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PREFACE
This volume contains the full-length papers presented in the 14th International Conference on
Evolutionary and Deterministic Methods for Design, Optimization and Control (EUROGEN 2021)
that was streamed from Athens, Greece on June 28-30, 2021.
EUROGEN 2021 is the 14th of a series of International Conferences previously held in Las Palmas de
Gran Canaria (1995), Trieste (1997), Jyväskylä (1999), Athens (2001), Barcelona (2003), Munich
(2005), Jyväskylä (2007), Kracow (2009), Capua (2011), Las Palmas de Gran Canaria (2013),
Glasgow (2015) Madrid (2017) and Guimaraes (2019) devoted to Evolutionary and Deterministic
Computing for Industrial Applications.
EUROGEN aims at bringing together specialists from Universities, Research Institutions and
Industries developing or applying Evolutionary and Deterministic Methods in design optimization
and emphasizing on industrial and societal applications.
This series of conferences was originally launched by the European Thematic Network INGENET
and has become an ECCOMAS Thematic Conference since 2007 in association with ERCOFTAC.
The EUROGEN 2021 Conference is supported by the National Technical University of Athens (NTUA
and the Greek Association for Computational Mechanics (GRACM).
The editors of this volume would like to thank all authors for their contributions. Special thanks go
to the colleagues who contributed to the organization of the Minisymposia and to the reviewers
who, with their work, contributed to the scientific quality of this e-book.
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Abstract
In control of structures for earthquake excitation, tuned mass dampers (TMDs) can be used.
For the efficiency of a passive control system, it is needed to tune the parameters of TMD according to the parameters of the structures. For this aim, the use of metaheuristic methods
plays an important role in the optimization of TMDs. Metaheuristic algorithms are inspired
by a process of a happening or a living creature. Harmony Search (HS) imitates the musical
performance process involving the note tuning process of musicians to gain the admiration of
audiences. In the algorithm, two types of optimization using global and local searches are
used. In global, a new note is generated, while a neighboring value is assigned in local
search as the imitation of playing something similar to the known notes. In this process, two
algorithm-specific parameters are used. These parameters are called harmony memory considering rate (HMCR) and pitch adjusting rate (PAR). The chosen values of parameters may
be effective on the performance of the algorithm. For that reason, adaptive techniques that
automatically update the parameter in the iterations are also suggested. In the present study,
adaptive HS is presented on optimum design of TMD for structures subjected to earthquake
excitations. For the numerical examinations, a real-size structure plan is considered by
checking the stroke capacity of TMD during optimization. Also, the optimization is done by
using a wide set of earthquake records to find a general solution. According to the results, the
adaptive HS is very suitable to find a feasible TMD for structures subjected to earthquake excitations.
Keywords: Structural Control, Tuned Mass Dampers, Optimization, Metaheuristic Algorithms, Harmony Search

1

Aylin Ece Kayabekir, Sinan Melih NigdeOL*HEUDLO%HNGDúDQG0HOGD<FHO

1

INTRODUCTION

Safe design and modeling of the structures is a significant issue in the meaning of safety
against structural hazards or collapses for these structures, which are subjected to dynamic
excitations such as earthquake, wind, wave, etc. In this regard, these dangers can be prevented
by absorbing the energy of mentioned excitations through the usage of some devices as structural control systems. The mentioned devices contain several options known as passive, active,
semi-active, and hybrid systems.
Passive control systems, which are more widely used ones, have various applications such
as diagonal steel bracing, seismic base isolation, tuned mass or liquid dampers. These systems
are more economic, and comfortable to apply according to other ones, but there is a disadvantage intended for near-fault ground motions, which have high-level peak velocities. On the
other side, active systems provide the limitation of structural responses (displacement, velocity or acceleration) produced by dynamic excitations like earthquakes through benefiting from
an energy source placed within the structure. Also, these devices contain several types such as
active mass damper, active tendon systems, active variable stiffness systems, etc. The semiactive structural control system is created with the usage of both passive and active ones.
These systems provide more structural protection across passive systems, but damping of responses realizes in lower level than active systems. As to hybrid systems, they are also modeled similar to semi-active systems. They can be also utilized during an earthquake even if
power cuttings thanks to having a passive control part.
It is one of the most-used devices from structural passive control systems, that tuned mass
damper (TMD) provides the reducing and then stopping of responses namely vibrations within any structures under dynamic effects. Optimum tuning of the mechanical parameters of the
device is the most important issue to realize the mentioned aims by these systems. These parameters are comprised of frequency and damping factors of TMD’s, which are substantially
related to natural period or damping ratio of structure. Also, for active systems, optimum tuning of controller parameters is required for providing sufficient protection. Furthermore, excitation character is also a significant factor in the meaning of efficiency and performance of
optimum TMD design. Apart from these, these devices can be benefited within numerous
structures such as automobiles, trains, airplanes, construction equipment, etc. to balance vibrations. As to traditional constructions, so many applications are made for old/new-built
structures containing skyscrapers, television towers, pedestrian or highway bridges, stadiums,
nuclear plants, etc. to keep safety level by absorbing vibrations produced by seismic activations as earthquake besides wind forces, traffic movements or noises, too.
The origin of the mentioned vibration absorption device as TMDs is based on the invention
of Frahm [1] that is a simple version of TMDs and contains one mass, which has also a stiffness member like spring. Following, the second progression is realized by Ormondroyd and
Den Hartog [2]. They updated the first version of TMDs by placing a damping part to classical form, and thanks to this development, vibrations occurred by random frequency excitations came to reducible and absorbable.
In addition to these, the most popular usage for TMDs belongs to Taipei 101 skyscraper
building located in Taiwan. Here, TMD has a formation with a huge spherical mass connected
with cables (stiffness elements) together with hydraulic pumps (damping members), and this
vibrator-like pendulum ensures decreasing strong wind effects, besides earthquake effects, too.
Moreover, a TMD for the Berlin television tower in Germany was established to protect the
structure toward powerful wind forces. As a different application in the use of TMDs, retrofitting of existing/old structures was carried out to protect against seismic effects. For example,
Lax Theme Building in International Los Angeles Airport was restored via TMD, which is
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designed similar to a slab containing several viscous dampers and base isolation systems.
Thanks to this application, it was observed that structural responses can be decreased up to
40% [3].
These control devices can be utilized for structures with single (SDOF) and also multiple
(MDOF) degrees of freedom. In SDOF structures, the basic purpose of the usage of TMDs is
to generate a secondary mode, which is slightly close to the frequency level of the main structure. In that case, it prevents the generation of any resonance. Furthermore, the motion of
TMDs during any vibration case can be controlled and tuned due to TMDs having damping
capability. Here, this expression is based on the damping parameter of TMDs, and it should
be determined as suitable as possible namely optimum. Besides, there are also some important
properties for optimum controlling of TMD’s such as stiffness, frequency or mass, etc. To
make it possible to find these parameter values, different formulations or equations were developed, but none of them contains a definite solution due to that structures may be under excitations with random frequencies. As an example to proposed formulations from previous
literature, Den Hartog developed two separate expressions based on the determination of a
parameter, which is the ratio of frequencies belonging to the undamped main structure and
TMD system, besides the optimum ratio of damping [4]. However, in various applications,
these expressions are investigated by dealing with inherent damping for SDOF structure, too
[5-6]. Following, by Warburton, different formulations were suggested for various loadings
such as random white noise and harmonic excitations as regards undamped SDOF structures
again [7]. On the other side, Sadek et al. produced some formulas by operating numerical
methods for SDOF and MDOF main systems, which have inherent damping [8]. These formulas also play a part in the scope of reduction of structural responses such as displacement
and acceleration that occurred under different earthquake excitations.
However, metaheuristic-algorithms, which can be utilized as estimation or optimization
methods, besides, advanced computing approaches, numerical calculating, and analysis techniques can help to evaluate whole vibration modes in MDOF structures. In this meaning,
some studies and applications were realized with the mentioned metaheuristic approaches,
which were designed by inspiring from properties of alives within natural life, physical or
chemical processes, capabilities based on memory, etc.
For example, the starting of metaheuristic methods, genetic algorithm (GA) was handled
for the generation of optimum TMD design for structures with different types [9-13]. Also,
particle swarm optimization (PSO), which can be assumed as the second step for metaheuristics, was investigated to find the optimal TMD parameters for viscously damped SDOF main
systems exposed to different dynamic effects containing harmonic base acceleration, nonstationary or random Gaussian white noise excitations [14-15]. Various metaheuristic algorithms are also utilized for the generation of TMD design optimally intended for different targets or different structural types. These are comprised from the studies applied with ant
colony optimization (ACO) [16], harmony search (HS) [17-20, 25], artificial bee colony algorithm (ABC) [21], gravitational search algorithm (GSA) [22], cuckoo search (CS) [23], bat
algorithm (BA) [24], teaching-learning-based optimization (TLBO) [19-20, 27], flower pollination algorithm (FPA) [19-20, 25-26, 28] and Jaya algorithm (JA) [20].
In the present study, the adaptive HS algorithm was presented for optimum design of
TMDs that are positioned on the top of the structure subjected to earthquakes. The methodology is a multi-objective one that controls the stroke of the TMD in an applicable range limited
by a user-defined value and minimization of the maximum top story displacement under a set
of earthquake records. The method is presented on a 15 story real-size reinforced concrete
(RC) structure.
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2

THE OPTIMIZATION METHODOLOGY AND ADAPTIVE HARMONY
SEARCH

Musician as an artist tries to generate any musical work with many efforts during long
times. There are some points thought as remarkable, for instance, age, point of view, country
or area where he lives, and also characteristic features, etc., while an artist is performing this
action. On the other side, this musical work is revealed with the development of tunes or harmonies through examining and well combination of different note options. Here, the main
purpose is to win the favor of listeners', and following he/she tries to develop the work by
evaluating feedbacks. In this regard, this development process for any musical work can be
assumed as an optimization case. Thus, in the year 2001, Geem et al. inspired by the mentioned process and proposed an optimization algorithm called harmony search (HS), which is
one of the memory and musical-based metaheuristic methods [29]. As in many metaheuristic
algorithms, some stages are also performed with HS for any optimization problem.
In this study, a modified version of HS is presented for the optimization problem. This
modification includes an adaptive parameter setting and consideration of the best existing solution.
The optimization methodology as similar to all engineering optimization problems starts
with the definition of the problem by the design constants, ranges and algorithm parameters.
In the present study, it is also needed to define earthquake records for the dynamic analysis. In
the study, a set of earthquake records are used and the excitation with the most effect is considered. The set is the records grouped as far-field ground motion records in FEMA P-695:
Quantification of Building Seismic Performance Factors [30]. The design constants include
the mass, stiffness and damping values of the structure. The design variables of the problem
are the period (Td  DQG GDPSLQJ UDWLR ȟd) of TMD that is positioned on the structure. As a
ORJLFDO UDQJH ȟd is defined between 0.01 and 0.3, while Td is searched between 0.5 and 1.5
times of the critical period of the structure.
The beginning stage is comprised of generation initial solutions (including 10 sets of design variables in the numerical example) following the definition of design variables, constants, and also parameters specific to the algorithm. The mentioned special parameters are
known as harmony memory consideration rate (HMCR) and fret width (FW) that provide the
renew of solutions with the controlling of musical memory and adjusting of tunes. However,
these parameters are utilized in the second stage, which is the iteration process, namely, the
fundamental updating application is carried out at this time.
For all generated candidate solutions, the objective function is calculated. These results are
found via dynamic analysis. For this analysis, a program was developed via MATLAB with
Simulink [31].
In the study, two objectives are considered. As given in Eqs. (1) and (2), the objectives; f1
and f2 are related with the maximum top story displacement (xN) and the stroke capacity of
TMD. f1 is minimized and f2 must be lower than a user-defined value that is taken as 2 in the
present study. xd is the displacement of TMD with respect to the ground.
Then the iteration process starts and it is done for several iterations (200 in the numerical
example). All results corresponding candidate solutions are checked according to the following procedure. First, f2 values are checked to minimize if both new and existing solutions exceed the limit taken as 2. If one of them is smaller than 2, it is taken as the best. If both f2
values are lower than 2, f1 is considered in the optimization.
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(1)
(2)
The iteration process is realized by choosing between two different alternatives as generating notes randomly (Eq. (3)) or playing from a specific fret through remembering of notes
within memory (Eq. (4)). These are determined according to HMCR value compared with a
number, which is a random value between 0 and 1 (rand( )). Equations expressed the updating action for a new solution can be seen in Eqs. (3)-(4).
(3)
(4)
Where, for ith design parameter, Xi,new is new/updated value of solutions placed in matrix;
Xi,min and Xi,max are limits as lower and upper values of the dealed solution, besides Xi,n is nth
solution selected from initial matrix randomly.
Furthermore, in the current study, an adaptive version of HS is proposed with respect to the
usage for optimum design of TMDs in the direction of determining the best mechanical properties of it. Also, this modification is called adaptive harmony search (AHS).
To realize this process, values of HMCR and FW parameters are adjusted and modified
along with iterations according to pre-defined initial values (0.5 for both in the numerical example) of them and the current iteration step. For this reason, parameters are transformed to
the new case as seen below equations.
(5)
(6)
Here, the total iteration number is indicated with MI, besides IN is the current iteration step.
Besides, FWin and HMCRin are meant to the constant values determined in the initial phase of
the design process. Also, this operation provides to increase in remembering possibility for
notes within memory progressively, and searching size is decreased due to that multiplier importance of limitation range goes to a smaller level. On the other side, there is another modification, which is benefited for the development of this version. This action is related to the
selection of a solution, which will be considered and evaluated to use in updating. Here, this
solution can be selected randomly among all solutions, or the determined as best one. This
case is realized according to a value specified as the consideration rate of the best solution
(BSCR) taken as 0.3 in the present study. In this respect, nth solution (Xi,n) seen in Eq. (4) is
changed with the best one, when the randomly determined number is bigger than the value of
this parameter, similar to HMCR.
3

NUMERICAL EXAMPLE

A case of a 3D structure is presented to verify the method on real-size buildings. 15-story
reinforced concrete structure with the story plan given as Figure 1 is controlled with a TMD.
The damping of the main structure was taken according to Rayleigh damping and it is assumed as 5% for reinforced concrete structures.
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Figure 1: The story plan of reinforced concrete structure.

The 3D structure has 9 gridlines with equal distances between them in both directions. The
distance between is 8 m and the height of each story is 3.5 m. The rigidity of the structure in
both translational directions was calculated as 5520MN/m. The structure has a 3590-ton story
mass.
The mass of TMD is taken as 2% of the total mass of the structure. The value of it is 1077
tons. The optimum values such as Td DQGȟd are found as 1.6770 and 0.1644, respectively. The
value of f1 and f2 for the optimum results are 0.3928 m and 1.9991, respectively. The maximum displacement under a set of earthquake records is between 0.0425 m and 0.4638 m for
the uncontrolled structure. For the structure with optimum TMD, the maximum displacement
is changed between 0.0381 m and 0.3928 m. The most critical excitation is the MUL009
component of the 1994 Northridge earthquake. The time-history plot for the top story displacement is shown in Figure 2.
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Figure 2: Time-history plot for the critical excitation.

6

30

35

$\OLQ(FH.D\DEHNLU6LQDQ0HOLK1LJGHOL*HEUDLO%HNGDúDQG0HOGD<FHO

4

CONCLUSIONS

The aim of this study is to both present applications of a TMD on a real-size structure and
an improved metaheuristic method for this application. According to the results, the optimization is effective and it can be seen from the reduction of the objective function values by
15.3%. As seen from the time-history plot given for the most critical excitation, TMD is also
effective on rapid damping and the effect of TMD is significant on the peak vibration with the
most amplitude, but the essential effect is observed in the following peaks. Additionally,
TMD is effective for all excitations that were used in the optimization.
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Abstract
In the optimum design of structural systems, the robustness and the performance are related to
the best tuning of the parameters of the method. For metaheuristic algorithms inspired by phenomena in life, algorithm-specific parameters exist in addition to general parameters that are
the population of the generated candidate solution and the number of iterations that are needed
to find the final optimum solution. In the optimum design of reinforced concrete (RC) structures,
the dimensions are optimized by considering the minimization of the total cost. These problems
are highly constrained by the design requirements presented in design codes. Especially, RC
retaining walls involve the check of stability conditions as geotechnical state limits in addition
to structural state limits. This situation makes the optimization problem challenging. A better
and robust algorithm is always in search. In the present study, two specific parameter-free
metaheuristic algorithms are employed. These algorithms are teaching-learning-based optimization (TLBO) and Jaya algorithm (JA). Since JA is a single-phase algorithm and both phases
of TLBO defined as teacher and learner phases are consequently applied, a switch probability
is not needed. Also, the existing factor is defined randomly. These two algorithms were tested
on three cases and the results were compared with three classical algorithms such as Genetic
Algorithm (GA), Differential Evaluation (DE), and Particle Swarm Optimization (PSO). In this
verification, JA needs less function evaluation to reach the optimum results. As conclusions,
both TLBO and JA are robust methods for the optimization problem.
Keywords: Reinforced Concrete, Retaining Walls, Optimization, Metaheuristic Algorithms
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1

INTRODUCTION

Generally, engineering designs are carried out by taking two main objectives into consideration. The first of these is structural security, the other is cost. Good engineering design can be
defined as the best combination or balance of these two objectives. The process in which this
balance is investigated is called optimization and the obtained result is called optimum design.
Different methods have been developed and used from past to present in order to find the
optimum design in engineering designs. Especially in recent years, metaheuristic algorithms
are one of the methods used frequently for this purpose. Metaheuristic algorithms are methods
developed by taking inspiration from nature. Examples of these are genetic (GA) [1,2] and
differential evolution (DE) [3] algorithms from the evolutionary process, flower pollination
(FPA) [4] from the pollination process of flowers, the bat algorithm (BA) [5] from the echolocation characteristics of bats, the gray wolf optimization (GWO) [6] from the herd hierarchy
and hunting processes of the gray wolves, the particle swarm optimization (PSO) [7] from the
herd movement of living things, ant colony optimization (ACO) [8] from the foraging process
of ants, teaching-learning-based optimization (TLBO) [9] from the student-teacher relationship
and learning in a classroom.
An optimization process is carried out using metaheuristic algorithms in many areas of structural engineering. One of these areas is the optimum design of reinforced concrete structures.
Since reinforced concrete structures consist of two different mechanical and cost-effective materials, it is necessary to find a combination that will provide the lowest cost (optimum design)
of concrete and steel. The optimum design of RC retaining walls is one of the areas that have
been researched extensively. Various metaheuristic methods such as Simulated Annealing (SA)
[10,11], PSO [12], Harmony search (HS) [13] Big Bang Big Crunch (BB-BC) [14], Firefly
Algorithm (FA) [15], FPA [16] have been used in the design of RC retaining walls. In addition
to these studies, there are also studies where performance evaluation of algorithms [17] is performed and modified or hybrid algorithms [18] are used.
In this study, the effect of different parameters on optimum RC retaining wall design was
investigated. For this purpose, five different metaheuristic algorithm-based methods have been
developed. In this way, as a result of the study, the researchers were informed about the effects
of parameters as well as the most effective metaheuristic method for optimum design.
2

