produced by the package

1Official repository: https://github.com/mbaudin47/otbenchmark

219
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for a range of problems and algorithms.

2 MOTIVATIONS AND OBJECTIVES

2.1 Reliability analysis and sensitivity analysis formulations

Formally, the general scope of this paper is to address typical problems defined by consid-

ering a model given by 𝑔 : R𝑑 → R
𝑝, for which one considers a set of 𝑑 uncertain inputs 𝑋𝑖

(𝑖 ∈ {1, . . . , 𝑑}) gathered in a random vector 𝑿 ∈ R𝑑 . This random vector is associated to its

joint probability distribution denoted in the following by the joint probability density function

(PDF) 𝑓𝑿 , built from marginal densities and a copula. Propagating the uncertainties can be

achieved through the following relationship:

𝑌 = 𝑔(𝑿) (1)

where the model output 𝑌 is a random variable (either univariate or multivariate). In the follow-

ing, one will only assume a scalar output variable for the sake of clarity (note that OpenTURNS

is not limited to scalar outputs since most of its classes are designed to naturally handle mul-

tivariate outputs). Based on this formulation, several types of analyses, associated to various

quantities of interests can be solved. Among others, one will focus in this paper only on the

following two types of analyses:

• Reliability analysis: in this case, one desires to compute a failure probability, denoted by

𝑝f and defined through a threshold event 𝐸 which characterizes the failure. This quantity

of interest simply reads:

𝑝f =
∫
R𝑑
�𝐸 (x) 𝑓𝑿 (x)dx. (2)

Many standard or advanced algorithms can be used such as, typically, simulation-based

ones (e.g., Monte Carlo sampling, importance sampling, subset sampling), approximation-

based methods (FORM/SORM) or hybrid algorithms (e.g., FORM coupled with impor-

tance sampling, surrogate-model based strategies).

• Sensitivity analysis: in such as case, one desires to compute a sensitivity index (or a set

of indices) which reflects the way an input (or a set of inputs) influence the variability

of an output quantity of interest. For instance, by considering the variance of 𝑌 , one can

compute the well-known Sobol’ indices [14] as follows:

𝑆𝑖 =
Var [E[𝑌 |𝑋𝑖]]

Var[𝑌 ] , 𝑆𝑇𝑖 =
E [Var[𝑌 |𝑿−𝑖]]

Var[𝑌 ] , (3)

where 𝑆𝑖 is the first-order index, 𝑆𝑇𝑖 the total-order index of the variable 𝑋𝑖 and 𝑿−𝑖
stands for 𝑿 without the 𝑖-th component. Several algorithms can be used to estimate

these indices (e.g., sampling-based, surrogate-based or given-data algorithms) [8].

Other types of analyses (e.g., estimating the mean and variance of the model output, calibration,

surrogate model fitting) will be further considered in future work.

These two types of analyses can be performed by using dedicated algorithms proposed in

various open source or commercial software. OpenTURNS is one of them and provides several

classes and algorithms to do so. In the next paragraph, one specifically focuses on a few core

elements of the library and briefly explains why OpenTURNS is particularly well-dedicated to

solve efficiently the problems presented hereabove.

220



Elias Fekhari, Michaël Baudin, Vincent Chabridon, Youssef Jebroun

2.2 OpenTURNS as a tool for uncertainty quantification

Originally founded by an industrial partnership between EDF R&D, Airbus and Phimeca

Engineering in 2005, IMACS joined the OpenTURNS partnership in 2014, followed by ON-

ERA in 2019. As an open source software developed under the LGPL license, OpenTURNS

offers several features: if the core is written in C++, the application programming interface is

in Python which makes it usable as a standard Python library. The architecture of the code is

fully object-oriented and provide a large panel of classes and methods which are supported by

a rigorous continuous integration process which provides a high-quality code for both indus-

trial studies and research projects. The tool, in addition to its development and maintenance,

is intensively used to support several industrial uncertainty quantification studies of the various

partners.

OpenTURNS provides tools for what is usually called “probabilistic programming”, a pro-

gramming paradigm which facilitates the combination of probabilistic objects for statistical

modeling. Among the OpenTURNS probabilistic object used in otbenchmark, the most

iconic ones must be introduced for a better understanding.

The Distribution class defines the probability distribution function of a random vari-

able. It provides more than one hundred methods, including getMean, getStandardDe-
viation, computePDF, computeQuantile, drawPDF, getSample, computeCon-
ditionalCDF, etc. Dealing with a set of random variables (a.k.a marginals) intertwined with

a dependency model (e.g., variance-covariance matrix or copulas) a.k.a a random vector, can

easily be modeled using OpenTURNS.

The SymbolicFunction is an efficient tool one can use when an analytical expression

of the function is known. The additional advantage of this class is evaluating the gradient and

hessian when mathematically defined.

The ThresholdEvent class defines the event which probability is to be estimated. It is

based on a RandomVector, an operator and a threshold. The event occurs when the realiza-

tion of the random vector exceeds the threshold.

Together with these fundamental tools, OpenTURNS contains several algorithms designed

for efficiently solving a large variety of problems as the ones given in Eq. (2) and Eq. (3).

However, such an environment would benefit from a dedicated benchmark platform to assess

the performance of both the existing algorithms in the library together with any new proposed

method which needs to be tested.

2.3 From current benchmark repositories to the otbenchmark package

According to Oxford English dictionary, a “benchmark” is “something that can be measured

and used as a standard that other things can be compared with”. As shown in this section, there is

a long history of benchmark problems in various fields of applied mathematics (e.g., numerical

methods, statistical software, optimization, design of computer experiments and uncertainty

quantification).

Several fields in applied mathematics (e.g., linear algebra, numerical analysis) and computer

simulation benefited from the development of test problems libraries (see, e.g., [17, 7, 6]).

Uncertainty quantification naturally benefited from all the tools developed in those fields. How-

ever, uncertainty quantification problems have something specific that they can involve both of

the previous fields (i.e., statistical inference, numerical integration, optimization). In the re-

cent years, much effort has been put in the development of open source or commercial efficient

uncertainty quantification platforms. However, benchmarking tools have not been deeply ex-
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plored. Well-known repositories of benchmark problems are the Virtual Library of Simulation

Experiments2 managed by S. Surjanovic and D. Bingham [15]. [15], or the one maintained by

the GDR Mascot-Num3 research group. However, as a remark, one can mention that these two

repositories mainly propose test functions in Matlab and R (not Python), but without aiming at

providing an automated benchmark framework.

In 2018, concluding a workshop4 organized by the Department of Structural Reliability at

TNO (Netherlands Organization for Applied Scientific Research) about the computational chal-

lenges and aspects in the reliability analysis of engineering structures, several members of the

community decided to create the first “Black-box Reliability Challenge”, whose first edition

happened in 2019 [12]. For this challenge, almost thirty benchmark problems have been pro-

vided to participants on a public repository5. More details about this challenge and the results

can be found in the websites of the second workshop in 20206. Thus, by providing a set of

reliability problems in open source (available in their original form here7), this first initiative

offered a great opportunity to start with the project of a dedicated benchmark tool: namely the

proposed otbenchmark package.

2.4 Objectives of the proposed tool

The objective of the proposed package is twofold: firstly, the idea is to provide a bench-

mark tool for any potential external user (either an OpenTURNS user or anyone interested in

performing a benchmark); secondly, to provide to the OpenTURNS development team a tool

helping the implementation of new algorithms.

From the external user point of view, one can imagine mostly two possible scenarios:

• (Scenario #1) A user would like to design, implement and test a new algorithm which

is not proposed in the library yet. Then, otbenchmark would provide a range of test

problems and reference values so as to compare the performance of the new algorithm

with respect to reference results (or other existing algorithms);

• (Scenario #2) A user would like to apply, all (or part of) the algorithms available in the

library on a given user-defined problem (e.g., either an analytical or a real industrial black-

box problem).

More generally, in the context of a real industrial problem (e.g., typically a reliability or sen-

sitivity analysis of a complex, potentially costly-to-evaluate, simulation model), a user could

be interested in using this benchmark module as a catalogue of test functions displaying vari-

ous features (e.g., input dimension, independence/dependence of the inputs, distribution types,

rareness of the failure probability) which could help him/her to test, choose and validate a choice

of several “candidate algorithms”.

In the next section, the core architecture of the otbenchmark package is presented.

2http://www.sfu.ca/ ssurjano/index.html
3https://www.gdr-mascotnum.fr/benchmarks.html
4https://www.reliabilitytno.com/
5https://rprepo.readthedocs.io/en/latest/index.html
6https://reliabilityworkshop2020.com/
7https://gitlab.com/rozsasarpi/rprepo/
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3 ARCHITECTURE OF THE PACKAGE

3.1 Classes for reliability problems

In the sequel, ot denotes the short name for the OpenTURNS platform and associated

classes. The basic class for reliability problems is the ReliabilityBenchmarkProblem,

which defines a generic reliability problem. This class defines three constructor parameters:

• name: a string representing the name of the benchmark problem. This is a short string,

typically less than a dozen of characters;

• thresholdEvent: a ot.ThresholdEvent object representing the event to esti-

mate;

• probability: a float which represents the exact probability.

The essential information is the reference probability 𝑝f,ref, which should be as accurate as

possible. The best possible accuracy for a Python float is 53 significant (binary) bits, which

approximately corresponds to 15 (up to 17) decimal digits. If this accuracy is not available,

then a reference value may be used, for example, obtained from a large Monte Carlo sample. In

general, the exact probability should be a constant value, e.g., 0.123456789. However, we may

be forced to compute this probability at the creation of the problem, for example if the threshold

of the problem can be set at the creation of the object. In this case, the unit test must check that

the default value of the parameters correspond to a reference constant value.

The ReliabilityBenchmarkProblem provides several methods, including get-
Event, getProbability and getName, which returns the corresponding attributes. More-

over, other methods are provided, including pretty printing services. More importantly, the

computeBeta method, which computes the Hasofer-Lind reliability index 𝛽HL using the

relationship 𝑝f = Φ(−𝛽HL) [10] based on the reference probability value.

In order to implement a specific reliability problem, a derived class is defined from the

ReliabilityBenchmarkProblem mother class. For example, one can mention the

ReliabilityProblem54 derived from the ReliabilityBenchmarkProblem class

to implement the so-called “RP54” problem. The practical implementation involves the defini-

tion of the input distribution of 𝑿, the model function 𝑔(·) and the threshold value 𝑠. All these

elements are defined within an instance of the ThresholdEvent class.

Specific reliability problems have specific attributes which can be provided in the constructor

of the problem. For example, the ReliabilityProblem28 class provides, as an optional

extra, an attribute to set the mean and standard deviations of the input Gaussian distributions.

The default values of these parameters are the ones which originally defines the reliability prob-

lem, but the user may want to modify these default values, for example to make the problem

easier or more difficult or easier. Thus, the user can tune the problem regarding his specific

needs, but has the drawback to require to update the reference probability 𝑝f,ref depending on

the actual parameters values: this cannot be done with guaranteed accuracy, but for a very

limited number of problems.

The following piece of code provides a step-by-step illustration of how to create a problem,

run an algorithm and compare the computed probability with a reference probability 𝑝f,ref. For

the RminusSReliability (Resistance-Sollicitation) benchmark problem, the Probabi-
litySimulationAlgorithm class from OpenTURNS is used to estimate the probability

based on a sequential Monte Carlo algorithm. After running the algorithm, the probability is

estimated with the getProbabilityEstimate method and the absolute error computed
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using the reference probability provided by the getProbability of the benchmark prob-

lem.

1 # Import the packages
2 import openturns as ot
3 import otbenchmark as otb
4 # Select a problem, get the associated event and the reference probability
5 problem = otb.RminusSReliability()
6 event = problem.getEvent()
7 pfReference = problem.getProbability()
8 # Create a Monte Carlo algorithm and set its stopping criteria
9 algoProb = ot.ProbabilitySimulationAlgorithm(event)

10 algoProb.setMaximumOuterSampling(1000)
11 algoProb.setMaximumCoefficientOfVariation(0.01)
12 # Run the algorithm
13 algoProb.run()
14 # Get the result and compare it to the reference
15 resultAlgo = algoProb.getResult()
16 pf = resultAlgo.getProbabilityEstimate()
17 absoluteError = abs(pf - pfReference)

3.2 Classes for sensitivity analysis problems

The SensitivityBenchmarkProblem class defines a generic sensitivity analysis

problem, depending on the following constructor parameters:

• name: a string representing the name of the benchmark problem. This is a short string,

typically less than a dozen of characters;

• distribution: a ot.Distribution which represents the input distribution of the

random vector 𝑿;

• function: a ot.Function to define the model 𝑔(·);
• firstOrderIndices: a ot.Point representing the exact first-order Sobol’ indices;

• totalOrderIndices: a ot.Point representing the exact total-order Sobol’ in-

dices.

The corresponding get methods provides a way to get the current values of the parameters,

e.g., getFirstOrderIndices and getTotalOrderIndices.

In order to implement a specific sensitivity analysis problem, a derived class of the Sensi-
tivityBenchmarkProblem mother class is provided. This requires to know the reference

first-order and total-order Sobol’ indices for the problem of interest. For some sensitivity anal-

ysis problems, the user is given a leeway to customize more specific parameters. As an exam-

ple, one can mention the G-Sobol’ test function, for which the GSobolSensitivity class

provides the optional parameter a which, by default, contains an array of three floating point

numbers (equal respectively to 0, 9 and 99). In this case, the reference first- and total-order

order Sobol’ indices must be updated according to the actual values of these tuning parameters,

which is easy for the G-Sobol’ test function, but might be more difficult or impossible for some

other problems.
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3.3 Classes to manage the results of a benchmark

When a benchmark problem is run, it is interesting to compare the results obtained by various

algorithms on this problem. To do so, one needs to define the set of features that one wants to

assess.

The ReliabilityBenchmarkResult class is used to define the output of a reliability

benchmark problem. Its constructor parameters are:

• exactProbability: a floating point number representing the exact probability;

• computedProbability: a floating point number representing the estimated proba-

bility;

• numberOfFunctionEvaluations: an integer representing the number of function

evaluations.

Based on these parameters, the class computes several attributes:

• absoluteError: a floating point number representing the absolute error of the esti-

mated probability;

• numberOfCorrectDigits: a floating point number representing the log-relative er-

ror in base 10;

• numberOfDigitsPerEvaluation: a floating point number representing the num-

ber of correct digits per function evaluation.

This last attribute measures the efficiency of the algorithm in computing the significant digits of

the probability (typically, the larger the better).

3.4 Classes to perform a benchmark

The ReliabilityBenchmarkProblemList static method returns a list of benchmark

problems available in the library. In the following example, one gets the list of problems and

compute its length:

14 benchmarkProblemList = otb.ReliabilityBenchmarkProblemList()
15 numberOfProblems = len(benchmarkProblemList)

The number of problems is currently equal to 26. Then the following script performs a loop

over the problems and prints the name, the reference probability 𝑝f,ref and the dimension of

each problem:

16 for i in range(numberOfProblems):
17 problem = benchmarkProblemList[i]
18 name = problem.getName()
19 pfReference = problem.getProbability()
20 event = problem.getEvent()
21 antecedent = event.getAntecedent()
22 distribution = antecedent.getDistribution()
23 dimension = distribution.getDimension()
24 print("#", i, ":", name, " : pfReference = ", pfReference, ",
25 dimension=", dimension)

As a result, the previous script prints:
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Distribution Symbol Parameters PDF

Uniform U (a, b) 𝑓𝑋 (𝑥) =
{ 1

𝑏−𝑎 , 𝑥 ∈ [𝑎, 𝑏]
0 , 𝑥 ∉ [𝑎, 𝑏]

Normal N (𝜇, 𝜎) 𝑓𝑋 (𝑥) = 1√
2𝜋𝜎2 𝑒

− (𝑥−𝜇)2
2𝜎2

Log-normal LN (𝜇, 𝜎) 𝑓𝑋 (𝑥) = 1
𝑥

1
𝜎
√

2𝜋
exp

(
− (ln(𝑥)−𝜇)2

2𝜎2

)
Exponential E 𝜆 𝑓𝑋 (𝑥) = 𝜆𝑒−𝜆𝑥

Gumbel G (𝜇, 𝛽) 𝑓𝑋 (𝑥) = 1
𝛽 exp

(
− 𝑥−𝜇

𝛽 − exp
(
− 𝑥−𝜇

𝛽

))
Table 1: Probability distribution parametrization used in otbenchmark.

# 0 : RP8 : pfReference = 0.000784 , dimension = 6
# 1 : RP14 : pfReference = 0.00752 , dimension = 5
# 2 : RP22 : pfReference = 0.00416 , dimension = 2
[...]

4 DESCRIPTION OF THE BENCHMARK PROBLEMS

4.1 Input random variable parametrization

The first element of a benchmark problem is the input random vector X = (𝑋1, . . . , 𝑋𝑑) ∈
R
𝑑 . Although it might look obvious, precising the way random variables are defined is cru-

cial in the context of a benchmark, especially since several distributions can be parametrized

differently (e.g., the log-normal distribution). Table 1 provides the parametrization used in

otbenchmark. All together, OpenTURNS provides 36 basic probability distributions, which

allow the user to build an infinite number of distributions by truncating, transforming and com-

bining them. Moreover, a large panel of copulas can be used to model input dependency.

4.2 Reliability problems description

As described in the previous sections, a reliability problem is defined by an input random

vector 𝑿, a function 𝑔(·), a threshold 𝑠 and the corresponding reference failure probability 𝑝f,ref.

One of the major challenge of a reliability benchmark is getting the most accurate reference

failure probability. Without such an accurate reference solution, the benchmark is worthless.

Depending on the complexity of the function, the distribution of the input random vector and

the rareness of the failure event, computing 𝑝f,ref can be more or less challenging. The safest

way to achieve this regardless of the previous parameters is using the a very large crude Monte

Carlo simulation, however, this method is very costly.

For some specific cases, one can compute an exact solution using quadrature methods. These

techniques are extremely powerful since they allows to exactly compute the full output distri-

bution 𝑌 without sampling the function. Overall, among the reference probabilities provided in

otbenchmark, some are estimated with a huge Monte Carlo sampling, some are borrowed

from [12] (and the associated references from the literature), while others are computed exactly

using quadrature methods on the input distributions.

The implementation of the exact quadrature computation is problem-dependent and should

progressively be applied to as many problems as possible. These reference values are continu-

ously improved and offer interesting work perspectives. Table 2 presents the current reference

values for 𝑝f,ref available in otbenchmark and the corresponding values of the Hasofer-Lind
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reliability index 𝛽HL. Note that the values tagged with an asterisk (*) differ from the initial

reference probabilities provided by [12].

Table 2: Reliability problems definition.

Problem label 𝑑 𝑝f,ref 𝛽HL

RP8 6 7.84e-04 3.16

RP14 5 7.52e-03 2.42

RP22 2 4.16e-03 2.64

RP24 2 2.86e-03 2.76

RP25 2 6.14e-06 4.36

RP28 2 1.46e-07 5.11

RP31 2 1.8e-04 3.58

RP33 3 2.57e-03 2.8

RP35 2 3.54e-03 2.7

RP38 7 8.1e-03 2.48

RP53 2 3.13e-03 1.86

RP54 20 9.98e-04 3.09

RP55 2 5.6e-01∗ -0.15

RP57 2 2.84e-02 1.91

RP60 5 4.56e-02 1.7

RP63 100 3.79e-04 3.36

RP75 2 1.07e-02 2.33

RP77 3 2.87e-07 5.0

RP89 2 5.43e-03 2.55

RP91 5 6.97e-04 3.19

RP107 10 2.92e-07 5.0

RP110 2 3.19e-05 4.0

RP111 2 7.65e-07 4.81

R-S 2 7.86e-02 1.41

Axial stressed beam 2 2.92e-02 1.89

Four-branch serial system 2 2.19e-03 2.85

4.3 Sensitivity problems description

The otbenchmark package currently contains 4 sensitivity analysis problems. More pre-

cisely, it includes the sum of several Gaussian random input variables, the product of several

Gaussian random input variables, the G-Sobol’ function [13] and the Ishigami function [9].

The first two test functions have variable dimensions. More sensitivity analysis problems will

be added in the next release.

5 BENCHMARK RESULTS

This section presents how otbenchmark allows to compute and compare various metrics

on multiple problems with several algorithms. At first, a simple “for” loop is performed to
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solve each problem with a list of algorithms (e.g., Monte Carlo, FORM, SORM, FORM-IS

and Subset) and compute a list of metrics (e.g., failure probability, number of correct digits,

absolute error). This loop uses the same structure as the one described in subsection 3.4 and

various metrics can be directly computed using the methods described in the subsection 3.3.

In the following, a maximum simulation budget is set to 𝑛max = 104 calls. Such a value is

set for illustration purposes here, even if this budget is clearly not enough to reach low failure

probabilities proposed by some problems. The Monte Carlo algorithm stopping criterion used

is this maximum number of function evaluations (i.e., 𝑛max). FORM and SORM methods are

used with the Abdo-Rackwitz algorithm for the search of the design point [10, 1]. Regarding

SORM, the Breitung approximation formula is used [4]. For the two approximation methods,

the maximum number of function evaluations is set to 𝑛max, the maximum absolute error, maxi-

mum relative error, maximum residual error and maximum constraint error are set to 10−3. The

FORM-IS algorithm [10] first uses the FORM analysis to find the design point and then uses

importance sampling with a Gaussian importance distribution in the standard space, centered

on the design point. The FORM-IS and Subset algorithms [2] are used with the same stopping

criterion as the Monte Carlo algorithm.

Overall, the results are in three dimensions and summarize both the problems, the algorithms

and the metrics. To handle such a complex data structure, the multi-columns DataFrame
class offered by the pandas package [16] is used. In addition to being a reference for data

manipulation, pandas is known to well perform with multi-columns, provides powerful styling

options and allows one to export any DataFrame to a LATEX table. Table 3 is the result of an

automated pandas export of the failure probabilities. It is obvious here that, with such a

limited budget (i.e., 𝑛max), some problems are too difficult for some algorithms which fail to

converge towards the reference failure probabilities. This explains the numerous zero values in

Table 3 (or with an hyphen symbol when one does not want to run the Monte Carlo algorithm

since one already knows it will not converge). Note that the purpose here is not to solve the

problems but discuss the way otbenchmark works, produces, displays and compares the

results.

This short illustration was performed on five algorithms but could easily be extended to

many more reliability analysis algorithms available in OpenTURNS, including the adaptive

directional stratification [11], the multiple design points strategy adapted to FORM/SORM [5]

or FORM-system algorithm [10]. Adaptive surrogate-based algorithms will also be added in

future work.

6 CONCLUSION

The otbenchmark package offers a open source benchmark tool for any user interested in

performing reliability or sensitivity analysis, but more generally, to much more analyses usually

encountered in uncertainty quantification. This versatile tool can serve many objectives such

as helping in the development, testing and validation of new algorithms, or applying several

algorithms to a given problem. It mainly relies on powerful classes and methods inherited from

the OpenTURNS library, but also propose several new classes and dedicated tools specifically

derived for benchmarking purposes. It gives access to a collection of problems with their refer-

ence solutions and allows to compare the performances of algorithms. Moreover, various tools

to make this comparison more automated, robust and visual are available. Several convergence

and accuracy metrics are provided to compare the algorithms performances, graphical tools and

result tables are proposed to ease the results analysis. The quality of the reference values and,

more generally, of the software are of paramount importance to ensure a consistent benchmark.
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Table 3: Estimation of 𝑝f for all the problems using 5 algorithms (𝑛max = 104 calls).

𝑝f,ref Monte Carlo FORM SORM FORM-IS Subset

RP8 7.840e-04 9.000e-04 6.599e-04 7.837e-04 7.737e-04 8.863e-04

RP14 7.520e-03 9.000e-04 7.003e-04 6.988e-04 7.598e-04 8.720e-04

RP22 4.160e-03 3.500e-03 6.210e-03 4.391e-03 4.259e-03 4.117e-03

RP24 2.860e-03 3.600e-03 6.209e-03 6.209e-03 2.749e-03 2.486e-03

RP25 6.140e-06 1.000e-04 2.105e-03 1.064e-05 4.644e-05 3.415e-05

RP28 1.460e-07 – 2.850e-08 0.000e+00 1.332e-07 1.756e-07

RP31 1.800e-04 2.300e-03 2.275e-02 2.275e-02 3.319e-03 3.919e-03

RP33 2.570e-03 1.600e-03 1.350e-03 1.350e-03 2.322e-03 2.718e-03

RP35 3.540e-03 3.000e-03 1.350e-03 2.134e-03 2.377e-03 3.430e-03

RP38 8.100e-03 8.500e-03 7.902e-03 8.029e-03 8.146e-03 7.848e-03

RP53 3.130e-02 3.260e-02 1.180e-01 2.986e-02 3.143e-02 2.971e-02

RP55 5.600e-01 5.660e-01 5.000e-01 1.093e-05 5.645e-01 5.655e-01

RP54 9.980e-04 1.100e-03 5.553e-02 3.552e-03 9.767e-04 9.611e-04

RP57 2.840e-02 2.950e-02 4.504e-01 0.000e+00 2.746e-02 2.772e-02

RP75 1.070e-02 1.030e-02 0.000e+00 0.000e+00 0.000e+00 9.409e-03

RP89 5.430e-03 5.000e-03 2.009e-09 2.009e-09 9.002e-05 5.460e-03

RP107 2.920e-07 – 2.867e-07 2.867e-07 2.896e-07 2.337e-07

RP110 3.190e-05 – 3.167e-05 3.167e-05 3.078e-05 7.116e-06

RP111 7.650e-07 – 0.000e+00 0.000e+00 0.000e+00 7.308e-07

RP63 3.790e-04 1.000e-04 1.000e+00 0.000e+00 0.000e+00 4.063e-04

RP91 6.970e-04 1.000e-03 6.984e-04 7.001e-04 6.964e-04 6.838e-04

RP60 4.560e-02 4.860e-02 4.484e-02 4.484e-02 4.503e-02 4.230e-02

RP77 2.870e-07 – 6.687e-02 6.687e-02 4.002e-07 3.683e-07

Four-branch

serial system

2.186e-03 2.900e-03 0.000e+00 0.000e+00 0.000e+00 2.428e-03

R-S 7.865e-02 7.870e-02 7.865e-02 7.865e-02 7.792e-02 7.633e-02

Axial stressed

beam

2.920e-02 2.690e-02 2.998e-02 2.933e-02 2.867e-02 2.936e-02
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This is managed first by providing reference values as accurate as possible (which may involve,

for example and when possible, exact quadrature calculations). Furthermore, this quality expec-

tation is made achievable using software development methods which includes source version

control (using Git), unit tests, continuous integration and collaborative development. As part

of the otbenchmark development roadmap, one can mention the following prospects: some

of the reference values will be updated using, as much as possible, exact quadrature methods

to get the largest possible number of significant digits for reference values; sensitivity analysis

will be extended to new problems and more investigated; other types of analyses will be also

investigated (e.g., central tendency, calibration).
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Abstract. The paper presents an analytical model for prediction of the peak force in concrete
specimens loaded in bending (both notched and unnotched). The model is capable of predicting
peak force statistics by computing the extreme values of sliding averages of random strength
fields. The local strength of the specimen is modeled by a stationary isotropic random field with
Gaussian distribution and a given autocorrelation function. The averaging operation represents
the progressive loss in material integrity and the associated stress redistribution that takes place
prior to reaching the peak load. Once the (linear) averaging process is performed analytically,
the resulting random field of averaged strength is assumed to represent a series of representative
volume elements (RVEs) and the global strength is found by solving for the minimum of such
an effective strength field. All these operations can be written analytically and there are only
four model parameters: the three dimensions of the averaging volume (RVE) and the length
of the final weakest-link chain. The model is verified using detailed numerical computations of
notched and unnotched concrete beams simulated by mesoscale discrete simulations of concrete
fracture performed with probabilistic distributions of model parameters. The numerical model
used for verification represents material randomness both by assigning random locations to
the largest aggregates and by simulating random fluctuations of material parameters via a
homogeneous random field.
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1 INTRODUCTION

The mechanical responses of heterogeneous quasibrittle materials like concrete are intrinsi-

cally intertwined with non-homogeneity and randomness at finer scales of material resolution.

In order to represent the cascading events of crack nucleation, growth and their interaction a

variety of models have been developed.

Taking into account the spatial variation of material properties is also of paramount impor-

tance in the safety and reliability evaluation of engineering structures. Nowadays, the simplest

and most oft-used method to account for material spatial randomness is classical Weibull theory

[21, 20]. The structure is viewed as composed of many small reference volumes that are inde-

pendent and have random strengths, no redistribution of stresses is considered, and the failure

of any piece of material triggers the failure of the whole system. This holds even for nonuni-

form stress fields: the Weibull theory allows to compute an integral over the structure volume

the result of which can be interpreted as the equivalent number of equally stressed material

elements. The input to this Weibull integral is the shape of the stress field just before failure;

see e.g. Sec. 4.1 in [19] for details. In this approach, all information about the mechanics of

failure is lost, and the structural geometry becomes irrelevant: the integral transforms the struc-

ture into uniaxial bar with a constant stress. Indeed, from the viewpoint of Weibull theory, any

piece of material can be viewed as a chain of elements (in series coupling) and thus statically

determinate. This is unrealistic for real materials. Another caveat relates to the assumption

of the spatial independence of local strengths. Weibull distribution is one of the three stable

forms of extreme value distributions [10]. Its derivation assumes the survival probability of the

structure as the product of survival probabilities of all infinitesimal pieces of material, which

is only correct if these survival probabilities are independent. Spatial correlation incorporates

a length scale, though, and the Weibull theory must be modified accordingly [17]. There is also

a difficulty associated with the correct determination of the effective number of dimensions, as

not only the geometrical similarity influences it. If, for example, a 3D structure fails only after

the whole thickness fails (no matter how much the thickness is), the 3D geometrical scaling rep-

resents 2D scaling in Weibull theory, which is sometimes a source of confusion in experimental

data interpretation; see [19] or Sec. 12.3.3 in [2]. Another example is when the failure can be

triggered by two different and independent failure mechanisms: either a piece of material fails

in the volume or by failure triggered at surface flaw. This is possible in the theory and as the

structure is scaled in 3D, the amount of volume scales with the third power but the amount of

surface material is scaled quadratically. Another problem with a direct application of Weibull

theory based on the elastic stress field is that in cracked bodies or bodies with sharp notches, the

singularity of the stress field causes the Weibull integral to diverge, thus predicting an infinite

effective volume and zero strength. The self-similarity embodied in classical Weibull theory

means that the strength of any piece of material is Weibullian, and only the volume and ef-

fective dimensionality decide the scale parameter; the shape parameter is size-invariant. These

assumptions are not acceptable, and an alternative model must be developed to predict statistical

strength in a manner that reflects the true behavior of heterogeneous materials such as concrete.

In this paper, we use results obtained with a particular class of discrete mesoscale models

[5, 6] which was enhanced [9] by additional spatial variability in material properties via random

fields. The discrete mesoscale models exhibit a certain variability in response due to the ran-

dom placement of numerical aggregates which leads to random dimensions and orientations of

“bars” connecting the aggregate centers. These random geometrical properties, when combined

with deterministic materials properties, lead to scatter in structural response such as the peak
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loads, sequences of local events and the related crack trajectories etc. Studies performed in [9]

showed that scatter is not representing the experimental data obtained with concrete and there-

fore an additional sources of randomness was introduced. Random fields of material parameters

provide spatial variability in a controlled fashion. Not only that the distribution of local prop-

erties can be described by the distribution of a random field, but also the spatial correlation is

under control. It has been found that there exist a meaningful set of parameters of random fields

used for modeling the otherwise deterministic parameters in the discrete model to accurately

mimic the experimental data [9]. However, the connection of these spatial variability param-

eters to material and specimen production is not completely clear. Therefore, one can assume

a range of possible setting of random fields to obtain a range of possible structural responses

when predicting the true behavior.

A systematic study regarding the effect of parameters of the random fields has been per-

formed in [8] to show the effect on both notched and unnotched structural elements made of

concrete. It was shown that notched structures with stress concentration are affected by sta-

tistical variability in a different way than unnotched ones and that behavior of concrete bars

under pure tension may behave very differently depending on a particular realization of the

local strength field. The present paper, which is a promotion of a recent journal paper [18] pro-

vides a simple explanation to the different behavior of notched and unnotched specimens and

proposes a simple analytical model that can replace the expensive random discrete mesoscale

simulations. The analytical model is able to predict the peak force statistics by computing the

extreme values of sliding averages of random strength fields.

2 OVERVIEW OF THE PROPOSED ANALYTICAL MODEL

The Introduction section discussed the classical Weibull theory along with a critique of its

weaknesses. Several assumptions were found unacceptable and therefore an alternative model

for the prediction of statistical strength is developed here so as to better reflect the true be-

havior of heterogeneous concrete-like material. We formulate the following simple hypotheses
embodied in the proposed analytical model:

1. There is a representative volume element (RVE) that can be identified for a given material,

geometry, dimensions, boundary conditions, etc., which is defined in such a manner that

its failure leads to the exhaustion of structural strength (peak load). The dimensions of the

RVE are not dependent on the parameters of the local strength random field. The volume

of structure can be discretized into many RVE subvolumes.

2. Each RVE is composed of many microbonds that contribute to its strength. Within each

RVE, one can define effective strength as the moving average (within RVE volume) of lo-

cal strengths found within that RVE. This RVE strength is random and is a result of com-

binations of both serial and parallel couplings of these microbonds. The inside of each

RVE can potentially undergo stress redistribution in response to a change in the exter-

nal loading. Depending on the redistribution potential of the material, the RVE can have

different degrees of brittleness/ductility and the probabilistic distribution of its strength is

influenced correspondingly. Effective strength may be a random function and it represents

a barrier for the effective stress (action) defined in the next item.

3. During loading, one can define effective stress at each potential RVE center as the local

average of stresses found within that RVE. Thus effective stress is a homogenized part of

stress obtained as an average over the RVE volume defined in item 1. The effective stress

evolves during the loading process.

4. The structure can be discretized into many potential RVEs that may or may not share

234



Miroslav Vořechovský
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Figure 1: Illustration of the transformation of the random 3D discrete mesoscale model into an effective 1D model

of a chain of random RVEs. From the left: unnotched bending, notched bending and uniaxial tension.

an identical level of load expressed via the effective stress. We assume that at the mo-

ment of attaining the peak load of the structure, the inelastic strains localize into a single

macrocrack inside one of the RVEs. At this moment the effective (tensile) strength of that

critical RVE attains its effective stress. This moment corresponds to the structural failure

because the exhaustion of the effective tensile strength of a critical RVE signals the peak

load of the whole structure.

5. The failure of any RVE occurs after redistribution of stresses takes place inside the RVE

volume. The failure typically occurs after many of the bonds within the RVE exceed their

random capacity. The number of these bonds increases with the redistribution potential

expressed via toughness or effective fracture energy. Even though the model features a

strength-based failure criterion, fracture energy influences the dimensions of the RVE.

The effective strength of a potential RVE is effectively Gaussian within a wide range

around the mean strength; the degree of normality (spread of the Gaussian core) increases

with the number of parallel couplings involved in the averaging operation (and thus with

the RVE size). In concrete, the strength probability distribution function can be reason-

ably considered Gaussian in the central region. This distribution can be considered to

have gradual transitions towards power law tails [7, 11, 1, 17].

Item 1 defines the RVE in a different way than is usual in the modeling of heterogeneous

materials. We remark that the term ‘representative volume element’ may have various meanings

[12, 13, 14, 15]. The problem with the definition of an RVE is that it depends on the property is

to be represented [4], and therefore its size depends on the type of treated physical phenomena,

microstructure geometry and the contrast between microstructure constituents [16].

Moreover, the effective strengths of a potential RVE can generally be statistically dependent
and we assume that the effective strength is an autocorrelated random field, which is not con-

sidered in applications of the extreme value theory to the weakest-link model of independent

links. The random field of effective strength is a result of the redistribution of stresses within

an RVE volume/window, and the redistribution is taken into account simply via the moving

average operation. Therefore, the above-mentioned weaknesses of the classical Weibull theory

are removed: stress redistribution is taken into account (it incorporates a length scale) and so is

the spatial correlation of RVE volumes (it incorporates another length scale, the effective auto-

correlation length, which depends on both the autocorrelation of local strengths of a finer scale

and the RVE window size). Another deviation from the Weibull theory is that the distribution of

effective strength is no longer Weibullian (with the size-independent shape and scale parameter

being scaled from a reference one corresponding to a reference size).
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3 APPLICATION TO RANDOMIZED MESOSCALE DISCRETE MODEL

Consider a unit-mean Gaussian random field h(x) where the spatial coordinate x is defined

in three dimensions (the beam volume). This random field represents the local strength (or

simply its dimensionless multiplier as in the current application). It is a random function that

depends on the spatial coordinate, x. We consider h to be a homogeneous random field in the

strong sense, meaning that the distribution of the random field is independent of the location,

and that the autocorrelation structure among the local random variables is also shift-invariant,

i.e. it only depends on the mutual distance between the points. We also consider that h(x) is

ergodic (the spatial average is equal to the ensemble average). Thus, our random field is fully

defined by the constant mean value μh = 1, standard deviation δh and autocorrelation function

ρ(τ ; �ρ), where ||τ || is the lag (distance between two spatial points). This function is considered

to be a separable isotropic Gaussian (squared-exponential) autocorrelation function

ρ(τ ; �ρ) = exp

[
−
( ||τ ||

�ρ

)2
]
=

3∏
v=1

exp

[(
−τv
�ρ

)2
]
, |τv| ≥ 0 (1)

The separability means that the correlation between two different random variables h(x1) and

h(x2) is a product of autocorrelations that depend solely on distances τv, i.e. projections of

the lag ||τ || =
√∑3

v τ
2
v along individual dimensions v = 1, 2, 3. Therefore, for such a fully

separable autocorrelation, we can write

ρ(τ ) = ρ(τ1, τ2, τ3) = ρ(τ1)ρ(τ2)ρ(τ3) (2)

The isotropy means that the autocorrelation length, �ρ, is identical in all three directions.