OPTIMUM DESIGN VIA METAHEURISTIC ALGORITHMS

Metaheuristic methods can generally be summarized with 3 stages as given in Fig.1.
In the first stage (pre-optimization), the design constants of the problem, the lower and upper
limits of the design variables, the population number (pn), the algorithm-specific parameters
and the stopping criteria of the optimization are defined. Then, candidate solutions (totally pn)
are generated according to Eq. (1) and stored in initial solution matrix.
ܺ = ܺ, + ܺ(݀݊ܽݎ,௫ െ ܺ, )

(1)

In Eq. (1), ܺ , ܺ, and ܺ,௫ represent ith candidate solution, minimum and maximum
limits of ith solution respectively. rand is a function that is generated by random values between
0 and 1.
The second stage is the analysis stage. In this stage, the objective function of each solution
is calculated, and the design constraints of the problem are checked. Objective functions of
solutions that violate the design constraint are penalized using a penalization value. Within the
scope of this study, the objective function is determined as the minimum material cost given as
Eq.(2), and for the penalization, a high value is defined.
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min൫݂() ݔ൯ = ܥ ܸ + ܥ௦ ܹ௦

(2)

In Eq. (2), Cc and Cs are unit concrete and unit reinforcing steel costs respectively. Vc and Ws
represent the volume of the concrete and unit volume weight of the steel, respectively.
At the last stage (optimization stage), an iterative process is started. In this process, first of
all new solution matrix is generated according to algorithm equations. In this study, 5 different
algorithms, GA, DE, PSO, TLBO and JA were employed and algorithm-specific equations are
given below.
Equation of genetic algorithm (GA):
ܺ,௪ = ൛ ݉݀݊ܽݎ > ݎ,

ܺ, +  ݀݊ܽݎ൫ܺ,௫ െ ܺ, ൯

(3)

In Eq. (3), mr is mutation rate, q is a gene (design parameter) randomly-selected from the
total design parameter. ܺ,௪ , ܺ, and ܺ,௫ are new design variable, lower and upper
limit values of qth design variable, respectively. Unlike GA, DE uses two equations (Eq. 4 and
5). New design variables are derived by selecting one of these two equations according to DE
rules.
ܺ,௪ = ܺ, +  ܨ൫ܺ, െ ܺ, ൯
X୧,୨ = X୧,୬ୣ୵

{if rand  CR

or cs = randୡୱ

(4)
(5)

In Eq. (4 and 5), X୧,୮ , X୧,୯ , X୧,୰ represent randomly selected different solutions and F is the
weighting factor. CR, cs, and randcs are crossover possibilities, current candidate solution, and
randomly selected solution.
In PSO, new values are found by using a single equation as in GA. This equation as follows
ܺ,௪ = ܺ, + ܸ,௪

(6)

where ܺ, is the current position of jth particle and ܸ,௪ can be calculated with Eq. (7).
ܸ,௪ = ܸ ݓ, + ܿଵ ݀݊ܽݎ൫ܺ,௬್ೞ െ ܺ, ൯ + ܿଶ  ݀݊ܽݎ൫ܺ,್ೞ െ ܺ, ൯

(7)

In Eq. (7), ܸ, is current velocity jth particle. ܺ,௬್ೞ and ܺ,್ೞ represent values of the best
global and local positions respectively. ܿଵ and ܿଶ are positive constant parameters used to control velocity.
In the TLBO algorithm, two different equations are used in generating new solutions. However, unlike other two-equation algorithms, it uses both of the equations one after the other
instead of choosing one of the equations. These equations are as follows
X୧,୬ୣ୵ = X୧,୨ + rand൫X୧,ୠୣୱ୲ െ (TF) X୧,୫ୣୟ୬ ൯
ܺ,௪ = ቊ

ܱܨ < ܱܨ ,

ܺ, +  ݀݊ܽݎ൫ܺ, െ ܺ, ൯

ܱܨ > ܱܨ ,

ܺ, +  ݀݊ܽݎ൫ܺ, െ ܺ, ൯

(8)
(9)

where X୧,୨ , X୧,௦௧ , X୧,୫ୣୟ୬ represent values of existing solution, best solution and mean values of existing solutions respectively, and TF shows teaching factor. X୧,ୟ and X୧,ୠ are randomly
selected candidate solutions. Objective functions corresponding to these solutions (X୧,ୟ and X୧,ୠ )
are expressed with OFୟ and OFୠ , respectively.
The other algorithm used in the study, JA uses a single equation given in Eq.(10).
ܺ,௪ = ܺ, +  ݀݊ܽݎ൫ܺ,௦௧ െ หܺ, ห൯ െ  ݀݊ܽݎ൫ܺ,௪௦௧ െ หܺ, ห൯
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In Eq.(10), ܺ,௪௦௧ is worst solution in terms of the objective function.
After the generation of new solution matrix, it is done comparation between solution matrix
and existing one. In case of new solutions have better objective function value, new solutions
replace existing solutions. In case new solutions have better objective function value, the existing solution matrix is updated with new solutions. This process is continued until satisfying
stopping criteria of the problem. In this study maximum iteration number is determined as stopping criteria.

Generation of an initial solution matrix
including candidate variables

Calculate objective functions

Violated

Calculate design constraints and check
violation
Not Violated

Choose a type
of modification

Modify existing candidate solutions and
update solution matrix

Check stopping
criteria
Provided
STOP

Figure 1: The optimization flowchart
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3

NUMERICAL EXAMPLE

RC retaining wall that is investigated for the optimum design can be seen in Fig.2. As shown
in the figure, there are 5 design variables. The limits of these design variables and the design
constants are presented in Table 1. In reinforced concrete design, the constraints of ACI 318
[19] regulation were applied. Information on the constraints applied in the optimization process
is given in Table 2. In addition to these, various load and safety factors are summarized in Table
3.

Figure 2: Design variables Cantilever retaining wall
Table 1. Optimization data for T shape walls respect to a specific design

Design Constants

Design
Variables

Definition
Heel slab/back encasement width of retaining wall
Toe slab/front encasement width of retaining wall
Upper part width of cantilever/stem of wall
Bottom part width of cantilever/stem of wall
Thickness of bottom slab of retaining wall
Difference between top elevation of bottom-slab with soil
in behind of wall (active zone)/stem height
Weight per unit of volume of back soil of wall (active zone)
Surcharge load in active zone (on top elevation of soil)
Angle of internal friction of back soil of wall
Allowable bearing value of soil
Thickness of granular backfill
Coefficient of soil reaction
Compressive strength of concrete
Tensile strength of steel reinforcement
Elasticity modulus of concrete
Weight per unit of volume for concrete
Weight per unit of volume for steel
Width of wall bottom slab
Concrete unit cost
Steel unit cost
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Symbol

Limit/Value

Unit

X1
X2
X3
X4
X5

0-10
0-3
0.2-3
0.3-3
0.3-3

m
m
m
m
m

H

6

m

Ȗz
qa
ĭ

18
10
30°
300
0.5
200
25
420
200000
25
7.85
1000
50
700

kN/m3
kN/m2

qsafety
tb
Ksoil
fc
fy
Es
Ȗc
Ȗs
b
Cc
Cs

kN/m2
m
MN
MPa
MPa
MPa
kN/m3
t/m3
mm
$/m3
$/ton
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Table 2. The design constraints
Description
Safety for overturning stability
Safety for sliding
Safety for bearing capacity
Minimum bearing stress (qmin)
Flexural strength capacities of critical sections (Md)
Shear strength capacities of critical sections (Vd)
Minimum reinforcement areas of critical sections (Asmin)
Maximum reinforcement areas of critical sections (Asmax)

Constraints
g1(X): FoSot,design )R6ot
g2(X): FoSs,design )R6s
g3(X): FoSbc,design )R6bc
g4(X): qmin 
g5-7(X): Md 0u
g8-10(X): Vd 9u
g11-13(X): As Asmin
g14-16(X): As Asmax

Table 3. ACI 318 Regulation values utilized in optimization process
Load Coefficients in ACI Regulation
Coefficient for load increment
Reduction coefficient for section bending moment capacity
Reduction coefficient for section axial load capacity
Reduction coefficient for section shear load capacity
Constant load coefficient
Live load coefficient
Horizontal load coefficient
Safety coefficient respect to overturning
Safety coefficient respect to slipping

Symbol
Cl
FiM
FiN
FiV
GK
QK
HK
Osafety
Ssafety

Value
1.7
0.9
0.9
0.75
0.9
1.6
1.6
1.5
1.5

Three different case analyses were performed using GA, DE, PSO, TLBO and JA. These
cases are as follows:
Case 1: Optimum design variables are investigated using thirty multiple cycles of optimization. In the optimization process, twenty populations and five thousand iteration numbers are
used.
Case 2: Effect of wall height on the optimum design as well as algorithm performances are
investigated. As different from Case 1, H is defined as 10m.
Case 3: Best population and iteration number combination are investigated. For this investigation, optimization operations are carried out for different maximum iteration numbers from
1 to 5000 by increasing 499 in each step and for different population numbers such as 3, 5, 10,
15, 20, 25, 30.
The optimum results for these cases are shown in Table 4-6, respectively.
Table 4. Optimum design results for Case 1.
Algorithm
GA
DE
PSO
TLBO
JA

X1
4.1257
4.1323
4.1322
4.1323
4.1323

X2
0.0003
0.0000
0.0000
0.0000
0.0000

X3
0.2003
0.2000
0.2000
0.2000
0.2000

X4
0.6212
0.6098
0.6099
0.6099
0.6099

X5
0.4274
0.4267
0.4267
0.4267
0.4267

Min. Cost
428.2421
428.1139
428.1139
428.1139
428.1139

Ave. Cost
449.3181
433.3653
449.2315
428.1139
428.1139

Standard Dev.
36.9566092
11.4300331
40.6569904
0.0000005
0.0000012

Ave. Cost
1370.8030
1442.5197
1473.0711
1365.2368
1371.6683

Standard Dev.
5.8839356
146.3331618
137.6288067
0.0001623
34.6327849

Table 5. Optimum design results for Case 2.
Algorithm
GA
DE
PSO
TLBO
JA

X1
6.3735
6.3480
6.3482
6.3479
6.3478

X2
1.5040
1.4917
1.4879
1.4920
1.4919

X3
0.2010
0.2000
0.2000
0.2000
0.2000

X4
1.3299
1.3656
1.3655
1.3658
1.3660

X5
0.7140
0.7086
0.7074
0.7087
0.7087

15

Min. Cost
1365.7614
1365.2365
1365.2432
1365.2365
1365.2367
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Table 6. Optimum design values of wall with the best population-iteration combinations
Algorithm

X1

X2

X3

X4

X5

Min. Cost

Ave. Cost

Standard Dev.

GA
DE
PSO
TLBO
JA

4.1304
4.1323
4.1324
4.1323
4.1323

0.0046
0.0000
0.0000
0.0000
0.0000

0.2001
0.2000
0.2000
0.2000
0.2000

0.6106
0.6098
0.6096
0.6098
0.6099

0.4240
0.4267
0.4267
0.4267
0.4267

428.2186
428.1139
428.1140
428.1139
428.1139

428.6384
428.1139
699.2741
428.1139
428.1139

0.34408003
0.0000000
732.5740371
0.0000126
0.0000057

4

Iter.
Num.
2995
1997
3993
4991
4492

CONCLUSION

4.1 Case 1
DE, PSO, TLBO and JA find close values in terms of objective functions (minimum cost),
whereas GA could not reach the minimum value. Therefore, it can be said that all algorithms
except GA are effective in finding the minimum result. However, as seen in Table 4, the standard deviation and average cost values of the DE and PSO algorithms are higher than other ones.
Therefore, it can be concluded that TLBO and JA algorithms are more effective and stable for
this structural model.
4.2 Case 2
Increasing the wall height from 6m to 10m caused the optimum X2 value, that is found zero
in Case 1. The minimum cost design has been obtained with DE and TLBO algorithms. Besides,
it is seen that JA and PSO obtained results very close to these results. Considering all the parameters obtained from the analysis results of the algorithms, it can be said that TLBO is better
than the others.
4.3 Case 3
It is seen that all algorithms except GA have reached the optimum value. When all the statistical values are evaluated together, it is understood that the DE algorithm seems better, but
there is no significant difference between the TLBO and JA algorithms. In terms of the number
of iterations, the DE algorithm again reaches a slightly faster result. In terms of population
numbers, it can be said that 15 to 30 population numbers are the most suitable range for optimum analysis.
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Abstract
Teaching-learning-based optimization (TLBO) is a metaheuristic algorithm that simulates the
two phases of education. These two phases namely the teacher and learner phases are consequently done in the optimization processes because in real life, the education with a teacher
continues with the self-learning of students by sharing knowledge and information in class.
TLBO is a user-defined-free algorithm, but it contains randomly defined parameters such as
teaching factor (TF). TF can only take integer numbers and it is randomly chosen as 1 or 2.
In this study, TF is modified as real numbers and an adaptive limitation is applied for the
maximum value of TF. The algorithm is applied to various structural mechanics problems
that are used benchmark structural optimization problems. The investigated problems are the
weight optimization of cantilever beams and the minimization of total material and construction cost of a tubular column problem. The modification to the TF plays an important role in
the local optima problem.
Keywords: Structural Optimization, Teaching-Learning-Based optimization, Optimization,
Metaheuristic Algorithms, Teaching Factor
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1

INTRODUCTION

In engineering, there are two processes which are analysis and design. Firstly, the mathematical model of the engineering problem is analyzed, and then it is designed according to the
requirement that provides safety and demands of the users. In design, this process is complicated in finding the best possible design due to existing constraints. These constraints reflect
user demands and design regulations that formalize the safety factors for maximum displacement, stress, slenderness, and the required ductility in structural engineering. A good engineer
has the goal of finding the best economical solutions. In that case, the design problem is a
minimization problem of the total cost (or weight of the material) and it is a nonlinear one due
to existing of constraints. In that case, metaheuristic algorithms are an excellent choice to
make an iterative process to optimize the design.
Metaheuristic algorithms imitate phenomena in life and formulate them as several phases
of an iterative process. According to Sorensen et al. [1], there are five periods of metaheuristic
starting in the 1940s and now, we are in the framework-centric period. In this period, the
number of metaheuristic shows a great increase, but these methods are criticized due to similarity to each other. The only difference is to use a different metaphor. Examples of metaphors
of the best-known methods are natural evaluation in the genetic algorithm (GA) [2-3], musical
performances in harmony search (HS) [4], the behavior of ants in ant colony optimization
(ACO) [5], reproduction process flowers in flower pollination algorithm (FPA) [6], sensing
ability of bats in Bat Algorithm (BA) [7] and teaching-learning process in teaching-learningbased optimization (TLBO) [8].
In the present study, TLBO was modified for solving structural optimization problems. The
modified teaching factor of TLBO is presented on two benchmark problems.
2

THE OPTIMIZATION METHODOLOGY

TLBO was developed by Rao et al. [8] as a parameter-free metaheuristic algorithm. The
two phases of education such as the teacher phase done via the guide of a teacher and the student phase via self-study are formulated and consequently applied.
The main optimization process of a constrained engineering problem is given in Fig. 1. After the definition of the problem, an initial solution matrix is generated by assigning random
solutions for the design variables. Then the essential optimization starts. In the analysis stage
that is done after assigning a set of design variables, design constraints are checked and the
objective function is penalized if a violation exists. In the present study, the violated solutions
are assigned as a big value as 106. The optimization process continues for a maximum number
of iterations as the stopping criteria of the problems.
In the TLBO, the teacher and learner phases are consequently applied. The comparison of
the results is done via the value of the objective function.
The teacher phase is formulated as Eq. (1). TF is called the teaching factor and it can take
integer number 1 or 2, randomly. In the present study, TF can be real numbers and it is formulated as Eq. (2).

x it 1

x it  rand(1)(g*  TFx ave )
(TFmax  TFmin )
TF TFmax 
t
max iter
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Generation of an initial solution matrix
including candidate variables

Calculate objective functions

Violated

Calculate design constraints and check
violation
Not Violated

Choose a type
of modification

Modify existing candidate solutions and
update solution matrix

Check stopping
criteria
Provided
STOP

Figure 1: The optimization flowchart
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In Eq. (1), xit+1 is the ith set of (t+1)th iteration, while xit is the existing one of the tth iteration. A random number between 0 and 1 is shows as rand(1), g* and xave are the best solution
(teacher) and the average of all solutions. In Eq. (2), TFmax and TFmin are the minimum and
maximum value of TF. In the present study, TFmax and TFmin are taken as 2 and 1, which are
limits of classical TLBO method. The maximum iteration number and current iteration number are shown as maxiter and t, respectively.
The student phase is formulated in Eq. (3). In this phase, two existing solutions (random
chosen k and j) are used according to objective function (f(x)).

xit 1

3

° xit  rand (1)( x tj  x kt ) if f ( x tj )  f ( x kt )
® t
t
t
t
t
°̄ xi  rand (1)( x k  x j ) if f ( x j ) ! f ( x k )

(3)

NUMERICAL EXAMPLES

3.1. COST OPTIMIZATION OF TUBULAR COLUMN UNDER COMPRESSIVE
LOAD
The problem that was firstly presented by Rao [9] has six constraints as given in Eqs. (4-9)
and the objective function is the minimization of the total material and construction cost
shown as Eq. (10). The design variables are the dimensions of d ant t which are shown In Fig.
2.

Figure 2: Tubular column.

21

*HEUDLO%HNGDúDQG6LQDQ0HOLKNigdeli

The design FRQVWDQWVRIWKHSUREOHPDUHD[LDOIRUFH 3 \LHOGVWUHVV ıy), elasticity modulus
( GHQVLW\ ȡ DQGOHQJWK O DQGWKHVHDUHWDNHQDVNJINJIFP2, 0.85x106 NJIFP2,
0.0025 kgfFP3, and 250 cm, respectively.

g1

g2

P
1 d 0
SdtV y
8 Pl 2

S 3 Edt (d 2  t 2 )

(4)

1d 0

(5)

g3

2
1 d 0
d

(6)

g4

d
1 d 0
14

(7)

g5

0.2
1 d 0
t

(8)

g6

t
1 d 0
0.8

(9)

f (d , t ) 9.8dt  2d

(10)

3.2. WEIGHT OPTIMIZATION OF CANTILEVER BEAM
The cantilever beam shown in Fig. 3 has 5 design variables (xi for i=1 to 5) and the optimization objective is formulated as Eq. (11). It is firstly presented by Fleury and Braiban [10].
7KHWKLFNQHVV W LVWDNHQDV7KHGHVLJQFRQVWUDLQWis formulated as Eq. (12). The design
variables have 0.0.1 minimum and 1000 maximum.

Figure 3: The cantilever beam.
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Minimize f ( x j ) 0.0624( x1  x2  x3  x4  x5 )

g1

4

61
x13



37
x 23



19
x33



7
x 43



1
x53

(11)

1 d 0

(12)

REUSLTS AND CONCLUSIONS

The optimum results for the tubular column problem are shown in Table 1. According to
the results, the modified TLBO is also effective to find the same results as TLBO. Also, the
average value is the same as the best one for 30 cycles of optimization. It leads to a small
standard deviation (std) value.
Table 1: The optimum results of tubular column problem

t
d
f(x) (best)
f(x) (ave)
std

TLBO
0.291965
5.451156
26.4995
33358.95
1.83x105

Modified TLBO
0.291965
5.451156
26.4995
26.4995
1.81x10-14

The classical TLBO has a very big average and std values due to trapping a local optimum
in one of the optimization cycles. In a cycle, TLBO was not effective to find a final result
without violating the design constraints and it was penalized. The convergence plot is also
given for the tubular column problem in Fig. 4. As seen from the plot, modified TLBO has the
advantage of finding exact optimum results quickly.
33
TLBO
Modified TLBO

32

31

f(x)

30

29

28

27

26
10

0

10

1

10

2

t

Figure 4: The convergence plot for the tubular column problem

The optimum results for the cantilever problem are shown in Table 2. For the cantilever
beam problem, modified TLBO and classical TLBO have similar results. As seen from Fig. 5,
the modified TLBO has the same effect that is seen after the 30th iteration.
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Table 2: The optimum results of cantilever beam problem

x1
x2
x3
x4
x5
f(x) (best)
f(x) (ave)
Std

TLBO
6.01588339
5.30936515
4.49365821
3.50171404
2.15303927
1.33995639
1.33995642
0.00000003

Modified TLBO
6.01592868
5.30929444
4.49390785
3.50159740
2.15293149
1.33995638
1.33995641
0.00000003

33
TLBO
Modified TLBO

32

31

f(x)

30

29

28

27

26
10 0

10

1

10

2

t

Figure 5: The convergence plot for the cantilever beam problem

As conclusion, the modification of using real numbers for TF is effective in finding global
optimum results. The classical version of TLBO is also effective on structural optimization,
but the optimum results may not be found in a cycle of optimization since it may trap to local
optimum. Using real numbers for TF eliminates this problem. In this study, the modification
was tested for benchmark structural engineering problems. This study may be enlarged to the
more complicated structural design optimization problem.
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Abstract
As known, the damping ratio of structures is assumed as a constant value. This constant value
is also used in the analysis of structures and these analysis results are used in the optimum
design of active and passive control systems. In the present study, the assumed value of inherent
damping of the structure is tested on tuned mass dampers that are used in the structures to
reduce responses resulting from earthquakes. For this purpose, three methods are investigated
by considering the increase or decrease of the damping coefficient of the superstructure. The
first method is the usage of equations of Den Hartog which does not consider the inherent
dumping of the structure. Secondly, the basic equations of Sadek et al. that include the inherent
dumping for the optimum parameters are examined. Finally, a metaheuristic-based optimization approach using the Jaya algorithm (JA) was used in the investigation.
Keywords: Optimization, Dumping, Tuned Mass Dampers, Jaya Algorithm.
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1

INTRODUCTION

Mass dampers are devices that Hermann Frahm [1] invented in 1909 to prevent machine
vibration on board, in which Ormondroyd and Den Hartog [2] put forward the first theoretical
studies for this type of damper. The fact that TMDs became a part of the design took its place
in architecture with research by Mcnamara [3]. Considering the mass of the structure on which
TMDs are placed, SDOF has a mass of approximately 5% of the structure for a structure [4-5].
Similar to other passive damping systems, these systems, which convert mechanical energy to
damping energy as a working principle, have become a preferred system for building vibration
control in terms of not needing external energy, easy cost and maintenance and applicability to
old buildings. Looking at the areas of use, we can see that the bridge, tower, etc. exposed to
wind forces. It is seen that it is placed in structures, earthquake-effect structures and in the types
of structures that are negativized by other vibrations. An example is folded pendulum with a
movement ampliated capacity of ±48 cm, with a mass ratio of 4.5%, to 450 tons for the 40storey Socar Tower (Figure 1 and 2), which was built in 2010, in Baku, capital of Azerbaijan.
Another example used in TMD, Alphabetic Tower (Figure 3) in Batumi, Georgia, used standard
TMD with a 3.5% mass ratio of 62.85 tons with a movement amplitude of ±24cm [6].

Figure 1. Socar Tower [7]

Figure 2. Socar Tower Folded Pendilum TMD [8]
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Figure 2. Alphabetic Tower [9]
TMDs are connected to the structure with the help of spring and damper. The most appropriate account of the spring and damping parameters found in these devices is important for the
efficiency of the device. A mode must be defined to the TMD to control the vibration of the
structure. This defined value must be selected in accordance with the critical frequency of the
structure. As a result of the theoretical studies carried out by Den Hartog, considering the mass
ratio of TMD and structure ȝ LQDFFRUGDQFe with the SDOF structure, the optimum frequency
(fopt) is given in Equation (1) and the optimum damping ratio ȟd,opt) is given in Equation (2).
In the equations, the frequency of the structure is Ȧs and the frequency of TMD is Zd, opt. The
mass and damping coefficient of TMD is md and cd, respectively. In Equation (3), the stiffness
coefficient of TMD is accounted for kd.
݂௧ =

௪,

[ௗ,௧ = ଶ

௪ೞ

ଵ

(1)

= ଵାμ



ଷρ

 ఠ,

= ට଼(ଵାμ)

݇ௗ = ߱݀, ݐଶ ݉ௗ

(2)
(3)

Den Hartog developed formulations for optimum damping parameters in his book called mechanical vibrations [10]. In the following years, different formulations were produced other
than these assumptions [11-15]. Besides, Sadek at al. added the natural damping of the structure
to the formulation. Equations 4 and 5 show these formulas [16].
݂௧ =

ଵ
ଵାఓ

1 െ [ට
[

ఓ
ଵାఓ

ఓ

[ௗ,௧ = ଵାఓ + ටଵାఓ

൨

(4)
(5)

The optimization process has several advantages in terms of its ability to compare multiple
results at the same time in achieving the design variables. Metaheuristic algorithms using numerical reputations for optimum design variables are a variant of an appropriate optimization
for the detection of TMD efficiency. There are varieties of metaheuristic algorithms such as
genetic algorithm (GA) [17-26], Bionic Algorithm [27], Ant colony optimization (ACO) [28],
Particle swarm optimization (PSO) [29-30], Harmony search algorithm (HS) [31-36], Artificial
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bee colony optimization (ABC) [37], Teaching-Learning-Based optimization (TLBO) [34, 35,
38], Flower pollination algorithm (FPA) [34, 35, 39, 40], Bat Algorithm (BA) [41], Jaya Algorithm (JA) [42, 43].
In this study, Jaya algorithm optimization and equations of Sadek et al. [16] and Den Hartog
[10] are used for a single degree of freedom system (SDOF). Then, the optimum values obtained
as a result of these 3 methods were compared in case of the change of the damping ratio of the
structure that is different from the assumed value in the optimization.
2

DYNAMIC ANALYSIS OF STRUCTURE

Simulink model was created on MATLAB [44] for optimization. The optimum parameters
of TMD was calculated and results under earthquake data within the defined time interval
(0.001) are obtained for far-field ground motion records given in FEMA P-695: Quantification
of Building Seismic Performance Factors [45]. SDOF model used in the study is shown schematically in Figure 4. The mass, rigidity and damping coefficient of the SDOF structure are
expressed as m, k and c, respectively. The mass, rigidity and damping coefficient of TMD added
to the structure is md, kd, cd, respectively and the displacement in structure is shown as x and
TMD displacement is shown as xd.

Figure 4. The physical model
Ground acceleration is shown by ݔሷ g. The motion equation for the SDOF structure used in the
study is given in Equation 6. By including TMD, the equations of the motion of the 2 degrees
of freedom system are shown as Equations 7 and 8.
݉ݔሷ + ܿݔሶ + ݇ = ݔെ݉ݔሷ 

(6)

݉ݔሷ + (ܿ + ܿௗ )ݔሶ െ ܿௗ ݔሶ ௗ + (݇ + ݇ௗ ) ݔ+ ݇ௗ ݔௗ = െ݉ݔሷ 

(7)

݉ௗ ݔሷ ௗ െ ܿௗ ݔሶ + ܿௗ ݔሶ ௗ െ ݇ௗ  ݔ+ ݇ௗ ݔௗ = െ݉ݔሷ 
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3

THE OPTIMIZATION METHODOLOGY

Using motion equations and TMD parameter calculations from the work of Den Hartog [10]
and Sadek et al. [16], the main structure and damping parameters were calculated. For the earthquake records, which were then excited to the SDOF system, the maximum critical acceleration
and displacement that will occur in the main structure were determined. The JA [45] developed
by Rao, a metaheuristic algorithm inspired by victory, was selected for system optimization.
With the codes prepared on the Matlab, JA was applied to optimize the system and maximum
acceleration and displacements were obtained for the same earthquake records. The damping
value of the SDOF structure was increased by 100 between 500-1500 Ns/m and the critical
displacement and total acceleration values for all earthquake records were determined by the
oprimum values of Den Hartog, Sadek et al. and JA. It has been computed and tabulated without
the TMD structure and TMD structure.
The following is the equation for JA shown as Equation 9. The process of optimization based
on a random assignment using the best and worst solution for the objective function obtained
from Rao's work [45].
(9)

ܺ௪, = ܺௗ, + ݎଵ ൫ܺ௦௧ െ หܺௗ, ห൯ െ ݎଶ (ܺ௪௦௧ െ หܺௗ, ห)

Xbest and Xworst used to obtain new solutions are the best solution and worst solution, respectively. The expression that randomly assigns between 0 and 1 is written as r1 and r2. The newly
founded result for the ith solution (Xnew,i) is obtained via the existing one shown as Xold,i. The
process of generating optimized new solutions and deriving existing solutions is continued for
the number of iterations.
4

THE OPTIMUM RESULTS

For the investigation, the parameters of the SDOF structure are taken as 1000 kg, 120000
N/m and 1000 Ns/m for m, k, and c, respectively. By using these parameters, the optimum
results for a 5% mass of TMD are given in Table 1 for different approaches.
Table 1: The optimum results.
Method
݉ௗ (kg)
ܿௗ (Ns/m)
݇ௗ (N/m)
5

Den Hartog [10]
50
139.4143
5442.1769

Sadek et al. [16]
50
270.2948
5334.3060

JA
50
79.4850
7467.6313

DISCUSSION AND CONCLUSIONS

The investigation was done by taking 5% less and more of the assumed damping valur with
100 Ns/m intervals. The displacement and acceleration maximum values are reported in Table
2 for the critical excitation with the most effect on the structure. This record is the MUL279
record of the 1994 Northridge earthquake.
As seen from Table 2, the displacement values are reduced by 30.3%, 37.4% and 42.5% for
the methods of Sadek et al., Den Hartog and JA, respectively. The reduction percentages for
the acceleration are 32%, 37.7% and 48.6% for Sadek et al., Den Hartog and JA, respectively.
It is seen that the best method is the use of optimization algorithms like JA.
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Table 2: The responses for different damping coefficient values.
c
(Ns/m)
500
600
700
800
900
1000
1100
1200
1300
1400
1500

Without TMD
x (m)
0.2305
0.2177
0.2058
0.1948
0.1846
0.1765
0.1688
0.1616
0.1549
0.1487
0.1427

2

xሷ (m/s )
27.6931
26.1615
24.7464
23.4298
22.2273
21.2588
20.3615
19.5112
18.7241
17.9807
17.2813

Sadek et. al. [16]
x (m)
xሷ (m/s2)
0.1486 17.3602
0.1425 16.6482
0.1370 16.0236
0.1321 15.4692
0.1275 14.9393
0.1231 14.4474
0.1190 13.9781
0.1151 13.5300
0.1114 13.1140
0.1079 12.7154
0.1045 12.3343

With TMD
Den Hartog [10]
x (m)
xሷ (m/s2)
0.1288 15.5914
0.1240 15.0228
0.1199 14.4949
0.1166 13.9941
0.1135 13.5810
0.1105 13.2404
0.1076 12.9108
0.1049 12.5975
0.1023 12.3001
0.0998 12.0122
0.0973 11.7334

JA
x (m)
0.1281
0.1211
0.1150
0.1102
0.1056
0.1014
0.0990
0.0968
0.0946
0.0926
0.0906

xሷ (m/s2)
13.4663
12.8844
12.3404
11.8342
11.3630
10.9210
10.6213
10.3847
10.1603
9.9429
9.7322

For the damping values less than the assumed value, the performance of the TMD increases.
For example, a 51.4% reduction occurs for the acceleration, when c value is the minimum by
using JA. The opposite can be said for the increasing damping values. By this conclusion, it is
seen that TMDs are more effective for the system with low inherent damping. Also, TMDs are
effective when the damping coefficient value is different from the assumed one.
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Abstract
Jaya algorithm (JA) is a metaheuristic algorithm that is very simple to use because of its simple features. One of these simple features is the use of a single phase of optimization. Secondly, by the advantage of existing of a single-phase, it is a parameter-free algorithm since a
switch probability is not needed to select the optimization phase. However, it is a single-phase
algorithm, it uses both existing best and worst solutions in the update of candidate solutions.
In the first version of JA, the best and worst solutions are considered with the same weight by
multiplying with random numbers. In this study, a modified JA is proposed to include the consideration of different weights for best and worst solutions. To not to be dependent on the parameters and to avoid always decreasing or increasing weight coefficients for the solutions, it
is adjusted with a sine wave function that is updated via the iteration number. By this modification, it is possible to consider an active weight coefficient for both factors. The modified JA
using sine wave is applied to the tuned mass damper (TMD) optimization problem that reduces the displacement of structures subjected to earthquake excitations. In the optimization process, the stroke limitation of TMD is also considered and the optimization is done for a wide
set of earthquake records. The results of the proposed since wave Jaya (SJA) and JA are
compared in means of convergence to the optimum results.
Keywords: Structural Optimization, Jaya Algorithm, Optimization, Metaheuristic Algorithms, Tuned Mass Damper
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1

INTRODUCTION

Jaya Algorithm (JA) is a metaheuristic algorithm that was first presented by Rao [1] as a
single-phase algorithm that is different from the other algorithm generally having two optimization phases. Like the previously developed Teaching-learning-based optimization by Rao et
al. [2], it is also a user-defined parameter-free algorithm, but only a phase is used instead of
two phases such as teaching and learning phases of TLBO. Although JA has a single phase,
both existing best and worst solutions are used together to provide convergence to the best
solution, while it diverges from the worst one.
JA has been applied to many structural optimization problems by using several modifications. Kayabekir et al. [3] employed JA in the optimization of the amount of carbon fiberreinforced polymer (CFRP) that is used to increase the shear capacity of reinforced concrete
(RC) beams. Dede [4] optimized steel grillage structures by using JA that minimize the
weight of the structure constrained based on LRFD-AISC. Dinh-Cong et al. [5] used JA for
damage assessment in plate-like structures. Degertekin et al. [6] developed a JA-based optimization method for sizing, layout, and topology optimization of truss structures. Artar and
Daloglu [8] optimized seismic excited steel space towers with JA. Maksym et al. [9] employed JA for optimization of mass of braced dome structures with natural frequency constraints. Khatir et al. [10] combined JA and Artificial Neural Network (ANNs) to investigate
crack identification in plates. Atmaca et al. [11] used JA in the optimization of a single pylon
cable-stayed bridge that has cable size and pre-stressing force as design variables. Öztürk et al.
[12] optimized RC counterfort retaining walls by using JA and TLBO. Kaveh et al [13] optimized skeletal structure with discrete variables by improving JA to escape local optima problem. Degertekin et al. [14] conducted layout optimization under natural frequency constraints
YLD-$<ÕOmaz et al. [15] optimized RC retaining walls under static and dynamic loads via JA.
5DNÕFÕHWDORSWLPL]HG5&IUDPHVWUXFWXUHVYLD-$>@.D\DEHNLUHWDO>@LQYHVWLJDWHGthe
optimization of RC T-beams via JA.
JA was also used in the optimization of structural control system includes tuned mass
dampers (TMDs) [17-18], active tendon control system using proportional –integral- derivative (PID) controllers [19-20] and fuzzy controllers [21].
In the present study, an improved JA is presented and tested on the tuning of TMDs. The
improvement is done to change the weight of best and worst solutions in the formulation of
JA. A sine wave is defined to give dynamically changing weights for each iteration.
2

SINE-WAVE JAYA ALGORITHM (SJA)

Jaya means victory in the Sanskrit language and it is victorious to reach the optimum value.
The equation of JA is given in Eq. (1).

x it 1

x it  r1 (g*  | x it |)  r2 (g w  | x it |)

(1)

xit represents a set of design variables for the ith individual of tth iteration. xit+1 is found via
using best (g*) and worst (gw) solutions. Two random numbers are represented via r1 and r2.
In the classical form of JA, g* and gw have the weight, but it is multiplied with a number.
Also, the weights are always the same for all iterations. For that reason, a sine-wave function
is applied for the weights of best and worst solutions. After the modification, the equation of
the proposed SJA is given in Eq. (2). The sine values must be calculated as radian.

x it 1

x it  r1 | sin(t) | (g*  | x it |)  r2 (1 | sin(t) |)(g w  | x it |)
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The flowchart of the optimization process is summarized in Fig. 1. The design constants,
design variables, objective function and design constraints are given in Section 3. The response of structure was found via dynamic analysis in the time-domain in all iterations.

START

Enter design constants
and ranges of design
variables

Generate initial solution matrix, calculate
objective function considering design
constraints

Are all
iterations
complete?

YES

NO
Generate new solutions according to Jaya
algorithm rules and calculate objective
functions of the new solutions

NO

Are new
solutions better
than old ones?

YES
Replace the old solutions with new ones
Figure 1: The flowchart of the optimization.