The additional randomness due to the spatial variability of material properties in the discrete

model is incorporated into the constitutive relation via modifying the main parameters that

control the tensile response of the material unsing a random field h(x). These parameters,

which are associated with the individual contacts/bonds of the discrete model, are the tensile

strength and fracture energy ft and Gt. As discussed in [8], the parameters are randomized via

only one random spatially varying multiplier h(x) in such a way that the local Irwin/Hillerborg

characteristic length is kept unmodified and constant throughout the beam volume. This is

achieved [19] by taking ft(x) = f̄t h(x) and Gt(x) = Ḡt [h(x)]
2
, where f̄t and Ḡt denote the

deterministic model parameters. If h is a constant (independent of x), two beam simulations

that differ only in two values of a random multiplier, say h1 and h2 = c · h1, c > 0, will follow

exactly the same cracking process and the computed forces will simply have a ratio of c.
The probabilistic part of the model is fully characterized by a unit-mean Gaussian homo-

geneous random field h(x) which has two free parameters: the coefficient of variation, δh,

and the autocorrelation length, �ρ, which is the parameter of the selected squared-exponential

isotropic autocorrelation function. The random field is stationary in the strong sense, mean-

ing that the distribution is identical throughout the whole domain (specimen volume), and also

the autocorrelation structure is shift-invariant. In fact, the distribution function of the strength

multiplier, h(x), should be considered to have a modified left tail – it was assumed to follow

Weibull-Gaussian distribution, i.e. Gauss distribution with a Weibullian left tail grafted at very

low probability, see [8]. The cumulative distribution function of Weibullian random variable h
reads FW (h) = 1− exp [−(h/s)m] where m and s are the shape and scale parameters, respec-

tively. The left tail grafted at very small values of strength practically does not influence the

analysis performed here with purely Gaussian distribution.
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Figure 2: Specimen geometry for a) unnotched and b) notched beams loaded in three point bending. The narrow

blocks of dimensions T1, T2 and T3 are the three RVE length parameters of the proposed analytical model.
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Figure 3: Distribution of damage at the inter-particle contacts of one realization of the probabilistic model (	ρ =
25mm) at the peak load (top) and at the termination of the simulation (bottom) of unnotched and notched beams.

For definition of “damage”, please see the description of the mesoscale discrete model in [8].

The random fields used to represent material parameters are generated with various auto-

correlation lengths spanning from �ρ → 0 (independently sampled random variables) up to the

infinitely long autocorrelation length �ρ → ∞, for which the realizations are random constant

functions, and therefore the whole structure shares the same value in a single realization. The

strengths of the beams were statistically evaluated as functions of the autocorrelation length and

variance of the random field.

The model was employed to simulate the three point bending of concrete beams with and

without a central notch, see Fig. 2. Fig. 3 presents examples of the typical patterns of damage

for selected realizations of the random strength field multiplier. One can see that the damage is

more localized in the notched beams.

In the two bending geometries considered here (unnotched and notched three point bend

beams), the identification of the “chain of RVEs” is particularly simple. By studying the stress

fields of the beams in the discrete model at the peak load, we can compute the effective stresses

at the peak load. Fig. 1 illustrates the idealization used in the analytical model. The failure

of the weakest RVE thus corresponds to the flexural strength (peak load) of the beam. Each

of such RVEs is assumed to be a cuboid; see the thin green cuboids in Fig. 2. The series

coupling of potential RVEs over the effective length is depicted in the highly tensioned zones.

At the bottom, the averaged stress fields and a realization of the effective strength field are

depicted together with the decisive macrocrack location. Thanks to the ability to redistribute

stress internally, the tensile stress fields can be considered roughly constant over a certain length

at the bottom part of the beams. To support this claim, the effective tensile stresses obtained

from one realization of the beams modeled by the discrete mesoscale simulations are depicted
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Figure 4: Evolution of the effective stress in three point bend beams as predicted by the discrete mesoscale model.

The line colors correspond to various stages of loading: pre-peak stages (thin blue), peak load (thick black), right

after peak load (thick green) and postpeak stages (red to brown); [18].

in Fig. 4. These profiles of the effective tensile stresses are calculated as sliding averages of

windows corresponding to the RVE sizes (length about 10 mm, depth 40 mm or 50 mm and

beam thickness 40 mm), see below. In the case of unnotched beams, the length of an effective

chain can become as great as 300 mm, which is one half of the bending span. In the notched

beams, however, the length is very limited as the effective stress field is very localized around

the notch tip. Note that the effective stress profile does not have to be constant and more

complicated forms can also be considered when computing this effective chain length. The

effective stress field (action) is considered approximately deterministic from here on. It is true

that the averaged stress exhibits a certain degree of variability influenced mainly by the size of

the averaging window. Indeed, various realizations of the mesoscale model (different positions

of the grains) return slightly different the stress fields. However, the averaging window contains

many grains and therefore the variance in the effective stress can be disregarded; see Fig. 4. A

rigorous approach to incorporate this variability has been presented in [22].

The most important information gained from the analyses [8] performed with the probabilis-

tic mesoscale model is that the volume within which massive redistribution takes place right at

the peak load is almost independent of the parameters of the random field. As shown in [18],

when considering the strengths of individual bonds being described by a random field, the effec-

tive strength parameters of each RVE (an averaging window) can be predicted analytically, to-

gether with the spatial correlation of these averaged strengths. Therefore, the three-dimensional

problem is transformed into a one-dimensional problem (a chain) with an effective strength

variable along the beam span, see Fig. 1. The effective strength becomes a random process that

can be mathematically described as a result of the moving average of a local random strength

field [18].

When this effective strength profile is being attained by a constant effective stress, it suffices

to merely obtain the minimum of a random field over a certain effective length [18].

Since local strengths at the mesolevel are almost entirely Gaussian, the effective strength of

individual potential RVEs is Gaussian, too. This is due to the averaging operation that sup-

presses the tails (by virtue of the central limit theorem the Gaussian core spreads wider). There-

fore, it suffices to focus on the extremes of Gaussian random fields over a closed interval: the

effective length L1. This length must be determined by considering both the stress field and the

properties of the sample paths of the effective strength (its gradients). In the studied examples

of three point bending and tension, the estimation of chain length is provided in [18].
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- coefficient of variation:    h

RVE volume 
dimensions  T1,  T2         
and  T3      (= width b)

Parameters of the averaged random strength field   HT    
- coefficient of variation:    H    
- standard deviation of the derivative HT : 
- autocorrelation-related parameter:

(Eq. 15)
(Eq. 18)
(Eq. 21)

Effective chain 
length  L1

(Tab. 1)

Stress field 
at the
peak load

(Eq. 24)
(Eq. 25)
(Eq. 26)

Peak load without random strength field  h
- mean value:     d
- standard deviation:    d

Random strength field minimum
- distribution function:  g (k, L1)
- mean value:     min 

- standard deviation: min   

Prediction of structural
strength  (Eq. 27) 
- mean value:     p 
- standard deviation:   p   

I nput random field M echanics

A veraging C hain F irst passage problem

P eak load

S trength

Figure 5: Flow chart of the model. The top row represents the input information for the proposed model sketched

in the bottom row. Equation numbers correspond to equations in [18].

3.1 Three point bend beams

The application of the proposed model to bending requires either (i) an analysis of the ex-

ceedance probability function that features non-constant effective threshold (stress) u(x) over

the whole bending span, or (ii) determination of the effective length of chain in which the

macrocracks appear and in which the effective stress can be considered approximately constant.

The first alternative is generally possible, but it leads to a somewhat more complicated formula

for the probability density function of exceedance.

In this work we have selected the assumption of a roughly constant effective stress profile by

taking advantage of the fact that there is an effective chain length L1 which covers the range of

high stresses where a crack occurs and in which the effective stress does not vary considerably.

The flow of the information in the proposed model is sketched in flowchart in Fig. 5. The

information about random strength field (dimensionless local strength multiplier; see box I) is

processed analytically to represent averaging using the estimated RVE size (the three dimen-

sions of RVE can be estimated or identified from a detailed model for the mechanics; see box

M). The result of the averaging operation is a detailed description of the transformed effec-

tive strength random field (A). Another information needed that represents the mechanics is the

stress field at the peak load (M); in particular, we need to estimate the extent of regions that

share almost identical effective stress at the peak load. Using this information and the data from

effective strength random field, the effective “chain length” can be deduced (C). The next step

is simply computation of the minimum strength over the effective length (F). In cases when

there is no other source of randomness, the computed mean value and standard deviation can be

readily used as multipliers of the deterministic peak load. In our case, there is another source of

variability in the peak load predicted by the discrete mesoscale model, see below. This source

is not controlled by the random strength field and therefore this information (P) is additionally

passed to obtain the final result: the prediction of random structural strength parameters (S);

see also Sec. 3.3 on this topic. Note that box (P) can also be used to carry information about

additional sources of randomness independent from local strength random field; e.g. due to

testing imperfections etc.

3.2 Identification of the model parameters

There are in total four parameters of the proposed analytical model that must be inferred (i.e.

identified) from the discrete simulations: T1, T2, T3 and L1; see box M in Fig. 5. These are (i)

the three dimensions of the local averaging RVE window (a volume whose failure triggers the

failure of the whole structure), and (ii) the length of the effective chain (plus the information

about the effective stress function over the length of this chain). The rectangular cubes of the

RVE are assumed to have identical dimensions: the length T1 measured along the beam span,

the depth T2 measured along the vertical axis, and the width T3; see the illustration of one such
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RVE in Fig. 2. With these parameters, the probability distribution function of structural strength

is obtainable analytically [18].

We first focus on the three dimensions of the averaging RVE volume. The width T3 is not

a free parameter: it must be taken as the beam width, b = 40mm, through which the crack

front must pass. The lengths T1 and T2 are two length parameters that must be obtained either

from a nonlinear analysis (e.g. with a discrete model) or estimated. As argued in, e.g. [3, 2], in

the case of modulus of rupture (unnotched beams) there is a boundary layer of microcracking

that develops prior to reaching the peak load. The depth of this layer, Db, is approximately

proportional to the maximum aggregate size, and thus independent of the structural size. We

use the averaging depth T2 ≈ 2Db, which is based on simulations performed in [8]. Indeed, the

lengths T1 and T2 represent the width and depth of the region surrounding the macrocrack that

forms at the peak load, or right after it has been reached: see Fig. 7 in [8]. Numerous analyses

with the discrete model have confirmed that these lengths are not considerably dependent on

the parameters of the random field; they can be obtained from the “deterministic” model in [8].

The depths T2 of RVEs in the case of unnotched and notched beams do not differ much [18].

The averaging dimension T1 is controlled by the irregular inner structure and also by the

macroscopic stress field. In the direction of x1, the averaging width T1 is considered because it

is known that the crack, once it has localized, is not perfectly planar. The width T1 is related

to the maximum aggregate size, dmax = 10mm, and we conjecture that the fracture energy and

the stress field have additional influence: in the case of unnotched beams, we have found that

the crack “planes” are somewhat tortuous and therefore the RVE width T1 is greater than in the

case of notched beams that are exposed to strongly localized stress fields; see Fig. 4. Note that

the relatively large averaging lengths T2 and T3 make the strengths within each RVE almost

constant over directions x2 and x3. The only variability in space takes place along direction x1,

and this is what allows us to perform the one-dimensional idealization into the “effective chain”

of RVEs. The RVE dimensions are thus selected.

The last, fourth, parameter of the model is the effective length L1. It is the extent of the

zone within which cracks will frequently appear in the beam, and is therefore dependent on the

effective stress field (obtained by averaging with the three RVE dimensions). In both types of

beams, however, the length L1 is also influenced by the random field of the effective strength.

This is because both the autocorrelation length and the variance influence the random gradient
of the wavy function describing the RVE strengths along the beam. The effective chain has the

length of the interval where the effective stress may attain the effective strength, and therefore

it depends on both processes, see [18] for more details.

The unnotched beams have, at the peak load, a very long zone of almost constant stress

leading to large L1. These mild functions develop thanks to the redistribution capacity of the

material. The shape of the effective stress (action) is parabolic; see Fig. 4. Therefore, its

gradient is an almost exactly linear decreasing function. The gradient of the effective strength

(barier) is a Gaussian random variable with zero mean and standard deviation δḢT
. The length

over which the two processes can meet is therefore proportional to δḢT
(with the dimension of

load per distance) and inversely proportional to the slope of the decreasing first derivative of the

stress process (i.e. inversely proportional to its constant curvature). The situation is illustrated

in Fig. 6. By displaying several realizations of the averaged random field, one can see how the

strengths compare to the same effective stress profile for various variances and autocorrelation

lengths of the local strength.

In the case of notched beams, the effective stress field is very localized and the length L1 is

very short. The crack must initiate at the notch tip, but various cracks form a “fan” depending
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Figure 6: Illustration of the dependence of effective span L1 (chain length) on the autocorrelation length 	ρ and

variance δ2h of the local (non-averaged) random field, [18]. The effective stress field is depicted for the unnotched

beams. Top row: low variance. Bottom row: large variance.

on the random barrier ahead of the current crack tip.

3.3 Comparison with the discrete mesocale model

Having fixed all the parameters of the proposed analytical model, one could now compare

the model with results of the parametric study presented in [8]. Fig. 7 presents a comparison

between (i) the sets of the random discrete mesoscale simulations (a circle with errorbars rep-

resenting μp ± δp) and (ii) the results obtained by the proposed model (a solid line surrounded

by a scatterband). An excellent agreement between the analytical predictions and the random

discrete mesoscale simulations is obtained for the whole studied range of parameters �ρ and δh
of the local random strength field.

We first comment on the asymptotic behavior, i.e. when the autocorrelation length ap-

proaches either zero or infinity. When �ρ ↓ 0, the local averaging within an RVE effectively

removes any variability in the effective random strength field (δH = 0). Therefore, the chain

strength has zero variance, δmin = 0 and μmin = 1. Thus, the model predicts that the determin-

istic model solely governs the behavior

μp,0 = μd , δp,0 = δd (3)

The results obtained from the random discrete mesoscale model slightly differs for two reasons:

(i) in the random discrete model, there is still room for a limited weakest-link principle, and the

separation of randomness in the “deterministic model” and the local random strength field is

only an approximation; and (ii) the finite size of contacts/particles does not allow �ρ to decrease

below the model resolution. Indeed, especially when the random field variability is high (δh =
0.28), the variability of local strengths is not averaged out completely within the FPZ. However,

the differences between the predictions of the discrete model and the analytical model are minor.

On the other extreme, when �ρ ↑ ∞, the realizations of effective strength processes along the

chain are random constant functions with a unit mean value and a standard deviation that is not

affected by the averaging: δH = δh. Since the chain length L1 = 0, the standard deviation of

the weakest RVE is δmin = δh and the mean value remains μmin = 1. Therefore, the structural

strength is simply the multiple of two independent sources of variability and the mean value
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Figure 7: The mean value and standard deviation of the maximum load computed on unnotched (left) and notched

(middle) beams loaded in three point bending and the tension of half-depth prisms (right) using the probabilistic
discrete mesoscale model, denoted by black empty circles and errorbars. The colored curves show results obtained

with the proposed model based on extremes of averaged random fields. The four different values of standard

deviation (coefficients of variation) of the local strength random fields, δh, are highlighted in the boxes.

and standard deviation as

μp,∞ = μd , δp,∞ =
√

δ2dδ
2
h + μ2

dδ
2
h + δ2d (4)

The match with random discrete simulations is absolute. Here, we recall the explanation from

Sec. 2 of [8] that for �ρ ↑ ∞ the structural strength is simply proportional to variable h. This is

a consequence of the selected alternative of scaling tensile strength, ft, and fracture energy, Gt,

in such a manner that the mesoscale Irwin/Hillerborg characteristic length is kept constant.

Let us now the study the behavior for intermediate values of autocorrelation length. The

monotonic increase in the standard deviation δp(�ρ, δh) of the peak load with an increasing

autocorrelation length �ρ is affected by the averaging volume T1T2T3 via the variance reduction

function. Having a good match with the standard deviation confirms the selection/identification

of the RVE volume. Since T3 must be the beam width b, the only free parameters of the model

are the proportion T2/T1 and the chain length L1. The pair denoted T1 and L1 influences the

dependence of the average strength δp(�ρ, δh) on the autocorrelation length and the random
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field variance. When the autocorrelation length �ρ is roughly of the order of the averaging

length T1, the average strength μp undergoes a noticeable drop, which becomes pronounced

with increasing random field variance. The T1/�ρ ratio is small enough to limit the averaging

effect and yet large enough to activate the weakest-link effect. In this way, the probabilistic

length scale �ρ and the deterministic length scale T1 interact.

A deeper understanding of the mechanisms leading to the drop in average strength for certain

combinations of the parameters of the random field can be achieved by analyzing the presented

analytical model. It is a result of a combination of several factors, among which the derivative

of the effective strength profile, δḢ , plays a role. Indeed, the increase in δḢ is detrimental to the

average structural strength in two different ways:

• The mean upcrossing rate of the averaged random field

• The effective chain length L1 is proportional to the gradient: L1 ∝ δḢ (in bent beams).

The length of the virtual chain is, however, not the only factor influencing the mean strength.

Any increase in �ρ also leads to an increase in the standard deviation of the averaged random

field, which is detrimental to the strength of the chain. The interplay of these effects leads

to the relatively complicated dependence of the minimum average chain strength on the two

parameters of the random field: �ρ and δh. For the studied range of standard deviations δh, the

critical autocorrelation lengths vary between 20 and 35 mm (unnotched beams) and 6–10 mm

(unnotched beams); see the left and middle columns in Fig. 7.

While the strength troughs are very pronounced in the unnotched beams, in notched simula-

tions the average peak load is found to be only very weakly sensitive to the spatial variability

in material parameters. The reason is that the stress concentration is so severe that the crack is

forced to propagate from one specific location (the notch tip) and the spatial variability in mate-

rial parameters is not sufficient to change the location of dissipative processes. In other words,

the weakest-link effect is strongly reduced. However, the standard deviation of the peak load

decreases with the decrease in the autocorrelation length due to the averaging of the fluctuations

within the RVE, which was found to be independent of the applied random field in [8].

4 CONCLUSIONS

This paper promotes a recently published analytical model that predicts statistics for the

random strength of beams made of quasibrittle materials in which strength is assumed to vary

according to a random field, in particular a homogeneous isotropic random field with Gaussian

distribution and an arbitrary separable autocorrelation function. These strength statistics can

also be obtained via costly discrete mesoscale simulation with additional local strength vari-

ability modelled by a random field. We argue that if data obtained from the random discrete

mesoscale model [8] are used, the erratic patterns of local stresses in a concrete body may be

replaced by locally averaged (effective) stresses for the purpose of the overall strength analysis.

Failure becomes governed by a nonlocal criterion. If the local stress average exceeds a critical

threshold at any location, the system (structure) is assumed to attain its peak load. Here the crit-

ical threshold is the effective strength obtained as the local average of strengths with a certain

volume of the heterogeneous material.

The proposed approach relaxes two assumptions of the classical Weibull theory: (i) the con-

sideration of effective strength reflects the progressive loss in material integrity and the associ-

ated stress redistribution within a representative volume element (RVE) that takes place prior

to reaching the peak load and, (ii) the consideration of spatial correlation departs from the

Weibullian assumption of the independence of strengths at various locations. The RVE window

encloses the smallest material volume whose failure may trigger the failure of the whole struc-
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ture. The dependence of its strength on the point variance and on the autocorrelation length of

the random field is elucidated. The analysis provides insight into the interaction between (i)

the probabilistic length scale (introduced via the autocorrelation length of the random strength

field) and (ii) the deterministic length scale (expressed via the dimension of the averaging RVE).

The model is shown to agree well with results obtained for three point bend specimens

with and without a notch that were analyzed using the random discrete mesoscale model.

The uniaxial tension of prisms is shown to exhibit more complicated behavior for which the

model’s assumptions do not hold. The presented model illustrates the transformation of a three-

dimensional structure into a chain of RVEs. In the case of notched beams, the possibility of

sampling a crack location randomly is quite limited by the stress concentration, and thus the

weakest-link principle is suppressed to a high extent. The strength of notched beams is only

modified in terms of its variance, but the distribution of beam strength is almost exactly propor-

tional to the strength of a single RVE. In unnotched beams, the weakest-link principle modifies

the distribution from that of a single RVE to the extreme value type.

The model has the deterministic/energetic features embodied by considering the redistribu-

tion within an RVE (three lengths). Given this simplification and the knowledge of the spatial

variability of local material strength, the entire size effect (the dependence of the mean and stan-

dard deviation of structural strength on size) can be explained from a pure statistical viewpoint.
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1 INTRODUCTION

In many research areas, simulations have become considerably more computationally in-

tensive over time. In the context of surrogate modeling, space-filling designs such as Latin

hypercube sampling or Sobol sequences have been applied to ensure good coverage of the input

space. Furthermore, sequential sampling methods have been given more focus in the past. In

the context of active learning, numerous methods have been developed to achieve an optimal

experimental design [1]. Various methods aim to add new samples in the input space based on

the location of existing samples. For example, distance measures for samples or nested Latin

hypercube sampling may be applied [2, 3]. However, these methods do not take the model eval-

uations for existing samples into account. The goal of sequential sampling methods may thus be

extended to generate new samples based on an existing experimental design, model evaluations

and a surrogate model such that the quality of the surrogate model can be optimally improved

by new samples and model evaluations. Depending on the applied surrogate method, different

sampling methods are available or preferable. For instance, active learning for Gaussian process

regression is investigated in [4] and [5]. For polynomial chaos expansion, active learning has

been frequently applied in structural reliability analysis, e. g. in [6]. In this paper, sampling

methods for Gaussian process regression and polynomial chaos expansion are investigated and

compared.

Because computation cost has become an increasing factor, the opportunity of parallelization

has become more attractive. Parallelized sequential sampling procedures have therefore become

a promising possibility [5, 7]. A certain amount of new samples is generated in each cycle of

the sampling procedure so that model evaluations for the obtained set of samples can be run in

parallel.

For Gaussian process regression, new samples are usually selected at points in the input space

where the maximum prediction variance is present [8]. However, this is not necessarily the

best choice in order to achieve an optimal model improvement. Furthermore, those points are

likely to occur on the boundaries of the input space, especially in high dimensional problems

with a small sample size. A new sample selection technique for Gaussian process regression is

introduced that is based on expected Gaussian process regression models with respect to new

samples.

For polynomial chaos expansion, new samples may be selected based on the information ma-

trix [9]. This matrix is composed of polynomial basis evaluations for each sample, respectively.

For example, D-optimal sampling or S-optimal sampling can be applied to compute new sam-

ples.

The objective of this paper is to put different sequential sampling methods for surrogate models

in a general framework and to include the proposed sample selection technique for Gaussian

process regression. In section 2, essentials about applied surrogate models are outlined. In

section 3, the sampling procedure and sample selection techniques are described. In section

4, a test case is investigated and discussed. Finally, conclusions with regard to the sampling

methods are given in section 5.

2 SURROGATE MODELS

The quantity to be estimated is of the form f : Rp → R which maps inputs x of dimen-

sion p to scalar-valued outputs y. The inputs are assumed to be independent and uniformly

distributed on the interval [0, 1]. If this is not the case, isoprobabilistic transformation, such as

the Rosenblatt transformation, can be applied. The goal is to find a set of sequentially added
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samples xi which yield an optimal surrogate model, i. e. a model with minimum validation

error. The surrogate model is built based on a set of samples and corresponding evaluations

{X,y} : {(xi, yi), i = 1, . . . , n}. In the following, essentials about the applied surrogate mod-

els are given.

2.1 Gaussian process regression (GPR)

Gaussian Process regression, also known as kriging, is a powerful statistical regression tech-

nique originating from geostatistics where the input data is treated as a spatial Gaussian pro-

cess. [10] One crucial advantage of this surrogate method is that, aside from the prediction,

it provides the prediction variance as error indicator. The prediction variance can be used in

sample selection methods.

The prediction is defined as a weighted sum of observations

MGPR(x) =
n∑

i=1

λi(x)yi (1)

where the weights λi depend on the position x in the input space. The weights are calculated

by applying two requirements to the prediction. The prediction MGPR(x) is assumed to be

unbiased with respect to the function f and the variance of the difference between prediction

MGPR(x) and function f is assumed to be minimum. This leads to the prediction value and

prediction variance

MGPR(x) = μ+ k�K−1(y − μ I) (2)

σ2(x) = σ2
0 − k�K−1k. (3)

Here μ = I�K−1y
I�K−1I

is the kriging mean value and Kij = k(xi,xj), ki = k(x,xi), σ0 = k(xi,xi)
where k(xi,xj) is a valid kernel function. In this paper, the radial basis function

k(x,x′) = exp
(−(x− x′)�M(x− x′)

)
(4)

is chosen as anisotropic kernel function. In this expression, the diagonal matrix

M = diag( 1
2l21

. . . 1
2l2p

) contains the length scale parameters li that will be treated as hyperpa-

rameters θ = (l1 . . . lp). The hyperparameters θ are either defined based on prior knowledge or

determined by maximizing the log marginal likelihood [10]

log p(y|X,θ) = −1

2
y�K−1y − 1

2
log |K| − n

2
log 2π. (5)

2.2 Polynomial chaos expansion (PCE)

A truncated polynomial expansion

MPCE(X̃) =
∑
α∈A

βαψα(X̃) (6)

is considered to approximate the function f where X̃ = {X̃1 . . . X̃p} denotes the input variables

as independent random variables with marginal probability density functions {fX̃i
(xi), i =

1 . . . p}. βα ∈ R are the expansion coefficients and ψα(X̃) are the multivariate polynomials

with index α that identifies the polynomials in the finite set A. The polynomials ψα are chosen
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such that they are orthogonal with respect to the probability density function of X̃. Since all

random variables X̃i are assumed to be uniformly distributed, the Legendre polynomials as the

corresponding class of multivariate orthogonal polynomials are used.

The information matrix A ∈ R
n×nα with Aij = ψj(xi) is obtained by evaluating all nα polyno-

mial basis functions for each sample, respectively. This matrix can be used for sample selection

techniques as will be demonstrated later.

The focus of this contribution is on the case where computer model f is computationally ex-

pensive and therefore a limited number of model evaluations is available. A crucial point of

polynomial chaos expansion is that the number of samples must be considerably (about 2 or 3

times [11]) greater than the number of polynomial basis functions. Therefore, a sparse poly-

nomial chaos expansion is favorable. In this paper, least-angle regression [12] is used to find

a sparse polynomial basis A that yields an optimal fit of the sample data while maintaining a

limited number of polynomials. The regression coefficients β = {βα, α ∈ A} are calculated

by a least squares fit according to

β =
(
A�A

)−1
A�y. (7)

The approach of a sparse expansion is suitable especially for high dimensional problems where

full and even truncated designs are problematic regarding the high number of polynomials.

2.3 Model validation

Validation of the surrogate models is conducted by a validation set. The validation set con-

sists of samples from the input parameters distribution and corresponding model evaluations

{(xval,i, yval,i), i = 1, . . . , nval}. The usage of a validation set requires a large amount of addi-

tional model evaluations, which is not appropriate for expensive models. However, in this work

a validation set is used in order to achieve a more accurate surrogate model assessment. For this

purpose, the relative mean square error

εRMSE =
1

σ2
y nval

nval∑
i=1

(yval,i −M(xval,i))
2

(8)

is calculated, where σ2
y is the variance of the model evaluations

σ2
y =

1

nval

nval∑
i=1

(yval,i − μy)
2

with μy =
1

nval

nval∑
i=1

yval,i. (9)

When using demonstrated methods for computationally expensive models, cross-validation

techniques, such as leave-one-out cross-validation or k-fold cross-validation, may be used in-

stead. So, no additional model runs are necessary. For polynomial chaos expansion the leave-

one-out error can be calculated analytically from a single surrogate model [12].

3 SEQUENTIAL SAMPLING

3.1 Sampling procedure

In the beginning, a space-filling sampling method is applied in order to generate a sample set

that is used to build the first surrogate model. In this work, a maximin Latin hypercube design
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with a small number of samples n0 is used. The term maximin refers to a design that aims to

maximize the minimum distance between any two samples in order to improve space-filling

properties [13].

Let ni be the number of desired samples in the i-th sample set. Each sample within a sample

set is added one at a time. After each added sample a new surrogate model is generated based

on the previous sample set and the new sample xi. As evaluation f(xi), the predicted value

from the previous model M(xi) is taken. The goal is to find a new sample xi that improves

the surrogate model based on certain criteria. The idea behind this procedure is known as ex-
pected improvement [7]. In this paper, the treatment of model parameters is emphasized, i.e.

hyperparameters of Gaussian process regression and the polynomial basis of polynomial chaos

expansion.

After each added sample within a sample set, no new information about the true model f is

taken into account. It would be unreasonable to update the model parameters then. Therefore,

they are assumed to remain unchanged in these steps. In case of Gaussian process regression,

the hyperparameters remain unchanged. In case of polynomial chaos expansion, the polynomial

basis remains unchanged.

After applying the space-filling design in the beginning and after each sample set, the function

f is evaluated at all new ni samples. A new surrogate model is built based on all available

samples xi and evaluations f . In these steps, for Gaussian process regression the hyperparam-

eters are updated by maximizing the log marginal likelihood (eq. 5) and for polynomial chaos

expansion, the polynomial basis is redefined by least-angle regression. The process is stopped

when a defined cross-validation condition is fulfilled or when the cost limit for the number of

sample sets m is reached. The sampling procedure is illustrated in Algorithm 1.

3.2 Sample selection technique

Based on the current model Mguess (see Algorithm 1), a new sample xnew is selected based

on a selection technique that is available for the surrogate method.

3.2.1 Gaussian process regression

A new sample is usually desired at the point in the input space where the maximum prediction

variance σ2 (eq. 3) occurs. In order to find that point, a highly nonlinear optimization problem

with usually many local maxima has to be solved. In this work, particle swarm optimization is

used as it has shown good performance in such cases. [14]

However, these points do not yield the best model improvement in general. Here, the model

improvement is assessed by the prediction variance over the whole input space. Especially in

high dimensions, the greatest prediction variance often occurs on the boundary of the input

space. The model improvement is therefore limited to one side in relation to the added samples.

It is thus likely that other adjusted points yield a lower global prediction variance.

A new grid based selection technique is introduced as follows. A Cartesian grid XG with nG

grid points per input dimension is defined on the input space. The total number of grid points is

nG
p. These grid points are used to determine the prediction variance of the obtained surrogate

models. The goal is to find a new sample x0 in the input space which yields the greatest mean

prediction variance reduction of all grid points.

The surrogate model Mguess is evaluated at point x0 in the input space that will be determined by

optimization. The prediction value at this point Mguess(x0) is used to construct a new surrogate
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Algorithm 1 Sequential multi-point sampling procedure for Gaussian process regression

and polynomial chaos expansion.

generate space-filling design X = {xi, i = 1 . . . n0}
y = f(X)
build surrogate model M based on {X,y}�

store hyperparameters θ (GPR) / polynomial basis A (PCE)

for sample set i = 1, . . . ,m:

initialize Xguess = { } , yguess = { }, Mguess = M
for sample point j = 1, . . . , ni:

find xnew based on selection technique for model Mguess

append xnew to Xguess

if j < ni:

append M(xnew) to yguess

build new surrogate model Mguess based on {(X,Xguess), (y,yguess)}

� use previous hyperparameters θ (GPR) / polynomial basis A (PCE)

if j = ni:

append Xguess to X
append f(Xguess) to y
build new surrogate model M based on {X,y}�

update hyperparameters θ (GPR) / polynomial basis A (PCE)

validate model M
break if validation criterion is reached

model M0. The model quality of M0 is assessed based on grid XG. The mean prediction

variance σ2 of M0 over all grid points XG is used as objective function to be minimized with

respect to x0. Again, this is a highly nonlinear optimization problem. Therefore, particle swarm

optimization is used to find x0. Since a new surrogate model M0 has to be built in each iteration

of the optimization, the computation cost is considerably higher compared to the conventional

method. However, since hyperparameters θ remain unchanged in the optimization process, the

cost can be clearly reduced. In case of expensive functions f , this effort may still be worthwhile.

The method is summarized in Algorithm 2.

If modified importance should be assigned to certain regions of the input space or in case of

nonuniform input distributions, a weight function with respect to x may be multiplied to the

prediction variance values for all grid points. Since this is not the case here, i. e. uniform

distributions are assumed, this will not be elaborated further.

3.2.2 Polynomial chaos expansion

Sequential sampling methods for polynomial chaos expansion are described in [11]. These

methods incorporate information matrix A (section 2.2) to find new samples according to

an optimality criterion. D-optimal sampling aims at maximizing the determinant D(A) =

det( 1
n
A�A)

1
nα . This is related to minimizing the variance of the PCE coefficients βα (eq. 6).
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Algorithm 2 Grid-based sample selection technique for Gaussian process regression.

Input: model MGPR
guess, {(X,Xguess), (y,yguess)}, hyperparameters θ

generate Cartesian grid XG = {xG
1 . . .xG

nG
p} over input space

with nG grid points per input dimension (p dimensions)

minimize σ2
m for x0 ∈ [0, 1]p :

y0 = MGPR
guess(x0)

build surrogate model MGPR
0 based on {(X,Xguess,x0), (y,yguess, y0)}

� use hyperparameters θ

σ2
m = 1

nG
p

∑nG
p

i=1 σ2(xG
i ) (mean prediction variance of M0)

return σ2
m

Output: x0 for minimum σ2
m

In this work, S-optimal sampling is used which aims at maximizing the S-value

S(A) =

(√
det(A�A)∏nα

i=1 ‖Ai‖2

) 1
nα

. (10)

While maximizing the determinant, the S-value additionally aims at maximizing the column

orthogonality of A. Here, Ai denotes the i-th column of information matrix A. As denoted

in Algorithm 1, polynomial basis A remains unchanged between added samples within one

sample set. Therefore, the column size of A does not change, but one row is appended with

each added sample containing corresponding polynomial basis evaluations. Hence, least-angle

regression is not conducted in these steps and computation cost is relatively small.

As comparative study, new samples are selected based on a conventional distance-based mea-

sure. Here, a new sample

xnew = argmax
xnew∈[0, 1]p

( min
i∈{1...n}

‖xi − xnew‖2) (11)

is added at the point in the input space that maximizes the minimum euclidean distance to ex-

isting points {x1 . . .xn} in the design. This procedure is known as farthest point strategy [2].

4 TEST CASE

A modified version of the Ishigami function

f(x) = sin(x1) + 3 sin2(x2) + 2x4
2 sin(x1) (12)

is chosen to investigate the sampling methods according to Algorithm 1. The modification is

done in order to obtain a two-dimensional function so that sampling methods can be visualized

graphically.

First, a maximin Latin hypercube design with n0 = 10 samples is generated. Then, five sample

sets are added, each with two samples (ni = 2, i = 1 . . . 5). In case of Gaussian process

regression, initially, the method of selecting samples at maximum prediction variance is applied.

In another experiment, the proposed grid-based method according to Algorithm 2 is applied.
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Figure 1: Gaussian process regression: prediction variance σ2 (eq. 3) with respect to inputs x1 and x2 before

adding the first sample (left) and the second sample (right) of the first sample set. Existing samples are marked as

dots, added samples are marked as crosses.

Figure 2: Gaussian process regression: mean prediction variance σ2
m (Algorithm 2) from the grid-based method

with respect to inputs x1 and x2 before adding the first sample (left) and the second sample (right) of the first

sample set. Existing samples are marked as dots, added samples are marked as crosses.

In case of polynomial chaos expansion, the distance-based criterion (eq. 11) and S-optimal

sampling (eq. 10) are applied to select new samples. In all cases, particle swarm optimization

is used to find such points in the input space. The obtained models M are validated after each

sample set.

For comparison, new samples are generated by standard Monte Carlo sampling using the

same number of samples per set ni = 2, i = 1 . . . 5.

In Figures 1, 2, 3 and 4 the locations of n1 = 2 added samples in the first sample set are

shown for Gaussian process regression and polynomial chaos expansion for chosen sampling

methods, respectively. The same space-filling design is used to allow for better comparison.

In Figure 1, the contour plot indicates prediction variance σ2 of model MGPR
guess that is used for

sample selection. Points with maximum prediction variance after each step are selected as new

samples. In Figure 2, the contour plot shows the expected mean prediction variance σ2
m (see
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Figure 3: Polynomial chaos expansion: distance-based criterion (eq. 11) for new samples with respect to inputs x1

and x2 before adding the first sample (left) and the second sample (right) of the first sample set. Existing samples

are marked as dots, added samples are marked as crosses.

Figure 4: Polynomial chaos expansion: S-value (eq. 10) with respect to inputs x1 and x2 before adding the first

sample (left) and the second sample (right) of the first sample set. Existing samples are marked as dots, added

samples are marked as crosses.

Algorithm 2) that would be expected to result from a new sample at respective points in the

input space. Points with the lowest values of σ2
m are selected as new samples. In Figure 3, the

contour plot indicates the euclidean distance of points in the input space to the closest existing

sample. New samples are chosen that maximize this distance. In Figure 4, the contour plot

indicates the S-value (eq. 10) that is maximized to select new samples.

In all demonstrated cases, the selection of new samples shows to ensure good space-filling prop-

erties. For Gaussian process regression, it can be recognized that new samples are less likely to

occur on the boundary, if the proposed grid-based selection method is applied.

In Figure 5 the validation error εRMSE (eq. 8) is illustrated after each sample set for all investi-

gated sampling methods. The methods are compared to the case where new samples are selected

according to standard Monte Carlo sampling. It is distinct that sample selection methods (Algo-

rithm 1) are superior compared to Monte Carlo sampling. In the considered test case, Gaussian
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Figure 5: Validation error εRMSE for different sampling methods (vertical lines) after each of five sample sets

(horizontal axis). Grey markers show the results for single experiments beginning with new space-filling designs,

while black markers show their mean values with standard deviations.

process regression yields better results than polynomial chaos expansion. This is due to the fact

that the number of polynomial basis functions is very limited regarding the small number of

samples in order to avoid over-fitting. In this work, the maximum number of basis functions

for least-angle regression is updated after each sample set to half of the current sample size. In

addition, the maximum polynomial degree is increased during the sampling procedure.

For Gaussian process regression, the proposed grid-based method yields only vaguely smaller

validation errors compared to the conventional sample selection method for Gaussian process

regression. However, based on the sample selection technique it is presumed that the global

prediction variance reduction over the whole input space is improved through the proposed

grid-based method.

For polynomial chaos expansion, the S-optimality criterion yields slightly smaller errors com-

pared to the distance-based measure. However, it is emphasized, that the polynomial basis is

updated after each sample set. Thus, the optimality criterion may change in such a way that

the chosen samples are not optimal anymore with regard to the new basis. The distance-based

measure has shown to be more robust in very sparse designs (i. e. less than ten samples) and

thus for a small number of basis functions.

5 CONCLUSIONS

Studies on a simple example have shown that proposed multi-point sequential sampling

methods are very promising compared to standard Monte Carlo sampling and should be taken
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into consideration, especially if computationally intensive models are investigated and the nec-

essary sample size for the desired surrogate model quality is not known in advance. For sparse

designs such as in the considered test case, Gaussian process regression appears to be a supe-

rior regression tool compared to polynomial chaos expansion. This is due to great limitations

of polynomial chaos expansion regarding the number and order of basis functions for sparse

designs.

Even though no significant improvement was obtained by using the proposed grid-based sam-

pling technique, it may be worthy to further investigate this method if surrogate model quality

demands are high. The additional computational effort may still be small if computationally

expensive models are investigated. However, it becomes apparent that the conventional sample

selection method for Gaussian process regression, namely to search for points in the input space

with maximum prediction variance, is a sufficient and computationally affordable tool in gen-

eral. Instead of using a fixed grid, other possibilities may be reasonable. For example, a Latin

hypercube design may be used as grid to introduce randomness. The Latin hypercube design

may then be randomly updated after each added sample, so that biases originating from fixed

grid points may be prevented.

The distance-based measure has shown to be a robust and successful tool that can be applied for

other surrogate models as it only considers the input space. If further improvement is desired

for polynomial chaos expansion, optimality criteria such as S-optimality may be applied.
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[9] N. Lüthen, S. Marelli, B. Sudret. Sparse polynomial chaos expansions: Literature survey

and benchmark. arXiv preprint arXiv:2002.01290, 2020.

[10] C. E. Rasmussen, C. K. I. Williams. Gaussian Processes for Machine Learning. The MIT

Press. 2005.

[11] G. Blatman, Adaptive sparse polynomial chaos expansions for uncertainty propagation
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individual variability is negligible but it is an important issue if the individual variability is sig-
nifcant. The mixed-effects models provide a statistical framework to calibrate the parameters of
a model taking into account the individual variability. The objective of this paper is to introduce
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with synthetic data, then with thirteen experimental strain-stress curves of a ceramic matrix
composite material. The robustness of the mixed-effects approach regarding the variability and
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1 GENERAL INTRODUCTION

Model calibration is an active research topic which is common to all scientific domains such

as hydrology [1], economics [2], biology [3] and mechanics [4]. The goal of calibration may

be described as follows: for a given set of experimental observations and a model whose pre-

dictions are controlled by parameters, find the model parameters values that provide the best

adequation between the model responses and the observations. Most of the time, the observa-

tions are noisy, the models may not be able to reproduce perfectly the observations (model bias),

the specimens are subject to variability (due to the production process). As a consequence, the

inferred model parameters are uncertain. Characterizing the uncertainty of the calibrated model

parameters is essential before carrying out further analyses (uncertainty propagation, sensitivity

analysis, etc.).

In the field of mechanics, for a given experiment (a tensile test for instance) and a given ma-

terial, international standards impose to repeat the tests on different specimens of this material

([5] in aeronautics) to quantify the effects of material variability on the mechanical properties

(e.g., the Young’s modulus, the ultimate tensile strength). As a consequence, databases used to

characterize materials are often composed of the results of an experiment on different specimens

of the same material. Taking into account experimental variability in the calibration process is

necessary when the model parameters are sensitive to them.

A large number of calibration procedures exist which are commonly divided into the fre-

quentist [6, 7] and the Bayesian methods [8, 9]. The frequentist approach consists in mini-

mizing over the model parameters a misfit function [6] which quantifies a difference between

the model output and the data. The least-square criterion and other Lp-norms [7, 10, 11] are

usual misfit criteria. In [12], other criteria such as the weighted least squares are proposed. The

results of the calibration depend on the chosen criterion and on the optimization algorithm. An-

other type of criterion commonly used is the maximum likelihood estimator (MLE) [9, 13, 14].

For a given statistical hypothesis over the misfit (e.g., the misfit follows a Gaussian distribu-

tion), the likelihood measures how well the model output matches the data. The frequentist

framework also provides methods to handle the calibration of multiple experiments assuming

a single value for the input model parameters [15]. This scenario can arise if the database is

composed of repetitions of a tensile test. In this case, the criterion to be minimized is a vector

containing the scalar misfit criteria associated to each repetition. To solve such multi-objective

optimization problem, either the problem is transformed into a single objective problem (for

instance by a weighted sum of the objectives) or a multi-objective algorithm is used [16]. In

the multi-objective formulation, the result of the calibration is a set of parameters values called

the Pareto frontier which contains all the tradeoffs between the different misfit criteria. This set

is made of the parameters which are consistent in the Pareto sense with respect to the different

repetitions. In the frequentist framework, irrespectively of the number of misfit criteria, model

parameters are assumed to be deterministic. However, because of the presence of experimental

noises and specimens variability, the model parameters should be considered as uncertain. The

frequentist framework provides methods (such as the asymptotic theory [2, 6, 11] and bootstrap

[9, 17, 18]) to quantify model parameter uncertainties but they 0are mainly dedicated to char-

acterize the experimental noise, not the material variability.

In the Bayesian framework [6, 9], the parameters are considered as random variables. The

aim of the Bayesian inference is to get a description of their probability density function (PDF).
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It relies on an assumed prior density and on a likelihood function. The prior density sums up

the available knowledge before calibration. The choice of the prior may be difficult and has an

impact on the calibration results. As in the frequentist framework, the likelihood function ex-

presses the goodness of fit of a given set of model parameters. The result of Bayesian inference

is a PDF of the model parameters called the posterior distribution or a set of samples of it. This

PDF combines information from the prior density, the likelihood and the available data [6, 8].

Most of the time, the posterior distribution cannot be computed analytically. In case no analyt-

ical expression of the posterior distribution is available, Monte Carlo Markov Chain (MCMC)

methods allow to generate samples from this posterior density [19, 20]. The MCMCs build a

random walk in the parameters space which selects samples of the posterior density[19]. The

properties of the random walk ensure that the approximate posterior distribution converges to

the exact posterior distribution as the number of iterations goes to infinity. Among the MCMC

algorithms, one of the most popular algorithms is the Metropolis-Hastings algorithm [21, 22].

In practice, it may be challenging to define the settings of MCMC algorithms and to ensure an

appropriate convergence to the exact posterior distribution.

Both frequentist and Bayesian frameworks rely on the likelihood function which expresses

the goodness of fit of the model response to the data given a set of model parameters. In the

material engineering literature [23, 24], both approaches make the same hypothesis towards

material variability. Indeed, in the derivation of the likelihood function, it is assumed that all

the specimens can be described by a unique set of model parameters. If the material variability

can be neglected, this assumption is correct and allows to calibrate a single specimen. Under

such an hypothesis, material model calibration has been carried out using both frequentist and

Bayesian approaches. For instance, Avril et al. [23] gave examples of mechanically suited crite-

ria to be minimized in a frequentist approach like the Finite Element Method Updating approach

or the Constitutive Equation Gap Method. Within the frequentist framework again, Chongshuai

et al. [25] calibrated a visco-elastic model and Solanki et al. a non-linear damage model [26].

Bayesian inference has long been applied to mechanical problems. Isenberg presented in [24]

the calibration of elastic properties. Gogu et al. compared results from both frequentist and

Bayesian approaches [27]. Gogu et al. later proposed the identification of elastic properties

using Finite Element Model for composite materials [28]. Non-linear models can also be cal-

ibrated thanks to Bayesian inference. Liu & Au [29] calibrated a non-linear hysteretic model,

Rizzi et al. [30] proposed the identification of a finite element plasticity model and Rappel et
al. calibrated visco-elastic models [31]. Rappel et al. [4] also proposed a tutorial to Bayesian

inference for different mechanical models among which elastic linear, linear elasticity-perfect

plasticity models and viscoelastic models.

When material variability is significant, the specimens should no longer be described by

a unique set of model parameters. It is possible to calibrate individually each specimen, but

the parameter vector inferred on one specimen is not necessarily consistent with the observa-

tions of the other specimens. In fact, the simple likelihood function is not designed to take

into account material variability. The result of this calibration consists of a set of parameter

vectors, one for each calibrated specimen. Yet, these parameter vectors are somehow related

as all of them characterize the same material on which has been carried out the same experi-

ment. Rizzi et al. [30] proposed a way to take into account material variability in the calibration

process. They made the hypothesis that for all the available specimens, the model parameters

vary between a lower and upper bound (defined by expert knowledge through mathematical
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constraints). This is equivalent to assuming that, for all the specimens, the model parameters

are uniformly distributed between those bounds and thus can be approximated with a first order

Legendre uniform polynomial chaos expansion (PCE). The objective was to find the coefficients

of the PCE for each model parameter. This approach is useful as the calibration process tries

to take explictly into account the material variability. However, it does not estimate the param-

eters of every specimen which are necessary for physical interpretations. To sum up, none of

the previous methods allows to calibrate a material model parameter taking into account both

experiment repetitions and material variability.

The aim of this paper is to propose a calibration method compliant with specimens repe-

tition (defined in the following as a population) in the presence of material variability. The

approach relies on mixed-effects models [32]. We seek to demonstrate the ability of the method

to both describe the individual variability and to provide estimates of the individual parameters.

In Section 2.1, the mixed-effects approach is presented. Section 2.3 gives two different methods

to estimate the likelihood function. Then, this new methodology is applied for the first time to a

simplified damage model derived from a material model for ceramic matrix composite materials

(called ONERA Damage Model (ODM) [33, 34, 35]) with four parameters to be calibrated. In

Section 3.3, the method is tested on virtual data to study the calibration methodology settings

and the consequences of the mixed-effects. Then, in Section 3.4, thirteen individual replicate

tensile experiments (that each contains a dozen to a hundred observations) are processed with

the method. The specimens are made of CERASEP A400 [36, 37], a ceramic-matrix composite

material.

2 POPULATION-BASED APPROACH AND MIXED-EFFECTS MODELS

The mixed-effects models and the population-based approaches are now described. The

models are first presented under a general scope to illustrate how this point of view can help to

analyze the material variability (in section 2.1). Then, the models are detailed and specified for

the calibration of a material.

2.1 Introduction to the population-based and the mixed-effects models

Population-based models attempt to describe the variability of physical phenomena observed

in a population of individuals. This type of approaches finds its origin in pharmacometrics

[38, 39] where it is important to quantitatively describe interactions between drugs, diseases and

patients. For instance, during a drug test, every subject is given the same amount of drug but his

response heavily depends on his genome [32, 39]. The mixed-effects notion comes from the fact

that there are “fixed” effects that are shared by the entire population of individuals and “random”

effects that are specific to each individual of the population. For a given model of interest, the

specimen parameters (also referred as the individual parameters) can be decomposed as

individual parameters = fixed effects + random effects (1)

In a mechanical context, if the studied parameter is the Young’s modulus, Eq.(1) states that

the Young’s modulus of each specimen is the combination of a reference value (for instance

given by the producer) and of a deviation due to the production process. Depending on the

relationship between the input parameters and the responses, linear [40, 41, 42] and non-linear

[43] mixed-effects models have been developped.

In Figure 1, the differences between the classical and the population-based approach are

highlighted. On the left of the Figure, in the classical approach, the underlying hypothesis is that

261



C. LABOULFIE , M. BALESDENT, L. BREVAULT, S. DA VEIGA, F.-X. IRISARRI, R. LE RICHE, J.-F.
MAIRE

Figure 1: Comparisons of the assumptions made with respect to the individual variability in the

classical approach (left) and in the population-based approach (right).

all the specimens can be described by a unique set of parameters. In the population-based ap-

proach (on the right), each sample is assigned a set of parameters. In the mixed-effects models,

it is assumed that there exists an underlying probability distribution (noted fΘ) whose outcomes

are the individual parameters set θ1,θ2, . . . ,θn with n the number of individuals [32, 44]. This

is an improvement from the classical approach as it establishes a relation between the individ-

ual parameters set. In this framework, both the underlying probability distribution of the model

parameters and the value of the individual parameters are determined. In addition, it remains

possible to include other sources of uncertainty (experimental noise, model bias, etc.) on the

individual parameters.

Thanks to its ability to describe individual variability, the population-based approach is used

in cases where this variability is important. To the best of our knowledge, this approach has

never been applied to material models to account for the variability introduced by the repetition

of mechanical tests over a population of specimens.

2.2 Formalization

We now describe the mixed-effects approach of [32, 44] in the context of of tensile tests

performed on different specimens. All the specimens are samples from the same material, for

example SiC-SiC composites CERASEP A400. They share the same dimensions and features.

There are n specimens and i ∈ �1, n� is the corresponding index. The number of observations

the ith specimen (or individual) is Ni and j stands for the index of the j th measure (with j ∈
�1, Ni�). The j th output measure of the ith individual is labeled as yij and tij stands for the

j th input measure of the ith individual. The random vector of the output measures of the ith

individual is written Yi and its outcome yi = (yij)j∈�1,Ni�. The set of parameters of the ith

individual is denoted θi = (θ1
i ,θ

2
i , . . . ,θ

d
i ) ∈ R

d, with d the number of model parameters to be

calibrated. The model of the material is noted F(·). PDFs will be noted by the generic letter f .
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2.2.1 Mixed-effects models approach

The mixed-effects framework [32, 44] assumes that there exists a probability distribution fΘ
whose outcomes are the individual parameters:

∀i ∈ �1, n�, θi ∼
i.i.d.

fΘ (2)

where i.i.d. stands for independent and identically distributed. Both fΘ and the θi are unknown

and the aim is to determining them. In addition, if fΘ is parametric (Gaussian distribution

for instance), Π stands for its parameters and fΘ = fΘ,Π. Identifying fΘ,Π is tantamount to

determining Π. Given Π and θi ∼ fΘ,Π ∀i ∈ �1, n�, the model output yi can be written as:

∀i ∈ �1, n�, yi ∼
i.i.d.

F(·,θi) + ξ (3)

In Eq. (3), ξ stands for the random vector of the errors. It represents the experimental noise and

the model bias. Without any other hypothesis, the outcomes of ξ labeled (ξij)(i,j)∈�1,n�×�1,Ni�

are different for each individual and for each observation. The global mixed-effects models for

the j th output measure of the ith individual yij reads:

yij = F(tij, θi) + ξij (4)

Classically, several additional hypotheses are assumed. First, fΘ,Π is chosen to be a multivariate

Gaussian distribution (of dimension d):

fΘ,Π = N (μ,Σ) (5)

with μ ∈ R
d the mean vector and Σ ∈ Md(R) the covariance matrix. This choice has to be

made taking into account expert knowledge, experimental and physical problem characteristics.

As a consequence, individual parameters can be written as follows

θi = μ+ bi (6)

with bi ∼
i.i.d.

N (0,Σ). Comparing Eqs.(1) and (6), μ stands for the fixed effects (the same for

the whole population) and bi the random effects (different for each individual). The second

hypothesis is that for each individual and each measure, the error term is a Gaussian white

noise (no bias, no correlation):

ξij ∼
i.i.d.

N (0, ωij) (7)

with ωij the variance of the noise of the j th output measure of the ith individual. The noise

further is supposed to be homoscedastic, that is to say ωij = ωi ∀ (i, j) ∈ �1, n� × �1, Ni�.

Finally, the vector of parameters to be calibrated is denoted Ψ :

Ψ =
(
μ, Σ, Ω

) ∈ R
n+d+

d(d+1)
2

with Ω = diag(ω1, . . . , ωn). The mixed-effects models seek Ψ and gives an estimate of the

individual parameters (θi)i∈�1,n�.
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2.2.2 Likelihood of mixed-effects models

The calibration is often achieved by maximizing the likelihood of Ψ,L(Ψ) = f(y1, . . . ,yn|Ψ),
even if other methods can be found to estimate Ψ [45].

The first step consists in writing the PDF of ouput measurements for a given set of individual

parameters and error term. Combining the Eqs.(4) and (7), this density is expressed as:

f(yi|θi, ωi) =
1

(ωi

√
2π)Ni

Ni∏
j=1

e
− 1

2

(
yij−F(tij ,θi)

ωi

)2

(8)

The individual parameters are distributed according to a Gaussian PDF (Eq.(5)). For a given Ψ,

their density can be written as follows:

f(θi|Ψ) =
1√|Σ|(2πd)

e−
1
2
(θi−μ)TΣ−1(θi−μ) (9)

Following the use of the conditional probability rule, the PDF of the individual parameters θi

and model output yi for a given Ψ, that is to say f(yi,θi|Ψ), is:

f(yi,θi|Ψ) = f(yi|θi,Ψ)f(θi|Ψ) (10)

Using Eqs.(8), (9) and (10), f(yi,θi|Ψ) can be written as :

f(yi,θi|Ψ) =
1

ωNi
i

√|Σ|(2π)Ni+d
e
− 1

2

(
(θi−μ)TΣ−1(θi−μ)+

∑Ni
j=1

(
yij−F(tij ,θi)

ωi

)2
)

(11)

Because the θi’s are not observed, The likelihood of the ith individual Li(Ψ) is the integral of

f(yi,θi|Ψ) with respect to all possible θi over Rd :

Li(Ψ) =

∫
Rd

f(yi,θi|Ψ)dθi (12)

Under the assumption of independent individuals, the likelihood of Ψ reads as the product of

all the individual likelihoods,

L(Ψ) =
n∏

i=1

Li(Ψ) (13)

The maximum likelihood estimator Ψ̂ is obtained as the result of the following maximization

problem over the set of all the possible parameters Ξ:

Ψ̂ = argmax
Ψ∈Ξ

L(Ψ) (14)

In practice, the log-likelihood is computed to ease numerical optimization.

Mixed-effects models approach consists in calibrating a (multivariate) probability distribu-

tion. To do so, a minimum number of samples is required. However, in the material field, the

number of repetitions of a given experiment is small (in the order of 10 for some tests, see [5]

for tensile tests). This has to be confronted with the number of parameters to be calibrated

which is here in O(n + d2). As a consequence, the chosen modeling must be consistent with

the available number of repetitions.
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2.3 Computing the likelihood

The evaluation of the likelihood function requires to compute the individual likelihoods,

which imply to estimate the multi-dimensional integrals of Eq.(12). A fundamental method to

compute the integral is the Monte-Carlo method [46]. To compute the integral of a function g(·)
with respect to any density f , the Monte-Carlo method works as follows: samples are generated

with respect to the PDF f (potentially with MCMC methods); the integral is approximated as

the empirical mean of the function g(·) calculated at each sample. The main issue is that the

sampling density f(θi|Ψ) does not necessarily generate model parameters that result in a proper

adequation of the model responses and the observations. Therefore, the likehood function often

collapses to 0. In order to generate model parameters that better suit the observations, an im-

portance sampling scheme (written MCMC-IS) [32, 47] is implemented and described next. It

will be compared to another usual methods to compute multidimensional integrals, the Laplace

approximation [48]. This approach is based on an approximation of the integrand. It does not

involve any sampling technique but requires to perform an auxiliary minimization.

2.3.1 Computation of the likelihood by importance sampling

Importance sampling scheme belongs to the same family of integration schemes as the clas-

sical Monte-Carlo [9]. An auxiliary PDF is used to generate samples in place of the initial

density function. The idea is to generate model parameters associated to the model responses

that are more consistent with the available observations. As a result, the likelihood function

does not collapse to 0, a necessary condition for its maximization. The integral of Eq.(12) is

rewritten as follows:∫
Rd

f(yi|θi,Ψ)f(θi|Ψ)dθi =

∫
Rd

f(yi|θi,Ψ)
f(θi|Ψ)

πi(θi|Ψ)
πi(θi|Ψ)dθi (15)

with πi(θi|Ψ) the importance sampling density. The chosen importance sampling density is

πi(θi|Ψ) = f(θi|yi,Ψ) which allows to generate model parameters conditioned on both Ψ
and the available observations yi. To compute the integral in Eq.(15), it is necessary to generate

samples from πi(θi|Ψ) which can be done with MCMC methods since this density is known up

to a normalization constant (with respect to θi). Indeed, the conditional probability rule gives

f(θi|yi,Ψ) =
f(yi,θi|Ψ)

f(yi|Ψ)
(16)

and the numerator is known from Eq.(11). It can be noticed that the denominator which appear

in Eq.(16) is in fact the individual likelihood Li(Ψ) defined in Eq.(12). Computing the integral

requires to evaluate f(yi|θi,Ψ) (which is known in closed form with Eq.(8)) and the importance

sampling ratio
f(θi|Ψ)
πi(θi|Ψ)

(which demands to evaluate f(θi|yi,Ψ)). Samples can be generated

thanks to MCMC technics but it remains necessary to evaluate the PDF value f(θi|yi,Ψ). To

provide an estimation of f(θi|yi,Ψ), it is possible to use Kernel Density Estimation methods

[49]. However, with such methods, the accuracy of the PDF estimation decreases when the

dimension of θi increases. Therefore, it is instead decided to approximate this density by

πi(θi|Ψ) = N (m(θi,yi,Ψ), C2(θi,yi,Ψ)) (17)

with m(θi,yi,Ψ) = E(θi|yi,Ψ) the empirical mean of the MCMC samples of f(θi|yi,Ψ)
and C2(θi,yi,Ψ) = V(θi|yi,Ψ), the empirical covariance matrix with only diagonal terms in
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Md(R). Finally, for M i.i.d. samples generated with respect to πi(θi|Ψ) as defined in Eq.(17)

(labeled θ̃
k

i , k ∈ �1,M�), the integral of Eq.(15) is approximated as follows:∫
Rd

f(yi|θi,Ψ)f(θi|Ψ)dθi ≈ 1

M

M∑
k=1

f(yi|θ̃
k

i ,Ψ)
f(θ̃

k

i |Ψ)

πi(θ̃
k

i |Ψ)

This computation is carried out for each individual likelihood (typically the likelihood associ-

ated to each specimen). The most computationally demanding part of the likelihood estimation

is the generation of MCMC samples which requires thousands of repeated material model eval-

uations.

2.3.2 Computation of the likelihood through the Laplace approximation

The Laplace approximation [50] applies to integrals of the type

A =

∫
Rd

eh(x)dx

with h(·) a function which complies with some constraints:

1. h(·) admits a global maximum x0 that belongs to the integration interval,

2. h(·) is a twice-differentiable function,

3. its Hessian matrix computed at x = x0 is a symmetric definite negative matrix.

The main idea is to state that only points close to x0 significantly contribute to the integral.

The different calculations that allow to establish the equations of the Laplace approximation are

presented below. The Taylor expansion of h(·) at x0 can be written as :

h(x) = h(x0) + (x− x0)
T∇h(x0) +

1

2
(x− x0)

TH(h)(x0)(x− x0) + o(‖x− x0‖2) (18)

with:

• ∇h(x0) = ( ∂h
∂xi

(x0))i∈�1,d� the gradient vector of h(·) at x0,

• H(h)(x0) = ( ∂2h
∂xi∂xj

(x0))(i,j)∈�1,d�2 the Hessian matrix of h(·) at x0.

As x0 is the global maximum, the gradient vanishes and the substitution of h(x) in Eq.(2.3.2)

by its approximation determined in Eq.(18) gives:∫
Rd

eh(x)dx ≈
∫
Rd

eh(x0)+
1
2
(x−x0)TH(h)(x0)(x−x0)dx = eh(x0)

∫
Rd

e
1
2
(x−x0)TH(h)(x0)(x−x0)dx

(19)

H(h)(x0) is symmetric definite negative so −H(h)(x0) is symmetric definite positive. As

a result, in Eq.(19), the integrand is a Gaussian PDF of mean x0 et and covariance matrix

−H(h)(x0)
−1. As a PDF always integrates to 1,∫

Rd

e−
1
2
(x−x0)TM−1(x−x0)dx = (2π)

d
2

√
|M | (20)
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Applying Eqs.(19) and (20), the Laplace approximation of A is obtained as

A ≈ eh(x0))
(2π)

d
2√|−H(h)(x0)|

(21)

For a given Ψ = (μ,Σ,Ω), the individual likelihood reads as [48]

Li(Ψ) =

∫
Rd

f(yi|θi,Ψ)f(θi|Ψ)dθi =

∫
Rd

1

(ωi

√
2π)Ni

√|Σ|(2πd)
e
− gi(μ,Δi,yi,bi)

2ω2
i dbi (22)

with θi = μ + bi where μ stands for the mean (i.e. the fixed effects) and bi are the individual

deviations (i.e. the random effects). Δi is the result of the Cholesky decomposition of ω2
iΣ

−1

(so ω2
iΣ

−1 = ΔiΔ
T
i ). The function gi(·) is defined by

gi(μ,Δi,yi,bi) = ‖yi −F(ti,μ+ bi)‖2 + ‖Δibi‖2 (23)

The Laplace method is applied in two steps:

1. Search for the individual parameters (or rather the deviations), b̂i, minimizing gi(·) (23),

2. Computation of the Laplace approximation with formula in Eq.(21).

The Hessian matrix of gi(·) at b̂i is [48]:

H(gi)(b̂i) =
∂2F(μ,yi, b̂i)

∂bi∂bT
i

(yi−F(μ,yi, b̂i))+
∂F(μ,yi, b̂i)

∂bi

T
∂F(μ,yi, b̂i)

∂bi

+ΔT
i Δi (24)

In practice,
∂2F(μ,yi,b̂i)

∂bi∂bT
i

(yi − F(μ,yi, b̂i)) can be neglected if the model F(·) is close enough

to the experiment yi [51]. The term
∂F(μ,yi,b̂i)

∂bi
is evaluated using a finite difference scheme. As

a result, the negative log-likelihood is finally expressed as:

− ln(L(Ψ)) = −
n∑

i=1

ln (Li(Ψ)) = −
n∑

i=1

ln

(∫
Rd

f(yi|θi,Ψ)f(θi|Ψ)dθi

)

≈ n

2
ln(|Σ|) +

n∑
i=1

(
1

2
ln(−|H(gi)(b̂i)|) + gi(μ,Δi,yi, b̂i)

2ω2
i

+Ni ln(ωi

√
2π)

)
(25)

In both approaches (MCMC-IS and Laplace), the computation of the different individual

likelihoods is independent. As a result, to reduce the computational time, the calculation of the

individual likehoods is performed in parallel.

2.4 Maximizing the likelihood

Now that the expression of the likelihood for a mixed-effects model has been established,

the model parameters can be estimated by maximizing it, or equivalently (although numerically

better conditioned), by minimizing minus the log-likelihood,

Ψ̂ = argmin
Ψ∈Ξ

− ln(L(Ψ)) (26)

267



C. LABOULFIE , M. BALESDENT, L. BREVAULT, S. DA VEIGA, F.-X. IRISARRI, R. LE RICHE, J.-F.
MAIRE

Remember that computing the likelihood is numerically challenging as it is necessary to es-

timate a multi-dimensional integral with respect to the unobserved variables Eq.(12). To solve

the minimization problem (Eq. (26)), the first possibility is to rely on gradient-based algo-

rithms which need either to compute the gradient or an approximation of the gradient of the

objective function. Here, the gradient of − ln(L(Ψ)) with respect to Ψ is difficult to compute

analytically. The application of classical differentiation formulas shows that it is necessary to

differentiate the individual likelihoods which is a tricky task as it requires to differentiate the

integral of Eq. (12). Indeed, differentiating the integrals is difficult as both the integrand and

the integration variable depend of Ψ via Eq. (2). A second possibility is to use gradient-free

optimization algorithms such as evolutionary algorithms but they tend to require too many like-

lihood estimations. As a result, neither gradient-based algorithms nor evolutionnary algorithms

are used in this paper to solve the problem defined in Eq.(26).

Others methods based on likelihood maximization include the Stochastic Approximation Ex-

pectation Maximization algorithm (SAEM) [47]. The algorithm is an adaptation of the classical

Expectation Maximization algorithm which uses a stochastic approximation of the likelihood

[52]. The algorithm builds a sequence of estimate of Ψ, (Ψk)k∈N which converges to the exact

optimal value of Ψ under regularity assumptions on the likelihood [47]. This algorithm is im-

plemented for instance in the toolbox SAEMIX [53].

In the current work, to speed-up the convergence of the optimization, a Bayesian optimiza-

tion scheme is chosen [54]. Bayesian optimization works as follows. The search starts by

computing the objective function over a design of experiment (DoE) a latin hypercube sam-

pling [55] for instance. Next, a surrogate model of the objective function is constructed with a

Gaussian process [56]. The Gaussian process allows the defnition of an infill criterion (here the

expected improvement [57]) which is maximized in the search space Ξ to determine the location

where the next exact likelihood function should be evaluated. The procedure is repeated until a

stopping criterion is met, here a maximum number of likelihood estimations.

2.5 Estimating the individual parameters

The mixed-effects models approach allows to infer the individual parameters. With the two

methods (Laplace approximation and importance sampling scheme) chosen to compute the like-

lihood, individual parameters are by-product of the likelihood function calculation at Ψ̂. In

the importance sampling scheme, individual parameters are predicted as the mean of the PDF

πi(θi|Ψ), i.e., the empirical mean of θi|yi,Ψ. Note in passing that MCMC samples can be

used to propagate uncertainties through the model. With the Laplace approximation, individual

parameters are computed through the minimization of function gi(·) at Ψ̂ and θ̂i = μ + b̂i.

These individual parameters can be interpreted as the mode of f(θi|yi, Ψ̂).

3 APPLICATIONS

In this section, the mixed-effects methodology is applied to the calibration of amaterial model

of ceramic-matrix composite materials called the ONERA Damage Model (ODM) and pre-

sented in [33, 34, 35]. The ODM model is presented in Section 3.1. In Section ??, the choices-

regarding the statistical model. In Section 3.3, the approach is tested on synthetic experimental

data in order to carry out different sensitivity analyses of the method. Eventually, in Section

3.4, real experimental data are calibrated.
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3.1 The ONERA Damage Model

A simplified uni-axial version of the ODM model is now presented. The stress (in MPa) will

be labeled σ and the strain (without units) ε. The strain-stress relation is

σ(t) = Eeff(ds(t))ε(t)− E0εr(t) (27)

with E0 the Young’s modulus, Eeff the effective Young’s modulus which takes into account the

loss in stiffness of the material caused by the damage ds, εr is the residual strain and t the time.

The residual strain is the strain left in the absence of load. The effective Young’s modulus reads

Eeff(ds(t)) =
E0

1 + η(t)ds(t)
(28)

The damage desactivation index, η, represents the fact that damage does not impact the stiffness

for compressive loads. It is given by η(t) = h(ε(t)) with h the Heaviside function. The damage

ds is computed from the thermodynamical force y. The damage equations are the following⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
y(t) =

1

2
E0〈ε(t)〉2+ (29)

gs(y(t)) =

√
ymax(t)−√

y0s√
ycs

with ymax(t) = sup
τ∈[0,t]

y(τ) (30)

ds(t) = dc(1− e−〈gs(y(t))〉p+) (31)

〈x〉+ stands for the positive part of x (i.e. 0 if x < 0 and x if x > 0). Eq.(29) defines the

thermodynamical driving force. The positive part means that damage is created only under

tensile stress. In Eq.(30), the parameter y0s is the damage threshold, ycs the damage evolution

celerity, and p a shape parameter called the damage evolution exponent. The damage threshold

indicates the beginning of damage. Indeed, in Eqs.(29) and (30), for thermodynamical forces

smaller than ys0, the damage does not increase and the model sums up to σ = E0ε using Eq.(28).

To this damage threshold can be associated a strain damage threshold given by εs0 =
√

2y0s
E0

.

The parameter dc stands for the damage saturation. The damage evolution exponent controls

the regularity of the transition between the linear and non linear parts of the curve. If p > 1, the

derivative of the stress with respect to the strain (known as the tangent matrix), ∂σ
∂ε

, is continuous

on the whole curve. However, if p < 1, the tangent matrix is not continuous at ε = ε0s and it can

create numerical issues in finite element calculations. Nevertheless, contrary to the case p > 1,

the damage threshold is much easier to calibrate if p < 1 as it is directly related to a kink on

strain-stress curves.

The residual strain evolves according to the following equation:

∂εr
∂t

= χη
∂ds
∂t

(
Eeff

E0

)2

ε (32)

In Eq.(32), only χ has to be identified. The model parameters are summed up in Table 1.

3.2 Settings of the statistical model

We now seek to apply the mixed-effects models methodology on strain-stress curves which

can be modeled by the ODM model. The first step consists in applying the methodology to

virtual data to investigate its ability to calibrate stress-strain curves and describe the material
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Table 1: ODM Model parameters.

Young’s

modulus

damage

threshold

damage evolu-

tion celerity
damage

saturation

damage evolu-

tion exponent
residual

strain
E0 y0s ycs dc p χ

variability. Since the data is generated directly from the model, one knows the exact model

parameters distribution and the individual parameters values, and we can confront them to the

calibration results. It is also possible to evaluate the robustness of the calibration technique to

the number of available individuals. More formally, for a given mean μ and covariance matrix Σ
(this set of parameters will be denoted Ψexact), it is possible to sample the individual parameters

which are labeled θi,exact. For each of these individual parameters , the ODM model outputs

σi,calc are computed, which stand for the different specimens. Using the mixed-effects approach,

a calibrated distribution characterized by the estimated distribution parameters (labeled Ψ̂) and

the corresponding individual parameters (denoted θ̂i) is obtained. One objective consists in

checking that the calibrated distribution is consistent with the exact distribution, the virtual data

and the exact individual parameters. Other items will be investigated such as the impact of the

number of individuals on the calibration process and how the results of the calibration depend

on the involved specimens.

Throughout this work, the following indicators will be studied:

• The Kullback-Leibler divergence [58] between the exact fexact and the approximated dis-

tribution f̂calibrated: KL(fexact, f̂calibrated) =
∫
Rd fexact(θ|Ψexact) ln

(
fexact(θ|Ψexact)

f̂calibrated(θ|Ψ̂)

)
dθ

• Error in the parameters space : for all the individual parameters set, it reads as 1
n

∑n
i=1

|θi,exact−θ̂i|
θi,exact

(division is elementwise, with no target value equal to 0)

• Error of distribution parameters :
|Ψexact−Ψ̂|

Ψexact
(division is elementwise, with no target value

equal to 0)

• Error in model space : for all the experiments, it can be written as 1
n

∑n
i=1

1
Ni
‖σi,calc −F(ti, θ̂i)‖2

Only the last criterion can be used to study the results obtained with experimental data be-

cause in this case neither the exact model parameters distribution nor the exact individual pa-

rameters are known.

Several Assumptions are made here. First, only monotonic loadings are considered so that,

from the original 6 parameters of the ODM model, the residual strain component can be ne-

glected. Consequently, χ is set to 0 because this parameter is only involved in the computation

of the residual strain component. In addition, the material model implies strong correlations

such as those between ysc and p or ys0 and p. To avoid correlations at the beginning, it is decided

to set p to 1.2, a usual value for this kind of materials. As a consequence, all the parameters

are considered as independent and the covariance Σ is a diagonal matrix made of the variance

terms. This simplifying assumption is discussed in the perspectives of the paper. It is also

decided to assign to each specimen the same error term

∀(i, j) ∈ �1, n� × �1, Ni� ωij = ω
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Table 2: Exact values of the parameters distribution.

E0 [MPa] y0s [MPa] ycs [MPa] dc

Mean 1.89× 105 2.50× 10−2 2.24 3.77

Standard deviation 1.79× 104 8.00× 10−3 0.439 0.893

As a result, 8 to 9 parameters have to be calibrated (depending on if ω is calibrated or fixed

which stand for 4 mean and 4 variance parameters.

For the computation of the likelihood with the importance sampling scheme, 104 MCMC

samples are generated and the first 500 samples burnt. The thinning is set to 20. Once all these

samples are discarded, it remains 4750 of the 104 initial samples. The MCMC sampler used can

be found in [59]. The algorithm used to minimize the function gi(·) (Eq.(23)) is the CMA-ES

algorithm [60] with a budget of 103 iterations and a population size of 50.

The algorithm that maximizes the likelihood function is the EGO algorithm from the GPy

library [61]. The initial DoE is a latin hypercube sampling with 45 points to which 160 points

are added during the optimization. Variables are normalized between 0 and 1. Optimization

bounds are discussed in the hereafter.