37

STOP

Sinan Melih Nigdeli, and *HEUDLO%HNGDú

3

NUMERICAL EXAMPLES

The design constants and the ranges of design variables are given in Table 1 for a 10-story
shear building [23]. The structure was subjected to 44 ground motions that are defined as farfield ground motions in FEMA P-695: Quantification of Building Seismic Performance Factors [24].
Table 1: The design constants and variables

Type
Constant

Variable

Symbol
mi
ki
ci
md
Td
ȟd

Definition
Mass of ith story
Stiffness of ith story
Damping coefficient of ith story
Mass of TMD
Period of TMD
Damping ratio of TMD

Value
360 t
650 MN/m
6.2 MNs/m
180 t
0.5s-1.5s
1%-50%

The objective function of the problem is the minimization of top story displacement (x10)
of the structure as seen in Eq. (3). It is obtained by solving the equation of motion (Eq. (4))
that includes mass (M), stiffness (K), damping (C) matrices, a vector ones ({1}) and ground
acceleration x g . x(t) defines the response of the structure.
f (x)

minimize(| x10 |)

  Cx(t)
  Kx(t) M ^1` x g (t)
Mx(t)

(3)
(4)

The optimization problem is also constrained with the function (g1) given as Eq. (5). It is a
normalized stroke capacity of the TMD to limit its movement. It must be smaller than a userdefined value called stmax.
(5)
xd is the displacement of TMD with respect to the ground. The design variables are formulated in Eqs. (6) and (7) with respect to mass (md), stiffness (kd) and damping coefficient (cd)
of TMD.
Td

[d

2S

md
kd

(6)

cd
kd
2m d
md

(7)

In the optimization, the classical version of JA and SJA algorithm were compared. 100
maximum number of iterations are conducted and 10 cycles of optimization are applied.
stmax is taken as 1. The population number which defines the number of sets of design variables is taken as 5.
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4

RESULTS AND CONCLUSIONS

The maximum displacement of the top story of the structure is 0.410109 m and it is obtained under the BOL090 component of the Bolu record of 1999 Düzce, Turkey earthquake.
The optimum results of JA and SJA are given in Table 2.
Table 2: The optimum results

Td (s)
ȟd
f(x) (best) (m)
f(x) (ave) (m)
std
iteration

JA
0.904560044
0.283683914
0.320240847
0.323361718
0.004388982
38

SJA
0.902517645
0.282289564
0.320235126
0.322733436
0.003896575
21

According to the results, JA and SJA are both effective to reduce the maximum top story
displacement by 22%. SJA has a slightly smaller objective function, but it has a significantly
smaller average and standard deviation (std) value than JA. Also, it is possible to find the optimum solution in the 21th iteration, while JA needs more iterations to reach the final value.
The convergence plot for the optimization is presented in Fig. 2. Although JA has a good
convergence at the start of the optimization process, SJA quickly converges to the final value.

Figure 2: The convergence plot.
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Abstract. This paper presents the aerodynamic shape optimization of the MEXICO wind turbine (WT) blade, targeting the maximization of the axial moment and, hence, of the produced
power. The optimization is conducted using the OpenFOAM-based continuous adjoint solver
named adjointOptimisationF oam, developed and made publicly available by the group of authors. This implements and solves the adjoint to the Navier-Stokes system of equations, coupled
with the differentiation of the Spalart-Allmaras turbulence model. Herein, this was extended to
include the adjoint to the ﬂow equations which are solved for the absolute velocity in the relative reference frame. Challenges in the convergence of the adjoint equations, mostly attributed
to ﬂow unsteadiness causing marginal convergence of the steady ﬂow solver, are treated by
additionally implementing the Recursive Projection Method (RPM). Assessment of the adjoint
sensitivities with ﬁnite differences in a similar 2D case is also included. Then, the ﬂow solution
for the MEXICO WT case is compared with the outcome of another CFD solvers and experimental data, prior to the application of the expanded optimization software to maximize the
axial moment of the WT. The blade and the displacement of the surrounding grid nodes are
parameterized using a volumetric B-Splines morphing box. The optimization designed a blade
bended in the axial direction axial moment, having a higher by 10.8%.
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1

INTRODUCTION

Wind energy is a widely used renewable energy source producing green and clean energy [1].
Among other, an increased interest has surfaced on how to decrease the cost of the produced
energy by wind turbines (WTs). This can be achieved by reducing the turbine capital cost
and/or by increasing the annual energy production. Upscaling WTs to have a bigger swept
area is a way to extract more energy, however, this solution affects the structural mechanics of
the WT [2], since mass increases with the cube of the rotor radius. Generally, the design of
WTs is a multidisciplinary trade-off among aerodynamic performance, structural efﬁciency and
manufacturing cost [3].
Currently, low-ﬁdelity models are often used to design WT blades, because of their low computational cost and simple implementation. Among them, Blade Element Momentum (BEM)
models are the most widely used [4]. Depending on the application however, such a model may
have limited success in accurately capturing viscous ﬂow effects, compressibility and complex
3D patterns; hence, 3D Computational Fluid Dynamics (CFD) software should be used instead.
In other areas, such as aerospace or the automotive industry, CFD-based aerodynamic shape
optimization is used on a regular basis [5, 6]. Similar methods in the wind energy ﬁeld are
not yet in widespread use. High-ﬁdelity CFD-based shape optimization can be performed with
or without computing the gradient of the objective function. In [7], a WT blade winglet was
optimized using a 3D CFD model and a gradient-free method using two design variables to
increase the moment which, in turn, increased power production by 9%. Increasing the number
of design variables is expected to increase the optimization turn-around time of gradient-free
methods a lot. Gradient-based optimization may overcome this manner as the adjoint method
is the only way to compute the required gradient components at a cost that does not scale with
their number [8, 9]. The ﬁrst time the adjoint to a RANS equations solver was used to optimize
the lift-to-drag ratio of a WT blade airfoil was in [10].
A few 3D adjoint-based shape optimizations considered modelling the rotation effects. In
one of them [11], the NREL Phase VI rotor was optimized using the RANS equations. The
continuous adjoint to the discrete adjoint to the RANS equations, including the adjoint to the
Spalart-Allmaras turbulence model, was used in [12] to maximize the power of the MEXICO
WT rotor with the ﬂow and adjoint solvers running on GPUs.
In the present work, the aerodynamic shape of the MEXICO WT blade is optimized in order
to increase the axial moment and, thus, power production. The RANS equations are formulated
in the relative reference frame and solved for the absolute velocity. Initially, the CFD analysis of
the MEXICO WT blade is validated with two other CFD solvers and experimental data. A continuous adjoint formulation is then used to compute the gradient and support the optimization.
The adjoint to the terms emerging from changing the reference frame to the relative one is also
included, along with the differentiation of the Spalart-Allmaras turbulence model. Although
a steady-state RANS solver was used and was sufﬁcient in capturing the main aspects of the
ﬂow, small scale unsteadiness led to oscillating ﬂow solver residuals and, as a result, the adjoint
solver diverged on most optimization cycles. To stabilize the latter and allow an uninterrupted
optimization, the Recursive Projection Method (RPM), developed in [13] for the stabilization
of unstable iterative procedures, was used to support the adjoint method, leading to an increased
axial moment by 10.8%.
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2
2.1

Flow and adjoint equations
Flow (primal) equations

The ﬂow model includes the steady-state RANS equations for incompressible ﬂows, coupled
with the Spalart-Allmaras turbulence model [14]. The ﬂow equations are solved for the absolute
velocity in the rotating reference frame. These equations coincide with those of the Multiple
Reference Frame (MRF) approach, with uniform angular speed  being uniform along the
entire computational domain in our case. The ﬂow equations read
∂wj
=0
∂xj
∂vi ∂τij ∂p
Riv = wj
−
+
+ eijk j vk = 0 , i = 1, 2, 3
∂xj ∂xj ∂xi


2


∂
∂
ν
ν ∂
cb2 ∂
ν
ν
ν
−
− ν P (
ν )+
ν D(
ν) = 0
ν+
−
R = wj
∂xj ∂xj
σ ∂xj
σ ∂xj


∂
∂ 2Δ
∂Δ
Δ
Δ − Δ 2 − 1=0
R =
∂xj ∂xj
∂xj
Rp = −

(1a)
(1b)
(1c)
(1d)

where vi and wi are the absolute and relative velocity components, respectively (vi = wi +
eijk j (xk − xck ) where xk denotes the position vector, eijk stands for the Levi-Civita symbol
and xC
k corresponds to the origin lying on the
 rotation axis), p is the static pressure divided
∂v
∂vi
+ ∂xji and ν and νt = νfv1 are the constant
by the constant ﬂuid density, τij = (ν + νt ) ∂x
j
bulk and turbulent viscosities. Eq. 1c is solved for ν and terms P (
ν ) & D(
ν ) stand for the
production and destruction terms, respectively, while the rest of terms in Eq. 1c are explained
in [14]. Eq. 1d is the eikonal equation, [15], used to compute distances, Δ, from the nearest
wall, as required by the turbulence model. The objective function to be maximized is the axial
moment coefﬁcient,
J=

SW

riM eijk (xj − xcj ) (−τkl nl + pnk ) dS
1
2
lAU∞
2

(2)

where riM is the unit vector in the axial direction. The blade length is l, U∞ is the far-ﬁeld
velocity magnitude, A is the blade area perpendicular to the ﬂow direction and SW is the blade
surface.
2.2

Continuous adjoint formulation

The ﬁrst step in the formulation of the continuous adjoint method is the deﬁnition and subsequent differentiation of the Lagrangian function
ui Riv +qRp + νa Rν +Δa RΔ dΩ

L=J +

(3)

Ω

In Eq. 3, ui denotes the adjoint velocity components, q is the adjoint to the pressure p, νa is the
adjoint turbulence variable and Δa is the adjoint distance. The derivatives of L with respect to
(w.r.t.) the design variables bn , n ∈ [1, N ] , yields


δRp
δL δJ
δRiv
δRν
δRΔ
=
+
+q
+ νa
+Δa
ui
dΩ
(4)
δbn δbn
δbn
δbn
δbn
δbn
Ω
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where

δ
(.)
δbn

represents total (or material) derivatives and

δJ
1
=1
2
δbn 2 lAU∞



δxj
δτkl
dS −
riM eijk (xj − xcj )
nl dS
δbn
δbn
SW
SW

M
c
l δ(nl dS)
M
c δp
+
+
nk dS
(5)
ri eijk (xj − xj )(−τkl + pδk )
ri eijk (xj − xj )
δbn
δbn
SW
SW
 
 
 
∂(.)
δ(.)
∂(.) ∂
δ
∂
k
(see [16]), and
Further developing Eq. 4 makes use of δbn ∂xj = ∂xj δbn − ∂xk ∂xj δx
δbn
the Gauss divergence theorem. Only the differentiation of the continuity equation is shown
q
Ω

δRp
dΩ =
δbn

riM eijk (−τkl nl + pnk )

δwj
dS
δb
SW





δxk
∂
∂vj ∂
∂q δvj ∂q
δxk
δxk
+
−
ejlk l
+q
−qejlk l
dΩ
∂xj
δbn
∂xk ∂xj δbn
∂xj δbn
Ω ∂xj δbn
(6)
−qnj

k
In Eq. 6, all terms including the so-called grid sensitivities δx
contribute to the sensitivity
δbn
derivatives. The rest of integrals in Eq. 3 are expanded similary. Boundary integrals including
ﬂow variations contribute to the adjoint boundary conditions whereas ﬁeld integrals of the same
quantities contribute to the ﬁeld adjoint equations.

2.2.1

Field adjoint equations

In order to avoid the computation of variations in the ﬂow variables w.r.t. bn within the ﬁeld
integrals of the developed form of Eq. 4, the multipliers of these terms are set to zero. Thus, the
ﬁeld adjoint equations
∂uj
=0
∂xj
∂vj
∂
ν
∂(wj ui ) ∂τija ∂q
u
−
−
+
+eijk uj k + νa
Ri = uj
∂xi
∂xj
∂xj ∂xi
∂xi


CY
∂
∂vk
νa ν emjk
−
emli = 0 , i = 1, 2, 3
∂xl
Y
∂xj



∂(wj νa )
∂
ν
ν ∂ νa
1 ∂ νa ∂
ν

a
R =−
−
ν+
+
∂xj
∂xj
σ ∂xj
σ ∂xj ∂xj




cb2 ∂
∂νt ∂ui ∂vi ∂vj
∂
ν
+2
+
νa
+ νa νCν+
+(−P +D) νa = 0
σ ∂xj
∂xj
∂
ν ∂xj ∂xj ∂xi


∂
∂Δ
Δa
R = −2
Δa
+
ν νa CΔ = 0
∂xj
∂xj
Rq = −

45

(7a)

(7b)

(7c)
(7d)

E. M. Papoutsis-Kiachagias, M. Erfan Farhikhteh, T. Skamagkis, and K. C. Giannakoglou

emerge, where τija = (ν +νt )
in Eq. 7c are deﬁned in [17].
2.3



∂ui
∂xj


∂u
+ ∂xji is the adjoint stress tensor. The Cνa , CY and CΔ terms

Sensitivity derivatives

After eliminating all other integrals in the developed form of Eq. 4, by satisfying the adjoint
ﬁeld equations and boundary conditions (omitted here in the interest of space; see [9] for a
detailed derivation), the remaining terms can be computed at a negligible cost and constitute the
sensitivity derivatives of J, which read

1
δxj
δxl
δL
a
=
τij nj eikl k
dS + 1
riM eijk (−τkl nl + pnk )
dS
2
δbn
δbn
δbn
lAU∞ SW
SW
2



∂vi
∂
ν
δxk
∂q
M
c
l δ(nl dS)
−
ri eijk (xj − xj )(τkl + pδk )
+ ui
+ νa
dΩ
−
ejlk l
δbn
∂xj
∂xj
∂xj
δbn
SW
Ω



ν ∂ νa ∂
∂vi
∂p
∂
ν
ν
∂vj
a ∂vi
+ qejlk l + ui wj
+ τij
+ uj
+ νa wj
+ ν+
−
q
∂xk
∂xj
∂xk
∂xk
∂xk
σ ∂xj ∂xk
Ω



cb2 ∂
ν
Yq
∂vl
∂Δ ∂Δ ∂
δxk
ν ∂
dΩ
(8)
eqjl
−2νa
+ νa νCY
+2Δa

σ ∂xj ∂xk
∂xk
∂xj ∂xk ∂xj δbn
Y 
where Y is the ﬂow vorticity.
3

The Recursive Projection Method

Both the primal and adjoint equations are solved in OpenFOAM using a pressure-based
solver. The primal and adjoint solvers are both variants of the standard SIMPLE algorithm [18]
with small modiﬁcations. The slow convergence, or even divergence, of SIMPLE-like solvers
is usually related to a difﬁculty in reducing the primal/adjoint pressure equation residuals. This
difﬁculty is even more pronounced in cases that exhibit unsteadiness where it is not unusual
for the steady primal solver residuals to marginally converge and then begin to oscillate after a
number of iterations. This is usually accompanied by the subsequent divergence of the continuous adjoint solver; this behavior may be observed even in cases with small-scale unsteadiness
[19]. This issue was observed in the optimisation of the WT and, on a number of optimization
cycles, the use of the RPM was necessary to make the adjoint equations converge.
The RPM is a technique for stabilizing unstable iterative procedures, formally written as
U (n) ), where U ∈ RM is the array of (primal or adjoint) unknowns and n the
U (n+1) = F (U
iteration counter. If the largest eigenvalue of the Jacobian matrix FU exceeds unity, such a
scheme is expected to diverge and, on many occasions, the RPM can make such an otherwise
diverging scheme converge. First, the method needs to identify the diverging modes of FU , i.e.
the eigenvectors corresponding to the largest eigenvalues. Once identiﬁed, and assuming that
these modes are m in total, they can form a basis Z ∈ RM ×m which is used to split the solution
space RM into two parts: the unstable subspace P ∈ RM , spanned by the m diverging modes of
FU , and its orthogonal complement Q ∈ RM . The solution U is also decomposed into Up ∈ P
and Uq ∈ Q; the unstable and stable parts of the solution respectively. A stabilized iterative
scheme is thus derived where a Newton iteration is performed on Up while the original scheme
is retained for Uq . This way, the RPM makes a previously diverging scheme converge.
Practically, m is initially zero and gradually grows as diverging and slowly decaying modes
are identiﬁed and incrementally appended to Z throughout the solution of the adjoint equations.
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Additionally, Z is approximated using power iterations on an initial matrix estimate (more
details about the implementation of the RPM can be found in [13]). Finally, the new scheme
derived through the RPM becomes stable after all the diverging modes have been identiﬁed and
provided that Z has been approximated with sufﬁcient accuracy.
4

Analysis and Optimization of the WT blades

This work presents the aerodynamic shape optimization of a Horizontal Axis Wind Turbine
(HAWT) blade, namely that of the MEXICO WT, associated with the EU project ”Model Rotor
Experiments In Controlled Conditions” [20]. Measurements were performed in the Large LowSpeed Facility of DNW in the Netherlands [20, 21]. The computational domain Ω includes
one third of the WT disk, with periodic boundary conditions. The CFD domain and mesh are
presented in Fig. 1. The hybrid CFD mesh is generated with ≈ 107 cells using Pointwise.

Figure 1: CFD domain and mesh around the MEXICO WT blade.

4.1

Flow Solver Veriﬁcation

The wind speed and yaw angle are 10m/s and 0◦ , respectively. The pressure coefﬁcient
distribution on a number of different spanwise positions over the blade is shown in Fig. 2.
OpenFOAM-based results are compared with wind tunnel measurements and two other CFD
results. The latter are obtained from the MaPFlow code of the Lab. of Aerodynamics, NTUA
[22] and the GPU-enabled PUMA code (incompressible ﬂow solver) of the Parallel CFD &
Optimization Unit, NTUA [12]. All CFD results are in very good agreement.
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Figure 2: MEXICO WT Blade: Comparison of the pressure coefﬁcient computed by OpenFOAM, PUMA and MaPFlow with measurements, at four spanwise positions.
It can be observed that pressure on the suction side is underpredicted by all CFD results
and, in those cases, the experimental results are not in good agreement with CFD. A number of
possible reasons for this are mentioned in [23]. On the other hand, all CFD results shown here
and additional ones presented in [23] are in very good agreement.
4.2

Veriﬁcation of the Sensitivity Derivatives

The adjoint-based sensitivity derivatives are veriﬁed against the results of ﬁnite-differences
(FDs) in this section. Since FDs are very time consuming due to the need to solve the ﬂow
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equations twice for each design variable, the adjoint-based sensitivity derivatives are veriﬁed
on a 2D mixer case, Fig. 3. Adjoint-based sensitivities are in a good agreement with FDs and
can be used in a gradient-based optimization loop.
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Figure 3: 2D mixer: Veriﬁcation of the adjoint-based sensitivity derivatives with FDs. (a)
Case geometry; blue/red lines correspond to rotating/stationary walls. The grey area indicates
the rotating part of the computational domain, i.e. the part in which additional terms in the
momentum equations, Eq. 1b are introduced. The lattice of control points parameterizing the
rotor is also shown. The coordinates of the control points in red act as the design variables.
(b)-(c) Comparison of the adjoint-based derivatives with FDs for the x and y coordinates of the
control points.
4.3

Wind Turbine Blade Optimization

After validating the ﬂow solver and sensitivity derivatives, the next step includes the optimization of the WT blade to maximize the axial moment coefﬁcient, Eq. 2. The blade was
parameterized using the volumetric B-Splines morphing box presented in Fig. 4. The role undertaken by the RPM within the ﬁrst optimization cycle is explained in Fig. 5. With a converged
adjoint, optimization ensued and, after 15 cycles, the axial moment coefﬁcient has increased by
10.8%, from 0.2332 to 0.2584.
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Figure 4: MEXICO WT Blade: A 6 ×12×6 volumetric B-Splines morphing box parameterizes
the blade and part of the mesh. Control points (CPs) in red were allowed to move only in the
axial direction (z); CPs in blue remain frozen during the optimization.
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Figure 5: MEXICO WT Blade: Convergence of the adjoint equations with/without the RPM
(blue/red) within the ﬁrst optimization cycle. Residuals averaged over the ensemble of equations
are plotted in logarithmic scale.
From Figs. 6, it can be observed that the optimizer has mainly changed the shape of the blade
close to its tip. Smaller changes can also be seen close to the root. Fig. 7 demonstrates that the
optimizer bended the tip towards the axial ﬂow direction and slightly increased the blade yaw
angle at the same position.
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(a) 25% Span

(b) 35% Span

(c) 60% Span

(d) 82% Span

Figure 6: Comparison of the baseline (magenta) and optimized (green) blade sections at a
number of spanwise positions.