3.3 Calibrating with virtual data

3.3.1 Generating virtual data

The targeted mean and standard deviations of the parameters are chosen at values which

are consistent with usual observations as presented in Table 2. 20 i.i.d samples from fΨexact

are generated. For each of these samples and given a strain profile (the strain rate ε̇ = ∂ε
∂t

is

equal to 3.00 × 10−4 s−1), the corresponding model outputs (σi,calc)i∈�1,20� are computed. An

heteroscedastic noise is added to the experimental data:

σi,noisy = σi,calc × (1 + βζ) with ζ ∼ N (0, 1) and β = 0.02 (33)

Exact and noisy data are depicted in Figure 2. The bounds on both means and standard

deviations used for the optimization are shown in Tables 3 and 4. Within these bounds, the

search space of the model parameter distribution is large and the different distributions exhibit

significant variety. This can be seen in Figure 3 where some marginals for different means and

variances of E0 are represented.

3.3.2 Calibration with a fixed error

This section is dedicated to the presentation of the results of the calibration of the ODM

model with the virtual data presented in Figure 2. The results from both approaches (Laplace

and MCMC-IS) are presented. The standard deviation of the error ω is fixed to 1 MPa. The

10 specimens involved in the calibration process are presented in Figure 2. The presented

calibration process is run with the different settings introduced in Section 3.2.

To analyze the results, it is possible to look at the calibrated parameters distribution char-

acterized by its mean and standard deviation. These values are presented in Table 5. The first

comment is that the calibrated distributions are rather close to the exact distributions, except
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Figure 2: Model with exact individual parameters (lines) and noisy data (dots).
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Figure 3: Possible marginal distributions for the parameter E0.

Table 3: Bounds for the mean parameters μ.

E0 [MPa] y0s [MPa] ycs [MPa] dc

Lower bound 1.20× 105 5.00× 10−3 1.10 1.30

Upper bound 2.35× 105 5.00× 10−2 3.50 6.00

Table 4: Bounds for the standard deviation parameters, Σ.

σE0 [MPa] σy0s [MPa] σycs [MPa] σdc ω [MPa]

Lower bound 1.40× 104 3.00× 10−3 0.250 0.600 0.381

Upper bound 2.00× 104 1.00× 10−2 0.500 1.08 12.5
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for y0s. The corresponding marginals are displayed in Figures 5a, 5c, 5d. Both approaches

seem to provide a different result as as two order of magnitude separate their Kullback-Leibler

divergences (see Table 7). However, omitting the y0s makes the KL divergence fall to 0.81 for

the MCMC approach and 0.33 for the Laplace approach. The two approaches provide similar

results except for the damage threshold. The marginal distributions associated to the Young’s

modulus and the damage evolution celerity are well calibrated. The distribution associated to

the Young’s modulus is generally the best calibrated parameter distribution as it appears to be

the most sensitive parameter in the ODM model, followed by ycs and dc. The differences be-

tween the different coordinates are further discussed later.

On Figure 6, the resulting calibrated individual parameters value for each specimen is dis-

played. It is important to notice that the values of the individual model parameters are all

different allowing to express the variability of the material specimen. This is a key aspect of the

proposed approach compared to existing techniques discussed in the introduction. Considering

the results about the individual model parameters, the mean relative errors (over the 10 individ-

uals) between the exact and the calibrated individual parameters is presented in Table 8. The

relative error on the Young’s modulus, which is from both a numerical and mechanical points

of view the most sensitive parameters, is the smallest with respect the other mean errors. The

damage saturation dc and the damage evolution celerity ycs are also properly calibrated in both

approaches. However, as it was possible to expect, the mean of relative errors on y0s is the high-

est in each approach. It is also possible to check that the data used in the calibration process is

properly calibrated. For that, the model outputs corresponding to the estimated parameters are

plotted in Figure 7a in which it is possible to notice that the model is properly calibrated as the

model responses are in adequation with the virtual data. This can be assessed by checking the

averaged distance in the model space given in Table 9. For each specimen, the difference betwen

the model responses with the exact individual parameters and with the calibrated individual pa-

rameters are illustrated in Figure 7b. It illustrates the efficient calibration of the ndividual model

parameters for all the considered specimens. Even if the marginal distributions for the model

parameters are assumed to be independent, in the MCMC-IS approach, the generated model

parameter samples by the importance density using MCMC (Figure 8) exhibit the correlations

between the parameter coordinates in order to generate model responses in adequation with the

available virtual data.

Neither the marginals nor the individual parameters of the damage threshold y0s are well

calibrated. One of the hypotheses which can explain this fact is the lack of sensitivity of the

damage threshold in the objective function. To check this assumption, it is possible to carry

out a raw sensitivity analysis by studying the lengthscales of the Gaussian process involved in

the optimization process. This interpretation comes from the fact that the lengthscale acts as a

wavelength of the Gaussian process which is here a surrogate model of the mixed-effects like-

lihood function. If the wavelength along one axis of the Gaussian process is small, it means

that the range of variations of the objective function along this direction is small, which may

be interpreted as a limited sensitivity of the objective function along this coordinate. On the

contrary, if the wavelength is large, the variations of the objective function along this direction

exhibit large variations, which means the objective function varies significantly along this axis

and the corresponding parameter is sensitive. For the Laplace calibration, the order of mag-

nitude of the lengthscales (standard and normalized with respect to the optimization bounds)

are presented in Table 6. Standard numerical values give �(E0) � �(dc), �(ycs) > �(y0s) as

expected. Normalized lengthscales only indicate that �(E0) � �(dc), �(ycs), �(y0s), which is

still consistent with physical knowledge. The low sensitivity of y0s in the likelihood function,
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(a) (b)

Figure 4: On the left (a), model outputs for different damage thresholds varying between [0.9×
μy0s , 1.1 × μy0s ] (μy0s and other parameters correspond to the mean parameters presented in

Table 1). On the right (b), model outputs for different damage thresholds varying between

[0.9×μycs , 1.1×μycs ] (μycs and other parameters correspond to the mean parameters presented

in Table 1).

which explains the differences encountered along the y0s (Figure 5b) axis can come from the

choice of p. In Section 3.1, it was stated that y0s was complicated to calibrate for p > 1 with

only strain-stress curves, which means that previous remarks are consistent with expert knowl-

edge. To investigate the sensitivity of the model ouput towards the damage threshold, another

simple solution can consist in computing the model outputs for different damage threshold and

the other parameters fixed. On Figure 4a, it is possible to notice that the damage threshold,

for a variation of 20% around the corresponding mean value μy0s , does not influence much the

model output as for all strain values, the difference between the extreme stress curves is beneath

5 MPa. The relative variation of the stress is below 5% which can be considered as non signif-

icant. Yet, the model responses exhibit greater sensitivity for the same relative variation of the

damage evolution celerity ycs (see Figure 4b). The same observations can be made on the other

model parameters. This ascertains the results obtained with the analyses on the lengthscales.

In practice, y0s is usually calibrated using acoustic data which are not available here. Damage

starts when the first fibers of the composite material break. It produces acoustic events which

can be recorded and help to indicate when the first failure (and the start of damage) happens.

In this section, the ability of the mixed-effects models methodology to calibrate the ODM

model has been illustrated. This framework allows to characterize the material variability and

its impact on the model parameters. In addition, to provide information on the distribution of the

model parameters, it allows to determine reliable estimates of the individual model parameters.

Furthermore, both computational methods of the likelihood (i.e. MCMC-IS and Laplace) give

similar results in terms of calibrated model parameter distributions and individual parameter

values. Given that the computation of the likelihood with the Laplace method is much faster to

compute (for 10 specimens of 29 measurements each on a multi-threaded code with 4 CPU on a

standard machine with processor Intel Core I5, MCMC-IS approach takes 2 minutes to compute

the likelihood while the Laplace approach takes about 4 seconds), all further analyses will be

conducted using the Laplace approximation method for the computation of the likelihood.
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(a) (b)

(c) (d)

MCMC calibrated distribution with 10 individuals
Exact distribution

Laplace calibrated distribution with 10 individuals

Figure 5: Exact and calibrated marginals along the E0 axis (a), the y0s axis (b), the ycs axis (c),

and the dc axis (d).

Table 5: Calibrated means and standard deviations with fixed error term. The relative error

between the exact Ψ and the calibrated Ψ in % is indicated between brackets.

E0 [MPa] y0s [MPa] ycs [MPa] dc

Exact means 1.88× 105 0.0250 2.24 3.77

Laplace cali-

brated means
1.95× 105(4) 0.0301(20) 2.15(4) 3.36(10)

MCMC-IS cali-

brated means
1.81× 105(4) 0.0500(100) 2.05(8) 2.74(27)

Exact standard deviations 1.79× 104 8.00× 10−3 0, 439 0, 893

Laplace calibrated

standard deviations
1.62× 104(9) 7.31× 10−3(9) 0.647(47) 0.871(2)

MCMC-IS calibrated

standard

deviations

1.67× 104(7) 3.00× 10−3(62) 0.431(1) 0.910(2)
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(a) (b)

(c) (d)

Exact distribution
Exact individual parameters
Laplace individual parameters
MCMC individual parameters

Figure 6: Exact marginals, exact and calibrated individual parameters along the E0 axis (a), the

y0s axis (b), the ycs axis (c), and the dc axis (d).

Table 6: Order of magnitude of the Gaussian process lengthscale along each direction at the the

last iteration for the Laplace calibration process.

�(E0) �(y0s) �(ycs) �(dc)

standard lengthscale � 109 10−2 100 100

normalized lengthscale �r 104 10−1 10−1 10−1

Table 7: Kullback-Leibler divergences for the virtual data case, the error term being fixed.

MCMC-IS Laplace

Kullback-Leibler divergence 37.3 0, 53

Table 8: Mean relative errors for the 10 calibrated individual parameters compared to the exact

parameter values.

E0 [MPa] y0s [MPa] ycs [MPa] dc

Laplace relative error (%) 1.59 23.5 10.6 3.25

MCMC-IS relative error (%) 3.04 43.15 13.4 6.04
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Table 9: Mean approximation error for the 10 model outputs corresponding to the calibrated

individual parameters compared to model outputs corresponding the exact parameter values.

Laplace MCMC-IS

Distance in model space (MPa) 0, 311 0, 348

(a)

(b)

Figure 7: In (a), exact data used for calibration vs model responses for the estimated indi-

vidual parameters. In (b), differences between model with exact parameters and with Laplace

calibrated parameters.
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Figure 8: Pairplot of the MCMC samples of f̂(θ|y0, Ψ̂).

3.3.3 Calibration with an optimized error term

In this Section, the variance ω of the error term is not considered fixed anymore and it is

calibrated along with the other parameters in Ψ. Moreover, the objective of this section is to

study the influence of the number of available individuals in the calibration method.

The number of available observations plays a key role in calibration. In general, a high num-

ber of observations allows to reduce the uncertainty associated to the calibrated parameters.

However, in mechanics, the number of specimens is limited due to time and cost considerations

and the usual number of specimens varies from 5 to 10 in the best cases. As a result, to study

the influence of the number of individuals on the calibration results, it is decided to calibrate the

model with respectively 5, 10 and 20 individuals (all depicted in Figure 2) to take into account

representative constraints on the number of available specimens. The upper bound on the vari-

ance of the error term is set to 10 MPa and the lower bound to 0.1 MPa.

The presented calibration approach using the Laplace technique for the likelihood estima-

tion is carried out for 5, 10 and 20 individuals generated with the same exact model parameters

distribution. To analyze the obtained results, it is possible to plot the marginals along the E0

axis for 5, 10 and 20 individuals (see Figure 9). In this figure, it is possible to notice the marginal

along the ycs axis is better inferred as the number of specimens increases. This phenomenon

can also be noticed for the marginal along the dc axis (see Figure 17). However, the marginal

along the E0 axis is downgraded from 10 to 20 individuals (see Figure 16). As the marginal

distributions are jointly calibrated, it is necessary to measure the improvement of the calibration

using Kullback-Leibler divergences for 5, 10 and 20 individuals (y0s is ommited in the KL cal-

culation, see discussion in the previous section). The KL divergence decreases with the increase

of the number of individuals (Table 10), therefore the distribution of the model parameters is

better calibrated as the number of available specimens increases. In addition, on Figure 11b,

it can be noticed that the damage threshold is always the parameter with the highest associ-

ated error: in other words, this parameter is complicated to calibrate regardless of the number
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Table 10: Kullback-Leibler divergences for 5, 10 and 20 individuals (without consideration of

y0s marginal).

Number of specimens 5 10 20

Kullback-Leibler divergence 0.82 0.42 0.32

Table 11: Mean error (for all the deformation values) for 5, 10 and 20 individuals between the

calibrated model responses and the model responses with the exact parameters.

Number of specimens 5 10 20

Mean approximation error (MPa) 0.226 0.327 0.357

of specimens. To illustrate the impact of the model parameter distribution convergence on the

model responses, it is possible for each calibrated distribution (for 5, 10 and 20 individuals) and

for the exact distribution to generate parameter samples (2000 in the present case). Then, for

each parameter sample, the ODM model is computed. Eventually, the 5% and 95% quantiles in

the model response space are estimated (Figure 10).

From Figure 10, it can be seen that the estimated 5% quantiles for the model responses

using the calibrated distribution and the exact distribution converge one to another as the num-

ber of individuals increases. Similar analysis can be done for the 95% quantiles. It allows to

see that the convergence of the calibrated model parameters distribution toward the exact dis-

tribution as the number of individuals increases, enables the generation of model responses that

cover the entire set of possibilites (and not just a subset as for 5 individuals). This is of prime

importance if this calibrated model parameter distribution is then used for uncertainty propaga-

tion in structure analysis for instance. It is therefore important to keep in mind that with a small

number of individuals (around 5 specimens), the calibrated model parameter distribution might

not be enough representative of the entire set of possible outcomes (due to the lack of individual

diversity with only 5 specimens). Therefore, with a limited number of specimens, the calibrated

model parameter distribution has to be used with attention.

Eventually, it is important to notice that the resulting model parameter values for each in-

dividual is closed to the exact parameter values even when only 5 individuals are considered.

In this section, the sensitivity to the number of individuals has been studied. It was has

been that as the number of specimens increases, the calibrated marginals get closer to the exact

marginals, and the same thing is observed in the model space. Finally, it was also noticed even

with few specimens, the mixed-effects methods calibrates well the involved specimens.

3.3.4 Robustness of the model calibration with respect to different available individuals

Calibration in the mixed-effects models framework relies on specimens to determine the

model parameter distribution and later estimate the individual parameters values. The objective

of this section is to evaluate the robustness of the calibration using mixed-effects models with

respect to the available specimens. In other words, whatever the specimens are, the population-
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(a) (b)

(c)

Exact distribution
Laplace calibrated distribution
Exact individual parameters
Laplace individual parameters

Figure 9: Exact and calibrated marginals along the ycs axis for 5 individuals (a), 10 individuals

(b) and 20 individuals (c).

(a) (b)

(c)

Model with exact parameters
5% quantile for the exact model distribution
95% quantile for the exact model distribution
5% quantile for the calibrated model distribution
95% quantile for the calibrated model distribution

Figure 10: Uncertainty propagation from the distribution calibrated with 5 individuals (a), 10
individuals (b) and 20 individuals (c).
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based approach is able to approximate correctly the model parameter distribution and the indi-

vidual parameters values. To check this assumption, the calibration process is repeated 20 times

with different sets of specimens. For each of these repetitions, 10 different individual param-

eters values set are generated from the same exact distribution fΨexact , the corresponding model

outputs are computed and noise is added as in Eq.(33). The individual parameters are different

from one repetition to the other. All the repetitions are calibrated with mixed-effects models

methodology using the same settings (i.e. initial DoE, number of iterations, bounds, etc.).

For each repetition, the Kullback-Leibler divergence is computed (see Figure 11a). The

advantage of the Kullback-Leibler divergence is that this quantity takes into account all the dif-

ferent variations of the joint distribution. It is also possible to compute the mean error between

the estimated individual parameters and the exact individual parameters for the 10 considered

individuals and that for the 20 repetitions (see the boxplots 11b).

The objective is to check that calibration using mixed-effects models approach does not de-

pend of involved specimens. With Figure 11a and Figure 11b, it is possible to notice that for all

the repetitions, the range of variation of the Kullback-Leibler divergences and the mean relative

errors are rather small. This tends to indicate that for the distribution parameters, the calibration

results do not depend too much to the involved specimens. It is also possible to consider the

calibrated variances of the error term. The different calibrated standard deviations of the error

terms with 10 specimens are shown in Figure 11c. For all the repetitions but one, the stan-

dard deviation of the error term varies between 4.53 to 6.41 MPa. As the hypothesis made on

the noise in the likelihood function is different from the noise which was added to the virtual

data, there is not any reference value. Nevertheless, it can be noticed that calibrated standard

deviations are within a rather small range, which tends to confirm that the calibration of this

parameter is rather independent of the specimens used for calibration.

Up to now, virtual data have been used in the calibration process in order to illustrate the

approach with a pedagogical point of view. It allowed to compared to obtained calibration

results with respect to a known model parameters distribution and to the known individual

parameters values. With this virtual data, the sensitivity to the number of individuals and their

repartitions have been analyzed.

In the next section, a test case using experimental data is carried out, using the same calibra-

tion process.

3.4 ODM model calibration with experimental data

We now apply the mixed-effects models to calibrate the ODM model with 13 tensile tests

performed on CERASEP A400, a woven composite material. The available tests are plotted in

Figure 12. The methology settings (i.e. initial DoE, number of iterations, kernel of the Gaussian

process) are the same as in the previous sections. The calibration bounds are given in Tables 12

and 13.

Notice in Figure 12 that all curves are less disparate than the virtual data generated in Section

3.3.1. Material failure happens at different strains and thus the ultimate tensile strength varies.

Moreover, the transition between the linear and non-linear regimes is also subjected to variabil-

ity. These obervations constitute an interesting test case for a population-based approach such

as the mixed-effects models. Finally, the experiments have different number of observations
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(a) (b)

(c)

Figure 11: With 10 specimens: (a) boxplot of Kullback-Leibler divergence for all repetitions,

(b) boxplot of the error of the individual parameters for all repetitions, (c) histogram of the

calibrated standard deviation of the error term.

points (from 20 to 700). To make sure all individuals have the same weight in the likelihood

function, it is decided to subsample those with more than 20 observation points. Experiments

are subsampled peridiodically and always include the last point.

Figure 13 shows the calibrated marginals. The marginal along E0 seems well calibrated

in the sense that all the individual parameters belong to the interval [μE0 − 3σE0 , μE0 + 3σE0 ]
which concentrates 99% of possible values for a Gaussian random variable. Along the y0s axis,

the same situation as as in Section 3.3 is encountered as all the individual parameters are con-

centrated around the mean. The individual parameters are also concentrated around the mean

for ycs so that the variance seems overestimated. An explanation could be that the Bayesian op-

timization has not converged yet to the maximum likelihood estimator of Ψ. Along the dc axis,

the individual parameters seem consistent with the marginal even if without the point whose

damage saturation is between 3 and 3.5, the variance of dc would have been considered as

overestimated. More classically, the adequation between the model responses for the estimated

individual parameters and the experimental data is displayed in Figure 14 for two individuals

(others can be found in appendix, Figures 19 and 20). In both plots, the estimated individual

properly matches the experimental data (the same applies to the other experiments, see Figures

19 and 20)).

Eventually, it is possible to propagate the uncertainties of the calibrated distribution to the

model parameters and to compare the results to the experimental data. In Figure 15, 1000 sam-

ples from the calibrated distribution are drawn and the corresponding model outputs computed.

Notice that the experimental data are included in the bundle of model outputs, which shows
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Figure 12: Experimental strain-stress curves of the CERASEP A400 material.

that the calibrated distribution conservatively learns the observed variability. The variability of

the inferred distribution is more important than the one observed on the experimental curves.

This overestimated variance of model parameters may be caused by the fact that the Bayesian

optimzation has not converged yet with in the given number of iterations. Taking into account

correlations between model parameters in the calibration process might help to reduce the esti-

mated variances.

4 CONCLUSIONS & PERSPECTIVES

In this paper, a population-based mixed-effects model was applied to calibrate a material

model and to characterize material variability. First, the mixed-effects model has been described

with an emphasis put on the numerical estimation of the likelihood. Then, this methodology

has been applied to virtual data to compare the results with known model parameters distribu-

tion and individual parameters values. It has allowed to analyze the effects of the number of

specimens and the specimens variability. Finally, the mixed-effects approach has been applied

to experimental data obtained with a woven ceramic matrix composite material.

Our investigation show that mixed-effects models offer a promising framework to calibrate

material parameters while taking into account specimen variability. Even if the accuracy of the

calibrated parameter distribution seems sensitive to the number of specimens, the method typ-

ically provides accurate estimates of the individual parameters and captures well the observed

variability. The number of specimens should also help to choose the level of details of the prob-

abilistic model. For instance, calibrating correlations with a limited set of individuals yields

estimates which may not be trustworthy.

In terms of future work, two major directions should be investigated. Firstly, it is important

to include in the calibration process the correlations between the model parameters. A study of

the relationship between the number of available individuals and the accuracy of the calibration

correlations is essential. Secondly, improvements in the mixed-effects models are required in

order to account for different types of data (for instance acoustic measures in addition to tensile-

stress observations). In doing so, the likelihood will be more sensitive to this parameter and as

a matter, the marginal along the y0s will be better calibrated and should make the estimation of

the damage threshold more accurate.
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(a) (b)

(c) (d)

Laplace calibrated distribution with 13 individuals
Laplace individual parameters

Figure 13: Calibrated model (histograms) and individual (squares) parameters along the E0 (a),

the y0s (b), the ycs (c) and the dc axes (d) using the 13 CERASEP A400

specimens.

(a) (b)

Figure 14: Model outputs vs. experimental data for the second (a) and the third (b) experiments.

284



C. LABOULFIE , M. BALESDENT, L. BREVAULT, S. DA VEIGA, F.-X. IRISARRI, R. LE RICHE, J.-F.
MAIRE

Figure 15: Uncertainty propagation from the calibrated distribution.
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A Calibrated model parameter marginals of ycs and dc with the Laplace approach using
virtual data

(a) (b)

(c)

Figure 16: Exact and calibrated marginals along the E0 axis for 5 individuals (a), 10 individuals

(b) and 20 individuals (c).
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B Calibrated model parameter marginals of dc with the Laplace approach using virtual
data

(a) (b)

(c)

Figure 17: Exact and calibrated marginals along the dc axis with 5 individuals (a), 10 individuals

(b) and 20 individuals (c).
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C Bounds of optimization for the Laplace approach

Table 12: Bounds for mean parameters.

E0 [MPa] y0s [MPa] ycs [MPa] dc

Lower bound 1.40× 105 5.00× 10−3 2.8 2.75

Upper bound 2.2× 105 5.00× 10−2 5.50 8.00

Table 13: Bounds for standard deviation parameters.

σE0 [MPa] σy0s [MPa] σycs [MPa] σdc σω [MPa]

Lower bound 8.00× 103 5.00× 10−5 0.100 0.005 0.500

Upper bound 1.80× 104 1.00× 10−4 1.2 0.9 2.00
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D Exact and noisy data

Figure 18: Model with exact individual parameters and noisy data.
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E Results of calibration for all experiments from CERASEP A400 material

(a) (b)

(c) (d)

(e) (f)

(g)

Figure 19: Model output vs experimental data for the first experiment (a), the second experiment

(b), third experiment (c), fourth experiment (d), fifth experiment (e), sixth experiment (f) and

the seventh experiment (g).
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(a) (b)

(c) (d)

(e) (f)

Figure 20: Model output vs experimental data for the eighth experiment (a), the ninth experi-

ment (b), the tenth experiment (c), the eleventh experiment (d), the twelfth experiment (e), and

the thirtheenth experiment (f).
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Abstract. The paper presents a sampling strategy created specifically for surrogate model-
ing via polynomial chaos expansion. The proposed method combines adaptivity of surrogate
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to cover the design domain proportionally to their local variance contribution. The criterion
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1 INTRODUCTION

Uncertainty quantification of mathematical model of physical system Y = g(X) is attracting

an increasing attention in the last decades. Since the quantity of interest (QoI) Y can be output

of very computationally demanding model such as complex engineering structures solved by

finite element method, it is often necessary to create an approximation of original mathemat-

ical model which significantly computationally cheaper. Moreover, it is beneficial to choose

approximation which enables direct post-processing in order to obtain statistical moments and

sensitivity indices without additional computational demands. Therefore, the paper is focused

on a popular method: Polynomial Chaos Expansion (PCE). Although PCE is very accurate

surrogate model, its accuracy is highly dependent on design of experiments (DOE). The pa-

per presents a novel approach for sequential extension of the experimental design based on

adaptively refined PCE. The proposed approach significantly reduces the number of samples

in experimental design to achieve a good surrogate model and thus it reduces the necessary

number of evaluations of the original mathematical model.

2 POLYNOMIAL CHAOS EXPANSION

Evaluation of mathematical model of QoI is often highly computationally demanding and

thus it is necessary to create an efficient approximation. PCE is a method of representing the

output variable Y as a function gPCE of an another random variable ξ called the germ with

given distribution

Y = g(X) ≈ gPCE(ξ), (1)

and representing the function g(X) via polynomial expansion. A set of polynomials, orthogonal

with respect to the probability distribution of the germ, are used as a basis of the Hilbert space

of all real-valued random variables of finite variance. The orthogonality condition for all j �= k
is given by the inner product of the Hilbert space defined for any two functions ψj and ψk with

respect to the weight function pξ (probability density function of ξ) as:

〈ψj, ψk〉 =
∫

ψj(ξ)ψk(ξ)pξ(ξ) dξ = 0. (2)

Orthogonal polynomials ψ corresponding to a selected probability distributions pξ can be

chosen according to Wiener-Askey scheme [12]. For further processing, it is common to

use normalized polynomials, where the inner product is equal to the Kronecker delta δjk, i.e.

〈ψj, ψk〉 = δjk, where δjk = 1 if and only if j = k, and δjk = 0 otherwise.

In the case of X and ξ being vectors containing M random variables, the polynomial Ψ(ξ)
is multivariate and it is built up as a tensor product of univariate orthogonal polynomials. The

quantity of interest (QoI), i.e. the response of the mathematical model Y = g(X), can then be

represented, according to Ghanem and Spanos [5], as

Y = g(X) =
∑

α∈NM

βαΨα(ξ), (3)

where α ∈ N
M is a set of integers called the multi-index, βα are deterministic coefficients and

Ψα are multivariate orthogonal polynomials.

For practical computation, PCE expressed in Eq. (3) must be truncated to a finite number of

terms P . The truncation is commonly achieved by retaining only terms whose total degree |α|
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is less than or equal to a given p. Therefore, the truncated set of PCE terms is then defined as

AM,p =

{
α ∈ N

M : |α| =
M∑
i=1

αi ≤ p

}
. (4)

Additional reduction of the truncated set was proposed by Blatman and Sudret [2] as a “hy-

perbolic” truncation scheme. Such an approach leads to a dramatic reduction in the cardinality

of the truncated set for high total polynomial orders p.

From a statistical point of view, truncated PCE is a simple linear regression model with

intercept. Therefore, it is possible to use ordinary least square (OLS) regression to minimize

the error ε. In order to use OLS for β estimation, it is necessary to first sample nsim realizations

of the input random vector X and the corresponding results of the original mathematical model

Y , together called the experimental design (ED). Then, the vector of deterministic coefficients

β is calculated using data matrix Ψ as

β = (ΨTΨ)−1 ΨTY . (5)

The number of terms P is dependent on the number of input random variables M and the

maximum total degree of polynomials p. Therefore, in case of a large stochastic model, the

problem can become computationally highly demanding. The solution can utilize advanced

model selection algorithms such as Least Angle Regression (LAR) [3] to find an optimal set of

PCE terms as proposed by Blatman and Sudret [2]. Note that, similar techniques such as or-

thogonal matching pursuit [11] or Bayesian compressive sensing [7] achieve similar numerical

results. The sparse set of basis functions obtained by any adaptive algorithm is further denoted

for the sake of clarity as A.

3 ADAPTIVE SEQUENTIAL SAMPLING

The accuracy of PCE is unfortunately highly dependent on given experimental design sim-

ilarly as in case of any surrogate model. Although there are many sampling schemes suitable

for PCE, the recent study [4] shows an advantage of sequential approach. Therefore this paper

is focused on iterative selection of the new sampling points according to specific criteria cre-

ated particularly for PCE. Note that there are two different strategies for sequential sampling.

The first is to enrich the initial ED according to a space-filling criterion (exploration) without

assuming any knowledge of the mathematical model or PCE form. The second strategy works

with the structure of the PCE in order to identify an optimal sample. Unfortunately, in situations

when the initial screening overlooks a globally important region, the exploitation criterion may

continue refinement of some other, locally important region that was detected, and there is a risk

of never discovering a globally important region. Therefore, it is important to include a balance

between both criteria in search for the best candidate. Note that, such approach was employed

already in a different context [10]: a criterion motivated by the Koksma-Hlawka inequality [8]

was proposed and coupled with stratified sampling in order to improve the efficiency of statis-

tical integration. Beside sequential sampling, the ideal algorithm should be able to adaptively

reconstruct the PCE using model selection algorithms in order to identify a sparse set of basis

functions A in each iteration.

We propose an adaptive sequential sampling strategy accompanied by a criterion designed

for non-intrusive PCE. Once a pool of candidates containing npool realizations of the random

vector ξ generated by any sampling technique is available, it is necessary to construct a criterion
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Θ for the selection of the best candidate balancing between the exploitation and exploration of

the design domain:

Θ(ξ(c)) ≡
√
σ2
A(ξ(c)) · σ2

A(ξ(s)) l
M
c,s. (6)

The criterion is a product of two terms: the exploitation term and the exploration term. The

exploration aspect is maintained by accounting for the distance lc,s between a candidate ξ(c) and

its nearest neighboring point from the existing ED, ξ(s). For the distance term we select the

Euclidean distance between the candidate and its nearest neighbor as

lc,s =

√√√√ M∑
i=1

|ξ(c)i − ξ
(s)
i |2. (7)

The exploitation in candidate selection is motivated by our desire to uniformly cover local

contributions to the total variance, σ2
Y . The variance can be thought of as an integral of local

contributions σ2
A(ξ) over the design domain indexed by coordinates ξ. Once the PCE has been

established at any given stage of the algorithm, the local variance is computationally cheap to

evaluate for any location ξ as

σ2
A(ξ) =

[∑
α∈A
α 
=0

βαΨα (ξ)
]2
pξ (ξ) . (8)

In the criterion we take the geometric mean of two local variance contributions representing av-

erage variance contribution of the region between the candidate and its nearest neighbor. When

this geometric mean is multiplied by the M th power of the distance between the two points, lMc,s,
the volume (variance contribution) of an area between them is estimated. The proposed criterion

maintains a balance between exploration and exploitation, since a candidate which is close to

an existing point can only be selected if the corresponding variance density is significant. Sim-

ilarly, when a region with low contribution is being detected by the PCE, candidates from such

regions are ignored. Maximization of the proposed criterion leads to the best candidate, which

is added to active ED. The pool of candidates can be generated by commonly known LHS and

the proposed criterion is employed for the selection of the best candidate at every iteration of

sequential sampling.

4 NUMERICAL EXAMPLE

The pilot numerical study is represented by Ishigami function [6]. The function is strongly

nonlinear, non-monotonic and presents strong interactions. We set the coefficients as in [9]. Let

X ∼ U [−π, π]3 and the mathematical model

Y = sin (X1) + 7 sin2 (X2) + 0.1X4
3 sin (X1) . [σY ≈ 13.844 587 940] (9)

The setup of PCE was as follows: PCE is solved by non-intrusive OLS, a sparse set of the basis

functions A is obtained by LAR with maximum total polynomial order p = 10 and p = 20. The

initial ED for the PCE construction before the first step of the proposed iterative algorithm is

generated by LHS and it contains an initial screening design with nsim = 10 realizations of the

input random vector. The results are compared in terms of the relative error in variance of QoI

ε =
|σ − σY |

σY

, (10)
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defined as the absolute deviation of the estimated variance σ from the exact value σY divided

by the exact variance; and commonly used leave-one-out error of PCE approximation Q2 [1].

The calculations were repeated 100 times and the orders of errors (log10) are depicted in Fig.1.

Solid lines represent mean values and the scatters represent ± σ confidence intervals.

Figure 1: Obtained results for the Ishigami function. The first two row represents the accuracy measured by ε and

the second row shows Leave-one-out error Q2.

5 DISCUSSION AND CONCLUSION

The paper presented innovative approach of adaptive sequential sampling for polynomial

chaos expansion. The proposed method combines adaptivity of a PCE and sequential sampling.

The sequential sampling is based on one-by-one extension of existing experimental design by

a selection of the best candidate from large pool. The best sample candidate is identified by

proposed criterion consisting of two parts: average local variance between a candidate “c” and

its nearest neighbor “s” and the Euclidean distance between them. Both parts of the criterion

together maintain the balance between exploration of the design domain and exploitation of

current form of PCE. The presented method can be easily coupled with any existing sampling

method such as LHS, which was employed in numerical example. From obtained results, one

can see significant improvement in accuracy of PCE using sequential sampling in comparison

to standard non-sequential LHS. The improvement is especially clearly visible for mid-size

ED. Moreover, the benefit of the sequential sampling is higher in case of p = 20 as can be

seen in Fig.1 (right) since the maximum polynomial order does not limit the convergence of

PCE. Further work will be focused on combination of the sequential approach with advanced

sampling schemes.

300
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Abstract 

Accurate modelling of the damping in structures, along with the mass and stiffness properties, 
is important for an accurate prediction of the dynamic response. Also important is modeling of 
the variability in damping, along with the variability the mass and stiffness properties, from 
sample to sample if the variability of the dynamic response is to be accurately predicted. The 
present work is a part of the ongoing efforts in this direction. The objective of this paper is two-
fold. The first is to study the variability of the damping factors of various modes of the test 
structure over its several samples. The second objective is to study the variability when the test 
structures are made up of different materials. An experimental study is conducted on beam 
samples of three different materials, Mild steel, Aluminum and Acrylic. Variability in frequency 
response functions (FRFs), modal data including variability of damping factors is quantified. 
The study offers some important insights into importance of modeling of damping uncertainty 
for making accurate structural dynamic predictions. 
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1 INTRODUCTION 
Finite Element (FE) Models are widely used for analysis of engineering structures. A finite 

element model that accurately represents the dynamic behavior of a system is very useful for 
structural dynamic design and analysis, damage detection, structural health monitoring and vi-
bration control [1]. Despite the high sophistication of FE modeling, prediction of dynamic char-
acteristics using FE models often shows considerable discrepancies with respect to the 
experimental measurements. These discrepancies may arise due to modeling inaccuracies asso-
ciated with material properties, boundary conditions, joints, damping and due to the idealization 
and simplifications made in the modeling [1,2]. Measurement noise may also contribute to these 
discrepancies. The conventional approach to FE model updating is typically deterministic in 
nature [3–6], which means that the experimental data is obtained from a single test piece and 
therefore the measured data does not have any variability. It is observed that the engineering 
structures in practice, all conforming to the same nominal design have a variability associated 
with them. In view of this, the deterministic FE model cannot accurately represent the dynamics 
of a population of nominally identical structures. The variability in the measured dynamic char-
acteristics occurs due to inherent variation in the material properties, geometry and manufac-
turing from specimen to specimen. Variability may also arise due to measurement noise [7,8], 
environmental effect, damage [9], disassembly and reassembly of the same structure [10] and 
material degradation over a period of time. It is therefore desired that the FE model is also able 
to predict the variability of the dynamic characteristics across the samples. This has led to de-
velopment of stochastic approaches to model updating where both the deterministic as well 
stochastic uncertainties in the model are identified. Most current methods of Stochastic FE 
model updating identify uncertainties in parameters associated with the mass and stiffness ma-
trices [8,11,12]. This allows predicting variability of natural frequencies and mode shapes.  

However, the question arises about the extent of the variability of dynamic response over 
the samples of the test structure. The variability of the dynamic response depends on the varia-
bility of the damping loss factors. In the light of this, one of the objectives of this paper is to 
study the extent of variability of damping factor that occurs across several samples of a given 
structure. The second objective is to study the variability of dynamic characteristics in samples 
of materials with different levels of damping. This is carried out for beams of three different 
materials, Mild steel (MS), Aluminum (Al) and Acrylic. 

If the variability of the damping loss factors is significant then this requires modeling var-
iabilities not only in the mass and stiffness matrices but also the damping matrix of FE model 
so as to enable predicting the variability of the dynamic response.  

2 EXPERIMENTAL STUDY OF VARIABILITY OF DYNAMIC 
CHARACTERISTICS 

The experiment is carried with three different beam materials, Mild steel, Aluminum and 
Acrylic. Different samples of beam of each material are tested under free-free condition. FRFs 
are measured at 16 test points in the transverse direction on each beam sample. An accelerom-
eter is mounted at test point 7 to measure transverse acceleration, while the excitation is given 
using a modal hammer by hitting at different test points to measure FRFs over a frequency 
range of 0-1000 Hz. Fig. 1 shows the experimental setup used to measure FRFs. The beam is 
suspended vertically to ensure that the mass of accelerometer and the stiffness of the string used 
for suspension does not affect the beam’s dynamic characteristics in the transvers direction.  
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Fig. 1 experimental setup 

2.1 Study on Mild steel beam samples 
The nominal dimensions of the Mild steel beam samples are (750×31.5×5.3) mm and the 

mass of the beam is 972 gm. Fig. 2 shows overlays of the experimental FRFs of various samples 
at test point 1, 5, 7 and 10, respectively.  It can be seen that the variability in experimental FRFs 
is increasing as we go up the frequency range. The modal analysis of measured FRFs on the 
beam samples is carried out. Figs. 3 and 4 show histograms of variability in natural frequencies 
and loss factors with the fitted normal distributions, respectively, of the MS beam samples. 
Increasing the number of samples will increase the accuracy of the distributions.  Table 1 shows 
values of mean, standard deviation and coefficient of variation (COV) of natural frequency and 
loss factor for the first six modes of vibration of the beam samples. It is seen that the standard 
deviation of natural frequency is increasing with the mode number but the variation in natural 
frequency as a percentage of the mean value is nearly same for all the modes listed in the table. 
It is also found that the natural frequencies for different modes vary on an average by 2.6%, 
while the loss factors vary on an average by 9.81% over different samples. It is also noted that 
the COVs of loss factor of higher modes are higher. 

(a) Test point 1 (b) Test point 5 

Free- Free Beam 

Accelerometer FFT Analyzer 

Modal Hammer 
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(c) Test point 7 (c) Test point 10 

Fig. 2. Overlays of the experimental FRFs measured on various beam samples at test points 
a) 1 b) 5 c) 7 d) 10

Table 1. Mean, standard deviation and coefficient of variation (COV) of natural frequencies 
and loss factors 

Mode 
Number 

Natural Frequency (Hz) Loss Factor (%) 

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )

1 49.17 1.29 2.64 0.0421 0.0032 7.72 
2 135.66 3.30 2.44 0.0163 0.0007 4.14 
3 266.60 6.37 2.39 0.0084 0.0004 4.92 
4 438.66 10.60 2.42 0.0055 0.0003 5.35 
5 658.84 15.60 2.37 0.0039 0.0008 19.33 
6 915.77 21.89 2.39 0.0037 0.0007 17.89 
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Fig. 3 Histograms of variability in natural frequencies of the MS beam samples 

Fig. 4 Histograms of variability in loss factors of the MS beam samples 

2.2 Study on Aluminum beam samples 
In this section, 20 different Aluminum beam samples with nominal dimensions 

(750×29.6×5.8) mm are used for the study. The nominal mass of the beam samples is 467.8 gm. 
Fig. 5 shows overlays of the experimental FRFs of various samples at test points 2, 5, 7 and 11, 
respectively.  It is seen that, like MS beam, the variability in experimental FRFs increases as 
we go up the frequency range. The modal analysis of measure FRFs on the beam samples is 
carried out. Figs. 6 and 7 show histograms of variability in natural frequencies and loss factors 
with the fitted normal distributions, respectively, of the Al beam samples. Table 2 shows values 
of mean, standard deviation and coefficient of variation (COV) of natural frequency and loss 
factor for the first six modes of vibration of the beam samples. It is seen that, like MS beam the 
standard deviation of natural frequency is increasing with the mode number but the variation in 
natural frequency as a percentage of the mean value is nearly same for all the modes listed in 
the table. It is also found that the natural frequencies for different modes vary on an average by 
1.5%, while the loss factors vary on an average by 14.32% over different samples. It is also 
noted that the COVs of loss factor of higher modes are higher. 
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(a) Test point 2 (b) Test point 5 

(c) Test point 7 (d) Test point 10 

Fig. 5 Overlays of the experimental FRFs measured on various Al beam samples at test 
points a) 2 b) 5 c) 7 d) 10 

Table 2. Mean, standard deviation and coefficient of variation (COV) of natural frequen-
cies and loss factors (Al beams) 

Mode 
Number 

Natural Frequency (Hz) Loss Factor (%) 

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )

1 52.03 0.75 1.44 0.0444 0.00236 5.31 
2 144.38 2.13 1.47 0.0026 0.00265 9.82 
3 285.80 4.49 1.57 0.0207 0.00570 27.56 
4 467.21 7.14 1.53 0.0090 0.0001 11.21 
5 707.38 10.48 1.48 0.0058 0.00121 20.94 
6 975.65 14.79 1.52 0.006 0.000664 11.05 
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Fig. 6 Histograms of variability in natural frequencies (first six modes) of the Al beam samples  

Fig. 7 Histograms of variability in loss factors (first six modes) of the Al beam samples 

2.3 Study on Acrylic beam samples 
In this section, 20 different Acrylic beam samples with nominal dimensions (750×33.4×3.7) 

mm are used for the study. The nominal mass of the beam samples is 97 gm. Fig. 8 shows 
overlays of the experimental FRFs of various samples at test points 3, 5, 7 and 11, respectively. 
It is seen that, like MS and Al beams, the variability in experimental FRFs increases as we go 
up the frequency range. The modal analysis of measure FRFs on the beam samples is carried 
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out. Figs. 9 and 10 show histograms of variability in natural frequencies and loss factors with 
the fitted normal distributions, respectively, of the Acrylic beam samples. Table 3 shows values 
of mean, standard deviation and coefficient of variation (COV) of natural frequency and loss 
factor for the first six modes of vibration of the beam samples. It is seen that, like other two 
beams, the standard deviation of natural frequency is in-creasing with the mode number but the 
variation in natural frequency as a percentage of the mean value is nearly same for all the modes 
listed in the table. It is also found that the natural frequencies for different modes vary on an 
average by 0.93%, while the loss factors vary on an average by 27.56% over different samples. 
It is also noted that the COVs of loss factor of higher modes are higher. 

(a) Test point 3 (b) Test point 5 

(c) Test point 7 (d) Test point 10 

Fig. 8 Overlays of the experimental FRFs measured on various Acrylic beam samples at 
test points a) 1 b) 5 c) 7 d) 10 

Table 3. Mean, standard deviation and coefficient of variation (COV) of natural frequen-
cies and loss factors (Acrylic beams) 

Mode 
Number 

Natural Frequency (Hz) Loss Factor (%) 

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )

Mean 
value 
( ) 

Standard 
deviation 

( ) 

Coefficient of 
variance 

( )
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1 13.23 0.13 1.03 0.0980 0.01312 13.39 
2 35.90 0.40 1.13 0.0616 0.01744 28.32 
3 71.41 0.66 0.93 0.0352 0.00810 23.02 
4 113.83 1.03 0.90 0.0303 0.00799 26.38 
5 179.93 1.16 0.66 0.0332 0.01455 43.84 
6 241.80 1.53 0.63 0.0206 0.00545 26.39 

Fig. 9 Histograms of variability in natural frequencies (first six modes) of the Acrylic beam 
samples 
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Fig. 10 Histograms of variability in loss factors (first six modes) of the Acrylic beam samples 

Table 4. Relative comparison of variability (COV of natural frequencies and loss factors) 

Material Type Variability of natural Frequency Variability of loss factor 
Average COV 

value of six 
modes (%) 

Maximum COV 
value of six 
modes (%) 

Average COV 
value of six 
modes (%) 

Maximum COV 
value of six 
modes (%) 

MS 2.6 2.64 9.81 19.33 
Al 1.5 1.57 14.32 27.56 

Acrylic 0.93 1.13 27.56 43.84 

2.4 Comparison of Variability of dynamic characteristic of MS, Al and Acrylic beams 

Table 4 shows a comparison of variabilities of natural frequencies and loss factors of three 
different beam materials. The table shows average values of COV of natural frequencies and 
los factors of six modes. It can be seen that average value of COV of natural frequencies de-
creases, whereas average value of COV loss factors increases, moving from low damping ma-
terial (MS) to high damping material (Acrylic). Maximum COV values of natural frequencies 
are closer to the corresponding average values showing that relative variations of COVs of 
natural frequencies over different mode of same material are small. Maximum COV values of 
loss factors has a considerable difference as compared to corresponding average values showing 
that relative variations of COVs of loss factors over different mode of same material varies a 
lot. These variation are more in higher modes as compared to lower modes. 

3 CONCLUSION  

The paper presents an experimental study of variability in damping, FRFs and modal data.
The investigations are carried out using three experimental beam structures made up of
MS, Al and Acrylic. They represent structures with low, medium and high damping.

From the study, it is observed that different samples of structures show the variability of
not only the natural frequencies and FRFs but also the modal damping factors. Thus, there
is a need to develop methods for stochastic model updating which can also identify varia-
bility damping matrix parameters.

The study also reveals that the test structures are made up of materials with higher damping
show higher variability of damping loss factors and lower variability of natural frequencies
as compared to structures made up of material with lower damping.

It is therefore concluded that modeling of variability in damping is essential since there
exists a significant variability of damping loss factors over various samples of the test
structures. Modeling of damping variability will help to predict accurately a variability of
dynamic response. Hence, methods of stochastic FE model updating need to be developed
for identifying variability of damping matrix parameters.
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Abstract. The main objective of this paper is to examine the possibility of using the probability
density evolution theory (PDEM) to determine the evolution of the probability of some struc-
tural parameters, during dynamic processes of masonry buildings subjected to seismic actions.
The study is mainly motivated by the computational burden that is required by the Monte Carlo
method in the case of step-by-step dynamic analyses of structures with large size, complex ge-
ometry and a highly non-linear constitutive equation. The PDEM requires the deterministic
solution of the dynamic system in a limited number of cases (much lower than that required by
the Monte Carlo method), together with the numerical solution of a linear partial differential
equation of the first order. First of all, the effectiveness of the method is verified in the case of
a simple problem whose explicit solution is known, mainly to determine the most suitable nu-
merical method for solving the differential equation. Then, the dynamic behavior of a masonry
tower is analysed. The structure is modeled as a beam with a hollow rectangular section, made
of a no-tension material with softening in compression. It is subjected to the action of a real
earthquake. The Young’s modulus of the material is assumed to be a random variable, and the
probability density function of the displacement at the top of the tower is determined throughout
the time-history. The results obtained at some time-steps are compared with those provided by
the Monte Carlo method. Although the example examined is quite simple, the PDEM appears
to be very promising to study more complex masonry structures.
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1 INTRODUCTION

The analyses of structures subjected to dynamic loads are now generally conducted using

refined mechanical models and adequate numerical techniques. However, even when the prob-

lem is well posed so that both the existence and the uniqueness of the solution are guaranteed,

the parameters describing the geometric and mechanical characteristics of the structures and the

external actions are generally affected by uncertainties that must be taken into account.

In general, the state equations of the dynamic system - typically obtained by discretizing

a structure into finite elements, and the initial joint probability density function (Pdf) of all

the considered random variables are assigned. Thus, a stochastic process is obtained that is

parametrized over the time, and has the Euclidean space as state space.

In many applications it is necessary to address the problem of determining the Pdf of some

quantities of interest at predetermined times. This goal is in most cases achieved using the

Monte Carlo method which, at least in principle, allows to consider complex models and ge-

ometries without having to resort to unrealistic simplifying hypotheses. On the other hand, this

method can require extremely long computational times [1]. For this reason, the probabilistic

analyses of masonry structures are rarely conducted via dynamic (time-history) analyses.

A different way to deal with the problem is to use the generalized density evolution equation,

which is a consequence of the principle of preservation of probability [2], and leads to writing

a linear partial differential equation for any quantity whose Pdf has to be determined. The

coefficients of this equations at each instant are function of the state variables, and therefore

they can be obtained from the (deterministic) solution of the dynamic system. The probability

density evolution method has been implemented into the MADY code, which has already the

routines for dynamic analysis of plane, three-dimensional, or beam and shell-based structures

[4]. To our knowledge, this method has not been used in studying masonry structures, despite

that uncertainties in the constitutive parameters and geometry have particular relevance.

In this paper, the potential of the application of the generalized density evolution method to

masonry constructions is investigated. Firstly, different numerical method to solve the density

evolution equation have been checked and the time and space step refinements needed have

been identified with reference to a simple SDOF problem. Then, some preliminary numerical

results have been obtained for a masonry tower represented as a simple beam model, applying

a seismic action and accounting for the uncertainties of the Young’s modulus. The response in

terms of displacement at the top of the tower has been compared with the results obtained via

the Monte Carlo method.

2 PROBABILISTIC METHOD

Let

MŸ + f(Ẏ , Y ) = B(Y, t)ξ(t), Y (0) = Y0, Ẏ (0) = Y1 (1)

be the discretized equations of motion, where t ∈ [0, T ] is the time, Y , Ẏ , Ÿ are the dis-

placement, velocity and acceleration n-dimensional vectors, respectively, M is the mass matrix,

f is the internal force vector, B is the input force influence matrix, ξ is the external excitation

vector and Y0 and Ẏ0 are the initial displacement and velocity vector, respectively. Equations

(1) can be rewritten as

Ẋ = A(X, t) + B̄(X, t)ξ(t), X(0) = X0, (2)
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where

X =

( .

Y
Y

)
is the state vector, and

A(X, t) =

(−M−1f(Y )
.

Y

)
, B̄(X, t) =

(−M−1B(Y, t)
0

)
, X0 =

(
Y1

Y0

)
.

If randomness are present, coming from the properties of the system, it is assumed that there

is a probability space (Ω,B,P), where Ω ⊂ R
m is the sample space, a collection of outcomes

ω, B is the Borel σ-algebra of Ω and P is the probability measure.

If the deterministic problem is well posed then, at each instant t, equations (2) have one and

only one solution

Xt = H(θ, t),

with θ = Θ(ω) for some smooth real or vector function Θ, with probability density function

pΘ(θ). (It is supposed that there are no randomness in the initial conditions and that X0 has been

fixed once and for all). As a consequence of the ’conservation of probability’, which implies

Θ̇=0, it holds

Ẋt =
∂H(θ, t)

∂t
.

We are interested in determining the probability density function pZ(z, t) of some random

variable Zt = φ ◦Xt, where φ : Rn → R is a smooth and injective function. In order to deter-

mine function pZ(z, t), we proceed as proposed in [2]. Let pZΘ(z, θ, t) be the joint probability

density function of Zt and Θ. Then pZΘ(z, θ, t) is the solution of the linear PDE

∂pZΘ(z, θ, t)

∂t
+ Żt

∂pZΘ(z, θ, t)

∂z
= 0 (3)

with the initial condition

pZΘ(z, θ, 0) = δ(z − z0)pΘ(θ),

where z0 = φ(X0). Once pZΘ(z, θ, t) has been numerically determined by the finite differ-

ence method, the marginal probability density function pZ(z, t) can be obtained by the equation

pZ(z, t) =

∫
Ω

pZΘ(z, θ, t)dθ.

3 CHOICE OF THE DIFFERENCE SCHEME

In order to choose a difference scheme and select the appropriate parameters for solving Eq.

(3), various schemes proposed in literature have been tested.

Specifically, three finite difference schemes have been used, a one-sided, a two-sided (Lax-

Wendroff) and a Total Variation Diminishing (TVD) scheme. The latter is a generalization of
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the other two, to which it can be traced back with an appropriate choice of parameters. The

effectiveness of each scheme has been evaluated with reference to a simple problem for which

the explicit solution is available [2][3]. Namely, the problem of an undamped SDOF system

with a random frequency, under free oscillations with the initial displacement xo = 0.1m, and

null initial velocity.

In order to guarantee the convergence, the ratio between the step-time Δt and the space mesh

size Δx, denoted by λ, has been assumed equal to 0.1. Some investigations have pointed out

that, once the stability condition is guaranteed, the accuracy of the results does not significantly

depend on the value of λ as well as Δt. Conversely, the choice of Δx as well as the number of

the deterministic responses, equal to the number of samples, can appreciably affect the obtained

results. In the following, the largest Δx considered is equal to 3.125 ∗ 10−3m, together with

the corresponding Δt = 3.125 ∗ 10−4m. Then, by mantaining the same value of λ, the equation

has been solved by assuming a step in space equal to Δx/2 and Δx/4. In addition, the solution

has been evaluated by considering both 25, 50 and 100 deterministic responses (number of

samples).

The obtained results are plotted in the following figures, and compared with the explicit

solution. In particular, Figures 1, 2 and 3 show the mean value and standard deviation of x as a

function of t obtained respectively with the three method. Figures 4 and 5 show the probability

Figure 1: Mean value and standard deviation of x vs t given by the one-sided scheme.

density function, obtained with the three schemes considered at t=0.9 s, t=1 s and t=1.1 s,

for the spatial mesh size equal to Δx, Δx/2 and Δx/4, while Figure 6 shows the distribution

function (Cdf) for t = 0.9 s, for the considered different schemes and 100 samples.

Figures 1, 2, 3 evidence that the standard deviation is more sensitive than the mean value

to the mesh size, whatever the scheme used. Moreover, it is evidenced that the best results are

obtained with the TVD scheme.

This is also confirmed by the results shown in Figures 4 and 5. In particular, Figure 4 shows

that the solution obtained with the scheme of Lax-Wendroff oscillates near the discontinuity,

also assuming negative values.

Overall, these figures suggest that, for all the schemes used, the best results are obtained from
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Figure 2: Mean value and standard deviation of x vs t given by the two-sided scheme.

an appropriate combination of the number of samples with the amplitude value of the mesh size.

Lastly, it should be noted that the Cdf, shown in Figure 6, is little influenced by the choice of

the calculation scheme.

4 DETERMINISTIC MODEL

The model used is a continuous beam model with a hollow rectangular cross-section and

distributed mass m. It is implemented into the finite element code MADY and makes use of

a constitutive equation formulated in terms of generalized stress and strain, i.e. N = N(ε, κ),
M = M(ε, κ) [5], [6]. This constitutive law has been developed assuming that the sections

remain plane, accounting for the axial stress alone σz, and describing the masonry behavior by

means of a law σz = σz(εz). In particular, masonry is assumed to have a null tensile strength and

a limited compressive strength σc. A softening behavior in compression is accounted for, and a

linear piecewise law is defined as a function of the strain μ = εu/εc (Fig. 7). A damage function

α has been defined as a function of the non-dimensionalized generalized strains η = ε/εc,
χ = κh/εc, such that the damaged beam section has reduced mechanical properties - Young’s

modulus E and σc - with respect to the undamaged one. For the sake of brevity it is not described

in detail here, but an analogous procedure can be found in [7], [8], [9] for other types of sections.

The actual geometry of the Torre Grossa of S. Gimignano used as reference real tower has

been approximated by the beam model with a rectangular cross-section and an overall height of

50 m [10]. The constraint offered by the neighbouring buildings extending for a height of 20 m

from the soil has been modelled with a set of lateral elastic links (Figure 7).

5 RESULTS

The PDEM has been applied to the study of the tower modelled as shown in Fig. 7. The

deterministic nonlinear dynamic analyses have been conducted by applying an input ground

motion recorded during the Tabas, Iran event of 1978; the accelerogram has a magnitude of 7.4,

a duration of 63.40s and a PGA of 0.925g.

The main pourpose of the study presented here is to verify the effectiveness of the method for

such dynamic systems which, differently from the simple oscillator studied above, have strong
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Figure 3: Mean value and standard deviation of x vs t given by the TDV scheme.

Figure 4: Pdf obtained via the one-sided and two-sided scheme.

non-linearities. On the basis of the results described in the foregoing, the TDV scheme has been

used for the integration of equation (3). Moreover, the investigation is limited to determining

the trend over time of the Pdf of the displacement at the top of the tower, assigned the Pdf of the

Young’s modulus of the material, a mechanical parameter that greatly affects the response of

masonry structures. For this parameter, a mean value μ = 1.8 GPa and a uniform distribution on

the interval [1.195, 2.405] have been assumed. The results obtained with PDEM at some time-

steps, for various values of both the number of samples (ns) and the mesh size are compared

with those provided by the Monte Carlo Method (MC), with 50,000 samples.

Figure 8 shows the mean and standard deviation as function of time, while Figure 9 shows

the Pdf at four steps of time, calculated with the PDEM. Once again, it is observed that the best

results are obtained with an appropriate combination of the number of samples and the length

of the mesh size. Figure 10 shows the comparison of the Pdfs, obtained with Δx/4 and ns

= 200, with those deduced via MC for ns = 50000. In all cases, it is evidenced that the Pdf

calculated with PDEM is nonzero in a wider range than that obtained with MC. Nevertheless,
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Figure 5: Pdf obtained via the TDV scheme by varying the number of samples ns and Δx.

Figure 6: Cdf obtained via the different schemes compared to the explicit one.

the comparison between the Cdf shown in Figure 11, evidences a good agreement between the

results obtained with the two different methods.

6 CONCLUSIONS

In the paper, the probabilistic density evolution method is proposed for analysing the seismic

response of historic masonry structures. Developed at the earlies 2000, the method is applied

here for the first time to the study of masonry towers.

Some comparisons with the Monte Carlo method shows the accuracy of the results obtained

by the PDEM, that is much less consuming than the former.

Given the high incertainties involved in the analyses of complex masonry structures, their

high non-linearities, the large size and articulated geometries, the method appears particularly

suitable for the assessment of the dinamic response of such structures, given the low number of

deterministic results needed for a good prevision of the incertainties propagation.
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Figure 7: (from the left) Masonry behaviour, simplified geometrical scheme of the tower, and FE mesh.
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Figure 8: Mean and standard deviation obtained with the PDEM compared to the MC results.

Figure 9: Pdf obtained by varying Δx and the number of samples (ns).
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Figure 10: Pdf obtained via the PDEM compared with the MC results.

Figure 11: Cdf obtained via the PDEM compared with those from MC results (red lines for t = 5.25s, black for t
= 11.55s, green for t = 12.5s and blue for t = 13s).
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1 INTRODUCTION
Plates are very important structural elements, which are widely used in civil and mechani-

cal engineering. The common examples of plates are slabs in civil engineering structures, 
bearing plate under columns, many parts of mechanical components. In this chapter, we con-
sider bending of such plates subjected to lateral loads. The bending stiffness of a plate de-
pends on the cube of its thickness. The classical theory divides plates into following groups: 
thin plates with small deflection, thin plates with large deflections, and thick plates. 

The following assumptions are made in the small deflections theory of thin plates:
a) There is no deformation in the middle plane of the plate. This plane remains neutral

during bending.
b) The normal to the middle plane of the plate remains straight and normal to the de-

formed middle plane.
c) The normal stresses in the transverse direction to the plate are negligible.
The above assumptions on which A.E.H. Love based his plate theory were proposed by 

Gustav R. Kirchhoff [1]. Consequently, thin plates with small deflections theory are called 
Kirchhoff-Love plate or Kirchhoff plate for short. This theory is suitable for plates with length 
of span at least 10 times the thickness. Many engineering problems lie in the above category 
and satisfactory results are obtained by the classical thin plates theory.

If the span is less than 10 times the thickness, the thin plates assumptions (a) and (b) no 
longer apply. The Reissner-Mindlin plate thick plates theory, which accounts for shear defor-
mations, or a three dimensional analysis can be recommended for such plates [12].

Limit analysis of plates in bending has been studied analytically and numerically [11]–[23]. 
Due to limitations of analytical methods, alternative numerical approaches such as finite ele-
ment methods (FEM), meshfree methods or isogeometric analysis (IGA) have been developed.

In [24] a dual algorithm has been developed to calculate simultaneously both the upper and 
lower bounds of the plastic collapse limit and shakedown limit of thin plates. We reformulate
a similar algorithm as deterministic equivalent of a chance constrained program in which the 
lower bound and upper bound limit and shakedown load of plate under uncertain strength is 
computed. 

Limit and shakedown analysis state problems as a mathematical programming. If the 
strength of a plate is a random variable, we may consider the problems as a stochastic pro-
gramming problem. Many models of stochastic programming have been proposed such as ap-
proximate polyhedral dynamic programming [25]-[27], nominal solutions [28], measurement-
based optimization [29], [30], worst-case and distributional robustness analysis [31]-[33], ro-
bust optimization [34], recourse programming [35]-[37] and chance constrained optimization 
(CCOPT) [38], [39]. In this paper the CCOPT approach is used to treat the problem of shake-
down analysis of plate under uncertainty condition of strength. If the thickness deterministic 
and the yield stress is distributed normally or lognormaly a deterministic equivalent formula-
tion can be derived, which allows a most effective numerical calculation of limit and shake-
down loads for a prescribed failure probability of the structure.

2 BASIC RELATIONS IN THIN PLATE THEORY
In this section the necessary relations are listed using the notations as indicated in the plate 

element shown in Fig. 1.

324



Ngọc Trình Trần and Manfred Staat

1

x

x x

x
M

M

3

M
2

+

4

xy

M

yx

2

y

3

h/2

M

+

y

+

1

M

y 4h/2

M

xy

M

y

+

yxz

Figure 1: Plate element with internal moment resultants

Let ,u v and w be the displacement at any point ( , , )x y z in the plate. Similar to elasticity 
theory, the inelastic behavior of thin plates is analyzed under Kirchhoff’s assumption that the 
normal to the middle plane of the plate remains straight and normal to the deformed middle 

plane. This assumption yields ,w wu z v z
x y

and the strains are obtained as 

2

2

2

2

2

2

xx x

yy y

xy xy

wu z
xx

v wz z
y y

v u wz
x y x y

. (2.1)

Here
T

x y xyχ is the vector of curvatures. The kinematic relations can be written as
follows:

2wχ 2wχ , (2.2)

where χχ is the curvature rate vector and ww is the transversal velocity.

2.1 Yield criteria
Similar to fully plastic beams, the limit state of greatest load carrying capacity is obtained 

for a double rectangular distribution of the stresses across the thickness h of the plate. There-
fore, the limit values of the bending moments in the x and y directions and of the twisting 
moment are 

2 2 2

, ,
4 4 4x x y y xy xy
h h hM M M . (2.3)
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Contrary to the bending of beams, however, the normal stresses x and y are not equal 
to the yield limits in uniaxial tension; rather, they must satisfy a yield condition for plane 
stress, taking into account the in-plane shear stress xy . The out-of-plane shear stresses, 

,xz yz are usually neglected. Consider a general yield condition of the form

( , , ) 0x y xyf (2.4)

applicable to plane stress states. In a fully plasticized cross section, the stresses , ,x y xy are 
constant. Expressing (2.4) in terms of bending and twisting moments, we have the corre-
sponding yield criterion for a plate,

2 2 2

4 44 , , 0y xyx M MMf
h h h

. (2.5)

As an illustration, the von Mises yield criterion can be written in the form
2 2 2 2

0( , , ) 3 0x y xy x x y y xyf . (2.6)

Expressing from (2.6) stresses in terms of moments, the criterion takes the form
2 2 2 2

0( , , ) 3 0x y xy x x y y xyf M M M M M M M M M (2.7)

in which
2

0 0 4
hM . (2.8)

In matrix form, the von Mises yield criterion can be written as follows:
T

0( ) 0f mm m Pm , (2.9)

where 
T

, ,x y xyM M Mm is the vector of bending and twisting moments, 0 0m M is the 

fully plastic limit moment per unit length of a plate section and 0 is the uniaxial yield stress 
of material,

2 1 0
1 1 2 0
2

0 0 6
P . (2.10)

A more complex yield surface of plates and shells has been considered in [40].

3 STATIC APPROACH WITH CHANCE CONSTRAINED PROGRAMMING

Consider a convex polyhedral load domain L and a special loading path consisting of all
load vertices ˆ ( 1,..., )kP k m of L . The total moment ( , )tm x at a point x of the consid-
ered plate P at time t is decomposed into an elastic reference moment ( , )E tm x and a re-
sidual moment ( , )tρ x . Here, ( , )E tm x denotes the fictitious moment that would appear in a 
purely elastic reference structure EP under the same loading conditions as the original struc-
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ture, and ( , )tρ x represents a residual moment field that is induced by the evolution of plastic 
strains

( , ) ( , ) ( , )Et t tm x m x ρ x . (3.1)

According to Melan’s static shakedown theorem the structure will shakedown, if there ex-
ists a time-independent residual moment field ( )ρ x such that the yield condition is satisfied 
for any loading path at any time t and in any point x of the plate. Based on this lower bound 
theorem, for a plate made up of elastic perfectly plastic material, the maximum enlarging of 
the load domain allowing still for shakedown, characterized by load factor that can be ob-
tained by solving the following optimization problem:

2

E
0

max

( ) 0 in
s.t.:

( , ) ( )f t m

ρ x
m x ρ x

(3.2)

By discretizing the entire problem domain into finite elements and applying the Gauss-
Legendre integration technique, eqs. (3.2) can be rewritten in the following form:

1

0

max

0 in
s.t.:

( ) 1, 1,

NG
T

i i i
i

E
ik i

w

f m i NG k m

B ρ

m ρ

(3.3)

in which iB is the deformation matrix, iw is integration weight at Gauss point i and NG de-
notes the total number of Gauss points of the structure.

Let us now consider the situation that the plastic moment of the plate is not given but must 
be modelled 0 0 ( )m m a random variable on a certain probability space. Under uncertainty, 
the inequalities in (3.3) are not always satisfied, the probability of the thi yield condition is 
required to be satisfied is greater than some reliability level i . Problem (3.3) becomes a 
chance constraint stochastic program:

1

0

max

in
. . :

Prob ( ) ( ) 0 1, 1,

NG
T

i i i
i

E
ik i i i

w
s t

f m i NG k m

B ρ 0

m ρ

(3.4)

Let the plastic moment ( )im be distributed normally with mean i and standard devia-
tion i , in short 2( , )i i im 2 )2

ii(( ,,i , . Based on the methodology of chance constrained pro-
gramming, problem (3.4) can be converted into a equivalent deterministic program as shown 
in [10], [11]:
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1

max

0 in
s.t.:

( ) 1, 1,

NG
T

i i i
i

E
ik i i i

w

f i NG k m

B ρ

m ρ

(3.5)

where 1( )i is the inverse normal cumulative distribution function (normal quantile 
function) of the plastic moment at Gauss point i .

Let the plastic moment ( )im be distributed lognormally. This means that ln ( )im is
distributed normally with mean i and standard deviation i , in short 

2ln ( , )i i im 2 )2
ii(( ,,i , . The stochastic program (3.4) can be relaxed into an equivalent de-

terministic optimization problem after some transformations [2,3]:

1

max

0 in
s.t.:

( ) 1, 1,i i

NG
T

i i i
i

E
ik i

w

f e i NG k m

B ρ

m ρ

(3.6)

4 KINEMATIC APPROACH WITH CHANCE CONSTRAINED
PROGRAMMING

An upper bound to the shakedown limit of plates can be obtained using the kinematic 
shakedown theorem which has following two statements:

Upper bound: Shakedown will occur for a structure subject to repeated or cyclic loads, if 
the rate of plastic dissipation power exceeds the work rate of external forces for any admissi-
ble plastic strain-rate cycles and all loading paths.

Lower bound: Shakedown cannot occur, if the rate of plastic dissipation power is less than 
the work rate of external forces for any one admissible plastic strain-rate cycle or any one 
loading path.

In this investigation, we use von Mises yield criterion. The power of plastic dissipation per 
unit area of the plate can be formulated as a function of strain rate:

0
T

pD ε Qε0pD εTε QεTε (4.1)

where (with (2.10))

1

4 2 0
1 2 4 0
3

0 0 1
Q P (4.2)

The plastic dissipation power of the plate domain can be written
/2

int 0
/2

( ) d d d
h

T
p

h

D D z mχ χ Qχint (
/2

(
h

Dint (χ dT
p χ QχT

/2

)
h

)) 0d dp md ddd dd ddχ (4.3)

in which 0m is the plastic limit moment per unit length of a plate section is computed as (2.8)

328



Ngọc Trình Trần and Manfred Staat

We introduce here an admissible cycle of a plastic curvature field pχ . At each load vertex, 
the plastic curvature rate may not necessarily be compatible at each instant during the time 
cycle, but the plastic curvature accumulation over the cycle is required to be kinematically
compatible such that

2

1

m
p p

k
wχ χ 2p wpχ (4.4)

Based on the above statements and the mathematical programming theory, an upper bound 
of the shakedown load factor can be found by solving the following convex nonlinear pro-
gramming (the superscript p is neglected for simplicity):

int
1

2

1

1

min ( )d

in

s.t.: 0

ˆ( , ) d 1

m

A
k

m
p

k

m
E T

k
k

D

w

w on

x P

χ

χ χ

m χ

int (int (inti χ)d)dχ

2 i2 inwχ

0 o0

d 1Tχ

(4.5)

We denote the nodal variables of the finite element by T/ /w w x w yu . The dis-
cretized formulation by FEM is as follows:

T
0

1 1

1

T

1 1

min

1,
s.t.:

1

m NG

i ik ik
k i

m

ik i
k
m NG

E
i ik ik

k i

w m

i NG

w

χ Qχ

χ B u

χ m

T
ik ikχ QχT
ikik

,ik i i 1,iχ B uik ii

T 1E
ik ikχ mT
ikik

(4.6)

If the yield stress of the material is random, then the plastic moment is an uncertain quanti-
ty and the objective function of (4.6) is a stochastic variable. Firstly, we must properly define 
the minimum of a random function. This can be done in such a way that one looks for a min-
imum lower bound of the objective function under the constraint that the probability of vio-
lation of that bound is prescribed in [39]

T
0

1 1

1

T

1 1

min

Prob ( )

s.t.: 1,

1

m NG

i ik ik
k i

m

ik i
k
m NG

E
i ik ik

k i

w m

i NG

w

χ Qχ

χ B u

χ m

T
ikik ikik

TTT
ik
T
ik

ik i i 1iχ B uik ii

T 1E
ik ikχ mT
ikik

(4.7)

Problem (4.7) is a stochastic program, which can be converted into an equivalent determin-
istic program by using a chance constrained programming technique [10], [11]. 
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T

1 1

1

T

1 1

min

1,
s.t. :

1

m NG

i i i ik ik
k i

m

ik i
k
m NG

E
i ik ik

k i

w

i NG

w

χ Qχ

χ B u

χ m

T
ik ikχ QχT
ik

ik i i 1iχ B uik ii

T 1E
ik ikχ mT
ikik

(4.8)

In case of a lognormal distribution of strength, the stochastic problem (4.7) can be convert-
ed into the equivalent deterministic program (4.9) by using the duality property [3]:

T

1 1

1

T

1 1

min

1,
s.t. :

1

i i
m NG

i ik ik
k i

m

ik i
k
m NG

E
i ik ik

k i

w e

i NG

w

χ Qχ

χ B u

χ m

T
ik ikχ QχT
ik

ik i i 1iχ B uik ii

T 1E
ik ikχ mT
ikik

(4.9)

5 A DUAL ALGORITHM FOR SHAKEDOWN ANALYSIS OF A KIRCHHOFF 
PLATE

For the sake of simplicity, we set some new notations:
1/2

ik i ikwk Q χ1/
ik ik Qik iwi ikχ , 1/2 T E

ik ikt Q m , 1/2ˆ
i i iwB Q B , (5.1)

where
1/2 1/2 1/2 1/2,   

T
Q Q I Q Q Q . (5.2)

By substituting (5.1) into (4.10) one obtains a simplified version for the upper bound of the 
shakedown limit load (primal problem)

1 1

1

1 1

min

ˆ 1,
s.t. :

1 0

i i
m NG

T
ik ik

k i

m

ik i
k
NG m

T
ik ik

i k

e

i NG

k k

k B u 0

k t

T
ik ikk kT
ik

ik i
ˆk B uik ii 0u

1T
ik ik 1k tT
ik

(5.3)

In order to allow a direct nonlinear of the nonsmooth optimization problem, a ‘smooth reg-
ularization method’ can be used for overcoming this technical problem. For this purpose, a 
very small positive number 2

0 is added to int ( )ikD k
this techn

)ik . An efficient technique for large-scale 
optimization problems, which are successfully applied in [9] is used. Using a penalty method 
to eliminate the first constraint in (5.3) leads to the penalty function

2
0

1 1 1 1

ˆ ˆ
2

i i

TNG m m m
T

p ik ik ik i ik i
i k k k

cF e k k k B u k B u2T c2T c ˆ
Tm m

0 2ik ik
2T c2
0
2
0 2ik ik 0 2ik ik

ˆ̂
ik iik iik iik i

T
ik
T

ik iik
ˆ̂

m

ik iik iik iik iik i , (5.4)
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where c is a penalty parameter such that 1c 1. The corresponding Lagrange function of (5.4) 
is

1 1
1

NG m
T

p ik ik
i k

L F k t 1T 1ik ik 1ik ik
TT
ik
T . (5.5)

We denote 

1

ˆ
m

i ik i
k

cβ k B uˆ
ik iik ikik i . (5.5)

By employing Newton method to solve the Karush-Kuhn-Tucker (KKT) conditions of the 
Lagrange function (4.17) and after some manipulations, one gets the following system:

1 2d ( d )K u Ku f f1 2 (2 (u Ku f f1 21 2 , (5.6)

in which

1

1

1 1
1 2

1 1 0

1 1 2
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The system (4.19) with the two last terms on the right-hand side may be interpreted as the 
linear system arising in purely elastic computations with the global stiffness matrix K . The 
matrix 1

iE plays the role of the elastic matrix. Solving this system by the same procedure as 
for the purely elastic calculation will ensure the kinematic boundary condition for the dis-
placement rate to be satisfied automatically. We have the incremental vectors of nodal varia-
bles uu , curvature rate ikk

atisfied aut
ikk and iβ as follows :
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where 
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The vectors d ,d ,dik iq k βdq,d,d ,dik i,dβ and d are actually Newton directions, which assure that a suit-
able step along them will lead to a decrease of the objective function of the primal problem 
(5.3) and to an increase of the objective function of the objective function of the dual problem 
(3.8). Based on (5.9-5.11) we can update the vectors of , , ik iq k β

ective functj
q k, ik i, k β and . The dual algorithm 

for limit and shakedown analysis is presented in detail in [3].