Figure 7: Comparison of the baseline (white) and optimized (green) geometries of the blade, as
seen from its tip.
To get a clearer view on local deformations along the blade span, the cumulative normal displacement of the optimized blade surface is presented in Figs. 8.

(a) Pressure side

(b) Suction side

Figure 8: Cumulative normal displacements of the blade surface. Positive/negative signs
(red/blue) indicate inward/outward displacements.
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The comparison of the pressure coefﬁcient distribution on the blade for the baseline and
optimized geometries is presented in Figs. 9 and 10 for the pressure and suction sides, respectively. Figs. 10a and 10b demonstrate that the largest pressure coefﬁcient difference is at the
middle and upper part of the blade, whereas the pressure coefﬁcient at the leading and trailing
edges does not change signiﬁcantly w.r.t. the baseline design. For the pressure side of the blade,
Fig. 9a and 9b show that the signiﬁcant pressure coefﬁcient difference happens at the upper part
of the blade.

(a) Baseline

(b) Optimized

Figure 9: Comparison of the pressure coefﬁcient distribution on the blade pressure side.

(a) Baseline

(b) Optimized

Figure 10: Comparison of the pressure coefﬁcient distribution on the blade suction side.
The pressure coefﬁcient distributions of the baseline and optimized geometries are also plotted in Fig. 11 at a number of spanwise positions. It is evident that the largest increase in the
objective function comes from the tip, whereas the pressure coefﬁcient is almost unchanged
close to its root.
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Figure 11: Comparison of the pressure coefﬁcient of the baseline and optimized blades at four
spanwise positions.
5

Conclusions

This paper presented an application of the publicly available adjointOptimisationF oam,
the adjoint-based optimizer within OpenFOAM developed by the authors, to the optimization of
the MEXICO wind turbine, targeting an increased axial moment coefﬁcient. The capabilities of
the software were enhanced by including the adjoint to the terms taking the rotation of the computational domain into consideration. Convergence difﬁculties, encountered in the numerical
solution of the adjoint equations, were treated using the RPM which enabled the adjoint solver
to converge and compute the required sensitivities. The application of the extended software
led to an increase in the axial moment coefﬁcient by 10.8%, by mainly bending the blade tip in
the axial direction and changing the blade yaw angle close to the tip.
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Abstract. The optimization of a static mixing device, equipped with bafﬂes to enhance mixing,
is presented. The tubular device includes a ﬁxed number of equidistant bafﬂes and performs
the mixing of two miscible ﬂuids. The optimization aims at redesigning the shape of the bafﬂes by considering two objectives: (a) mixture uniformity at the outlet and (b) total pressure
losses inside the device, both depending on the bafﬂes’ shapes. To parameterize these shapes,
a volumetric B-Splines morphing technique is utilized, adapting the neighboring grid nodes at
the same time. The front of non-dominated optimal solutions in the two-objective space is computed by optimizing different weighted sums of the two objective functions. For the computation
of their gradients, the continuous adjoint method is mathematically formulated, programmed
in OpenFOAM© and used. Compared to previous works by the same research group on the
design of similar mixing devices, the so-called Enhanced Surface Integral (E-SI) continuous
adjoint method is herein developed and used. This computes sensitivity derivatives based exclusively on surface integrals of the primal and adjoint variables, while considering the effect
of grid sensitivities through the formulation and numerical solution of the system of the adjoint
to a Laplacian grid displacement model. The E-SI adjoint has been developed in the past for
single-phase ﬂows and is extended herein to two-phase ﬂow problems.
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1

Introduction

In ﬂuid mechanics, Computational Fluid Dynamics (CFD) codes along with optimization
algorithms can be used to design optimally performing devices. In gradient-based optimization,
the derivatives of the objective function with respect to (w.r.t.) the design variables (also known
as the sensitivity derivatives, SDs) must be computed at the lowest possible cost; to this end, the
adjoint method can be used since it has a cost which does not scale with the number of design
variables.
This paper focuses exclusively on continuous adjoint and refrains from commenting on discrete adjoint. The continuous adjoint method is well formulated in the literature for single-phase
incompressible and compressible ﬂow problems [11, 12], occasionally including the adjoint to
turbulence models [3], and has successfully been used to perform shape and topology optimization. Focusing on the application this paper is dealing with, in [1] the continuous adjoint method
to a two-phase ﬂow model for miscible ﬂuids was proposed by the same research group; this
was used for the shape optimization of mixing devices of the same type as the one designed
herein. However, in [1], the development of the adjoint led to SDs being computed without
accounting for the effect of the so-called grid sensitivities. Grid sensitivities are the derivatives
of the nodal coordinates of the computational grid w.r.t. the design variables. Depending on
the adjoint formulation, the SDs may include volume integrals of grid sensitivities; this is the
Field Integral (FI) adjoint formulation. To get rid of grid sensitivities and ﬁeld integrals in the
SDs, the adjoint to a grid displacement model must be included; this gives rise to the Enhanced
Surface Integral (E-SI) continuous adjoint [2] this paper is dealing with. Both FI and E-SI adjoints are equally accurate but the latter is computationally less demanding. A “severed” E-SI
adjoint is also in use [12, 13], without solving the adjoint grid displacement equations; this is
also the approach followed in [1] and may occasionally compute less accurate SDs [2, 4].
Multiphase ﬂows can be found in many industrial simulations. Several industrial multiphase
ﬂow applications include the mixing of two or more distinct phases, which is the interest of
this paper too. Mixing can be performed in devices with motionless compartments, known as
static mixers. These appear in a variety of industrial processes [6, 7], as an alternative to the
use of conventional agitators; in the absence of rotating parts, motionless mixers typically have
lower energy consumption and reduced maintenance requirements. They perform the blending
of the ﬂuids travelling inside them and, if properly designed, deliver a highly homogeneous
mixture at the exit [8]. Mixing of the ﬂuids can be enhanced by motionless parts, such as
bafﬂes, which force the ﬂow to recirculate. Apart from delivering a uniform ﬂow at the exit,
it is also important to keep total pressure drop inside the device as low as possible, to reduce
energy consumption [9].
In view of the above, the optimization of a particular mixing device of cylindrical shape with
two inlets, from which the two ﬂuids enter separately, and a single outlet, is presented. Mixing
of the two ﬂuids is enhanced by six bafﬂes equi-distributed along the axial direction which
affect losses and mixing effectiveness. The optimization aims at re-designing these shapes,
starting from a baseline half-circular shape. A volumetric B-Splines morphing technique is
used to parameterize the shape of the bafﬂes, by also meeting manufacturability constraints.
Two objective functions are used in this paper, namely maximum mixture uniformity at the
exit and minimum total pressure losses inside the device. To compute the derivatives of these
functions, the continuous adjoint method is formulated, programmed in the open-source CFD
toolbox of OpenFOAM© , and used (see an overview of the capabilities of the same optimization
software in [5], presented in the same conference). Compared to [1], the Enhanced Surface
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Integral (E-SI) adjoint formulation is used, in contrast to the severed approach used there. In
the past, the E-SI adjoint has been developed for single-phase ﬂow problems [2] and, in this
paper, is extended to two-phase ﬂow problems for the ﬁrst time in the corresponding literature.
2
2.1

Case and Adjoint-Based Shape Optimization Framework
Starting Geometry of the Mixing Device

The mixing device this paper is dealing with, consists of a main cylindrical part of length
equal to 0.7m and inner diameter of 0.1m, two inlets, for the two incoming ﬂuids, and a single outlet; both inlets and the outlet have an inner diameter of 0.05m. The geometry of the
device is shown in ﬁg. 1; inside the device, six bafﬂes are equally distributed along the axial
direction at a distance of 0.12m from each other, to enhance the mixing of the two phases. In
the reference/baseline geometry, these have a semi-circular shape and every bafﬂe is shifted by
180◦ from the previous one.
2.2

Two-Phase Flow Model - Primal Equations

The two ﬂuids, entering the static mixer, are treated as incompressible, miscible ﬂuids using
the Volume of Fluid (VoF) method [17–19] to account for their interaction. For a laminar
ﬂow, the continuity and momentum equations for two-phase ﬂows coupled with a convectiondiffusion phase transport equation read
∂(ρvj )
=0
∂xj
∂vi ∂ (μ ij ) ∂p
−
+
=0 ,
Riv = ρvj
∂xj
∂xj
∂xi


∂
∂α
∂α
α
−
R = vi
D
=0
∂xi ∂xj
∂xj
Rp = −

(1)
i = 1, 2, 3

(2)
(3)
∂v

∂vi
+ ∂xji the strain
where vi are the ﬂow velocity components, p the static pressure and ij = ∂x
j
tensor. In eq. 3, α denotes the volume fraction of ﬂuid 1 and D stands for the mass diffusion
coefﬁcient, similarly to Fick’s law of diffusion. Repeated indices imply summation.
The mixture’s density ρ and dynamic viscosity μ are both a linear combination of ρi and μi
(i = 1, 2) of the two ﬂuids, i.e.

ρ = αρ1 +(1−α) ρ2
μ = αμ1 +(1−α) μ2

(4)
(5)

Dirichlet conditions are imposed on vi and α at the two inlets (SI ) of the mixer, where α = 1 at
Inlet 1 (inlet of the ﬁrst ﬂuid) and α = 0 at Inlet 2 (inlet of the second ﬂuid), along with a zero

Figure 1: Reference geometry of the static mixing device. Left: a view of the external part, with two inlets, from
which two different ﬂuids enter, and a single outlet. Right: perspective view of the six equidistantly placed bafﬂes.
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Neumann condition on p. At the single outlet (SO ), zero Neumann conditions are imposed on
both vi and α along with a constant (zero) value for p. Finally, at the solid walls (SW ), a zero
Dirichlet (no-slip) condition is imposed on vi and zero Neumann conditions on p and α.
2.3

Shape Parameterization

A volumetric B-Splines morphing technique is employed to parameterize the shape of the
ijk
, m ∈ [1, 3], i ∈ [0, I], j ∈ [0, J], k ∈ [0, K] be the value of the m−th coordinate
bafﬂes. Let Xm
in the cylindrical system of the ijk − th control point in the 3D control grid. These values
constitute the design variables of the problem, i.e. the optimization unknowns. The cylindrical
coordinates x = [r, θ, z] of the grid points residing within the morphing lattice are given by
ijk
xm (u, v, w) = Ui,pu (u)Vj,pv (v)Wk,pw (w)Xm

(6)

where u = [u, v, w] denotes the grid parametric coordinates. U, V, W are the B-Splines basis
functions and pu, pv, pw their corresponding polynomial degree, which may be different per
control point direction. A single control lattice parameterizing the shape of a single bafﬂe, as
well as the grid points neighboring to the same bafﬂe, is presented in ﬁg. 2.
2.4

The Continuous Adjoint Method

In what follows, bn ,n ∈ [1, N ] is used to denote the design variables. Two objective functions to be minimized, are considered. The ﬁrst one expresses the volume-averaged mixture
uniformity at the outlet of the device, written as
JU =

1
2

vi ni (α − α)2 dS , α =
SO

1
|SO |

αdS

(7)

SO

where ni are the components of the unit normal vector pointing outwards of the ﬂow domain
and α is the mean value of the volume fraction computed at the outlet. The second objective
function is the volume-averaged total pressure losses between the inlet(s) and the outlet,


1 2
vi ni p + ρvj dS
JP = −
(8)
2
SI,O
The derivatives of the two objective functions w.r.t. the design variables bn are computed and
used to minimize their weighted sum
J = w1 JU +w2 JP
Figure 2: A control grid consisted of 7 points
in the radial direction, 7 points in the peripheral direction and 5 points in the mixer’s longitudinal direction, used to parameterize the
shape of a single bafﬂe. Control points in blue
remain ﬁxed during the optimization. Those
in red, are active and may change the bafﬂe’s
shape.
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∂jSi
ni
∂p
JU

0

JP

−vi ni

∂jSk
nk
∂vi

∂jSi
ni
∂α

1
(α − α)2 nk δik
 2

1 2
− p+ ρvj nk δik −ρvk nk vi
2

vi ni (α − α)
1
−vi ni ρΔ vj2
2

Table 1: Derivatives of integrands jSi of the two objective functions w.r.t. the ﬂow variables.

where w1 ,w2 are user-deﬁned weights. By performing a number of single-objective runs with
different sets of weights, the front of non-dominated solutions in the objective space can be
computed. To facilitate the development of the adjoint, J is written in the form of two surface
integrals along SI and SO , as follows
J=
SI

jSI,i ni dS +

SO

jSO,i ni dS

(10)

δΦ ∂Φ ∂Φ δxk
δ
=
+
to link the total derivative
of any ﬂow quantity Φ w.r.t. bn , the
δbn ∂bn ∂xk δbn
δbn
∂
δxk
partial derivative
and grid sensitivities
, the differentiation of eq. 10 w.r.t. bn gives
∂bn
δbn
Using

δJ
=
δbn

SI,O

∂jSi
ni dS +
∂bn

SI,O

∂jSi δxk
ni dS +
∂xk δbn

SI,O

jSi

δ (ni dS)
δbn

(11)

where (see, also, table 1)
∂jSk ∂vi
∂jSi ∂p
∂jSi ∂α
∂jSi
ni =
nk +
ni +
ni
∂bn
∂vi ∂bn
∂p ∂bn
∂α ∂bn

(12)

The development of the E-SI adjoint starts by deﬁning the Lagrangian
qRp dΩ+

L=J +
Ω

ui Riv dΩ+
Ω

ψRα dΩ+
Ω

mαi Rim dΩ

(13)

Ω

where q is the adjoint pressure, ui are the components of the adjoint velocity and ψ is the adjoint
volume fraction. Apart from integrals including the equations pertaining to the two-phase ﬂow,
L also includes grid displacement PDEs to account for variations in the nodal coordinates of
the computational grid due to the changes in the design variables. Herein, a Laplace type grid
displacement model, as ﬁrstly proposed in [2] for single-phase ﬂows, is assumed
Rim =

∂ 2 mi
=0 ,
∂x2j

i = 1, 2, 3

(14)

where mi denote grid nodal displacements and mαi their adjoint. The fact that eqs. 14 are
included in L does not imply that this model should necessarily be used to displace the internal
grid nodes during the optimization. This is just a convenient, though harmless, assumption
(see [15]) made during the development of the E-SI adjoint.
Differentiating L w.r.t. bn gives
∂Rα
∂Riv
dΩ+ ψ
dΩ+
∂bn
∂bn
Ω
Ω
Ω
δxk
+ (qRp +ui Riv +ψRα +mαi Rim )
nk dS
δbn
S

δJ
δL
=
+
δbn
δbn

q

∂Rp
dΩ+
∂bn

mαi

ui
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∂bn
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where the last term emerges from the application of the Leibniz integral rule. The rest of the
integrals appearingon the
eq. 15can further be developed using the Gauss divergence
 r.h.s. of 
∂
∂
∂Φ
∂Φ
=
, according to which spatial and partial derivatives
theorem and
∂bn ∂xj
∂xj ∂bn
w.r.t. bn permute. The mathematical development of the ﬁrst three volume integrals can be
found in [1]. The last volume integral on the r.h.s. of eq. 15 becomes


m
∂
∂mαk δxk
∂ 2 mαk δxk
δxk
α ∂Rk
α
mk
dΩ = mk nj
nj
dS +
dΩ
(16)
dS −
2
∂bn
∂xj δbn
δbn
Ω
S
S ∂xj
Ω ∂xj δbn
2.4.1

Adjoint Equations

To avoid the computation of partial derivatives of p, vi and α w.r.t. bn in the interior of the
ﬂow domain, their multipliers inside ﬁeld integrals in (the developed form of) eq. 15 are set to
zero, giving rise to the adjoint set of PDEs, which take the following form (being the same in
both the E-SI and FI adjoint formulations)
∂ui
=0
∂xi
∂vj ∂(ρvj ui ) ∂ μ αij
∂q
∂α
Riu = ρuj
−
−
+ρ
+ψ
= 0 , i = 1, 2, 3
∂xi
∂xj
∂xj
∂xi
∂xi




∂ (vj ψ)
∂
∂q
∂vi
∂ui
∂ψ
ψ
−
+ ui vj
R =−
D
+ρΔ vi
+μΔ
ij = 0
∂xj
∂xj
∂xj
∂xi
∂xj
∂xj
Rq = −

(17)
(18)
(19)

∂u

∂ui
+ ∂xji is the adjoint strain tensor.
where ρΔ = ρ1 −ρ2 , μΔ = μ1 −μ2 and αij = ∂x
j
The surface integrals arising from the use of the Leibniz integral rule are transformed to
δxk
∂R δxk
δxk
, [2], according to
ΨR
nk dS =
Ψ
dΩ, where Ψ =
volume integrals of
δbn
δbn
∂xk δbn
S
Ω
{q, ui , ψ} denotes every adjoint variable and R = {Rp , Riv , Rα } the residual of the correδxk
,
sponding primal problem. By expanding these terms and eliminating the multipliers of
δbn
to avoid their computation in the interior of the domain, the adjoint grid displacement PDEs
arise, namely

Rkm

2.4.2

α

=

∂ 2 mαk
∂
∂vi
∂p
∂ (μ ij )
∂ (ρvj )
−
−ρui vj
−uj
+ui
−μ
q
2
∂xj
∂xj
∂xk
∂xk  ∂xk
∂xk
∂ψ ∂α
∂ 2α
∂α
= 0 , k = 1, 2, 3
−ψvj
−D
+Dψ
∂xk
∂xj ∂xk
∂xk ∂xj

α
ij

∂vi
∂xk

(20)

Adjoint Boundary Conditions

The ﬁeld adjoint equations are associated with the following boundary conditions:
• Inlets (SI ): Zero Dirichlet and zero Neumann conditions are imposed on ψ and q, respec∂jSI,i
tively. For the normal component of the adjoint velocity un = −
ni , whereas the
∂p
tangential components are set to zero uIt = uII
t = 0.
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∂jS
∂ψ
nj+ O,j nSO,j = 0 is
∂xj
∂α
∂un 1 ∂jSO,k
nSO,k ni and
imposed on ψ. Dirichlet conditions of the form q = un vn+2ν
+
∂n ρ ∂vi


∂ut ∂un
1 ∂jSO,k
+
vn ut +ν
nSO,k ti = 0 are imposed on q and ui , respectively.
+
∂n
∂t
ρ ∂vi

• Outlet (SO ): A Robin condition −ρΔ qvi ni−μΔ ui

ij nj+ψvj nj+D

• Solid Walls (SW ): A zero Dirichlet boundary condition is imposed on ui along with zero
Neumann conditions on ψ and q.
On the adjoint grid displacement ﬁelds mαi , a zero Dirichlet condition mαk = 0 is imposed along
all the boundaries of the domain.
2.4.3

Sensitivity Derivatives

After satisfying the adjoint ﬁeld equations and their boundary conditions, the remaining
terms in (the developed form of) eq. 15 stand for the E-SI adjoint SDs, namely



∂mαk
∂ 2α
δxk
∂vi
δJ 
α
= −
nk +
−Dψ
nj dS
−ρqni + μεij nj

δbn E−SI
∂xj
∂xj
∂xk ∂xj δbn
SW
(21)
∂α δnj
Dψ
dS
+
∂xj δbn
SW
3

On the accuracy of the Sensitivity Derivatives using the Adjoint Formutations

Before proceeding to the application of the proposed method, two studies are carried out
to demonstrate (a) the accuracy of the computed derivatives using the adjoint method and (b)
the advantages of solving the adjoint to the grid displacement model PDEs accordingly to the
E-SI adjoint formulation. In both studies, the ﬂow Reynolds number is  350 and the ﬂow
is assumed to be laminar. Also, the properties of the two ﬂuids under consideration remain
the same (see table 2) with the diffusion coefﬁcient D = 1.5 · 10−7 m2 /s. For the purpose of
comparison, SDs are computed using both the E-SI and severed E-SI adjoints; in the latter, also
abbreviated as SI adjoint, the contribution of the adjoint grid displacement ﬁeld is omitted from
the SDs. Adjoint sensitivities are, also, compared to Finite Differences (FDs).
Firstly, SDs are computed for JP (eq. 8) in two different 2D geometries/cases. Regarding
case 1, a 2D duct with two inlets, from which two different ﬂuids enter the domain, is considered; case 2 pertains to a 2D U-bend duct, the inlet of which is split in half for the two
incoming ﬂuids. About 140K and 84K cells, respectively (see ﬁg. 3) were used in each case;
both grids are adequately stretched close to the wall in order to resolve the ﬂow boundary layers.
B-Splines morphing lattices parameterized the duct’s convergent part in case 1 and the duct’s
U turn in case 2. In ﬁg. 3, the control boxes used in each case are demonstrated. The SDs of
JP w.r.t. the displacements of the active control points in the x and y direction, are computed
and plotted in ﬁg. 4. SDs computed based on the E-SI adjoint formulation perfectly match FDs.
Exceptionally, in both cases, the SDs based on the SI adjoint (i.e. by omitting the solution of the
adjoint grid displacement PDEs) are quite accurate. However, this is a conclusion that cannot
be generalized.
Additionally, in case 2, SDs are computed for a different objective function, namely the mean
value of α at the exit
1
αdS
(22)
Jα =
|SO | SO
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Figure 3: Computational grids and volumetric B-Splines morphing lattices used. Left: Case 1, 2D duct with two
inlets. Right: Case 2, U-bend duct. None of these cases includes bafﬂes.

Fluid 1
Density (kg/m3 )
1500
2
Kinematic viscosity (m /s) 1.5·10−5

Fluid 2
1300
1.3·10−5

Table 2: Properties of the two ﬂuids.

The goal of this study is to investigate the accuracy of the computed SDs for a function that
depends solely on α and includes surface integrals only at the exit of the domain, similarly to
JU (eq. 7). According to ﬁg. 5, SDs computed based on the E-SI adjoint match almost perfectly
those computed with FDs, whereas the severed approach of SI adjoint results in quite wrong
SDs for some design variables.
From these studies, the following conclusions can be reached: for the JP objective, both
E-SI and SI adjoints result in the same SDs that also match those computed with FDs, provided
that a sufﬁciently ﬁne grid is used. For the Jα objective, however, SI adjoint may compute
inaccurate (or, even, wrongly signed for some design variables) results, as seen in ﬁg. 5. Note
that both E-SI and SI adjoints are almost equally fast, since the cost of solving the adjoint grid
displacement PDEs (eqs. 20) is negligible compared to the cost of solving the primal and the
other adjoint equations.
4

Results

The case geometry is described in section 2.1. Two ﬂuids, with different properties, enter
the mixing device, each one from a different inlet. The density and kinematic viscosity of the
two ﬂuids are those already presented in table 2. Both ﬂuids have uniform inlet velocity proﬁles
of magnitude 0.1m/s at their corresponding inlets; the Reynolds number of the ﬂow, based on
the mean value of the viscosity of the two ﬂuids and the duct’s inner diameter, is  715 and a
laminar ﬂow is assumed. An unstructured hexahedral-based grid consisting of approximately
1.1 M cells is used; the grid is sufﬁciently reﬁned, especially around the bafﬂes, in order to
resolve boundary layers and local recirculations. The ﬂow streamlines, colored by the velocity
magnitude, in the reference geometry of the static mixer are shown in ﬁg. 6
The optimization aims at redesigning the shape of each bafﬂe, separately, while the main
cylindrical body should remain ﬁxed. Two different approaches for parameterizing the shape
of the bafﬂes, namely Node Based Parameterization and Positional Angle Parameterization, are
presented in [1]. Herein, a third approach is followed. In speciﬁc, each bafﬂe is enclosed by
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Figure 4: Derivatives of JP w.r.t. the x (left) and y (right) control points’ coordinates, using the SI and E-SI
adjoints along with FDs for Case 1 (top) and Case 2 (bottom).
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Figure 5: Case 2: derivatives of Jα (eq. 22) w.r.t. the x (left) and y (right) control points’ coordinates, using the SI
and E-SI adjoints along with FDs.

a single volumetric B-Splines morphing lattice (see ﬁg. 2), which is used to parameterize its
shape but, also, the part of the grid residing within its boundaries. The cylindrical coordinates
of the control points of the morphing lattices constitute the design variables of the problem. To
retain the bafﬂes’ thickness for the purpose of manufacturability, the control point coordinates
along the axial direction remain ﬁxed. It is important to ensure that grid points existing along
the cylindrical body of the duct are not subject to deformations, and that the ﬁrst row of grid
nodes of the bafﬂes remain attached to the circumference of the duct. This issue can easily be
addressed by keeping all control points on the outer-most radius of the control lattice ﬁxed.
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Figure 6: Stream-lines colored by the velocity magnitude in the reference geometry.

w1
w2

1
0

0.5
0.5

0.25
0.75

0.2
0.8

0.1
0.9

0
1

Table 3: Weight combinations used in the objective function J (eq. 10).

The E-SI adjoint formulation (eq. 21) is used to compute the derivatives of the weighted
objective function (eq. 10) w.r.t. the coordinates of the control points. For six weight combinations, see table 3, the Pareto front of non-dominated solutions in the two-objective space is
computed and plotted in ﬁg. 7; there, the values of JU and JP have been divided by the known
volume ﬂow rate.
As shown in ﬁg. 7, minimization of total pressure losses and maximization of the mixture’s
uniformity at the exit are two contradictory targets. For instance, in case with w1 = 1, w2 = 0,
the optimization leads to a huge increase in uniformity (decrease in JU ) by 94% at the exit,
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Figure 7: The front of non-dominated optimal solutions in the two objective space computed by the six weight
combinations of table 3.
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(a) w1 = 1, w2 = 0

(b) w1 = 0.5, w2 = 0.5

(c) w1 = 0.25, w2 = 0.75

(d) w1 = 0.2, w2 = 0.8

(e) w1 = 0.1, w2 = 0.9

(f) w1 = 0, w2 = 1

Figure 8: Optimal bafﬂe shapes for each of the six different weight combinations. The bafﬂes are colored by the
magnitude of the nodal displacements w.r.t. the reference geometry.

(a) w1 = 1, w2 = 0

(b) w1 = 0.5, w2 = 0.5

(c) w1 = 0.25, w2 = 0.75

(d) w1 = 0.2, w2 = 0.8

(e) w1 = 0.1, w2 = 0.9

(f) w1 = 0, w2 = 1

Figure 9: Volume fraction distribution at the exit of the optimized device, for each one of the six weight combinations.

whereas total pressure losses have increased by 9.6% compared to the reference geometry. On
the other hand, using w1 = 0, w2 = 1 leads to a 34% reduction in total pressure losses, at the cost
of a slightly lower uniformity at the exit, compared to the reference point.
Fig. 8 shows the ﬁnal shapes of the six bafﬂes resulting from the optimization for each valueset of weights. By laying emphasis on the minimization of total pressure losses, i.e. working
with higher values of w2 , the optimization process leads to the reduction of the bafﬂes crosssectional area, in order to prevent ﬂow recirculations. Eliminating JU from the objective function has a negative effect on the mixing effectiveness of the device, see ﬁg. 7.
On the other hand, if priority is given to maximize uniformity at the exit, the optimization
tends to create bafﬂes of increased surface and wiggly shape at their tips. By doing so, the
vortical structure behind the bafﬂes becomes pronounced helping mixing even more. This is
demonstrated in ﬁg. 12 where the tangential component of the velocity is plotted at a crosssection of the static mixer for the reference geometry and the one with the best uniformity. Fig.
9 demonstrates the volume fraction α distribution at the exit for each Pareto point. In addition,
ﬁgs. 10 and 11 show the ﬂow streamlines colored by the value of volume fraction and total
pressure, respectively. In both ﬁgures, streamlines are plotted in the reference and optimized
geometries corresponding to the two extreme points of the front of non-dominated solutions.
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Figure 10: Stream-lines colored by the value of the volume fraction α for the reference (left), and the optimized
geometry for min. JU (right).

Figure 11: Stream-lines colored by the value of the total pressure for the reference (left), and the optimized
geometry for min. JP (right).

Figure 12: Velocity vectors lying on a cross-section at the middle of the static mixer’s length in the reference (left)
and optimized for mixture uniformity (right) geometries. In the latter, a highly vortical ﬂow that enhances mixing
appears.

5

Conclusions

In this paper, the continuous adjoint method to a two-phase ﬂow model for laminar ﬂows
was utilized for the optimization of a mixing device with bafﬂes. Previous works [1], also
conducted by the authors’ group, where the “severed” adjoint approach was followed, were
herein extended, in order to account for the effect of grid sensitivities during the computation
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of SDs. The Enhanced-SI (E-SI) adjoint formulation was presented and, then, was used for the
optimization of the bafﬂes’ shapes by considering two objectives, namely minimization of total
pressure losses and maximization of the mixture’s uniformity at the exit. First, two studies were
conducted in order to assess the accuracy of the computed SDs using the two adjoints, with a
reasonable computational cost. There, it was shown that the E-SI and SI adjoints may differ
depending on the objective function, with the former computing SDs in good agreement with
FDs and the latter occasionally deviating from them.
Regarding the static mixer problem, six optimization runs were performed in total, each of
which resulted to optimal bafﬂes of different shapes; the parameterization scheme used, namely
a volumetric B-Splines morphing technique, ensured that the bafﬂes’ thickness remained ﬁxed
during the optimization and their peripheral part remained attached to the body of the mixer.
So, the Pareto front of non-dominated solutions in the two-objective space was generated. Each
optimal bafﬂe conﬁguration pertains to a single Pareto point; the two extreme points, in speciﬁc, indicate two different mechanisms for improving mixing performance and decreasing total
pressure losses which are, in fact, contradictory goals. To conclude, a highly uniform mixture
at the exit requires wiggly bafﬂes that tend to increase the ﬂow vorticity, whereas decreasing
total pressure drop is achieved by creating smaller bafﬂes to minimally disturb the ﬂow.
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Abstract. This paper addresses the aeroacoustic shape optimization of a 3D aero-engine
intake by means of gradient-based optimization assisted by continuous adjoint. A hybrid aeroacoustic model based on the (U)RANS equations and the permeable version of the Ffowcs
Williams-Hawkings (FW-H) acoustic analogy in the frequency domain is used. The ﬂow and
adjoint simulations are for compressible ﬂuid ﬂows realized using the in–house GPU–enabled
software PUMA. The continuous adjoint formulation includes the differentiation of the Spalart–
Allmaras turbulence model. The implementation and differentiation of the 3D FW–H analogy
are veriﬁed by comparing the results of the FW–H analogy to both analytical solutions and
URANS. In order to save computational cost, periodic boundary conditions are used to reduce
the solution domain size together with the use of a moving reference frame which leads to steady
ﬂow and adjoint runs. The generatrix of the nacelle lips and the throat area are parameterized
using NURBS. The developed tool is used to perform shape optimization to minimize the total
energy contained in the spectrum of the sound pressure, at prescribed receiver locations.
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1

INTRODUCTION

The design of future aircraft engines and their components is a long, tedious and complicated
process, involving many scientiﬁc and technical disciplines such as aerodynamics, thermodynamics, structural mechanics and acoustics, to name a few. Among them, the acoustic performance is becoming increasingly important due to ever stricter regulations related to airframe
and engine emitted noise. The design trend for future civil aircraft engines is towards high and
ultra high by-pass ratio engines, for which the blade tips of the large diameter fan are a very
important source of noise generation. In addition, the design of the intake is of paramount importance since it is responsible for providing a uniform air supply to the engine while, at the
same time, regulating the fan noise propagation towards far–ﬁeld. This paper focuses on the
latter.
Efﬁcient gradient–based optimization relies upon adjoint methods, as the cost of the sensitivity computation is independent of the number of design variables [1]. Adjoint methods have
been a major research topic in aerodynamic shape optimization [8, 12], recently also penetrating
into the ﬁeld of acoustic noise reduction [2, 3, 4, 9]. This is mainly due to the unsteady nature
of the acoustic problems requiring a time–accurate adjoint solver which, increases memory requirements as the adjoint equations must be solved backwards in time. So far, mostly discrete
adjoints are used in aeroacoustic shape optimization [2, 3, 4]. In one of the ﬁrst works on the
use of adjoint to hybrid acoustic models, [2] turbulent blunt trailing edge noise is reduced by
means of the discrete adjoint to the URANS/FW–H analogy. In [9], the continuous adjoint was
developed for URANS/FW–H analogy which was tested for pitching airfoils in inviscid ﬂow.
With reference to engine–intakes, the continuous adjoint to the linearized Euler equations to
optimize the shape of a turbofan inlet duct, can be found in [5].
Herein, an aeroacoustic shape optimization method is developed for an aero–engine intake. This is based on the in–house GPU–enabled CFD software PUMA [6] which solves the
(U)RANS equations and extends its continuous adjoint solver initially developed for aerodynamic shape optimizations. The primal and adjoint problems are solved on a cluster of GPUs,
exploiting the CUDA environment as well as the MPI protocol for communications among different computational nodes. The sensitivity derivatives computation accounts for variations in
turbulence quantities w.r.t. shape changes as it also solves the adjoint to the Spalart–Allmaras
turbulence model.
The primal and adjoint solver of PUMA have recently been extended to computational aeroacoustics (CAA) using the FW–H analogy [9]. The hybrid (U)RANS/FW–H model and its adjoint counterpart have been implemented in PUMA based on the permeable version of the FW-H
acoustic analogy in the frequency domain. This model provides the sound pressure at the receivers by computing a low–cost surface integral which depends on ﬂow ﬁeld data.
In this paper, the developed method is used to optimize the shape of an aero–engine intake,
Fig. 1, by minimizing the total energy contained in the sound pressure spectrum at a set of
receivers. A NURBS model is used to parameterize the shape of the nacelle lips and the throat
area of the engine.
2
2.1

HYBRID ACOUSTIC MODEL
CFD Analysis Tool

The in–house GPU–enabled software PUMA is used to numerically solve the 3D (Unsteady) Reynolds-Averaged Navier-Stokes ((U)RANS) equations, [6]. This is based on a vertexcentered ﬁnite volume technique for the spatial discretization on unstructured grids and the
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Figure 1: Perspective view of the engine intake with a snapshot of isobar contours at the engine
inlet, serving as instantaneous boundary condition.
upwind second–order Roe approximation for the convection terms. The Spalart–Allmaras turbulence model [7] is used. The software implements mixed–precision arithmetics according
to which the Jacobian of the residuals is computed in double– but stored in single–precision
which speeds up the computations and reduces the required GPU memory, without damaging
accuracy.
2.2

Noise Propagation Using The FW–H Analogy

Acoustic analogies propagate the ﬂow–generated sound by means of analytical solutions
of the wave equation and this leads to a considerable reduction in computational cost [10].
The mathematical formulation of the permeable version of the FW-–H analogy, used herein,
originates from [11] for cases with a uniform mean ﬂow (as in a wind tunnel), and reads

 2
∂
∂2
∂2
∂2
∂
∂
2

+u
u
+
2u
)=
(Fi δ(f )) (1)
(H(f
)ρ
−c
(Qδ(f
))−
∞i
∞j
∞i
∞
∂t2
∂xi ∂xj
∂xi ∂t
∂xi ∂xi
∂t
∂xi
where H(f ) and δ(f ) are the Heaviside and Dirac delta functions, respectively. Values f=0
indicate the user–deﬁned FW–H surface which should include all acoustic sources. Practically,
f is the signed distance from this surface, with negative and positive values corresponding to its
interior and exterior, respectively. The FW–H surface is located in the part of the grid which is
not displaced during the optimization. c∞ and u∞ are the sound speed and velocity at far–ﬁeld.
The quadrupole effects have not been included due to their small effect and the disproportionate
high computational cost. Only monopole (Q) and dipole (Fi ) source terms
Q(x, t) = (ρui − ρ∞ u∞i ) nFWH
i