6 NUMERICAL EXAMPLES

We investigate a L-shape plate subjected to uniform pressure. Length 10L m , plate 
thickness 0.1t m , the mean value of yield stress 0( ) 250MPaE and the standard devia-
tion 00.1 ( )E .The reliability level is assumed 0.9999 . Let us calculate limit and 
shakedown load factors.

q

L/2 L/2

L/2

L/2

Figure 2: L-shape plate loaded by a uniform pressure
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Figure 3: Convergence of limit load factors

R=0.3m

L/2=5m

L/2=5m

q

Figure 4. L-shape Plate: rounding at the corner
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Authors Lower bound Upper bound
Le et al. [15] – 6.219

deterministicTran et al. [24] 6.044 6.173

Present
6.022 6.190
3.785 3.882 normal
4.135 4.242 lognormal 

Table 1: Limit load factor in comparison for case of simple supported plate

For shakedown analysis, the stress singularity at the sharp reentrant corner has to be re-
moved by rounding the plate at the corner as shown in Figure 4. The FE mesh is made with 
380 DKQ elements. Table 2 shows the limit and shakedown load factors if a uniform load 
varies in the domain 0 1q . If we compare with the upper and lower bounds in Table 2, the 
limit load factors are similar. The convergence of shakedown load factors is shown in Fig-
ure 5.

Figure 5: Convergence of Shakedown load factors
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Lower bound Upper bound

Limit analysis
5.979 6.224 deterministic
4.137 4.273 lognormal
3.805 3.909 normal

Shakedown analysis
5.339 5.355 deterministic
3.619 3.677 lognormal
3.363 3.382 normal

Table 2: Limit and shakedown load factors for plate in Figure 4

7 CONCLUSIONS
Reliability analysis of plates and shells calculates the failure probability after structural de-

sign for a given loading [13]. We have presented a probabilistic design method for plates, 
which allows the most effective numerical calculation of limit and shakedown loads for a pre-
scribed failure probability of the structure with stochastic plastic moment. The implementa-
tion of the extension to stochastic loading, obtained in [2], is under preparation. The 
stochastic programming approach can be proposed as a method for structural optimization. 
Skakedown analysis has the advantage that it yields a design, which is optimum for all possi-
ble time-variant loadings in a considered load domain [41], [42].
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Abstract. Calibration aims at combining observations with a model in order to reduce the
discrepancy between the observations and the predictions of the model by updating its pa-
rameters. The Bayesian setup can improve the identifiability of the parameters of the model
and amounts to regularizing the problem. The Gaussian prior is largely used by practition-
ers, mainly because of its ease of use and implementation. The naive implementation of the
associated formula, however, can unnecessarily increase the condition number of the matrices
involved in the process, in a similar way that the normal equations can increase the condition
number of the matrix involved in the least squares problem. This means that the computed
parameters may be more sensitive to changes in the data. In this paper, we present a way to
use the Cholesky decomposition of the matrices involved in Bayesian calibration. It amounts to
compute the Mahalanobis distance using the inverse of the Cholesky factors and leads to the ex-
pression of an extended residual which dimension is increased compared to the usual residual.
This method can reduce the condition number of the matrices and lead to an improved accuracy
in specific cases. We present applications of these ideas and an implementation of this method
in the OpenTURNS library.

UNCECOMP 2021

4th ECCOMAS Thematic Conference on
Uncertainty Quantification in Computational Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.)

Streamed from Athens, Greece, 2 30 June 2021

339



Michaël Baudin and Régis Lebrun

Contents

1 Introduction 2
1.1 Purpose . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Observations, model and parameters . . . . . . . . . . . . . . . . . . . . . . . 3

2 Bayesian calibration 5
2.1 Gaussian distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Bayesian calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Gaussian non linear calibration . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Cholesky decomposition for the nonlinear Gaussian calibration . . . . . . . . . 8

2.5 Linear Gaussian calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.6 Cholesky decomposition for linear Gaussian calibration . . . . . . . . . . . . . 10

3 Calibration of an ill-conditioned exponential model 10
3.1 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.2 Linear Gaussian calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.3 Value of the cost function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.4 Condition number of the matrices . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Conclusion 15

Bibliography 15

1 Introduction

1.1 Purpose

When we want to assess the uncertainties in a computer code which simulates a physical

system, calibration is an important step. Calibration reduces the discrepancies between the

observations and the predictions of the model by adjusting the model parameters [10].

Least squares is the most widely used method of calibration. The implicit assumption of

least squares is that the observation errors, i.e. the difference between the observations and the

predictions, have a Gaussian distribution. When the computer code is linear, the least squares

solution can be computed using linear algebra. In the more general case where the code is

nonlinear, numerical optimization methods must be used. In both cases, problems arise when

the solution is not identifiable or nearly so.

Bayesian calibration is a way to mitigate the lack of identifiability of the problem. When

the prior distribution is not necessarily Gaussian, the posterior distribution of the parameter is

generally not known. In this case, the most general-purpose algorithm is to use a Monte-Carlo

Markov Chain (MCMC) algorithm such as the Metropolis-Hastings algorithm. The algorithm

generates a sample which is designed to have the required posterior distribution. This gener-

ally requires many model evaluations, as the algorithm generates a distribution by conditional

sampling. This issue can be partially solved by using a surrogate model.

In the special case where the prior is Gaussian, however, more detailed calculations can

be handled and this is the main topic of this paper. In the case where the model is linear,

the distribution of the posterior random vector is Gaussian, with known mean and covariance

matrix. When the model is non linear, the distribution of the posterior is not known, but the
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parameter value which has maximum density can be computed: this is the MAP estimator. It

requires, however, to solve a non linear optimization problem.

When there is no prior distribution, the implementation of Gaussian least squares calibra-

tion based on the normal equations involve the Gramian matrix. These equation can be ill-

conditioned, although it may happen that a special structure prevent this to happen. In the least

squares context, the classical solution to this problem is to use the Cholesky decomposition or

orthogonal decompositions such as the QR or SVD decomposition. In the Gaussian calibra-

tion framework, there is no known equivalent. The main purpose of this paper is to provide

the formula for robust implementation of the linear and non linear Gaussian calibration. These

formulas are based on the Cholesky decomposition.

This paper is structured as follows. In the first part, we present the Bayesian Gaussian

calibration, and present a method to use the Cholesky decomposition for Gaussian calibration,

both in linear and non linear cases.

1.2 Observations, model and parameters

We assume that we observe a quantity for different experimental conditions. These results are

gathered in an observation vector y with dimension n, where n is the number of observations.

On the other hand, we consider a model g which predicts this quantity depending on a set of

experimental inputs x and the vector of parameters θ. These variables are formally introduced

in the following definition.

Definition 1. (Calibration inputs) Let x ∈ R
m be the vector of experimental inputs and let x1,

..., xn ∈ R
m the input observables of each experiment, where n is the number of observations.

We denote by θ ∈ R
p the vector of parameters to calibrate, where p is the number of param-

eters.
We make the hypothesis that the vector of predictions is produced by the computer model

g : Rm × R
p → R. In other words, we assume that the relation between the i-th prediction of

the computer model and the i-th experimental condition xi is:

zi = g(xi,θ) ∈ R

for i = 1, ..., n. The vector of predictions is z ∈ R
n. Let y ∈ R

n be the vector of observations.

In other words, the input data of calibration are the observations y, the real scalar function g
and the experimental conditions x1, ..., xn.

We make the hypothesis that n ≥ p, i.e. the number of observations is greater than the

number of parameters, which leads to an over-determined problem. Although some methods

that we are going to present can be applied when n < p (especially Bayesian methods), this is

a situation that we do not often see in our applications, and this is why we do not consider this

case in this paper.

In the remaining of the presentation, the explicit dependence from zi to xi is not relevant for

the development and the analysis of calibration algorithms. Let h : Rp → R
n be the function

which i-th component is:

hi(θ) = g(xi,θ)

for i = 1, ..., n and any θ ∈ R
p. We then use the following compact notation:

z = h(θ)
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where h(θ) = (h1(θ), ..., hn(θ))
T ∈ R

n.

With these notations, the input data of calibration are the observations y and the vector model

h.

The following definition introduces the probabilistic hypothesis in which each observation

yi is the sum of the prediction hi(θ) and a random variable.

Definition 2. (Standard hypothesis of probabilistic calibration) Let us assume that:

y = h(θ�) + ε (1)

where θ� ∈ R
p is a fixed, but unknown, value of the parameter θ and ε : Ω → R

n is a random
vector with zero mean:

E(ε) = 0 ∈ R
n

and finite covariance. In the special case where the error covariance matrix is diagonal, then:

Cov(ε) = (σ�)2I

where I ∈ R
n×n is the identity matrix and σ� > 0 is the fixed unknown standard error. In the

most general case,
Cov(ε) = R�

where R� ∈ R
n×n is a symmetric covariance matrix positive semi-definite.

In some situations, we say that the value θ� is the "true" value of the parameter. This allows

to distinguish it from the current value θ and the estimate θ̂.

We further restrict the previous hypotheses and suppose that the R� is positive definite, such

that the associated probability density function is well defined. This condition, more restric-

tive, implies that eigenvalues of the matrix are positive, which simplifies the definition of the

multivariate Gaussian distribution that we will use.

The calibration of the model h aims at reducing the discrepancy between the predictions of

the computer model h(θ) ∈ R
n and the observations y by tuning the value of the parameter

θ. For a given value of θ, the discrepancy between the predictions and the observations is the

residual.

Definition 3. (Residuals) The residual vector is:

r(θ) = y − h(θ)

for any θ ∈ R
p.

The equation 1 implies that, when the value of θ is the "true" value θ�, then the residual is:

(θ�) = y − h(θ�) = ε.

In order to quantify the discrepancy between observations and predictions, we chose the Eu-

clidean norm which is, as we are going to see soon, intrinsically related to the Gaussian distri-

bution.

One of the goals of calibration is to compute the value of the true parameter θ�. To do this,

we define the estimator θ̂ of θ�.
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At this stage, we have not set any restriction on the distribution of the residual ε. More

precisely, the distribution of ε is not necessarily Gaussian. In the specific setting where ε is

Gaussian, however, we can get more details on the solution.

Since the observation vector y is a random variable, the estimator θ̂ of θ� depending on y
also is a random variable and a secondary goal of calibration is to get, if possible, the distribution

of θ̂ which models the uncertainty of calibration produced by the observation errors.

If the problem is ill conditioned, a small change in the observations y can lead to a significant

change in θ̂. Some methods (e.g. the BLUE, 3DVAR, regularised least squares, Bayesian

inversion) integrate some regularisation which mitigates the impact of observation errors on

the estimation θ̂ and can manage the lack of identifiability. Some optimization methods like

the Levenberg-Marquardt method [6, 7] also integrate some form of regularization. We will

illustrate this topic in both the theoretical and practical parts of this paper.

When we calibrate some parameters in order to reduce the discrepancy between observations

and measures, different methods with different names have, in fact, the same goal. We some-

times use the term inversion [5], calibration, be it Bayesian or not, least squares [3] or data
assimilation, Kalman filter with, often, the same goals. In this paper, we will try to clarify the

link between some of these methods.

The sections 2.4 and 2.6 present how to use the Cholesky decomposition in this framework

which is, up to our best knowledge, an original contribution on this topic.

2 Bayesian calibration

In this section, we present methods to perform Bayesian calibration. More precisely, we

focus on methods in which the distribution of the prior is Gaussian.

2.1 Gaussian distribution

The fundamental probability distribution function in this paper is the Gaussian distribution,

which is introduced in the next definition.

Definition 4. (Absolutely continuous multivariate Gaussian distribution.) Let X ∈ R
n be a

random vector in n dimensions with mean E(X) = μ ∈ R
n and covariance matrix Cov(X) =

Σ where μ ∈ R
n and Σ ∈ R

n×n is a symmetric positive definite matrix. We say that X has an
absolutely continuous Gaussian distribution if its probability density function is:

f(x) =
1√

(2π)n det(Σ)
exp

(
−1

2
(x− μ)TΣ−1(x− μ)

)
(2)

for any x ∈ R
n.

Since the matrix Σ is, by assumption, symmetric and positive definite, its determinant det(Σ)
is nonzero, which garantees that the denominator of the previous fraction is correctly defined.

In the special case where Cov(X) = σ2I where μ ∈ R
n, I ∈ R

n×n is the identity matrix

and σ > 0, therefore:

f(x) =
1

(2πσ2)n/2
exp

(
−‖x− μ‖22

2σ2

)
(3)

for any x ∈ R
n.

The previous equation makes clear why the Euclidian norm plays a central role in the Gaus-

sian distribution.
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2.2 Bayesian calibration

In this section, we present the Bayesian calibration and, more specifically, the Gaussian

Bayesian calibration.

We begin by introducing the prior and posterior distributions.

Definition 5. (Bayesian calibration: prior and posterior distributions.) We assume that the
parameter θ ∈ R

p has a true value θ� unknown, but constant. We make the hypothesis that the
parameter θ has a known distribution p(θ), called the prior distribution which represents the
uncertainty of the true parameter value θ�. For any y ∈ R

n such that p(y) > 0, Bayes theorem
states that the distribution of θ given y is:

p(θ|y) = p(y|θ)p(θ)
p(y)

for any θ ∈ R
p. The expression p(y|θ) is the likelihood. The distribution of θ|y is the posterior

distribution. Since y is observed, the denominator of the previous fraction is constant, so that
the posterior distribution is proportional to the numerator:

p(θ|y) ∝ p(y|θ)p(θ) (4)

for any θ ∈ R
p.

The likelihood p(y|θ) is the conditional probability density function of the vector of obser-

vations y.

We can now define the Bayesian calibration with Gaussian hypotheses, or, more briefly, the

Gaussian calibration.

Definition 6. (Gaussian calibration) We make the hypothesis that the parameter θ has a Gaus-
sian distribution with known mean and covariance matrices :

θ ∼ N (μ, B),

where μ ∈ R
p is the mean and B ∈ R

p×p is the covariance matrix. The mean of the Gaussian
distribution is called the background in data assimilation.

We make the hypothesis that the observations have the following conditional distribution:

y|θ ∼ N (h(θ), R),

where R ∈ R
n×n is the covariance matrix of observations.

In this Bayesian setting, the values of μ, B et R are known beforehand.

Let us emphasise that in the Gaussian calibration framework, there are two Gaussian distri-

butions: the first is the prior distribution of θ and the second is the y distribution.

The following theorem is given in [9], p.22-23.

Theorem 1. (Posterior distribution of Gaussian calibration) We consider hypotheses of defini-
tion 6. We denote by ‖ · ‖B the Mahalanobis distance associated with the matrix B:

‖θ − μ‖2B = (θ − μ)TB−1(θ − μ),
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for nay θ,μ ∈ R
p. We denote by ‖ · ‖R the Mahalanobis distance associated with the matrix R:

‖y − h(θ)‖2R = (y − h(θ))TR−1(y − h(θ)).

Therefore, the posterior distribution of θ given the observations y are:

p(θ|y) ∝ exp

(
−1

2

(‖y − h(θ)‖2R + ‖θ − μ‖2B
))

(5)

pour tout θ ∈ R
p.

Data assimilation identifies the vector θ̂ associated with the maximum value of the posterior

distribution : this is the maximum a posteriori estimate or MAP.

Theorem 2. (MAP estimator of Gaussian calibration) We consider hypotheses of definition 6.
The maximum of the posterior distribution of θ given the observations y is reached for:

θ̂ = argmin
θ∈Rp

1

2

(‖y − h(θ)‖2R + ‖θ − μ‖2B
)
. (6)

We can expand the equation 6 using the definition of the Mahalanobis norm, which leads to

the minimisation of the cost function ([1], p.20, p.53):

c(θ) =
1

2
(y − h(θ))TR−1(y − h(θ)) +

1

2
(θ − μ)TB−1(θ − μ) (7)

for any θ ∈ R
p.

2.3 Gaussian non linear calibration

The solution of the data assimilation problem is the solution of the optimization problem

defined by theorem 2.

Definition 7. (Cost function of non linear Gaussian calibration) The cost function of the Gaus-
sian nonlinear calibration is:

c(θ) =
1

2
‖y − h(θ)‖2R +

1

2
‖θ − μ‖2B (8)

for any θ ∈ R
p. We consider the hypotheses of definition 6. The maximum of the posterior

distribution of θ given the observations y is reached at:

θ̂ = argmin
θ∈Rp

c(θ). (9)

The 3DVAR algorithm aims at solving the optimization problem in which we search for

the minimum of the cost function c. In general, this requires to use a nonlinear optimization

algorithm.

The gradient of the cost function C can be explicitly defined depending on the matrix R and

B and the gradient of the function h, which can improve the performance of the optimization

algorithm.

Theorem 3. (Unicity of the solution of the optimization problem.) The Hessian matrix of the
cost function of the Gaussian nonlinear calibration problem is symmetric and positive definite.
Therefore, the solution of the problem associated with the cost function 9 is unique.
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2.4 Cholesky decomposition for the nonlinear Gaussian calibration

In this section, we present a nonlinear Gaussian calibration which uses the Cholesky decom-

position of the covariance matrices.

Theorem 4. (Mahalanobis distance and Cholesky decomposition) Let LB ∈ R
p×p be the

Cholesky factor of the matrix B:
B = LBL

T
B

where LB is a lower triangular matrix. Therefore, the Mahalanobis distance between θ ∈ R
p

and μ ∈ R
p is:

‖θ − μ‖2B = ‖L−1
B (θ − μ)‖22,

for any θ ∈ R
p. Let LR ∈ R

n×n be the Cholesky factor of the matrix R:

R = LRL
T
R

where LR is a lower triangular matrix. Therefore, the Mahalanobis distance between y ∈ R
n

and h(θ) ∈ R
n is:

‖y − h(θ)‖2R = ‖L−1
R (y − h(θ)‖22,

for any θ ∈ R
p.

Proof. We have

‖θ − μ‖2B = (θ − μ)TB−1(θ − μ)

= (θ − μ)T
(
LBL

T
B

)−1
(θ − μ)

= (θ − μ)T (L−1
B )TL−1

B (θ − μ)

=
(
L−1
B (θ − μ)

)T
L−1
B (θ − μ)

which concludes the proof for the matrix B. The proof for the matrix R is similar.

Theorem 5. (3DVAR and Cholesky decomposition) Let re ∈ R
(p+n)×(p+n) be the extended

residual defined by:

re(θ) =

(
L−1
B (θ − μ)

L−1
R (y − h(θ))

)
(10)

Therefore, the solution of the 3DVAR problem is equivalently the solution of the non linear least
squares problem in extended dimension:

θ̂ = argmin
θ∈Rp

1

2
‖re(θ)‖22. (11)

Proof. Indeed, the theorem 4 allows to express the cost function as:

c(θ) =
1

2
‖L−1

R (y − h(θ))‖22 +
1

2
‖L−1

B (θ − μ)‖22,

for any θ ∈ R
p. It is easy to see that the previous expression is the Euclidian norm of the

extended residual defined in equation 10.
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2.5 Linear Gaussian calibration

In this section, we present the calibration with Gaussian prior distribution in the special

case where the model is linear. This method provides the best linear unbiased estimator in this

setting, and this is why it is sometimes called the BLUE. In data assimilation, this is called

Kalman filter, with the difference that the Kalman filter is often used sequentially by updating

the parameter θ within an iterative loop, instead of being managed in just one pass as we do.

Let us assume that the function h is linear with respect to θ. In this special case, we can

compute the solution of the problem by solving a linear system of equations.

Theorem 6. (Solution of linear Gaussian calibration.) We consider the hypotheses of the defi-
nition 6. We assume that h is linear with respect to θ, i.e., for any θ ∈ R

p, we have:

h(θ) = h(μ) + J(θ − μ). (12)

Let A be the matrix:

A = (B−1 + JTR−1J)−1. (13)

Let K be the Kalman matrix defined by:

K = AJTR−1. (14)

Therefore, the unique maximum of the posterior distribution of θ given the observations is ([1],
p.53):

θ̂ = μ+K(y − h(μ)). (15)

The estimator θ̂ is now defined ; the next theorem introduces the distribution of this estimator.

Theorem 7. (Solution of the linear Gaussian calibration) We consider the same hypotheses as
in the theorem 6. Therefore :

p(θ|y) ∝ exp

(
1

2
(θ − θ̂)TA−1(θ − θ̂)

)
(16)

for any θ ∈ R
p where θ̂ is defined by the equation 15 and the matrix A is given by the equation

13. In other words,
Cov

(
θ̂
)
= A =

(
B−1 + JTR−1J

)−1
.

The following theorem establishes the covariance of the bayesian Gaussian calibration ([9],

p.36 and 66 and [1], p.93-95).

Theorem 8. (Covariance matrix of the linear Gaussian calibration) Under the hypotheses of the
theorem 6, we have:

θ̂ ∼ N (θ, A)

where θ̂ is defined by the equation 15 and matrix A is defined by 13.

347



Michaël Baudin and Régis Lebrun

2.6 Cholesky decomposition for linear Gaussian calibration

In this section, we present a linear Gaussian calibration method using the Cholesky decom-

position of the covariance matrices. This method extends the method presented in section 2.4.

Theorem 9. (Solution of linear Gaussian calibration with Cholesky decomposition) We con-
sider the same hypotheses as in theorem 6. Therefore, the unique maximum of the posterior
distribution of θ given the observations y is equivalently defined as the solution of the linear
least squares problem:

θ̂ = argmin
θ∈Rp

1

2

∥∥Ā(θ − μ)− ȳ
∥∥2
2
. (17)

where Ā ∈ R
(p+n)×p is the extended matrix:

Ā =

(
L−1
B

−L−1
R J

)
(18)

and ȳ ∈ R
p+n is the extended vector:

ȳ =

(
0

−L−1
R (y − h(μ)),

)
where the p first components of ȳ are zero.

Proof. The proof uses the equation 10 in the special case where h is linear. The equation 12

implies:

y − h(θ) = y − h(μ)− J(θ − μ),

for any θ ∈ R
p. We substitute the previous equation into the extended residual defined by the

equation 10:

re(θ) =

(
L−1
B (θ − μ)

L−1
R (y − h(μ)− J(θ − μ))

)
=

(
L−1
B (θ − μ)

L−1
R (y − h(μ))− L−1

R J(θ − μ)

)
=

(
L−1
B (θ − μ)

−L−1
R J(θ − μ)

)
+

(
0

L−1
R (y − h(μ))

)
=

(
L−1
B

−L−1
R J

)
(θ − μ) +

(
0

L−1
R (y − h(μ))

)
= Ā(θ − μ)− ȳ

by definition of Ā and ȳ.

3 Calibration of an ill-conditioned exponential model

In this section, we consider the calibration of an exponential model with the linear Gaussian

calibration (BLUE). The goal of this section is to quantify the influence of the condition number

of the matrices involved onto the results and compare the numerical values obtained by the two

methods.

We first consider the method presented in the section 2.5 which uses the Kalman matrix.

Then we use the method presented in the section 2.6 which uses the Cholesky decomposition

of the covariance matrices B and R.
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i 1 2 3 4 5 6 7 8 9 10

yi 7.125 -1.414 4.099 14.58 1.381 20.19 26.82 52.52 76.96 122.4

Table 1: A sample of ten observed input and the corresponding independent realizations of the observed outputs.

2 4 6 8

x

0

50

100
y

True model

Observations

Exponential model.

Figure 1: Observations in the exponential model.

3.1 Description of the model

We present the calibration of a model which uses the exponential function. Our aim is to

provide the details of the experiment so that it can be reproduced by the interested reader.

The model is the function:

g(x) = θ1 + exp(θ2x)

for any x ∈ [0.5, 9.5] where θ ∈ R
2 is the vector of parameters. Notice that this model is linear

with respect to the parameter θ1, but not with respect to θ2. We consider n = 10 observations.

The observed values of the inputs are xi = i − 0.5 for i = 1, ..., n. We assume that the

observation error is the random variable ε ∼ N (0, 5), that is, an observation error which has the

Gaussian distribution with zero mean and standard deviation equal to 5. We generate the noisy

observations of the output by generating independent realization of the observation error:

yi = g(xi,θ) + εi,

for i = 1, ..., n, where ε1, . . . , εn are independent realizations of the random variable ε. The

observations are the couples {(xi, yi)}i=1,...,n.

The true values of the vector of parameters is θ� = (2.8, 0.5)T .

In order to reproduce the experiment, we generated a sample of the observations once for all.

This sample is presented in the table 1, rounded to 4 significant digits. Using a constant sample

allows to reproduce the experiment more easily.

The figure 1 presents the observations and the model.

Let us now describe the parameters of the Gaussian calibration. The mean of the Gaussian

prior is μ = (1, 1)T . We use the prior covariance matrix:

B =

(
4 1

2
1
2

7

)
.

Its condition number is κ2(B) = 1.807, which is not perfect (because κ2(B) > 1), but almost

ideal because its order of magnitude is almost equal to the one of a perfectly conditioned matrix.
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Moreover, we use a constant variance of the observation errors:

σ2
Y = 3.

The Jacobian matrix is computed based on symbolic differentiation:

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0.8243
1 6.723
1 30.46
1 115.9
1 405.1
1 1346
1 4323
1 1.356× 104

1 4.178× 104

1 1.269× 105

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
In the next paragraphs, we use the Gaussian linear calibration. Since the model is not linear

with respect to θ2, the BLUE estimator does not provide the exact solution of the calibration

problem, but only computes the exact solution of the linearized problem. This is why the exact

solution of this problem is not necessarily θ�, nor μ, but can only be computed from calculation.

3.2 Linear Gaussian calibration

We present the results with 4 significant digits (rounded to nearest), which is sufficient for

our purpose. We use a "K" subscript for results which are obtained using the Kalman matrix

and the "C" subscript for results which are obtained using the Cholesky decomposition.

Using the Kalman matrix, we get:

θ̂K = [0.9999, 0.8943].

When the computation uses the Kalman matrix, the covariance matrix is A, as defined by the

equation 13:

A = Cov
(
θ̂K

)
=

(
3.999 −4.175× 10−5

−4.175× 10−5 6.019× 10−10

)
.

This leads to the 95% confidence interval:(
θ̂1

)
K
∈ [−3.267, 5.267]

(
θ̂2

)
K
∈ [0.8942, 0.8943].

With the method based on the extended linear least squares problem using the Cholesky

decomposition, we get:

θ̂C = [−100.4, 0.8953].

For this method, the covariance matrix is the Gram matrix:

Cov
(
θ̂C

)
=

(
0.3413 −3.563× 10−6

−3.563× 10−6 2.033× 10−10

)
.

This leads to the following 95% confidence interval:(
θ̂1

)
C
∈ [−101.7,−99.08]

(
θ̂2

)
C
∈ [0.8953, 0.8954].
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We observe that the results produced by the Kalman matrix seem to be correct, with a reduced

confidence interval for the parameter θ2, while the parameter θ1 seem to have a relatively large

confidence interval. Based on these results, it seem that the true of θ1 is approximately in

the interval from -3 to 5. This does not match the result obtained from the extended linear

least squares method, which computes a relatively close value of the parameter θ2, but has a

parameter θ1 much more negative, approximately in the interval from -102 to -99.

The figure 1 may seem to indicate that a value of θ1 close to 0, as is the case for the method

based on the Kalman matrix, may be more likely than a value of θ1 close to -100, as is the

case for the method using the Cholesky decomposition. This is, however, a false conclusion

regarding the Gaussian linear calibration problem, which is different from the calibration that

might be done visually. Firstly, the method uses a linearized model and, more importantly, it

uses a Gaussian prior.

In order to see which result is more accurate, we use two complementary criteria.

• We evaluate the cost function defined by the equation 6: the best value is the lowest. This

criterion evaluates the accuracy with respect to the consequences: in terms of stability

analysis of algorithms, this the forward error analysis.

• We evaluate the condition number of the matrices involved in the methods: the best

method has lowest condition numbers. This criterion evaluates the accuracy with re-

spect to the sources: in terms of stability analysis of algorithms, this the backward error

analysis.

3.3 Value of the cost function

The value of the cost function at both optimum points is equal to:

c
(
θ̂K

)
= 5.954× 104, c

(
θ̂C

)
= 4.449× 104.

We see that the method using the extended linear least squares problem has a smaller cost

function value. Both methods use the same cost function, and differ only by the way they

minimise it. Hence, the method which produces a lower value of the cost function achieves a

better accuracy.

One possible cause for the difference in the function value may be that the function evaluation

is associated with a loss of accuracy. This is in fact impossible because the matrices B and

R involved in the Mahalanobis distance are respectively very well and perfectly conditioned.

Therefore, the evaluation of the cost function cannot be affected by a massive loss of accuracy.

3.4 Condition number of the matrices

To see how the condition number may magnify the rounding errors in algebraic computa-

tions, we shortly describe the accuracy that can be expected when we use 64 bits floating point

numbers. The IEEE754 standard for these numbers uses a precision of 53 bits, which leads to

a unit roundoff approximately equal to 10−16, that is approximately 16 significant digits (for

normalized floating point numbers). We these numbers, when the condition number of function

or algorithm is equal to 10d, the maximum number of lost digits is equal to d (but this upper

bound is not always reached). For example, if the condition number of an algorithm is equal to

104, therefore there are at least approximately 16− 4 = 12 significant digits in the result. This

is why we, quite arbitrarily, write that the condition number is "low" when it is lower than 108
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(because approximately half of the digits are corrects), "extreme" if it is greater than 1016 and

"high" otherwise.

Let us now focus on the linear Gaussian calibration. The base 10 logarithm of the condition

number of the Kalman matrix is extreme:

log10(κ2(K)) = 20.87.

This shows that the use of the Kalman matrix can produce a massive loss of accuracy when we

compute θ̂K from it, with a potentially total loss of accuracy when we use 64 bits floating point

numbers. The condition number of the covariance matrix of the parameter based on the Kalman

matrix is also ill-conditioned:

log10

(
κ2

(
Cov

(
θ̂K

)))
= 10.38,

although this condition number is not as bad as the previous one.

The condition number of the matrix Ā involved in the extended linear least squares problem

18 is:

log10
(
κ2

(
Ā
))

= 4.656.

This shows that the matrix associated to the computation based on Cholesky decomposition is

acceptable. The covariance matrix of θ̂C is the Gram matrix of the extended linear least squares

problem:

Cov(θ̂C)) = σ̂2
CG

−1
. (19)

where σ̂2
C is the unbiased estimator of the variance and G is the Gram matrix (also known as the

information matrix) of the extended linear least squares problem:

G = ĀT Ā.

The base 10 logarithm of the condition number is:

log10

(
κ2

(
Cov(θ̂C)

))
= 9.312,

which is relatively high. Let us notice, however, that the condition number of Cov(θ̂C) is

necessarily equal to the square of the condition number of Ā. Indeed, the equation 19 implies:

κ2

(
Cov(θ̂C)

)
= κ2

(
Ā)
)
.

Therefore,

log10

(
κ2

(
Cov(θ̂C)

))
= 2 log10

(
κ2

(
Ā
))

,

which confirms the numerical values we obtained with the exponential model, since 9.312 =
2× 4.656.

In order to analyse in more depth the root causes of the condition numbers of the matrices,

let us compute the condition number of the Jacobian matrix, which is involved in both methods:

log10 (κ2(J)) = 4.675.

This matrix, which must be managed by both two methods, has therefore a relatively low con-

dition number. We see that its condition number is close to the one of the matrix Ā, which

is the expected result given the definition of Ā. Hence, the method which uses the extended

linear least squares problem does not artificially increase the condition number of the matrices,

as opposed to the method which uses the Kalman matrix.
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4 Conclusion

We have analysed the linear and non linear Gaussian calibration of a computer model and

presented several methods to compute its solution. While the classical method, which uses the

Kalman matrix, is mathematically satisfactory, its implementation in floating point arithmetic

artificially reduces the accuracy of the solution and magnifies the errors in the data.

We presented a new method which involves an extended least squares problem. We have

shown an example in which the new method actually performs with more accuracy. These

methods are implemented in the OpenTURNS software [2].
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Abstract. In real life problems uncertainties, for instance through uncertain boundary con-
ditions or manufacturing imperfections, may affect the performance of an aerodynamic shape
significantly. In order to measure the impact of uncertainties on the performance of an aerody-
namic shape, statistical moments (usually the mean value and variance) of the Quantity of In-
terest (QoI, e.g. the lift or drag forces) have to be quantified through Uncertainty Quantification
(UQ) techniques. This paper compares a number of variants of the Method of Moments (MoM)
and the non-intrusive polynomial chaos (niPCE) approaches to UQ. Regarding the MoM, first-
and second-order derivatives of the QoI with respect to the uncertain variables are necessary
for formulating its first-(FOSM) and second-order (SOSM) variants, respectively. These are
computed using a combination of continuous adjoint and direct differentiation of the governing
(flow) equations. The statistical moments of the QoI can, then, easily be computed in terms
of the QoI value and derivatives computed at the mean values of the uncertain variables. The
results of the above-mentioned MoM variants are additionally compared to a number of niPCE
variants developed and utilized by the authors in the past. The UQ variants of MoM and niPCE
are then compared in terms of cost and accuracy of the computed statistical moments of the
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1 INTRODUCTION

A number of UQ approaches have been developed during the last years to help propagate

the uncertainty from the inputs of the aerodynamic analysis problem (e.g. uncertain boundary

conditions) to the QoI. A recent review of many of them and their incoorporation into robust

design optimization loops with a focus on air vehicles can be found in [1]. In general, most

UQ methods have a cost that scales with a power of the number M of the uncertain variables

ci, i ∈ [1,M ], making UQ computationally feasible for problems with only a moderate M .

This paper focuses on some variants of the Method of Moments (MoM), [2, 3, 4, 5], and non-

Intrusive Polynomial Chaos Expansion (niPCE) [6, 7, 8, 9] with a potential for a relatively low

UQ cost and compares them in terms of cost and accuracy of computation of the statistical

moments of the QoI; Monte Carlo (MC) acts as the reference method for computing the latter.

According to the MoM, the QoI (usually lift or drag for external aerodynamics problems)

is expanded into a Taylor series in terms of c. The statistical moments of the QoI are, then,

obtained analytically by using this expansion in the integrals that define them. By keeping only

the first-order term in the Taylor expansion and computing the first two statistical moments of

the QoI, namely its mean and standard deviation, a First-Order Second-Moment (FOSM) UQ

method is formulated [4]. If second-order terms are also maintained in the Taylor expansion,

a Second-Order Second-Moment (SOSM) approach is devised. The FOSM approach calls for

the computation of first-order derivatives of the QoI with respect to (w.r.t.) c while the SOSM

approach additionally requires second-order derivatives, a.k.a. the Hessian matrix. First-order

derivatives w.r.t. c are computed based on the continuous adjoint method developed by the

group of authors in the past [10], at a cost that is independent of the value of M . As discussed

in sections 2 and 4, this gives rise to the only UQ method known to the authors with a cost

that does not scale with M . The most efficient method to compute second-order derivatives

requires the combined use of adjoint and direct differentiation (DD, being the equivalent of the

tangent-linear mode in an Automatic Differentiation tool), with a cost that scales linearly with

M [11].

Additionally, a number of niPCE approaches are presented and compared to the two MoM

variants. These include a) standard quadrature niPCE , b) regression-assisted niPCE computa-

tions based on at least as many QoI evaluations as the number of polynomial weights, [9, 12],

and c) an adjoint-assisted regression approach by using the sensitivity derivatives of the QoI

w.r.t. c, to reduce the computational cost [13]. These variants were also compared to each other

in terms of cost and accuracy by the authors in [14] and will not, thus, be analyzed in detail

herein.

The rest of this paper is structured as follows: in section 2, the mathematical background of

the MoM is presented, including the flow and adjoint equations, as well as the combination of

adjoint and DD for the computation of the Hessian matrix. In section 3, the niPCE variants are

presented in brief. In section 4, the cost of the two studied MoM variants is compared to that

of the aforementioned niPCE approaches and, in section 5, the results of the developed MoM

variants are compared with each other as well as with those obtained by niPCE and verified with

reference results produced using MC simulations. Finally, conclusions are drawn in section 6.
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2 MoM FRAMEWORK

2.1 Flow Equations and QoI

The cases examined in this paper are governed by the steady-state Navier-Stokes PDEs for

incompressible flows,

Rp = −∂vj
∂xj

= 0 (1a)

Rv
i = vj

∂vi
∂xj

− ∂τij
∂xj

+
∂p

∂xi

= 0, i = 1, 2, 3, (1b)

where vi are the velocity components, τij=(ν+νt)
(

∂vi
∂xj

+
∂vj
∂xi

)
the stress tensor components, p

the (relative to the exit/reference) static pressure divided by the constant density, ν the (constant)

kinematic viscosity of the fluid and νt the turbulent viscosity, computed only for turbulent flows.

Twice repeated indices within the same term imply summation. In cases were turbulent flow

are studied, the Spalart–Allmaras turbulence model [15] is used to effect closure; according to

the latter, the turbulent viscosity is given by νt = ν̃fv1 and computed after solving the PDE

Rν̃=vj
∂ν̃

∂xj

− ∂

∂xj

[(
ν+

ν̃

σ

)
∂ν̃

∂xj

]
− cb2

σ

(
∂ν̃

∂xj

)2

−ν̃ P (ν̃)+ν̃D(ν̃)=0, (2)

for the turbulence variable ν̃. In the above equation, the production and destruction terms

are given by P (ν̃) = cb1Ỹ and D(ν̃) = cw1fw(Ỹ ) ν̃
Δ2 respectively, with Ỹ = fv3Y + ν̃

Δ2κ2fv2 ,

Y = ‖�S‖ = ‖eijk ∂vk
∂xj

‖ the vorticity magnitude and Δ the distance from the wall.

Dealing with external aerodynamics (flows around bodies such as airfoils or cars), eqs. 1 are

associated with the following set of boundary conditions,

SI

⎧⎪⎪⎨⎪⎪⎩
v = |v∞|[cos(α∞) sin(α∞)]T

∂p

∂xj

nj = 0

ν̃ = ct

SW

⎧⎪⎨⎪⎩
vi = 0
∂p

∂xj

nj = 0

ν̃ = 0

SO

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂vi
∂xj

nj = 0

p = 0
∂ν̃

∂xj

nj = 0, (3)

where SW is the contour of the aerodynamic body and SI and SO the parts of the farfield

boundary in which the flow enters and exits the domain. Overall, S = SI ∪ SO ∪ SW is the

boundary of the computational domain Ω and |v∞|, α∞ are the farfield velocity magnitude and

angle, respectively.

Without loss in generality, the drag or lift force coefficients,

J =

∫
SW

(pδji − τij)njri

NF

dS, NF =
1

2
ArefU

2
ref , (4)

is the QoI throughout this paper, where r is the unit vector aligned with/perpendicular to the

farfield velocity for the drag/lift computation, in the absence of uncertainties, Aref is a reference

area and Uref is a reference velocity magnitude, usually coinciding with that of the farfield

velocity.

2.2 MoM-based UQ

In the MoM, the QoI is developed using a Taylor expansion around the mean values of the

uncertain variables, c; the order of the MoM is defined by the largest order of the derivatives of
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the QoI w.r.t. c retained in the Taylor expansion,

J(c+Δc) = J |c + δJ

δci

∣∣∣∣
c

Δci +
1

2

δ2J

δciδcj

∣∣∣∣
c

ΔciΔcj +O(Δc3). (5)

The FOSM approach is formulated by retaining only δJ/δci in eq. 5, substituting it into the

expressions of the mean value (μJ ) and standard deviation (σJ ) of the QoI and analytically

integrating, to obtain, [4],

μJ (c) = J |c, σJ (c) =

√√√√ M∑
i=1

[
δJ

δci

]2
c

σ2
i , (6)

with σi standing for the known standard deviation of the i-th uncertain variable. In the FOSM

approach, the expressions of μJ and σJ , eqs. 6, are independent of the probability density

function (PDF) of c. Hence, the FOSM-based UQ method can be used with any PDF. In order

to avoid any misinterpretation regarding the summation convention, the summation symbol is

retained whenever deemed necessary.

If, additionally, we assume that the uncertain variables follow a normal distribution and

maintain the second-order derivatives in eq. 5, the SOSM-based statistical moments of J can be

computed through

μJ (c) = J |c + 1

2

M∑
i=1

[
δ2J

δc2i

]
c

σ2
i , σJ (c) =

√√√√ M∑
i=1

[
δJ

δci

]2
c

σ2
i +

1

2

M∑
i=1

M∑
j=1

[
δ2J

δciδcj

]2
c

σ2
i σ

2
j ,

(7)

requiring the additional computation of second-order derivatives w.r.t. c. It is important to note

that, in contrast to other UQ methods like niPCE and MC that rely on flow evaluations in a

number of combinations of values of the uncertain variables, the MoM depends only on flow

and derivative evaluations performed at the nominal operating conditions c; for the sake of

convenience, the latter index will be omitted hereafter.

The computation of the first- and second-order derivatives required by the above-mentioned

MoM is described in brief in the sections that follow.

2.3 Computation of δJ
δcl

First-order derivatives are computed using the continuous adjoint method. According to the

latter, an augmented QoI is defined as

L=J+

∫
Ω

uiR
v
i dΩ+

∫
Ω

qRpdΩ+

∫
Ω

ν̃aR
ν̃dΩ, (8)

where Ω is the computational domain, ui the adjoint velocity components, q the adjoint pressure

and ν̃a the adjoint turbulence variable. Then, eq. 8 is differentiated w.r.t. c. After setting the

multipliers of δvi/δcl, δp/δcl and δν̃/δcl to zero in the field integrals of the developed form of
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δJ/δcl, the continuous adjoint PDEs for incompressible, turbulent flows are derived [10],

Rq=−∂uj

∂xj

= 0 (9a)

Ru
i =uj

∂vj
∂xi

− ∂(vjui)

∂xj

− ∂τaij
∂xj

+
∂q

∂xi

+ν̃a
∂ν̃

∂xi

− ∂

∂xl

(
ν̃aν̃

CY
Y

emjk
∂vk
∂xj

emli

)
=0 , i=1, 2, 3

(9b)

Rν̃a =−∂(vj ν̃a)

∂xj

− ∂

∂xj

[(
ν+

ν̃

σ

)
∂ν̃a
∂xj

]
+
1

σ

∂ν̃a
∂xj

∂ν̃

∂xj

+2
cb2
σ

∂

∂xj

(
ν̃a

∂ν̃

∂xj

)
+ν̃aν̃Cν̃

+
∂νt
∂ν̃

∂ui

∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
+(−P+D) ν̃a=0, (9c)

where τaij = (ν+νt)
(

∂ui

∂xj
+

∂uj

∂xi

)
are the adjoint stress tensor components. The Cν̃ and CY

expressions can be found in [16].

After satisfying the continuous adjoint PDEs and differentiating eq. 4 w.r.t. c, the remaining

terms of δJ/δcl = δL/δcl read [17],

δJ

δcl
=

∫
SW

(
δp

δcl
δji −

δτij
δcl

)
rinjdS+

∫
S

(
uivjnj + τaijnj−qni+ν̃aν̃

CY
Y

emjk
∂vk
∂xj

emoino

)
δvi
δcl

dS

+

∫
S

uini
δp

δcl
dS−

∫
S

uinj
δτij
δcl

dS,−
∫
Ω

ui
∂

∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δν

δcl
dΩ. (10)

It should be noted that r and Uref in eq. 4 are not considered to change w.r.t. c. Following the

methodology presented in [10], the adjoint boundary conditions are formulated by eliminating

boundary integrals containing variations of vi, p, τij and ν̃, where necessary, and read

SI

⎧⎪⎪⎨⎪⎪⎩
ui = 0
∂q

∂xj

nj = 0

ν̃a = 0

, SW

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ui = − ri

NF

∂q

∂xj

nj = 0

ν̃a = 0

, SO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q = unvn + 2ν
∂ui

∂xj

ninj

+ν̃aν̃
CY
Y

emjk
∂vk
∂xj

emoinoni,

utvn + ν

(
∂ui

∂xj

+
∂uj

∂xi

)
njti

+ν̃aν̃
CY
Y

emjk
∂vk
∂xj

emoinoti = 0

vjnj ν̃a +

(
ν +

ν̃

σ

)
∂ν̃a
∂xj

nj = 0, (11)

where n and t are the normal and tangential unit vectors and indices n and t indicate the normal

and tangential velocity components, respectively. A realistic assumption is that the solution of

the adjoint equations costs approximately as much as that of the flow equations. Hence, the

flow and adjoint fields are computed at the cost of one Equivalent Flow Solution (EFS) each.

EFS is used as the cost unit for the UQ methods that are compared in this paper.

Herein, uncertainties are associated with the flow conditions and properties. In specific, the

uncertain variables are the free-stream flow angle, c1 = α∞, the magnitude of the farfield ve-

locity, c2 = |v∞| and the flow kinematic viscosity, c3 = ν. Though the MoM has a comparative

cost advantage to other UQ methods as M gets higher, even a case of M = 3 is enough for
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demonstrating the benefits of the method. Considering the adjoint boundary conditions, the

gradient of J w.r.t. cl is computed as follows,

δJ

δcl
=

∫
SI

(
τaijnj − qni

) δvi
δcl

dS −
∫
Ω

ui
∂

∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δν

δcl
dΩ. (12)

Since vi|SI
directly depends on c, eq. 3, δvi

δcl

∣∣∣
SI

is computed analytically as,

δv

δc1

∣∣∣∣
SI

= |v∞|
[−sin(α∞)

cos(α∞)

]
δv

δc2

∣∣∣∣
SI

=

[
cos(α∞)
sin(α∞)

]
δv

δc3

∣∣∣∣
SI

=

[
0
0

]
(13)

and δν
δcl

is straightforward. Hence, all components of δJ/δcl are computed at a cost of 2 EFS,

irrespective of M . This makes the FOSM an affordable UQ method for problems with many

uncertain variables.

2.4 Computation of δ2J
δclδcm

The SOSM approach additionally requires the computation of δ2J
δclδcm

, a.k.a. the Hessian of

J w.r.t. c. The Hessian matrix can be computed using all possible combinations of adjoint and

DD as outlined in [11], there for compressible flows. Based on [11], the most cost-efficient

approach to compute the Hessian matrix is based on the DD of the flow equations to compute
δvi
δcm

, δp
δcm

and the adjoint method to avoid the computation of δ2vi
δcmδcl

, δ2p
δcmδcl

; the latter approach

is also mentioned as the DD-AV approach in [11] and has a cost of M + 2 EFS for computing

the Hessian matrix; this includes the solution of the flow and adjoint PDEs. In what follows,

the same approach is presented in brief for laminar, incompressible flows.

Let the derivative of any flow quantity φ w.r.t. the uncertain variables cl be denoted as

φ̃l =
δφ

δcl
(14)

Then, the derivative of the QoI w.r.t. c is written as

δJ

δcl

∣∣∣∣
DD

= −
∫
SW

δ3l Eij
njri
NF

dS −
∫
SW

νẼij

lnjri
NF

dS +

∫
SW

p̃l
niri
NF

dS (15)

where Eij =
∂vi
∂xj

+
∂vj
∂xi

is the strain tensor and δ3l is the Kronecker symbol. In order to compute

Ẽij

l
and p̃l, the flow equations, eq. 1, are directly differentiated w.r.t. c, yielding l ∈ [1, 3] (in

general l ∈ [1,M ]) sets of PDEs

R̃p
l
= −∂ṽj

l

∂xj

= 0 (16a)

R̃v
i

l
= ṽj

l ∂vi
∂xj

+ vj
∂ṽi

l

∂xj

− ν
∂Ẽij

l

∂xj

− δ3l
∂Eij

∂xj

+
∂p̃l

∂xi

= 0, i = 1, 2, 3 (16b)

from which p̃l and ṽi
l (and, in consequence, Ẽij

l
) can be computed. Eqs. 16 are accompanied

by their boundary conditions, which are derived by differentiating eq. 3 w.r.t. c, yielding
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SI

⎧⎪⎪⎨⎪⎪⎩
ṽl =

δv

δcl
(eq. 13)

∂p̃l

∂xj

nj = 0

, SW

⎧⎨⎩
ṽi

l = 0

∂p̃l

∂xj

nj = 0
, SO

⎧⎨⎩
∂ṽi

l

∂xj

nj = 0

p̃l = 0. (17)

The Hessian is computed by differentiating eq. 15 once more w.r.t. c and augmenting the out-

come with the field integrals of the second-order derivatives of the flow equations, multiplied

with appropriate adjoint fields, i.e.

δ2J

δcmδcl
=

δ

δcm

(
δJ

δcl

∣∣∣∣
DD

)
+

∫
Ω

ui
δ2Rv

i

δcmδcl
dΩ +

∫
Ω

q
δ2Rp

δcmδcl
dΩ (18)

As it will be proven, the adjoint fields on the right hand side (r.h.s.) of eq. 18 coincide with those

computed through eq. 9 (excluding terms stemming from the differentiation of the turbulence

model). To help simplify the mathematical notation, let

φ
l,m

=
δ2φ

δcmδcl
(19)

denote the second-order derivative of any flow quantity φ w.r.t. the uncertain variables. Differ-

entiating eq. 15 w.r.t. cl yields

δ

δcm

(
δJ

δcl

∣∣∣∣
DD

)
= −
∫
SW

δ3l Ẽij

mnjri
NF

dS −
∫
SW

δ3mẼij

lnjri
NF

dS −
∫
SW

νEij
l,mnjri

NF

dS

+

∫
SW

pl,m
niri
NF

dS (20)

Assuming that eqs. 16 have already been solved, the first two integrals on the r.h.s. of eq. 20

can readily be computed. However, evaluating the last two integrals of the r.h.s. of the same

equation would require the computation of Eij
l,m

and pl,m that would come at a cost scaling

with M2. To avoid this exponential rise of the UQ cost w.r.t. M , an adjoint system of equations

can be formulated expanding the second and third terms on the r.h.s. of eq. 18 as∫
Ω

ui
δ2Rv

i

δcmδcl
dΩ +

∫
Ω

q
δ2Rp

δcmδcl
dΩ =∫

Ω

[
uj

∂vj
∂xi

− ∂(vjui)

∂xj

− ∂τaij
∂xj

+
∂q

∂xi

]
vi

l,mdΩ−
∫
Ω

∂ui

∂xi

pl,mdΩ

+

∫
S

(
uivjnj + τaijnj − qni

)
vi

l,mdS −
∫
S

νuinjEij
l,m

dS +

∫
S

uinip
l,mdS

+

∫
Ω

uiṽj
l∂ṽi

m

∂xj

dΩ +

∫
Ω

uiṽj
m∂ṽi

l

∂xj

dΩ−
∫
Ω

uiδ
3
l

∂Ẽij

m

∂xj

dΩ−
∫
Ω

uiδ
3
m

∂Ẽij

l

∂xj

dΩ (21)

By setting the multipliers of vi
l,m and pl,m in the field integrals of eq. 21 to zero, the latter

becomes independent of second-order derivatives of the flow variables w.r.t. c in the interior of

the computational domain. This process leads to the formulation of an adjoint system of PDEs

that is identical to the one presented in eq. 9. The corresponding adjoint boundary conditions
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coincide with those of eq. 11. The remaining terms of eq. 20 and 21 give raise to the expression

of the Hessian matrix

δ2J

δcmδcl
= −
∫
SW

δ3l Ẽij

mnjri
NF

dS −
∫
SW

δ3mẼij

lnjri
NF

dS +

∫
SI

(
τaijnj − qni

)
vi

l,mdS

+

∫
Ω

uiṽj
l∂ṽi

m

∂xj

dΩ +

∫
Ω

uiṽj
m∂ṽi

l

∂xj

dΩ−
∫
Ω

uiδ
3
l

∂Ẽij

m

∂xj

dΩ−
∫
Ω

uiδ
3
m

∂Ẽij

l

∂xj

dΩ

(22)

where the components of vi
l,m at the inlet are given by

v1,1 = −v, v1,2 = v2,1 =

[−sin(α∞)
cos(α∞)

]
, v2,2 = v1,3 = v3,1 = v2,3 = v3,2 = 0 (23)

2.5 Flowchart of the MoM approach to UQ

The process of computing μJ and σJ using the MoM is summarized in the flowchart that

follows, including the computational cost of each step.

1 Solution of the flow equations (eqs. 1) at c=c, at the cost of 1 EFS, to obtain the vi, p

and ν̃ fields, followed by the computation of J at c.

2 Solution of the adjoint equations (eqs. 9), at the cost of 1 EFS, to obtain the ui, q and ν̃a

fields.

3 Computation of δJ
δcm

,m ∈ [1,M ] from eq. 12 (negligible cost).

4 if MoM == FOSM then

5 Computation of μJ and σJ through eq. 6 (negligible cost).

6 else if MoM == SOSM then

7 Solution of the DD equations, eqs. 16, at the cost of M EFS, to obtain the ṽi
l and p̃l

fields, for l ∈ [1,M ].

8 Computation of δ2J
δcmδcl

from eq. 22 with m, l ∈ [1,M ] (negligible cost).

9 Computation of μJ and σJ through eq. 7 (negligible cost).

3 niPCE-BASED UQ

Assuming that J depends on the vector of uncertain variables ci, i ∈ [1,M ], niPCE approxi-

mates J as

J(c) ≈
Q−1∑
i=0

JiHi(c), (24)

where Q = (M+k)!
M !k!

, k is the largest degree of the multivariate orthogonal polynomials Hi(c) and

Ji are their corresponding weights.

The multivariate polynomials Hi(c) are constructed through the products of univariate or-

thogonal polynomials that depend on the statistical distribution of the uncertain variables and

are chosen from the Wiener-Askey family, [8]. For all applications presented in this paper,
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all uncertain variables are assumed to follow a Gaussian distribution and p are the normalized

probabilists’ Hermite polynomials.

Assuming that the polynomial weights Ji are known, the first and second statistical moments

of the QoI are given by, [8]

μJ = J0, σJ =

√√√√Q−1∑
i=1

J2
i (25)

What remains to compute μJ and σJ and perform UQ is to compute the coefficients Ji. These

are defined through the Galerkin projection of J to Hi(c), i.e.

Ji =

∫
· · ·
∫

J(c)Hi(c)W (c)dc (26)

where W (c) is the product of the PDFs wi, i ∈ [1,M ] of the uncertain variables. Numerical

approaches for computing Ji, with emphasis on cost reduction in cases of M � are described

in sections 3.1 and 3.2.

3.1 Gauss Quadrature

Since the polynomial coefficients are given by multidimensional integrals, eq. 26, they can

be approximated numerically, by evaluating J at appropriate values of c. Taking advantage of

the fact that the integrand of eq. 26 is a weighted polynomial, Gauss Quadrature rules, [18],

can be used to numerically compute Ji. The type of Gauss Quadrature depends on the form

of Hi(c) which, in turn, depends on the assumed statistical distribution of c. For the Gaussian

distribution assumed herein, Gauss–Hermite Quadrature (GHQ) is used.

Computing Ji requires (k + 1)M evaluations of J . This exponential dependency of the cost

on M leads to the so-called “curse of dimensionality”, making the GQ-based niPCE variant

quite costly for cases with even a modest number of uncertain variables. To compensate for

its relatively high computational cost, the GQ-based niPCE approach is quite accurate when

compared to MC, as it will be shown in section 5.

3.2 Regression-based niPCE and Acceleration through Adjoint-based Gradients

An alternative for computing Ji can be pursued by means of a regression which avoids nu-

merically integrating eq. 26 to compute Ji instead, it approximates them using a more stochastic

approach, [9, 12]. In specific, if J is evaluated at L different c values, eq. 24 can be used to

formulate the following system of equations⎡⎢⎢⎣
H0(c1) . . . HQ−1(c1)

...
. . .

...

H0(cL) . . . HQ−1(cL)

⎤⎥⎥⎦
⎡⎢⎢⎣

J0
...

JQ−1

⎤⎥⎥⎦ =

⎡⎢⎢⎣
J(c1)

...

J(cL)

⎤⎥⎥⎦ (27)

with L equations and Q unknowns. If L = Q = (M+k)!
M !k!

, then eq. 27 can be solved directly to

compute the Q unknown coefficients at a cost of Q EFS. To increase accuracy, J is usually

oversampled and eq. 27 corresponds to a least squares problem, [19]. For what follows, an

oversampling by a factor of r = 2 is used, i.e. L=2Q. What remains to be decided are the L
different c points in which J should be evaluated to obtain the right-hand-side (r.h.s.) of eq. 27.

362



E.M. Papoutsis-Kiachagias, V.G. Asouti, and K.C. Giannakoglou

This is still an open issue in the corresponding literature and a number of approaches have

been proposed, like random sampling, Latin Hypercube sampling and Hammersley sequence

sampling, [20]. In the applications presented in this report, a Latin Hypercube Sampling (LHS)

is used. The cost of the regression-based niPCE is compared to the other UQ variants presented

in this paper in Table 1.

One flow solution (J evaluation) contributes one line in the system of eq. 27. Adding more

lines to eq. 27 for each flow solution which is carried out could further accelerate the UQ pro-

cess. To do so, the (continuous) adjoint method for computing sensitivity derivatives presented

in section 2.3 can be employed. The latter can provide all the components of δJ/δci, i ∈ [1,M ]
by additionally solving the adjoint PDEs, at a cost of 1 EFS. Assuming an oversampling by

a factor of r > 1, the sampling points required to obtain rQ equations for computing Ji are1

P =
⌊

r(M+k)!
(M+1)!k!

⌋
=
⌊

rQ
M+1

⌋
, i.e. approximately one order of M lower than that of the typical

regression approach given by eq. 27. The adjoint-assisted regression approach reads, [13]⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H0(c1) . . . HQ−1(c1)
∂H0

∂c1
(c1) . . .

∂HQ−1

∂c1
(c1)

...
...

...

∂H0

∂cM
(c1) . . .

∂HQ−1

∂cM
(c1)

...
. . .

...

H0(cL) . . . HQ−1(cL)
∂H0

∂c1
(cL) . . .

∂HQ−1

∂c1
(cL)

...
...

...

∂H0

∂cM
(cL) . . .

∂HQ−1

∂cM
(cL)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎣
J0
...

JQ−1

⎤⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J(c1)
δJ
δc1

(c1)

...
δJ
δcM

(c1)

...

J(cL)
δJ
δc1

(cL)

...
δJ
δcM

(cL)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(28)

and its cost, taking into consideration that each of the P sampling points costs one flow and

one adjoint solution, is given in Table 1. It can be observed that adjoint-assisted regression has

the lowest cost of all niPCE variants for M > 1, with the gain increasing considerably in the

presence of many uncertain variables. Indicatively, for the widely used case of M = 3, k = 2,

adjoint-assisted regression has half the cost of the typical regression and almost one third of the

GQ one.

It should be noted that the cost of the adjoint-assisted regression mentioned in Table 1 is

valid in cases with only one QoI. Since the computation of sensitivity derivatives for many QoI

requires the solution of as many adjoint PDEs, the cost benefit of the adjoint-assisted regression

is mitigated in such cases. For the general case with NQ QoI and an oversampling by a factor of

r, the cost of the adjoint-assisted regression approach is (NQ + 1)
⌊

r(M+k)!
(M+1)!k!

⌋
EFS. Neglecting

the potential necessity for rounding, the cost ratio of the adjoint-assisted regression and the

typical regression is
NQ+1

M+1
. This means that in cases with more uncertain variables than QoI,

adjoint-assisted regression is still more efficient than the typical regression. On the other hand,

in cases where NQ > M , the typical regression should be preferred.

1It should be noted that
r(M+k)!
(M+1)!k! may not be an integer, so it has to be rounded to the closest one. The �.� sign

indicates the floor operation.
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4 COST COMPARISON OF THE VARIOUS UQ METHODS

For a problem with M uncertain variables, the cost of the two MoM variants analyzed in

section 2.2 is compared with that of the PCE variants briefly presented in section 3. Assuming

an niPCE UQ approach with a degree of k, the cost of the niPCE and MoM variants studied

thus far is summarized in Table 1. Since one set of adjoint PDEs has to be solved to compute

the gradient of each QoI, the UQ variants that employ it have a cost that depends on the number

of QoI, NQ. For the regression-based niPCE variants, r is the oversampling factor.

Method Cost (EFS) Sample points

FOSM 1 +NQ 1

SOSM M + 1 +NQ 1

niPCE - GQ (k + 1)M (k + 1)M

niPCE - Regression
r(M+k)!
M !k!

r(M+k)!
M !k!

niPCE - Regression - Adjoint (NQ + 1)
⌊

r(M+k)!
(M+1)!k!

⌋ ⌊
r(M+k)!
(M+1)!k!

⌋
Table 1: CPU cost, measured in EFS, for computing (μJ , σJ) with a number of niPCE and MoM variants.

Since SOSM treats treats J as a second-order polynomial of c, it is interesting to compare

its cost with the niPCE variants in case k = 2, i.e. when niPCE also treats J as a second-order

polynomial. This is summarized in Table 2, for various M values. It can be observed that for

M > 1, SOSM has half the cost of the cheapest niPCE variant and a significantly smaller one

than all other niPCE variants as M increases.

niPCE - GQ / niPCE - Regression / niPCE - Regression -Adjoint / SOSM

k
M

1 2 3 4 5 6

2 3/6/6/3 9/12/8/4 27/20/10/5 81/30/12/6 243/42/14/7 729/56/16/8
Table 2: CPU cost, measured in EFS, for computing (μJ , σJ) with a number of niPCE variants and the SOSM

approach, for a single QoI. All approaches included in this table approximate J as a second-order polynomial of

c. An oversampling by a factor of 2 is used for both regression-based approaches. The result with the lowest cost

is marked in bold for each (M,k) pair.

5 VERIFICATION – APPLICATIONS

The results of the MoM variants presented in section 2 are compared with each other, with

various niPCE variants presented in section 3 and, for the 2D case, verified using MC sim-

ulations. Upon obtaining these J values, μJ and σJ can directly be computed through their

definitions. Due to its simplicity, MC is used as a benchmark method for validating other UQ

methods. On the other hand, the fact that it requires a very large number of J evaluations makes

it computationally infeasible for the 3D case examined in Section 5.2.
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5.1 NACA0012 airfoil

In the first case examined, UQ is performed for the flow over the NACA0012 isolated airfoil,

fig. 1, under uncertain flow conditions and properties. The flow is laminar, Re = 2000, drag

and lift coefficients are used as the QoI and uncertainties emanate from the farfield velocity

and angle, as well as the fluid kinematic viscosity. The denominator of the force coefficients is

considered constant. The mean values and standard deviations of the three uncertain variables

(M = 3) following a normal distribution are listed in Table 3. The flow is solved on grid

consisting of 37800 quadrilateral elements.

Figure 1: NACA0012: velocity magnitude contours around the airfoil, computed using the mean values of the

uncertain variables.

Uncertain variable μ σ
Farfield velocity magnitude (m/s) 6 0.6

Farfield velocity angle (deg) 2 0.2

Kinematic viscosity (m2/s) 3× 10−3 1× 10−4

Table 3: NACA0012: Mean values and standard deviations of the uncertain variables.

Using the mean values and standard deviations of Table 3, two UQ scenarios are studied. In

the first one, only the farfield velocity magnitude and angle are considered as uncertain variables

(M = 2) while in the second one, all three uncertain variables are used. In both scenarios,

second-order polynomials are used (k = 2) for the niPCE variants and MC relies upon 1000

evaluations. The μJ and σJ approximations based on the MoM variants presented in section 2

along with the corresponding values computed based on a number of niPCE variants presented

in section 3 are listed in Tables 4 and 5 for M =2 and M =3, respectively, together with their

relative error compared to MC.

Compared to MC, FOSM computes μJ with a relative error that is smaller than 0.38% and

SOSM has an even smaller maximum deviation from MC of 0.19%. For the drag coefficient,

SOSM even has the smaller deviation from MC than all other UQ methods tested herein. On

the other hand, deviations of the MoM-based σJ values from MC are higher that the ones

of the niPCE variants, especially for the lift coefficient, for which a deviation of 8.8% is ob-

served. From the FOSM- and SOSM-based statistical moments in Tables 4 and 5, it can be
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observed that SOSM consistently improves the μJ predictions over FOSM, this is not however

the case for σJ . This can be explained by analyzing the FOSM- and SOSM-based expressions

of σJ , eqs. 6 and 7, respectively. From there, it can be observed that the SOSM-based σJ

value will always be larger than the FOSM-based one, due to the addition of a positive quan-

tity

(
1
2

∑M
i=1

∑M
j=1

[
δ2J

δciδcj

]2
c
σ2
i σ

2
j

)
to the FOSM-based σ2

J value. Hence, if the FOSM-based

σJ value is overestimated, SOSM can only increase this deviation from the reference value of

MC. The MoM-based σJ values for the drag coefficient are more accurate than those for the lift

coefficient (max. deviation of 1.2% from MC).

Summarizing the findings of this study, we can deduce that both FOSM and SOSM are quite

accurate when approximating the μJ values, with the SOSM consistently outperforming the

FOSM method for this statistical moment. On the other hand, the MoM-based σJ values may

deviate from the reference ones. Nevertheless, the small cost of the MoM-based approach and

especially that of FOSM that is independent of M , makes it a useful tool for robust design

optimization loops, as presented for instance in [21].

Method Cost
Lift Drag

μJ (% Diff) σJ (% Diff) μJ (% Diff) σJ (% Diff)

FOSM 2 0.09538 (-0.38) 0.02070 (8.8) 0.08463 (-0.2) 0.01257 (0.9)

SOSM 4 0.09557 (-0.19) 0.02070 (8.8) 0.08472 (-0.16) 0.01257 (0.9)

niPCE-GQ 9 0.09577 (0.02) 0.01912 (0.5) 0.08463 (-0.2) 0.01254 (0.6)

niPCE-Regression 12 0.09571 (-0.04) 0.01911 (0.4) 0.08619 (1.6) 0.01204 (-3)

niPCE-Regression-Adjoint 8 0.09583 (0.08) 0.02012 (5) 0.08463 (-0.2) 0.01253 (0.5)
MC 1000 0.09575 0.01902 0.08486 0.01246

Table 4: NACA0012: Case with M=2. Mean value and standard deviation of the drag and lift coefficients as the

QoI computed with the MoM variants of section 2 and the niPCE variants of section 3, compared with the outcome

of MC. Numbers in the parentheses indicative the relative error w.r.t. MC. Cells corresponding to the lowest cost

and smallest absolute value of relative error are marked in bold.

Method Cost
Lift Drag

μJ (% Diff) σJ (% Diff) μJ (% Diff) σJ (% Diff)

FOSM 2 0.09538 (-0.36) 0.02071 (8.77) 0.08463 (-0.24) 0.01265 (1.2)

SOSM 5 0.09557 (-0.17) 0.02071 (8.77) 0.84723 (-0.13) 0.01265 (1.2)

niPCE-GQ 27 0.09575 (0.02) 0.01913 (0.5) 0.08462 (-0.25) 0.01263 (0.99)

niPCE-Regression 20 0.09584 (0.11) 0.01915 (0.61) 0.08463 (-0.23) 0.01261 (0.85)
niPCE-Regression-Adjoint 10 0.09529 (-0.47) 0.02001 (5.08) 0.08462 (-0.25) 0.01262 (0.9)

MC 1000 0.09573 0.01904 0.08483 0.01251

Table 5: NACA0012: Case with M=3. Notation as in Table 4.

5.2 DrivArer Car Model

The DrivArer car model, [22], developed by the Institute of Aerodynamics and Fluid Me-

chanics of TU Munich, is studied in this section. In specific, the fast-back configuration with

a smooth underbody, with mirrors and wheels (F S wm ww) is used as a test case, fig. 2. The

drag coefficient is used as the QoI and the fafield velocity magnitude and angle are treated as

uncertain variables, with mean values and standard deviations given by Table 6. The denomi-

nator of the drag coefficient is considered constant. For the niPCE variants, a max. polynomial

degree of k=2 is selected.
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Figure 2: DrivAer: pressure contours on the car surface and velocity contours plotted on a slice along the symme-

try plane of the car, computed using the mean values of the uncertain variables.

Uncertain variable μ σ
Farfield velocity magnitude (m/s) 38.9 1

Farfield velocity angle (deg) 0 2

Table 6: DrivAer: Mean values and standard deviations of the uncertain variables.

A hex-dominated mesh of 12 million cells is used and the steady-state RANS equations are

solved, together with the Spalart–Allmaras turbulence model, [15]. Each flow evaluation takes

approximately an hour in 120 cores. Due to the large computational cost, MC is not performed

for this test case. The FOSM approach is instead compared to the GQ and regression variants of

niPCE. The latter is conducted using the (k+1)M = 9 Gauss nodes used in GQ as the samples of

the regression method. It can be seen that the μJ computed by the FOSM method does not differ

much from the niPCE results (relative difference of 1.9%). Regarding σJ , a more significant

deviation of 12% is observed.

Method Cost
Drag

μJ σJ

FOSM 2 0.32663 0.01668

niPCE-GQ 9 0.33305 0.01908

niPCE-Regression 9 0.33306 0.01946

Table 7: DrivAer: Mean value and standard deviation of the drag coefficient computed with FOSM and two niPCE

variants.

6 SUMMARY – CONCLUSIONS

In this paper, two Method of Moments approaches, namely First- and Second-Order Second-

Moment (FOSM and SOSM), used for propagating uncertainties from the Quantities of Interest,

were analysed in terms of cost and predictive accuracy.

The FOSM approach requires the sensitivity derivatives of the QoI w.r.t. the uncertain vari-

ables, which were computed herein using continuous adjoint, at a cost of one Equivalent Flow
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Solution, irrespective of the number of uncertain variables M . This gives rise to a UQ method

with a cost that does not scale with M and is equal to 2 EFS, making it ideal for UQ problems

with many uncertain variables. SOSM additionally requires the computation of the Hessian

matrix of the QoI with respect to the uncertain variables. This is computed using a combina-

tion of the adjoint fields already computed for FOSM and the Direct Differentiation of the flow

equations, computing the variations of the flow fields w.r.t. the uncertain variables at a cost that

scales linearly with M ; the total cost of the SOSM-based UQ process is M + 2 EFS. Even

though the cost of SOSM scales with M , the fact that it only scales linearly and with a unitary

multiplier of M makes it twice as efficient as the cheapest non-intrusive Polynomial Chaos Ex-

pansion method, which also utilized adjoint-based sensitivity derivatives of the QoI w.r.t. the

uncertain variables. Nevertheless, the need for second-order derivatives makes its development

and utilization tedious for applications with complex numerical models, like turbulent flows

involving wall functions.

Regarding the accuracy of the two MoM approaches, the first two statistical moments of the

lift and drag coefficients were computed for two UQ problems pertaining to the flow around

a 2D airfoil, with uncertainties emanating from the farfield conditions and the fluid kinematic

viscosity; these statistical moments were then verified with results obtained from Monte Carlo

simulations, acting as the reference method, as well as values obtained through a number of

niPCE variants. It was observed that both FOSM and SOSM compute the mean value of the

QoI with high accuracy, with SOSM consistently outperforming FOSM. On the other hand,

both MoM approaches exhibited a considerable difference (8.8%) from the MC results for the

standard deviation of the lift coefficient, with a better behaviour observed for σJ of the drag

coefficient. In addition, it was noticed that if FOSM over-predicts the standard deviation, SOSM

can only make the prediction worse since it adds an always constant contribution to the σJ

computed by FOSM.

Finally, the FOSM-based statistical moments of the drag coefficient of the DrivAer car model

were compared to those computed with niPCE; the farifield velocity magnitude and angle were

considered as the uncertain variables. The mean value was computed with an acceptable ac-

curacy (1.9% deviation from the niPCE results), however the standard deviation exhibited a

higher relative difference of 12%. Nevertheless, the low cost of the FOSM approach makes it

an ideal candidate as the UQ method used to compute the objective functions of robust design

optimization loops, as already presented by the group of authors in other publications.
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Abstract 

This paper presents a software tool for carrying out reliability assessment of inelastic wind 
excited systems through direct stochastic simulation. The tool address the need for practical 
approaches that enable efficient evaluation of the safety of such systems in order to apply prob-
abilistic performance-based design in wind engineering. In particular, the software application 
is based on a recently proposed reliability assessment framework that integrates efficient ine-
lastic response estimation approaches with a novel stochastic simulation scheme to propagate 
a full range of code compliant uncertainties through inelastic systems. The eight tabs of the 
graphical user interface of the software are designed to offer a user-friendly environment to 
specify all relevant data in order to define and solve reliability analysis problems that are at 
the core of modern performance-based wind engineering. The potential and applicability of the 
software are illustrated on a 3-dimensional archetype building. 
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1 INTRODUCTION 

With the introduction of performance-based wind engineering, the potential of designing 
wind excited systems with controlled inelasticity has attracted growing interest and created a 
need for tools to efficiently evaluate the safety of such systems while considering a full range 
of uncertainties. To this end, an efficient framework that enables rapid uncertainty propagation 
has been developed for assessing the reliability of systems experiencing inelasticity [1]. In par-
ticular, in estimating inelastic responses for each sample of the stochastic simulation, strain-
driven dynamic shakedown approaches have been developed to not only rapidly identify struc-
tural safety against common wind related failure mechanisms, e.g., low cycle fatigue and ratch-
eting, but also efficiently evaluate the plastic strains and deformations occurring at shakedown 
while considering both concentrated and distributed plasticity [2],[3]. To further provide infor-
mation on the inelastic responses beyond shakedown as well as any nonlinear response time 
history of interest, an alternative adaptive fast nonlinear analysis (AFNA) approach that effi-
ciently integrates the responses over the actual wind load history has been proposed for direct 
integration with the reliability assessment framework [4].  

In order to help bridge the gap between state-of-the-art research and current practice in wind 
design, this paper presents a comprehensive software tool that enables the full transition from 
proof-of-concept to practice of reliability estimation through direct uncertainty propagation. 
The graphical user interface (GUI) of the tool consists in eight tabs that are designed for auto-
matically carrying out all stages of the analysis, including defining the finite element model and 
model uncertainties, calibrating the stochastic wind load model, executing the reliability anal-
ysis by propagating uncertainty through the system by stochastic simulation, and finally provid-
ing options to display or save simulation results. An application to a full scale archetype 
building is presented to illustrate the practicality and efficiency of the software in propagating 
a full range of code compliant uncertainties for reliability assessment of wind excited structures. 