Fi (x, t) = ρ (ui − 2u∞i ) uj + ρ∞ u∞i u∞j + pδij − τij nFWH
j

(2)

are retained. ρ = ρ∞ + ρ , p = p∞ + p and ui = u∞i + ui are the density, pressure and velocity
components, respectively, and the subscript ∞ indicates far–ﬁeld quantities. nFWH is the outward
unit vector normal to the FW–H surface.
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The integral solution to eq. 1 provides the acoustic pressure at a receiver located at xr . For
each frequency (ω) value, this yields
H(f )p̂ (xr , ω) = −

F̂i (xs , ω)
f =0

∂ Ĝ(xr , xs , ω)
ds −
∂xsi

iω Q̂(xs , ω)Ĝ(xr , xs , ω)ds

(3)

f =0

where the hat ˆ symbol indicates quantities after transformation into the frequency domain using
Fourier transform, i is the unit complex number and xs denotes position vectors of sources
located on the FW–H surface. In subsonic ﬂows, the Green function for 3D problems in the
frequency domain is
exp(−ikr+ )
(4)
Ĝ(xr , xs , ω) = −
4πr∗
where k = ω/c∞ is the wave number and



 u · r 2
1

u
·

r
∞
∞
(5)
r+ = 2 r∗ −
+ |r|2 β 2 , r = xr − xs
, r∗ =
β
c∞
c∞
√
Also, β = 1 − M 2 where M is the Mach number.
3

CONTINUOUS ADJOINT TO THE HYBRID ACOUSTIC MODEL

The aeroacoustic objective function J is deﬁned in the frequency domain as the energy contained in the sound spectrum
Nr
1 
J=
Nr a=1

|p̂ (xra , ω)|dω

(6)

ω

 
2
2
+ p̂Im
,
where p̂ (xra , ω) is the outcome of eq. 3 and Nr is the number of receivers. |p̂ | = p̂Re
where subscripts Re and Im denote the real and imaginary parts of complex variables. For the
purpose of this study, integration in eq. 6 degenerates to a single frequency value, namely that
of the main (tonal) frequency.
To formulate the adjoint problem, an augmented objective function is deﬁned as Jaug = J +
Ψn Rn dΩdt, where Ψn , Rn and Ω are the adjoint variable ﬁelds, the residuals of the unsteady


Ts Ω

ﬂow including Spalart–Allmaras turbulence model equations and the CFD domain, respectively.
Ts is the time window of the unsteady solution. By differentiating Jaug w.r.t. design variable
be (e = 1, N with N being the number of design variables) and setting the multipliers of the
derivatives of the ﬂow variables w.r.t. be equal to zero within the ﬁeld and along the boundaries,
the unsteady adjoint equations and their boundary conditions are obtained as (only for the mean–
ﬂow equation; for the adjoint to the Spalart–Allmaras model, the reader should refer to [13])
adj
inv
∂Ψ5  ∂uq
∂q adj ∂T
∂J
∂Ψn  ∂τqk
∂Ψm ∂fnk
−
−
τkq
− k
−
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∂Um
∂xk ∂Um ∂Um
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are the conservative ﬂow variables, temperature and inviscid ﬂuxes,
where Um , T and fnk
respectively, and
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The last term in eq. 7 is deﬁned only along the permeable FW–H surface. For the differentiation
of this term one should refer to [9]. The adjoint boundary condition along the solid walls is
Ψm+1 nm = 0, where n is the unit normal to the wall. Also, qkadj nk = 0 is imposed along the
adiabatic walls. The sensitivities of J w.r.t. design variables can be computed as


δJ
=−
δbe

Ψn

 ∂f inv
nk

∂xi

−

 ∂  δx 
vis 
∂fnk
∂um
i
adj ∂T
+
q
+ τadj
dΩdt
mk
k
∂xi
∂xi
∂xi ∂xk δbe

Ts Ω

(pΨk+1 −

+

inv
Ψn fnk

δnk
+ Ψ5 qk + Ψ5 um τmk )
dSdt
δbe

(8)

Ts S
vis
where fnk
and τmk are the viscous ﬂuxes and stresses.

3.1

Veriﬁcation of the FW-H Analogy Implementation

In the past, the implementation of the FW-H analogy in PUMA has been veriﬁed for 2D
cases [9]. In this section, the implementation is veriﬁed in a 3D problem. To do so, results of
the FW-H integral, eq. 3, are compared with the analytical solution of the sound ﬁeld generated
by a monopole source in a uniform ﬂow. Additionally, in order to verify the part of the code
that differentiates the FW–H integral, derivatives of the objective function, eq. 6, w.r.t. the
coordinates of the monopole source, xs , are computed by the code and compared with the
outcome of a central second–order ﬁnite difference (FD) based on the analytical solution. The
monopole source is located at the origin of the coordinate system and is exposed to a uniform
ﬂow u∞ along the +x direction, shown in 2a. The complex velocity potential of the case is
exp(−ikr+ )
φ(xr , xs , ω) = A exp(iωt)
(9)
4πr∗
where r+ and r∗ are the same as in eq. 5 . The perturbation ﬁelds of ﬂow variables are obtained
+u∞1 ∂φ
), u = ∇φ and ρ = p /c∞ 2 . In this case, M∞ = 0.5,
from the real parts of p = −ρ∞ ( ∂φ
∂t
∂x
A = 0.004 m2 /s and ω = 3.095 rad/s. The FW-H surface is a cube extending from −0.5m
to 0.5m in all three directions (see Fig. 2a), and is discretized by regular surface grids on the
six faces with 400 nodes on each face. The time history of p at a receiver located at xr =
(10m, 0m, 10m) as computed using the FW–H analogy shown in Fig. 2b perfectly matches the
analytical solution. Slight, practically not visible, differences in the plotted values are due to the
numerical integration on the FW-H surface. The derivatives w.r.t. to the source coordinates are
also compared in Fig. 2c. The agreement between ﬁnite differences of the analytical solution
and the differentiation of the FW-H is very good. As expected, the derivative w.r.t. xs2 is zero.
3.2

Optimization Framework For the Rotating Frame

Adjoint–based optimization in unsteady ﬂows may become very demanding in terms of time
and memory. This is the main reason why the use of adjoint methods is comparatively restricted
in aeroacoustic shape optimization. In this particular application, in order to reduce the cost
and since the intake geometry is axisymmetric, a CFD domain that corresponds to a single
blade passage of the fan is used, with appropriate periodicity conditions. The ﬂow and adjoint
equations are solved in a rotating (with the rotational speed of the engine) frame, thus leading
to a steady-state solution for both the ﬂow and adjoint problems. A continuous circumferential
distribution of receivers at given radius and axial position is used for the computation of the
objective function of eq. 6. The workﬂow of the aeroacoustic optimization is shown in Fig. 3.
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Figure 2: Results of monopole sound source in ﬂow for a receiver located at (10m, 0m, 10m). (a)
Schematic illustration of the monopole source, the FW-H surface and the receiver. (b) Comparison of the time history of pressure ﬂuctuation within a period. (c) Comparison of the derivatives
of the acoustic objective function w.r.t. to the three coordinates (xsi , i = 1, 2, 3) of the monopole
computed by the differentiation of the FW-H and FDs applied to the closed–form expressions.
4

SHAPE OPTIMIZATION OF THE AERO–ENGINE INTAKE

The above–described aeroacoustic analysis and optimization framework is applied to optimize an air–engine intake. The aeroacoustic objective function to be minimized, i.e. that of
eq. 6, includes only the tonal noise. The geometry of a single blade passage shown in Fig. 4a
has about 3.7M nodes arranged on 100 meridional planes. The far–ﬁeld ﬂow is still and the
pressure distribution on the fan–inlet is used as boundary condition. The pressure contours on
the nacelle and mid–plane of the engine intake are plotted in Fig. 4b.
An axisymmetric parameterization model is adopted for the intake. The generatrix is ﬁrstly
reconstructed using NURBS and this gave rise to 15 design parameters controlling the shape of
the nacelle lips and the throat area, leaving its outer shape and the part close to the fan intact.
NURBS control points (CPs) are allowed to vary in both the axial and radial direction. Since
the ﬁrst and last points are ﬁxed, the optimization has 2×13=26 design variables, Fig. 5.
The FW–H surface, illustrated in Fig. 6a, has 16000 nodes. To perform the integration of
eq. 3, the FW–H surface should rotate to cover the full circumference. However, as a cheaper
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Figure 3: Workﬂow of the aeroacoustic optimization. Primal and adjoint parts are colored in
blue and orange, respectively.

(a)

(b)

Figure 4: (a) Entire and close–up views of the CFD domain and the surface grid on one of
periodic boundaries. The parameterized part of the nacelle is colored in red. (b) Isobar contours
on the nacelle, mid–plane and engine inlet.
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Figure 5: Distribution of the control points for the parameterization of the nacelle generatrix
using NURBS. The ﬁrst and last control points are ﬁxed during the optimization.
alternative, the receivers (instead of the FW–H surface) are rotated and the acoustic pressure is
retrieved by superimposing pressure signals from each receiver. As both the grid and numerical
set–up may affect the acoustic results, the outcome of the FW–H analogy is veriﬁed in the
current case as well. To do so, the acoustic pressure computed based on the hybrid model is
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compared with that of the unsteady CFD code at 3 receiver locations, shown in Fig. 6a. The
CFD results match reasonably well those obtained by the FW–H analogy, Fig. 6b, given that
part of the discrepancies may be due to the neglect of quadrupole terms, representing the noise
due to viscous effects and turbulence.
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Figure 6: (a) Location of the FW–H surface, in green, and 3 receivers within the CFD domain.
Streamlines are colored based on the pressure values. (b) Comparison of the pressure ﬂuctuations computed by CFD+FW–H with those obtained by pure CFD, at 3 different receivers.
The convergence history of the aeroacoustic objective function is presented in Fig. 7a. A
clear reduction in the objective value after 13 optimization cycles can be seen. This reduction
is also obvious in Fig. 7b that compares the amplitude of the sound pressure at a single receiver
in the baseline and the optimized geometries. Changes of the parameterized part of the nacelle
are illustrated in Fig. 8. As seen, the biggest geometrical change occurs at the nacelle lip
which is pushed forward, while minor changes occur elsewhere. Regarding the aerodynamic
performance, the optimized shape increases the total pressure loss by 0.6% compared to the
initial one. This could be expected as an acoustic objective was only considered.
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Figure 7: (a) Convergence of the aeroacoustic objective value, normalized by its ﬁrst cycle
value. (b) Comparison of the time history of the pressure ﬂuctuation within a period at one
receiver.
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(a)

(b)

Figure 8: (a) Generatrix and (b) 3D view of the baseline and optimized geometry of the parameterized part of the nacelle.
5

CONCLUSIONS

This paper presented recent extensions of the analysis and adjoint–based optimization tool
of the in–house CFD solver PUMA in aeroacoustic shape optimization. A previous implementation of the permeable version of the FW–H analogy in the frequency domain, for 2D problems, is extended and veriﬁed in 3D, by comparing the results with the analytical solution of a
monopole source, including its differentiation. Based on this, a feasible 3D aeroacoustic noise
prediction and continuous adjoint–based shape optimization framework is developed for aero–
engine intake application which makes use of a steady ﬂow and adjoint solution and builds the
unsteady ﬁeld by rotating steady ﬁelds, overcoming the downsides of unsteady adjoint, namely
large memory requirement and long solution time.
The developed tool is used to optimize the shape of the nacelle lips and the throat area of
an aero–engine intake. The value of the aeroacoustic objective function is noticeably reduced
highlighting the functionality of the developed tool. Extensions to consider both aeroacoustic
and aerodynamic objectives in a multi-disciplinary framework are straightforward.
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Abstract. Node-based shape optimization methods like Vertex Morphing use every node of
the surface mesh as design variables. The method’s key advantages are the minimal effort
for problem setup and the resulting largest possible design space that allows ﬁnding new and
innovative shapes. Due to a large number of design variables, the application of gradient-based
optimization methods becomes mandatory, and adjoint sensitivity analysis is the preferred way
for efﬁcient computation of the shape gradients.
For some industrial applications, it is necessary to restrict the large design freedom in
some sense, for example by limiting the geometric design space. In recent work, nodal nonpenetration constraints have been successfully applied in the context of Vertex Morphing, resulting in a potentially large number of active constraints. Aggregation methods are commonly
used to reduce the number of constraints in the optimization problem and are investigated here
to combine nodal geometric constraints in a single global constraint function.
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1

INTRODUCTION

Shape optimization is a powerful tool for speeding up the design process that has been proven
to be useful in many disciplines. There is a vast number of different methods available in the
literature, CAD- or IGA-based methods [1, 2], node-based methods [3, 4, 5, 6, 7] and level-set
methods [8]. Vertex Morphing [9, 10, 11] is a parameterization method for node-based shape
optimization. In node-based shape parametrizations, the surface nodes of the computational
model are directly used as design parameters. No additional parametrization step is required to
set up the optimization problem, and a high number of design parameters leads to the richest
possible design space and provides the highest design potential. In practical applications, the
rich design space can often not be explored freely but is geometrically limited by design requirements e.g. a packaging geometry. Such geometric constraints have to be considered in the
optimization problem to avoid ﬁnding infeasible designs.
In the context of node-based shape optimization, geometric constraints for symmetry (implicit) and demolding (explicit) have been shown in [12]. Constraints for the thickness of solid
models have been developed by [13] for level-set optimization, using a single aggregated constraint for efﬁciency reasons. Similarly, thickness constraints to control the minimum member
size in node-based shape optimization have been realized by [14]. Nodal non-penetration constraints to satisfy packaging requirements have been introduced by [15] in shape optimization
with the Vertex Morphing parametrization. Aggregation of nodal non-penetration constraints
using a Kreisselmeier-Steinhausser function for FFD-based shape optimization was proposed
by [16]. Another approach of aggregating nodal non-penetration constraints using a secondorder continuous penalty function was proposed by [17] and evaluated for spline-based shape
parameterizations.
This paper is structured as follows: First, the Vertex Morphing parameterization is explained,
followed by the gradient-projection method, which is used as an optimization algorithm in this
work. Then, two geometric constraints, a packaging constraint and a minimum thickness constraint for node-based shape optimization are described and two constraint aggregation functions are presented. Finally, the application of the geometric constraints in combination with
the aggregation functions is shown on two numerical examples with the Vertex Morphing parameterization, and their performance is evaluated in comparison with the node-wise application
of the constraints.
1.1

Vertex Morphing

The basic theory of shape optimization with the Vertex Morphing parametrization is brieﬂy
introduced, the interested reader can refer to [10, 11] for more details.
Vertex Morphing introduces a design control ﬁeld p that controls the shape z via convolution
with a ﬁlter function F .
ξi +r

z(ξi ) =

ξi −r

F (ξi , ξ, r)pdξ

(1)

Where ξi is the surface coordinate of the unknown point and r is the radius of the ﬁlter
function. Accordingly, the shape update is controlled by the update of the control ﬁeld in the
same way.
The shape of the ﬁlter function is not as decisive, often linear hat functions are used, the
radius has a major inﬂuence on the smoothness of the generated shape and shape update respectively. The ﬁlter radius can be seen as an additional design parameter, which controls the
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desired shape modes of the optimal design.
In discrete form, Equation 1 becomes
z = Bp

(2)

and the vector of discrete shape coordinates z is generated by multiplying the vector of
control node coordinates p with the morphing matrix (or ﬁlter matrix) B. B has a size of
m × n, with the m being the number of shape coordinates z and n the number of control
coordinates p. Usually, the same discretization is used for the shape and the design control
ﬁeld, but this is not mandatory.
A shape optimization problem with the Vertex Morphing parameterization can therefore be
formulated as follows:
min
p
s.t.

f (z(p))
gj (z(p)) ≤ 0,
hk (z(p)) = 0,

j = 1 . . . ng ,
k = 1 . . . nh

where f (z(p) is the objective function, the control point coordinates of Vertex Morphing p
are the design variables, gj and hk are the inequality and equality constraints respectively. In
gradient-based shape optimization, also the update of the design variables, as well as the design
control gradient is of interest. It is straight forward to compute the discrete shape update Δz
from the design control update Δp by applying Equation 2:
Δz = BΔp

(3)

The discrete design gradient of the objective ∇p f is determined from the discrete shape
gradient ∇z f following the chain rule of differentiation by a so-called backward-mapping operation with the transpose of the morphing matrix
∇ p f = B T ∇z f

(4)

The gradients of the constraints are mapped accordingly.
1.2

Optimization algorithm

In this work, constraints are considered using an adaption of Rosen‘s gradient projection
algorithm [18, 19] with the suggestions of Arora and Haug as described in [20]. The search
direction s is determined by projecting the objective gradient in the subspace tangent to the
active constraints.