2 SOFTWARE FOR UNCERTAINTY PROPAGATION AND RELIABILITY 
ASSESSMENT 

2.1 Efficient Reliability Assessment Framework for Inelastic Wind Excited Systems 

The reliability of a structure can be directly measured in terms of the failure probability 
against a limit state of interest. In particular, the failure limit state can be expressed as ( )  =0. By convention, failure is defined as g(Y) < 0. The associated failure probability can then be
evaluated as: = ( ( ) < 0) = [ ( )] ( ) ,   [ ( )] = 1,  ( ) < 00,  ( ) 0  ( 1 ) 

where Y is a vector of random variables, including uncertainties in both structural system and 
external loads. In this work, all random variables in the analysis were carefully chosen so as to 
be compliant with those considered in the derivation of load factors stipulated in design codes 
[5]-[7]. In order to investigate the system level reliability of the structure and the possibility of 
designing buildings with controlled inelasticity, a reliability assessment framework considering 
not only traditional limit states, e.g., component yield, but also system-level inelastic limit states 
has been proposed based on the concept of dynamic shakedown [1]. In particular, reliabilities 
are estimated for the following four limit states (LS) of interest: 

1. LS1: component-level yield limit state (traditional limit state used in current design);
2. LS2: system-level first yield limit state;
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3. LS3: system-level inelastic limit state (defined as the failure to achieve the state of dy-
namic shakedown);

4. LS4: inelastic displacement-based limit states.
To evaluate failure probabilities associated with inelastic limit states while considering a full 

range of uncertainty, various efficient approaches have been developed to rapidly estimate in-
elastic responses of wind excited systems [2]-[4], enabling direct propagation of uncertainties 
through the system. The failure probability can then be solved through the integral of Eq. (1) 
for each limit state using simulation-based methods. In particular, an efficient stochastic simu-
lation scheme based on conditional simulation [8] was developed to address the computational 
challenges associated with direct Monte Carlo simulation, especially when the reliability index 
of interest is associated with small failure probabilities, i.e., is in the tail of the distribution, 
which usually requires very large sample sizes if reasonable accuracy is to be achieved. This 
conditional simulation scheme is based on partitioning the wind hazard curve into a set of mu-
tually exclusive and collectively exhaustive events, thereby enabling unbiased and high fidelity 
estimation of small failure probabilities (e.g., 10-6) from small sample sets through the total 
probability theorem. To further account for extreme wind events from each wind direction, a 
sector-by-sector based approach, where the failure probability is defined from the most critical 
sector, was developed within the aforementioned conditional stochastic simulation scheme. Fi-
nally, the failure probability can be further transformed into a commonly used reliability meas-
ure in terms of the “reliability index”, , for each limit state of interest based on the assumption 
of the first-order reliability method, i.e., = (1 ). 

2.2 Software Description 

The software is equipped with a GUI where the user can, after introducing all relevant input 
information, estimate the reliability of wind excited systems against various elastic and inelastic 
limit states at both component and system levels, as defined in Section 2.1, through stochastic 
simulation while considering a full range of uncertainties. To carry out the pre- and post-pro-
cessing for the reliability assessment, the GUI is made up of eight tabs, as shown in Figure 1, 
where the user can load the model, introduce the necessary information to set up the problem, 
perform a preliminary gravity check, run the reliability analysis, and visualize and export anal-
ysis results. The various input parameters for the problem, ranging from the finite element 
model, uncertainties, stochastic wind load model, simulation strategy, etc., to the analysis op-
tions are all input through the tabs. A detailed description of all menus and tabs are outlined an 
accompanying manual distributed with the software. 

The first step to carrying out reliability analysis using the software is to define all necessary 
information for the building model. In particular, OpenSees (Open System for Earthquake En-
gineering Simulation) finite element models can be directly imported into the GUI through var-
ious tcl files for model generation on the Building Info. tab. Furthermore, to account for the 
uncertainties (record-to-record variability) in the wind loads, the stochastic wind load model is 
required. In this software, a wind tunnel informed proper orthogonal decomposition (POD) 
model is adopted for simulating stochastic wind loads. Hence, the user is required to introduce 
relevant POD data and information into the software on the Wind Loads tab. Statistical infor-
mation for uncertainties associated with the structural system, gravity and wind loads must also 
be provided for running the reliability analysis.  

Another key aspect of running reliability analysis through the software is that the user must 
set up the conditional simulation scheme [1], including the site specific wind hazard curve, for 
the analysis. Two wind hazard curves will be generated by fitting a Type I or Weibull distribu-
tions to a series of basic wind speeds corresponding to various mean recurrence intervals (MRI) 
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as suggested in ASCE 7 [9] while considering the selected Risk and Terrain Exposure Category 
[9]. The user then has the option to choose their desired wind speed distribution for subsequent 
analysis based on the fitted curves displayed on the Simulation Strategy tab. 

(a) TAB 1: Building Info. (b) TAB 2: Wind Loads. 

(c) TAB 3: Gravity Loads. (d) TAB 4: Simulation Strategy. 

(e) TAB 5: Calculations. (f) TAB 6: Analysis Results. 

(g) TAB 7: Response Histories. (h) TAB 8: Notes. 

Figure 1: Layouts for all tabs of the software. 
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Once the problem has been set up, two preliminary checks, namely the gravity check and 
preliminary shakedown analysis, can be carried out on the Calculations tab. Output files sum-
marizing sample information and demand to capacity ratios for all elements will be generated 
automatically to assist the user in designing or modifying section sizes of the building in order 
to achieve a target performance. 

After the preliminary check, pressing Run reliability analysis button on the Calculations tab 
starts the simulation and a wait bar is created (as a separated window) to update current progress 
as the analysis moves through each sample. Once the computation is finished, the analysis re-
sults are saved automatically and can be displayed on the Analysis Results tab. Reliability in-
dexes, critical elements, histogram for plastic reserves and probabilistic distributions for any 
inelastic response of interest can be plotted selecting the corresponding button on this tab. All 
outputs on this tab can also be exported from the main menu in csv or xlsx format. Finally, 
response time histories can be generated on the Response Histories tab for any selected sample 
of interest using the AFNA approach for further review. 

3 CASE STUDY 

An example building will be presented in this section to demonstrate the potential of the 
presented software. All input and files necessary for running the reliability analysis are distrib-
uted with the software and described in detail in the user’s manual. 

3.1 Description 

A 45-story archetype building, as shown in Fig. 2(a), is presented to demonstrate the poten-
tial of the presented software. The layout consists of 45 levels of office space, floor system 
composed of 63.5 mm (2.5 in.) of light-weight concrete over 76.2 mm (3 in.) of composite deck 
supported by steel beams and columns. The columns and braces are wide angle W14 sections 
except for the corner columns at lower levels, which are square box sections. Each floor is 
considered to act as a rigid floor diaphragm for horizontal movements. The story height is 4 m 
for all levels. The overall height of the structure is 180 m. In estimating elastic responses, the 
first six modes are considered in the modal analysis with damping ratios of 2%. The steel com-
posing the frame is assumed to be elastic perfectly plastic with nominal yield stress  =  345 
MPa. The nominal Young’s modulus   and shear modulus  are taken to be 200 GPa and 77 
GPa respectively. Nominal floor loads including self load, superimposed dead load and live 
load are summarized in Table 1. Uncertainties in the structural system as well as in the gravity 
and wind loads are considered in the reliability analysis (Table 2).  

Self Load Superimposed Dead Load Live Load 
2.4 0.72 3.1 

Table 1: Nominal floor loads of the 45-story archetype building (Units: kN/m2). 

Nominal Mean/Nominal Coefficient of Variation Distribution 
 345 (MPa) 1.1 0.06 Normal 
 200 (GPa) 1 0.04 Lognormal 
 2% 1 0.3 Lognormal 
 - 1.05 0.1 Normal 

 - 0.24 0.6 Gamma 

Table 2: Description of random variables considered for the 45-story archetype building. 
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(a) (b) 
Figure 2: (a) 3D view of the 45-story archetype building and (b) site specific 50-year non-directional mean 

hourly wind speed at the reference height of the archetype building. 

Wind tunnel driven stochastic wind loads of T = 3600 s were considered with random wind 
speeds generated from the site specific hazard curve, as shown in Figure 2(b). In modeling wind 
directionality, eight sectors, specifically NE, E, SE, S, SW, W, NW and N, were considered in 
the analysis. To further model the uncertainty in wind direction within each azimuthal sector in 
the stochastic simulation, the wind direction is assumed in the software to be uniformly distrib-
uted between the upper and lower bounds of each azimuthal sector.  

3.2 Results 

The reliability for the archetype building was determined for four failure limit states outlined 
in Section 2.1. In particular, peak interstory drift ratio of 1%, peak drift at the building top of 
0.5% and permanent set of 0.1% were considered as deformation limits for LS4. The analysis 
was carried out for a total of 3200 samples, i.e., 400 samples for each wind direction sector. 
Figure 3 reports the reliability indexes for all limit states in a format that can be exported from 
the software. By comparing the reliabilities associated with all limit states, it can be observed 
that this structure is more susceptible to failure due to excessive inelastic deformations, peak 
displacements at the building top and peak interstory drifts, rather than the inability to shake-
down. In addition, figures for plastic reserve of the system and probability distribution of any 
response parameter of interest can also be plotted on the Analysis Results tab, as shown in Fig-
ure 4 for the histogram of the plastic reserve of the system and the distribution associated with 
the peak displacements at the building top in the X-direction. 

 
Figure 3: Reliability indexes for the 45-story archetype building exported from the software. 

0 10 20 30 40 50 60 70 80 90

10 -3

10 -2

10 -1

10 0

Limit State Description  Reliability Index (Average) Floor (Average)   Reliability Index (Sectorial) Floor (Sectorial)
LS1 First component yield = 3.38 - = 2.84 -
LS2 First system yield = 3.31 - = 2.81 -
LS3 Non-shakedown = 3.90 - = 3.50 -
LS4 Peak interstory drift-X = 4.14 43 = 3.63 43

Peak interstory drift-Y = 3.97 43 = 3.36 43
Permanent set-X = 3.97 11 = 3.52 12
Permanent set-Y = 4.23 19 = 3.76 21
Peak displacement @ Top-X = 3.46 - = 2.94 -
Peak displacement @ Top-Y = 3.65 - = 3.03 -
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(a) (b) 

Figure 4: (a) Histogram of plastic reserve and (b) probability of exceedance of the peak displacements at the 
building top in the X-direction for the 45-story archetype building. 

4 CONCLUSIONS 

This paper presented a software tool for carrying out reliability analysis of inelastic wind 
excited systems through direct stochastic simulation with the aim of enabling the full transition 
from proof-of-concept to practice of reliability estimation considering a full range of uncer-
tainty. The tool is equipped with a GUI that consists in eight tabs that are designed for automat-
ically carrying out all stages of the analysis including: importing the OpenSees finite element 
model; calibrating the stochastic wind load model; executing the reliability analysis based on 
efficient conditional stochastic simulation; and finally providing options to display/save the 
results from the analysis and rerun samples of interest to have a comprehensive understanding 
of the nonlinear response of the system. The potential of the presented software was demon-
strated on a 45-story archetype building subject to stochastic wind loads. 
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Abstract. Deep learning models have contributed to a broad range of applications, but re-
quire large amounts of data to learn the desired input-output mapping. Despite the success
in developing prediction engines that have high accuracy, much less attention has been given
to assessing the error associated with individual predictions. In this work, we study machine-
learning models of uncertainty quantification for regression, i.e., methods that are almost purely
data driven and use deep learning itself to quantify the confidence in its predictions. We use
two approaches, namely the heteroscedastic and quantile formulations, and their extensions to
problems with multidimensional output. We focus on the low data limit, where the data sets
available are on the order of hundred, not thousands, samples. Through numerical experiments
we demonstrate that both heteroscedastic and quantile formulations are robust and good at un-
certainty estimation even in this low data limit. We note that the quantile formulation seems
to have better performance and is more stable than the heteroscedastic case. Overall, our
studies pave the way towards practical design of deep learning models that provide actionable
predictions with quantified uncertainty using accessible volumes of data.
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1 INTRODUCTION

Deep learning models have contributed to a broad range of applications including image

processing, speech recognition, drug discovery and computational materials science. These

models can often vastly accelerate inference, but, being purely data driven with little input about

the subject matter, require large amounts of data to learn the desired input-output mapping. Most

of the work in the field has been on developing prediction engines that have high accuracy; much

less attention has been given to automatically assessing the error associated with individual

predictions, but this is no less an essential task when the results are applied in fields such as

medicine or engineering [1].

In this work we study machine-learning based models of uncertainty quantification for re-

gression. In contrast with ensemble methods [2], probabilistic machine learning methods [3]

or dropout-based approaches [4], that use the mean and variance generated by the dispersion

among realizations of models, the strategies that we apply are based on treating the simultaneous

prediction of the target and its confidence as a multi-task problem and training the regression

models using loss functions that specifically take into account a measure of predictive uncer-

tainty. We specifically evaluate heteroscedastic [5] and quantile [6] formulations and consider

their extension to problems with multidimensional output.

The need for uncertainty quantification is especially true in the low data limit, where the

density of input points is too low to have replicate measurements in small neighborhoods in

feature space, and yet predictions that do not separate the certain from the uncertain are often

not actionable! Therefore, in this work, we also study this small data limit. In particular, we

study the case where the data sets available are on the order of hundred, not thousands of,

samples. Real world data in the biological world are often similarly scarce, due, for example, to

the high-cost of experiments, a large number of control parameters, and the high-dimensionality

of the poorly-understood feature space, which makes it critical to maximize the predictive value

of the trained models.

The document is structured as follows. Sec. 2 introduces the different uncertainty quan-

tification formulations evaluated for regression tasks. Sec. 3 describes the machine learning

architectures used. Sec. 4 details the numerical experiments performed, and Sec. 5 finalizes

with conclusions drawn from the work.

2 UNCERTAINTY QUANTIFICATION MODELS

We compare two different strategies for deep-learning the uncertainty quantification task,

namely the heteroscedastic [5] and quantile [6] formulations. The former models the pre-

dictions as normal random variables with parameters that depend on the input. The learning

task, then, involves the simultaneous prediction of the mean and the variance of the target out-

put. The quantile formulation, on the other hand, directly learns the various quantile functions

for the prediction as a multi-task setting. We also consider extensions of heteroscedastic and

quantile formulations for problems with multidimensional output. This section describes both

approaches in more detail.

2.1 Heteroscedastic Model

For simplicity, we first consider a heteroscedastic model which regards the one-dimensional

observed value as a sample from a univariate normal distribution, with the mean and the variance

given by a smooth function of the input features. In the next subsection, we will generalize the

method to higher-dimensional observations, for which multivariate Gaussian distributions shall
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be adopted. To learn to predict both mean and variance, the machine learning model is trained

to minimize the negative log-likelihood (NLL) of the feature-dependent normal distribution [5].

Hence, the heteroscedastic loss over the entire training dataset which consists of N pairs of

input xi and output yi, i = 1 . . . N , can be expressed as,

L(f, σ;{yi,xi
}N
i=1

) =
1

N

N∑
i=1

1

2σ(xi)2
∥∥yi − f(xi)

∥∥2 + 1

2
log σ(xi)2 , (1)

with f(x) and σ(x)2 the mean and variance predictions of the model, respectively, and N the

samples in the training set. This is similar to the work of Lakshminarayanan et al. [7], but differs

in the fact that we do not use ensembles, and also, we guarantee the positivity of the variance

by predicting log σ(xi)2 as in [5], instead of the softplus function log(1 + exp(·)) that they use.

Multivariate Approach

For prediction of multiple outputs, a product of one-dimensional normal distributions is not

able to capture the correlation in the uncertainty prediction of the different outputs. Therefore,

we use the probability density function (PDF) of a multivariate normal distribution to construct

the heteroscedastic loss for the multivariate case. The PDF of a multivariate normal distribution

can be written as

f(z;μ,Σ) =
det(Σ)−1/2

2πk/2
exp

(
−1

2
(z− μ)TΣ−1(z− μ)

)
, (2)

where μ ∈ R
k stands for the mean, Σ ∈ R

k×k represents the positive definite covariance matrix,

and k is the output space dimension. To learn to predict both the mean and covariance, the ma-

chine learning model is trained to minimize the NLL of the multivariate normal PDF, again with

parameters chosen as smooth functions on the input domain. The multivariate heteroscedastic

loss corresponds to

L(f ,Σ;{yi,xi
}N
i=1

) =
1

N

N∑
i=1

(
(yi − f(xi))TΣ(xi)−1(yi − f(xi)) + log det(Σ(xi))

)
, (3)

where f(x) ∈ R
k stands for the vector of the mean prediction of the model with k outputs,

Σ(x) ∈ R
k×k represents the predicted covariance matrix, y the true mean value, and the con-

stants (2π)−k/2 and 1/2 have been omitted. To guarantee the that the covariance matrix Σ is

positive definite, the learning task is specified such that one learns A such that Σ = ATA, which

is positive by definition.

In general, we need to be careful to avoid the flat-directions of A, i.e., the changes in A
that do not change ATA making the learning task difficult. In the two-output case, with vector

f(x) ∈ R
2 and matrix A(x) ∈ R

2×2, which will be the focus of our study, this problem is easily

solved. For simplicity, the explicit x dependence of A is (mostly) omitted in the following

description. Since the 2×2 matrix A can be represented in terms of scalar components a, b, c, d,

as

A =

(
a b
c d

)
,
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the corresponding covariance matrix can be written as

Σ = ATA =

(
a b
c d

)T (
a b
c d

)
=

(
a2 + c2 ab+ cd
ab+ cd b2 + d2

)
�
(

σ2
11 σ12

σ12 σ2
22

)
. (4)

Note that any simultaneous rotation by the same angle of the vectors given by the columns of

matrix A leaves the covariance matrix unchanged. We choose rotation angle θ = arctan(c −
b)/(a+d), to force b = c. With this convention, we can learn the three unconstained parameters

a, b ≡ c, and d instead of the three parameters σij that need to be constrained to obtain a positive

matrix Σ. The remaining freedom in the choice of the parameters turns out to be discrete sign

freedoms of the two rows that do not pose difficulties in learning. With Σ in hand, the likelihood

function can be explicitly calculated by computing the inverse of the 2 × 2 covariance matrix

analytically,

Σ−1 =
1

det(Σ)

(
σ2
22 −σ12

−σ12 σ2
11

)
, (5)

with det(Σ) = σ2
11σ

2
22 − σ2

12 �= 0. Defining: e = (e1, e2)
T = y − f(x), allows to write

NLL =
1

det(Σ)

(
e1
e2

)T (
σ2
22 −σ12

−σ12 σ2
11

)(
e1
e2

)
+ log det(Σ)

=
1

det(Σ)
(σ2

22 e
2
1 − 2 σ12 e1 e2 + σ2

11 e
2
2) + log det(Σ) . (6)

Thus, the loss function for a heteroscedastic approach with two outputs can be written in a

simplified form as

L(f ,Σ;{yi,xi
}N
i=1

) =
1

N

N∑
i=1

(
1

det(Σ(xi))
(σ22(x

i)2(yi1 − f1(xi))
2

− 2 σ12(x
i)(yi1 − f1(x

i))(yi2 − f2(x
i))

+ σ11(x
i)2 (yi2 − f2(x

i))2) + log det(Σ(xi))

)
. (7)

2.2 Quantile Model

The quantile model does not make any assumption about the underlying distribution of the

samples. Thus, instead of predicting mean and variance of a normal distribution, the predictions

are directly of the various quantiles. A quantile is a set of values that divides a frequency

distribution of a variable into equal groups, each containing the same fraction of the whole

variable range. To learn a quantile map with a machine learning model, the model is trained to

minimize the quantile loss for any given quantile α ∈ (0, 1). The quantile loss for an individual

sample xi is defined as [8]

Lα(ξ
i) =

{
α ξi if ξi ≥ 0 ,
(α− 1) ξi if ξi < 0 .

, (8)

where ξi = yi − fα(xi), and, yi and fα(xi), correspond to the observed value and the predicted

quantile α, respectively.
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In order to learn to predict several quantiles simultaneously, a loss function composed by the

sum over the individual quantile losses of the entire data set can be formulated as follows

L({f}α ;{yi,xi
}N
i=1

) =
∑
α

1

N

N∑
i=1

Lα

(
yi − fα(xi)

)
. (9)

Specifically, we devise our model to predict three quantiles: the 1st, 5th, and 9th deciles, corre-

sponding to α = 0.1, 0.5 and 0.9, respectively. Note that the quantile for α = 0.5 is the median

of the distribution.

Multivariate Approach

Extending the quantile formulation to prediction with multiple outputs is not as direct as

in the heteroscedastic case, since there is no underlying assumption of the form of the sam-

ple distribution, nor a basis for imposing an ordering in multivariate observations as is in the

scalar one-output case. Among possible multivariate quantile extensions, we use the general-

ization given by the geometric quantile formulation proposed in [9]. In the geometric quantile

formulation, the d-dimensional multivariate quantiles are indexed by elements of the open unit

ball B(d) = {u|u ∈ R
d, |u| < 1}. A function Φ(u, t) = |t| + 〈u, t〉 is defined for any

element u ∈ B(d) and t ∈ R
d, with 〈·, ·〉 denoting the usual Euclidean inner product. The

geometric quantile Q̂n(u) corresponding to (‘index’) u and based on d-dimensional data points

X1,X2, . . . ,Xn is defined as

Q̂n(u) = arg min
Q∈Rd

n∑
i=1

Φ(u,Xi −Q) . (10)

Note that for u = 0, the quantile Q̂n(0) corresponds to the spatial median. Also, note that

a u with |u| close to 1 corresponds to an extreme quantile, while close to 0 corresponds to a

central quantile. In general, the magnitude of |u| measures the extent of deviation of Q̂n(u)
with respect to the center of the cloud formed by the {Xi}ni=1 points, while the direction of u
can be interpreted as providing a notion of how ‘out’ a point is in a given direction with respect

to the center of the cloud, considering the geometry of the cloud itself. Further details can be

found in [9].

In our case, we restrict ourselves to directions of u = 1, i.e., the vector with unit components,

while adopting the proper normalization to make it an element of B(d). Overloading the alpha

notation, to keep a knob α ∈ (0, 1), we define the following geometric multivariate quantile

loss

Lα(ξ
i) = Φ

(
1√
d
(2α− 1) , ξi

)
, (11)

where ξi = yi − fα(xi), fα(xi) is the predicted multivariate quantile model, yi is the observed

value and d is the output dimension. Note that α = 0.5 corresponds to the spatial median,

while for α < 0.5 this quantile formulation really uses the u = −1 direction. Analogously to

the 1D case, we learn simultaneously several geometric multivariate quantiles (in the u = ±1
direction), by minimizing

L({f}α ;{yi,xi
}N
i=1

) =
∑
α

1

N

N∑
i=1

Lα

(
yi − fα(xi)

)
. (12)

With this setting, we again use α = 0.1, 0.5 and 0.9.
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3 MACHINE LEARNING MODELS

To instantiate the uncertainty quantification formulations discussed and estimate f , fα and

Σ, we construct different machine learning architectures and train them for regression tasks.

Specifically, we build multi-layer feed-forward neural networks with different number of layers

and train them using the loss functions described for heteroscedastic and quantile formulations.

The multi-layer feed-forward neural network that we train is composed of neurons with dense

connections. The output oλν of each artificial neuron ν in layer λ is computed as

oλν = h
(
wλ

ν · ξλ + bλν
)
, (13)

where ξλ represents the input vector at layer λ; wλ
ν and bλν represent neuron parameters: weight

vector and bias, respectively; the operator · denotes a dot product; and h, the activation function.

We use a rectified linear unit (ReLU): ReLU(β) = max(0, β) as the activation function, except

in the output layer where we use a linear activation.

We keep the same architecture in all cases to asses the impact of the loss function. We adapt

the number of model outputs according to the uncertainty quantification to evaluate:

• 1D Heteroscedastic: prediction of mean response f(x) and variance σ(x)2.

• 2D Heteroscedastic: prediction of mean response f(x) and covariance matrix Σ(x).

• 1D Quantile: prediction of α = 0.1, 0.5, 0.9 quantiles, f 0.1(x), f 0.5(x), f 0.9(x), respec-

tively.

• 2D Quantile: prediction of u = ±1 α = 0.1, 0.5, 0.9 multivariate quantiles, f0.1(x),
f0.5(x), f0.9(x), respectively.

Specifically, a heteroscedastic model for one-variable prediction has two outputs: f(xi) and

σ(xi), while a heteroscedastic model for two-variable prediction has five outputs: f1(x
i), f2(x

i),
σ11(x

i), σ12(x
i) and σ22(x

i). Analogously, a quantile model for one-variable prediction has

three outputs, since we chose to predict three quantiles: f 0.5(xi), f 0.1(xi) and f 0.9(xi). A quan-

tile model for two-variable prediction has six outputs, since we chose to predict three quantiles:

f 0.5
1 (xi), f 0.5

2 (xi), f 0.1
1 (xi), f 0.1

2 (xi), f 0.9
1 (xi) and f 0.9

2 (xi).
Regularization To reduce the possibility of model overfitting we apply two well known

techniques. We use dropout [10] after each dense layer to randomly drop a fraction of the

layer’s neurons and avoid co-adaptation. We also make use of the Tikhonov regularization by

minimizing the �2 norm of the weight vectors wλ
ν associated to the different neurons in the

model.

4 NUMERICAL EXPERIMENTS

We compare the heteroscedastic and quantile formulations in terms of predictive uncertainty

for synthetic data, where we know the ground truth, using regression prediction tasks with

one-output (1D case) and two-outputs (2D case). We assess the effect of model complexity

by training machine learning models with different numbers of layers. To measure the perfor-

mance we use the following metrics: mean squared error (MSE) eq. (14), the coefficient of

determination (R2) eq. (15) and the negative log-likelihood (NLL) eq. (16).

MSE(y, f) =
1

N

N∑
i=1

∥∥yi − f(xi)
∥∥2 , (14)
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R2(y, f) = 1−
∑N

i=1 (y
i − f(xi))

2∑n
i=1 (y

i − ȳ)2
, ȳ =

1

N

N∑
i=1

yi , (15)

NLL(y, f, σ) =
1

N

N∑
i=1

1

2σ(xi)2
∥∥yi − f(xi)

∥∥2 + 1

2
log σ(xi)2 . (16)

Note that these expressions refer to the 1D case but analogous expressions apply to the 2D

case for MSE and NLL. For computing R2 in the 2D case, the outputs are concatenated in a 1D

vector. Note also that for the quantile model the prediction f(xi) used is the median, i.e., the 5th

decile: f 0.5(xi). Additionally, note that the NLL expression is valid only for the heteroscedastic

model. For measuring NLL of a quantile model, in 1D, we use a normal approximation where

we suppose that the interdecile range (IDR), equivalent to the difference between 9th and 1st

deciles (i.e., 80% of the samples), corresponds to 80% of the samples of a normal distribution.

In a normal distribution this percentage is contained in a band of 1.28σ radius from the mean.

Hence we use σ(xi)q = IDR(xi)/2.56. We do not estimate the likelihood for the 2D quantile

model.

Moreover, in order to have a metric that is sensitive to predictive uncertainty but that is in-

dependent of the hypothesized sample distribution, we use the 80% coverage. This is estimated

in the 1D heteroscedastic case by computing the fraction of samples falling inside the band of

1.28σ radius from the mean. In the 2D heteroscedastic case, by computing the fraction of sam-

ples falling inside the ellipsoid with isolevel equal to −2 log(0.2). In the 1D quantile case, by

computing the fraction of samples falling inside the interval between 1st and 9th deciles. And

in the 2D quantile case, by computing the fraction of samples falling inside the square defined

by using multivariate quantiles α = 0.1 and α = 0.9 as corners.

4.1 Synthetic Data Generation

Synthetic data has been constructed using the Hill model,

H(x; r1, r2, k, h) =

⎧⎨⎩
r1 + (r2 − r1)

kh

kh+xh for h ≥ 0 ,

r1 + (r2 − r1)
k−h

k−h+x−h for h < 0 ,

(17)

with parameters h and r1, r2, k > 0.

For the 1D case, i.e., the one-output case, the Hill model with parameters r1 = 10, r2 = 30,

k = 10 and h = −6 is used as the base function, y = H(x). A 1D Gaussian noise is added

to it. The Gaussian noise has mean zero and standard deviation given by another Hill model

with parameters r1 = 5.48, r2 = 3.16, k = 10 and h = −6. In this way we simulate a

heteroscedastic, i.e., feature-dependent, noise model. This data is plotted in Figure 1 (Left). It

can be seen that it corresponds to a monotonically decreasing 1D signal with relatively high

dispersion and that the dispersion moderately increases for higher x-coordinate values. Note

that the MSE of the noisy data with respect to the clean data is MSE=19.03.

For the 2D case, i.e., the two-outputs case, a Hill model with parameters r1 = 10, r2 = 30,

k = 10 and h = 5 is used as base function for y1 = H(x) and y2 = H(x + 1). A 2D
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Gaussian noise is added to the outputs. The Gaussian noise has mean zero and covariance

matrix Σ = ATA with

A(x) =

(
5× 10−3 x2 2× 10−3 x
2× 10−3 x 8× 10−3 x2

)
.

This data is plotted in Figure 1 (Right). It can be seen that it corresponds to a monotonically

increasing 2D signal with relatively low dispersion and that the dispersion increases for higher

x-coordinate values. Note that the MSE of the noisy data with respect to the clean data is

MSE=0.19.
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Figure 1: Synthetic data generated for model training. Left: 1D, N=3000. Right: 2D, N=10000.

4.2 Results

For the numerical experiments, we build sets of 3000 samples for the 1D case and 10000
samples for the 2D case. For the 1D case, we construct uncertainty estimator models with

50 neurons per layer, and, 2, 3, 5 and 10 layers. For the 2D case, we construct uncertainty

estimator models with 100 neurons per layer and, 1, 2, 3, 5 and 10 layers. We use low and

high levels of regularization. These correspond to: dropout=0.01 and Reg �2 = 1 × 10−8

(i.e., the factor used for weighting the regularization term given by the �2 norm of the network

weight parameters), for low regularization and dropout=0.2 and Reg �2 = 1 × 10−5 for high

regularization. We split the data in 80% training and 20% testing. We train these models with

the Adam optimizer [11] during 500 epochs for 1D models and 1000 epochs for 2D models,

since those are the approximate number of epochs for stabilized loss function. All the models

are implemented in Keras [12].

Box plots for the 1D results obtained for training with N=2400 samples evaluated over the

test set (600 samples) for 20 repetitions are shown in Figure 2. Note that both type of models

exhibit good performance not only with respect to the predicted value (MSE comparable to

training data, median R2 > 0.75) but also in terms of the uncertainty estimations, with similar

NLL and coverage close to the expected 80%. Overall, metrics are slightly better for the quantile

model, even when the data is a heteroscedatic noisy data. Interestingly, note that there is no

significant change in performance for the different number of layers evaluated (2, 3, 5 and 10

layers) or for the low and high regularization levels used.

Box plots for the 2D results obtained for training with N=8000 samples evaluated over the

test set (2000 samples) for 20 repetitions are shown in Figure 3. Note that both type of models

exhibit good predictive accuracy (MSE comparable to training data, median R2 > 0.9) and the

uncertainty estimations are close to the 80% coverage specified, with slight under-prediction

for the heteroscedastic case and the quantile with low regularization and small over-prediction
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Figure 2: Statistics for models with low and high regularizations, for 1D data and N=2400 samples. LY denotes

the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

for the quantile with high regularization. Additionally, performance is similar for models be-

tween 1 and 3 layers, with performance degrading a little for models with 5 layers and high

regularization or 10 layers.
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Figure 3: Statistics for models with low and high regularizations, for 2D data and N=8000 samples. LY denotes

the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

4.2.1 Low Data Limit in 1D

For evaluating the consistency between models trained with enough data and models trained

in the low data limit, we repeat the training procedure but using N = 30 samples for training.
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Note that in this case we let models with 10 layers to train during 1000 epochs.

Box plots for the 1D results obtained for training with N = 30 samples evaluated over the test

set (2970 samples) for 20 repetitions are shown in Figure 4. MSE and R2 for the heteroscedastic

model have been framed in ranges comparable to quantile results so some boxes for the 2 layers

neural network are cut. Note that despite the substantial reduction of the data for training, the

model performance only narrowly degrades with respect to the case where enough samples

are available. Also, some differences between the performance of the two main uncertainty

quantification paradigms start to emerge, as well as some more notorious deviations with respect

to the complexity of the architecture of the network or the regularization level.

The performance of the quantile formulation degrades less than the heteroscedastic one, with

lower MSEs and NLLs, higher R2 and coverage closer to the 80% expected value. Also, the

quantile performance is consistent for 2 to 5 layers deteriorating for the 10-layers network with

low regularization (labeled LY10L in the plots). In general, the regularization seems to play a

minor role, with little differences in the 80% coverage prediction between low and high regu-

larization. In contrast, the heteroscedastic model with 2 layers has poor performance. Between

3 to 5 layers, low regularization seems moderately better than high regularization, but the op-

posite seems to apply for 10 layers. These results seem to indicate that the quantile formulation

is more robust for the low data limit, requiring only marginal regularization, unless the network

has a high complexity, in which case stronger regularization helps. The heteroscedastic formu-

lation needs an architecture that has medium complexity to be effective in the low data limit,

with slightly better performance for low regularization.
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Figure 4: Statistics for models with low and high regularizations, for 1D data and N=30 samples. LY denotes

the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

Additionally, we include results in the low data limit for models trained to minimize the MSE

loss, i.e., without considering any uncertainty quantification formalism. Box plots for the 1D

results obtained for training with N = 30 samples evaluated over the test set (2970 samples)

for 20 repetitions are shown in Figure 5. The homoscedastic label denotes that no specific noise

model is used for training. Note again that the degradation observed for heteroscedastic and

quantile formulations, is in the order of the one for the homoscedastic case, in the small data
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Figure 5: Statistics for models with low and high regularizations, for 1D data and N=30 samples, trained with-

out uncertainty quantification. LY denotes the number of layers, while the L or H sub-index is used to denote

regularization level.

limit. Therefore, adding uncertainty quantification does not sacrifice model performance, even

in the low data limit. On the contrary, it provides a complementary level of information and

a small reduction of the model dispersion, specially for cases where the MSE loss has worse

performance.

Nevertheless, in the low data limit it makes more sense to also assume that the amount of

data for testing is low. Hence, a more practical comparison seems to be to also evaluate model

performance in a small testing set. We evaluate this criterion in the models with 3 layers. In this

comparison, we randomly select 40 samples and split them randomly into two subset: N = 30
samples for training and the remainder 10 samples for testing. We sweep over a logarithmic

10×10 grid of the regularization parameters. For dropout in the range: [1×10−3, 2×10−1] and

for Reg �2 in the range [1×10−8, 1×10−4]. For each of the different regularization combinations

in the grid, we train a model for 500 epochs and evaluate the performance with respect to all

the metrics in the testing set of 10 samples. We compute 20 repetitions over the grid sweeping

and report the test median in Figure 6. Not all the metrics are completely consistent with each

other, but it seems that the performance for the heteroscedastic model is slightly better on the

lower left corner (i.e., very low dropout and �2 regularization), while there does not seem to be

a clear trend in the quantile model.

4.2.2 Low Data Limit in 2D

We proceed as in the 1D case and train models for the 2D data in the low data limit using N =
60 and low and high regularizations. Note than in this case the heteroscedastic model requires

more iterations to achieve reasonable performance (i.e., about 10000 epochs). Likewise, we

train the highly regularized quantile model for 3000 epochs due to slight oscillations. Box

plots for the 2D results obtained for training with N = 60 samples evaluated over the test

set (9940 samples) for 20 repetitions are shown in Figure 7. Overall the performance of the

low data limit models is consistent with the models trained with enough samples. The main

differences can be found in the 80% coverage results, with both formulations exhibiting better

performance for models with low regularization. As a reference, box plot results for training

with MSE loss are included in Figure 8. Again, uncertainty quantification formulations, do not

degrade performance while slightly reducing model dispersion and providing a measure of the

confidence in the machine learning model predictions.

Analogously to the 1D case, we also evaluate the model performance in a small testing set

using models with 3 layers. Therefore, we randomly select 80 samples and split them randomly

into two subset: N = 60 samples for training and the remainder 20 samples for testing. We
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Figure 6: Statistics for models with 3 layers over a grid of different dropouts and 	2 norm regularizations for 1D

data and N=30 samples. When blue colormap is used, lower values correspond to better performance; when red

colormap is used, higher values correspond to better performance; when gray colormap is used, values closer to

0.8 correspond to better performance. Top: Heteroscedastic. Bottom: Quantile. Same scale used in both cases.
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Figure 7: Statistics for models with low and high regularizations, for 2D data and N=60 samples. LY denotes

the number of layers, while the L or H sub-index is used to denote regularization level. Top: Heteroscedastic.
Bottom: Quantile.

sweep over the same 10 × 10 logarithmic grid of the regularization parameters than in the 1D

case. For each of the different regularization combinations in the grid, we train a model for

5000 epochs for the heteroscedastic case and 1000 epochs for the quantile case, and evaluate

the performance with respect to all the metrics in the testing set of 20 samples. We compute 20

repetitions over the grid sweeping and report the test median in Figure 9. It seems clear that in

both formulations better results are achieved for small dropout regularization.
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out uncertainty quantification. LY denotes the number of layers, while the L or H sub-index is used to denote

regularization level.
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Figure 9: Statistics for models with 3 layers over a grid of different dropouts and 	2 norm regularizations for 2D

data and N=60 samples. When blue colormap is used, lower values correspond to better performance; when red

colormap is used, higher values correspond to better performance; when gray colormap is used, values closer to

0.8 correspond to better performance. Top: Heteroscedastic. Bottom: Quantile. Same scale used in both cases,

losing some resolution.

5 CONCLUSIONS

In this work, we applied uncertainty quantification models, namely heteroscedastic and quan-

tile formulations, to synthetic data with one and two-outputs. We trained neural-network models

with different complexities and evaluated their performance in the low data limit, where just a

handful of data (tens of samples) is available. Through numerical experiments we demonstrate

that both heteroscedastic and quantile formulations are robust and good at uncertainty estima-

tion even in the low data limit. Furthermore, we find that in these formulations, very small ‘true

regularization’ strategies, such as dropout or weighting of the �2-norm of the parameters, are

required to produce good results even for complex models. Also, we note that the quantile for-

mulation seems to have better performance and is more stable than the heteroscedastic case, i.e.,

the quantile models do not degrade as fast when model complexity is increased. Overall, our

studies pave the way towards practical design of deep learning models that provide actionable

predictions with quantified uncertainty using accessible volumes of data.
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