−1
N T ∇p f
(5)
s = ∇p f − N N T N
where N is the matrix of the active constraint gradients with a size of n × k, with the number
of active constraints k and the number of design variables n.
For nonlinear constraints, this projection step can still lead to a violation because the curvature of the constraint is not considered. To avoid a drift-off error throughout the optimization,
this violation has to be corrected. In this work, the correction is not made immediately, but in
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Figure 1: Nodal packaging constraint. Infeasible nodes are highlighted in blue.
the next optimization step, to avoid multiple evaluations of the constraint functions. It is determined by the vector of the active constraint values ga and the matrix of constraint gradients
N:
c = −N N T N

−1

ga

(6)

The update of the control parameters is ﬁnally computed by combining the search direction
and the correction.
Δp = αs + c

(7)

α is the step length factor and can be determined by a line-search. For practical applications
and in this work, we limit the shape update in each iteration by applying an upper limit for
αs∞ and c∞ individually. [15] has successfully used the same projection algorithm with
a constant step length for imposing the nodal non-penetration constraints, however, without the
correction therm in Equation 6. [21, 22] have developed alternative optimization algorithms
that have proven to work well with the Vertex Morphing parametrization.
2

GEOMETRIC CONSTRAINTS

The path of the design nodes through the design space during the shape optimization with
Vertex Morphing is not known a priori. Therefore it is often not possible to describe the geometrical limitation of the design space by static variable bounds. Instead, constraints can be
added to the optimization problem. Two types of geometric constraints are presented in this
section.
2.1

Packaging constraint

A packaging constraint geometrically limits the design space by dividing it into a feasible
and infeasible domain. Figure 1 shows a shape optimization problem with the discrete design
surface described by the mesh nodes with coordinates zi and a discrete packaging geometry.
The surface normals of the packaging geometry point to the feasible domain. The boundary of
the infeasible domain can be represented using arbitrary geometries, which leads to maximal
ﬂexibility in the setup of the optimization problem.
The design surface is not allowed to penetrate the packaging geometry, this can be formulated
by node-wise inequality constraints [15]. The value of the packaging constraint at node zi is
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Figure 2: Detection of local thickness with ray-surface intersection on discrete surfaces. The
sketch on the right shows the nodes that affect the local thickness vector at node ti
determined by the distance vector to the closest point cpi on the packaging geometry, and the
surface unit normal ncpi of this closest point.
gi = (zi − cpi )T ncpi ≤ 0

(8)

gi is positive if node zi penetrates the design boundary, zero if it lies on the boundary, and
negative if it is in the feasible domain.
In this work, detection of the closest point on the packaging boundary is done using a nearestneighbor search. For practical applications, this appears to be accurate enough if the discretization of the packaging geometry is ﬁne enough.
The gradient of the response function is computed under the assumption, that the closest
point will not change due to a movement of the point zi . In this case, the nodal gradient is the
normal of the closes point at the position i and 0 elsewhere.
∇z gi = [0 . . . ncpi . . . 0]T
2.2

(9)

Minimum thickness constraint

A limitation of the minimum thickness of the geometry is another geometric constraint that
is often required. Figure 2 shows a shape optimization problem with the discrete design surface
described by the mesh nodes zi and the deﬁnition of a nodal thickness value that is used in this
work. The nodal thickness is determined by following a ray in negative surface normal direction
−ni until an intersection ipi with the design surface is found. This operation has been realized
in a numerically efﬁcient way with an octree-based ray-element intersection algorithm. With
this approach, only a surface discretization is required and no discretization of the solid is
needed.
The value of the thickness constraint at node zi is determined by the difference of the limit
value for the thickness tmin and the norm of the nodal thickness vector ti .
gi = tmin − zi − ipi  = tmin − ti  ≤ 0

(10)

The thickness response value is affected by several nodes as can be seen in Figure 2 on the
right side for the 2-dimensional case. The node zi , the direct neighbors (a, b) of zi , since they
affect the orientation of the surface normal, and the nodes of the element that is intersected by
the ray (c, d). The gradient of the thickness response function is computed under the assumption,
that the ray will not intersect another element than initially detected (cd). The same logic holds
for surfaces in 3 dimensions.
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[13] formulated thickness constraints for level-set optimization based on a medial axis deﬁned by a skeleton model. [14] has also formulated a minimum thickness constraint based on
an approximated medial axis and considered the medial axis to be ﬁxed in the computation of
the gradients.
3

AGGREGATION OF NODAL GEOMETRIC CONSTRAINTS

The node-wise formulation of geometric constraints in the previous section can lead to a high
number of active constraints in the optimization problem that is in the order of the number of
design variables [13]. For shape optimization with Vertex Morphing, the constraint gradients are
consistently mapped to the control space (Equation 4). The contribution of the nodal constraints
to the matrix N has a sparse pattern, however, the bandwidth is determined by the ﬁlter radius
and can be large. For large models with a high number of design variables in combination
with a large ﬁlter radius, the solution of the equation system in equations 5, 6 can become
numerically challenging [15]. An alternative to considering each nodal constraint individually
is the aggregation of the individual nodal constraints into a single global constraint function.
This allows satisfying the nodal constraints in an average sense and numerically less expensive
way. [13, 16, 17] have previously applied aggregation formulations for geometric constraints
in shape optimization. Constraint aggregation is also commonly used for stress constraints in
structural optimization see e.g. [23]. In this work, two aggregation functions are evaluated
for nodal geometric constraints in node-based shape optimization with the Vertex Morphing
parameterization.
One possibility to aggregate the nodal constraints is to take the 2-norm of all nodal constraints that are infeasible, in other words, have a positive nodal constraint value gi+ (Equation 8).

 n
 + 2
(11)
gi
g2-norm = 
i=1

Since only infeasible nodes contribute to the aggregated constraint function g2-norm , only
gradients of the active constraints contribute to the gradient of the aggregated function. It is
not possible to foresee if a node will soon violate the constraint. New nodes can suddenly
become infeasible, potentially leading to a zig-zagging behavior. This makes the correction
step (Equation 6) important.
As an alternative to the aggregation using a 2-norm, a Kreisselmeier-Steinhausser (KS) function [24] might be used. In contrast to the aggregation of only infeasible values with the 2-norm,
the Kreisselmeier-Steinhausser function takes all nodal values into account.
1  (ρgi /β)
= ln
e
ρ i=1
n

gKS

(12)

The function gKS (gi ) approximates the non-continuous max-function max(gi ). The factor β
is used to bring the nodal constraint values gi to a common scale, independent of model units. In
this work, we use the maximum allowed shape update for β. The approximation becomes more
accurate with higher values of ρ, too high values can lead to numerical overﬂow, however. All
nodes, except the one with the highest constraint value, contribute very little to the aggregated
gradient, this can lead to a similar problem with nodes suddenly becoming infeasible as for
the 2-norm aggregation. Smaller values for ρ lead to a more conservative approximation of the
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maximum violation. This results in a smoother behavior of the constraint in the optimization
but eventually does not allow the optimization to converge close to the actual limit of the nodal
constraints. This effect will be demonstrated in the following numerical example.
4

NUMERICAL EXAMPLE

A simple 1D example is used to describe the basic effects of constraint aggregation for
geometric constraints in shape optimization with the Vertex Morphing parametrization. The deviation of an initially straight line to a hat-shaped target curve with a height of 1.0 is minimized,
while an obstacle has to be considered.

min
p

f (z(p)) =

n


(zi (p) − zihat )2

i=1

with the target function z hat :
⎧
0
⎪
⎪
⎪
⎨ξ +1
z hat (ξ) = 10
−ξ
⎪
+1
⎪
⎪
⎩ 10
0

ξ ≤ −10
−10 ≤ ξ ≤ 0
0 ≤ ξ ≤ 10
10 ≤ ξ

(13)

The line is discretized with a mesh size of 0.5 and n=81 nodes. A Vertex Morphing ﬁlter
radius r=5.0 is used. The obstacle geometry is discretized with the same mesh size and limits the
vertical extension of the design line. The shape optimization is executed for 100 iterations using
the gradient-projection algorithm (subsection 1.2) with an upper limit on the step length and
correction of 0.01. The optimization is executed with the aggregation functions and compared
with a reference solution using nodal constraints.
• 2-norm aggregation: g2-norm ≤ 0
• Kreisselmeier-Steinhausser: gKS (ρ = 10) ≤ 0
• Kreisselmeier-Steinhausser: gKS (ρ = 30) ≤ 0
• nodal constraints: gi ≤ 0 for i = 1 . . . n nodes
All four examples converge to almost exactly the same ﬁnal shape - a smooth representation
of the target hat-function respecting the design boundary, as shown in Figure 3.
The objective convergence for all cases is very similar (Figure 4a). Looking at the maximum
nodal violation of the packaging constraint in Figure 4b reveals oscillations for the case with
2-norm aggregation. These oscillations are caused by nodes that jump between the feasible
and infeasible domain over the optimization iterations. This is to be expected for the 2-norm
aggregation since feasible nodes do not contribute at all to the aggregated response gradient.
The oscillations between steps 25 and 60 occur at the center of the line, where the bump in
the packaging geometry is hit ﬁrst by the design geometry. Here, a maximum nodal violation
in the order of the maximum shape update occurs if the previous design was feasible. This
violation is corrected in the following iterations until the design becomes feasible again and
the process repeats. After iteration 60, the design also hits the other part of the packaging
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Figure 3: Final shape after 100 iterations using the different formulations for the packaging
constraint and close-up near the obstacle
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Figure 4: (a) Convergence graph of the objective function and (b) maximal nodal violation of
the bounding geometry in each iteration.
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geometry at a height of 0.3. From this point, the maximum nodal violation jumps between the
different geometric locations of the contact points with the packaging geometry. The aggregated
constraint stays active all the time, however, individual nodes still oscillate between feasible and
infeasible domains. The overall maximum violation does not vanish even after many iterations,
however, it remains bounded by the step size.
The case with Kreisselmeier-Steinhausser aggregation with ρ=30 shows no oscillations until
iteration 60, where the shape hits the packaging geometry at tree locations. From this point,
oscillations of the maximum nodal violation are observed, similar to the case with the 2-norm
aggregation. This can be explained by the fact, that high ρ values result in a good approximation of the maximum value. The gradient of the aggregated constraint is dominated by the
gradient of the node with the maximum violation, and even if all other nodes still contribute,
they are underrepresented, and the computed shape update might push them to the infeasible domain. The smaller value for ρ=10 in the Kreisselmeier-Steinhausser aggregation leads to a more
conservative approximation of the maximum violation. The contribution of the nodes to the aggregated response value and gradient is more evenly distributed and relaxes the zig-zagging
behavior. This comes with a price, the approximation is too conservative and the design geometry is constrained with a distance to the packaging geometry. An optimal choice of ρ is
problem-dependent, since the number of design variables and therefore nodal constraints, and
the number of nodes that come close to the boundary affect the behavior.
The reference solution with the nodal constraints does not show any oscillatory behavior and
the packaging constraint is satisﬁed exactly.
In general, all four cases satisfy the geometric constraint, with small violations for the aggregation with the 2-norm and the Kreisselmeier-Steinhausser function with ρ=30. Such small
violations of geometric constraints are often acceptable, especially if Vertex Morphing is used
to ﬁnd new shapes in early design stages.
5

STRUCTURAL OPTIMIZATION EXAMPLE

As a second application example, we present a structural optimization of a solid hook model.
The hook has a height of 237 mm and is modeled with a linear elastic material with a Young’s
modulus E=206.9 GPa and a Poisson’s ratio ν=0.29. The mass of to hook should be minimized
while maintaining the initial compliance for two static load cases with a load at the center (LC1:
F=32 kN) and tip (LC2: F=16 kN) respectively. For both load cases, the hook is supported at
the top. In addition to the structural constraints, two geometric constraints from the previous
sections are applied. The design space is limited by a curved packaging geometry with 4505
nodes, and a minimum thickness constraint of tmin =15.0 mm. The load application area and
the supports are excluded from the shape optimization, this leads to a total number of 7117
surface nodes in the design area. A smooth transition is enforced between design and non-design
regions. The setup of the optimization problem with the initial shape and discretization of hook
and packaging geometry is shown in Figure 5. A ﬁlter radius of r=25.0 mm is used for the
Vertex Morphing parameterization, the maximum step length in search direction and correction
is limited to 1.0 mm. The shape optimization, including the adjoint sensitivity analysis of the
structural response functions and the pseudo-elastic mesh motion for the internal nodes, is done
with the ShapeOptimization-, StructuralMechanics-, and MeshMovingApplication of the opensource software Kratos-Multiphysics [25]. The optimization is stopped after 100 iterations.
Three cases of the optimization problem are solved, comparing the different formulations for
the geometric constraints:
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Figure 5: Optimization setup of the hook with the load-cases, the design surface (blue), the
packaging geometry (yellow) and the simulation meshes.
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Figure 6: Improvement of mass objective and violation of the compliance constraints for the
three cases during the optimization process.
• 2-norm aggregation: g2-norm ≤ 0
• Kreisselmeier-Steinhausser: gKS (ρ = 18) ≤ 0
• nodal constraints: gi ≤ 0 for i = 1 . . . n nodes
The shape optimization converges to very similar shapes for all three cases, with a mass
reduction of ≈13%. The case with the Kreisselmeier-Steinhausser function leads to a bit less
improvement due to the conservative approximation of the maximum nodal violation for the
geometric constraints (Figure 6 left). Even though the aggregated geometric constraints cause
slight oscillations for the objective and the compliance constraints, the overall trend is comparable to the case with node-wise constraints. The structural constraints are active during the
whole optimization, they are violated by less than 0.005% (Figure 6 right) for all three cases,
which is negligible.
Figure 7 shows the maximum nodal violation of the packaging constraint and the minimum
thickness constraint respectively for the three cases. The 2-norm aggregation again leads to a
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Figure 7: Maximum value of all nodal violations of packaging and thickness constraints for
the three cases during the optimization process. The violations remain much smaller then the
applied step size.

Figure 8: Final shape of the hook for the three cases, from left to right: 2-norm aggregation,
Kreisselmeier-Steinhausser aggregation, nodal constraints. The nodal violation of the packaging constraint is colored, feasible nodes are colorless.
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Figure 9: Final shape of the hook optimization showing the nodal violation of the thickness
constraint. Feasible nodes are colorless. In the right ﬁgure, the initial (black) and geometrically
unconstrained ﬁnal shape (red) are indicated.
zig-zagging behavior of the nodal violation and ﬁnally results in a maximum violation of ≈0.2
mm of both geometric constraints. Individual nodes that violate the constraint are pushed to
the feasible domain by the correction step after one iteration. Those nodes do not contribute to
the aggregated constraint gradient anymore and jump to the infeasible domain in the following
iteration. The maximum nodal value gi does not occur at the same node in each iteration. The
Kreisselmeier-Steinhausser formulation is able to satisfy the geometric constraint with slightly
smaller oscillations but is more conservative. The design surface is stopped within a distance of
≈0.2 mm to the packaging geometry and ≈0.1 mm to the minimum thickness constraint. This
leads to a slightly smaller objective improvement for this case. With another choice of ρ this
might be improved, however, i.e. ρ=25 already leads to much larger oscillations. The case with
the nodal formulation is again able to satisfy the packaging and also the minimum thickness
constraints exactly, as expected. The ﬁnal shapes with the nodal violations of the packaging
constraint are shown in Figure 8. The nodal violations of the thickness constraint are shown in
Figure 9.
This example demonstrates that aggregation of geometric constraints can be applied also in
more complex shape optimization problems when other physical constraints have to be considered. The maximum number of simultaneously active constraints in this example is 173 for the
node-wise constraints and 4 for the aggregated formulations. Even though the aggregation of the
geometric constraints does amplify the known zig-zagging behavior of the gradient-projection
algorithm, the negative impact on the objective improvement and enforcement of the physical
constraints is negligible. It is highlighted that globally the same shapes are found in all three
cases.
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6

CONCLUSIONS

Constraint aggregation functions have been successfully applied to geometric constraints
in shape optimization problems with the Vertex Morphing parameterization and a gradientprojection algorithm. The performance of the aggregation functions has been evaluated in an
academic 1D example and a 3D structural-mechanics example, comparing with the node-wise
application of the constraints. The latter example was also subject to additional structural constraints. The overall number of constraints can be drastically reduced, which is of interest,
especially for large models. With both investigated constraint aggregation functions, the same
shapes as are found as with the reference solution with nodal geometric constraints. Depending on the aggregation formulation, the ﬁnal shape does either slightly violate the geometric
constraint, or is stopped within a small distance to the constraint limit in case of a conservative choice of the ρ value of the Kreisselmeier-Steinhausser formulation. Such small deviations
from the geometric constraints are often acceptable when searching new shapes, and constraint
aggregation can be an efﬁcient alternative to the numerically challenging nodal application of
the constraints.
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Abstract
The aim of the study is the formulation of a computational method for the identification of the
first damage in planar frames. The damage is considered to be concentrated in some opportune sections of beams and columns and many assume different intensities.
In order to identify the location and intensity of the damage when measured frequencies on
the damaged frame are available, an original algorithm has been implemented assigning to
each critical section an appropriate fitness function. This function indicates the difference between the measured frequencies of vibration and those obtained, by means of opportune numerical models, assuming that the damage is located in the considered critical section. The
exact location will then be individuated seeking the optimal fitness function. An iterative procedure which allows reducing the computational effort is also presented with reference to a
case study.

Keywords: Damage identification; Frames; Stiffness matrix; Frequencies of vibration.
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1

INTRODUCTION

As it can be observed from the scientific literature of recent decades, structural health monitoring of existing structures has received great interest and has inspired many dedicated studies. Many studies are devoted to the evaluation of the static or dynamic response of damaged
structures and highlight their modification with respect to undamaged configurations [1-9].
The presence of structural damage reduces the bearing capacity of structures and therefore, in
order to prevent its progressive expansion, which inevitably leads to structural failure, must be
detected in its early stage. Many damage identiﬁcation techniques are reported in the literature
and require the measurement of some data on the existing structure. Different data can be taken into account for instance the variation of dynamic characteristics, such as natural frequencies [10-17], mode shapes [18,19], or static quantities, such as displacements or strains
induced by applied loads [20-22]. Many studies are based on the solution of an inverse problem that compares numerical response data, evaluated on a model of the structure, to the corresponding experimentally measured ones [23-25]. Recent computational procedures based on
genetic algorithms [26-28], particle swarm optimization [29], fuzzy cognitive maps [30] have
been presented.
A crucial aspect concerns the model of damage and numerous attempts to quantify local
defects are reported in the literature. All the models involve a reduction of the stiffness of the
structural element by using one-dimensional continuum theories [31] or fracture mechanics
methods [32,33].
The damage can be either localized or diffused on a certain portion of the length of the
structural element and its intensity can be related to the reduction of the reactive area of the
cross section, for example due to the presence of a notch. Contributions on crack modelling
approaches and their effects on the response of beams can be found in [34,35].
The aim of the present paper is to propose a computational method for monitoring the
structural integrity of planar frames. It is assumed that appropriate sensors are permanently
located on the frame detecting its vibration properties with a certain periodicity. In this case it
will be possible to immediately detect the appearance of the first structural damage indicated
by a difference between some measured data and those known for the undamaged frame. The
widely used assumption of a hinge with a rotational spring is used to model the damage and
this is assumed to be concentrated, located in opportune critical sections and may have different intensities.
With the aim of identifying the location of the first damage, the frequencies of vibration of
undamaged and damaged frames are calculated. In particular the frequencies of vibration are
evaluated for each damage configuration of the frame corresponding to a possible location of
damage among the considered critical sections. These frequencies of vibration are then used
to identify the location and the intensity of the damage by means of the solution of an opportune optimization problem. The application on a case study allows to show the reliability of
the proposed identification algorithm. Furthermore, an automatic procedure is illustrated
which, assigning to each critical section an opportune fitness with respect to the possibility
that the damage is located there, allows to iteratively converge to the exact position reducing
the required computational effort.
2

FREQUENCIES OF VIBRATION IN UNDAMAGED AND DAMAGED FRAMES

In the present study planar regular frames, with columns clamped at the ground level, are
considered. Once the mechanical and geometrical characteristics of each structural member of
the frame have been assigned, the stiffness and mass matrices of the undamaged frame respectively denoted as Ku and Mu can be evaluated. In particular the mass matrix takes into account

96

Annalisa Greco, Ilaria Fiore and Alessandro Pluchino

of the distributed masses in beams and columns. Neglecting the axial deformability of the
structural members, the degrees of freedom of the frame, and therefore the size of the stiffness
and mass matrices, correspond to the horizontal displacements of each floor and the rotation
of the unconstrained nodes. The natural frequencies of vibration Ȧu of the undamaged frame
can be evaluated solving the classic equation:
det ( K u − ωu2 M u ) = 0

(1)

When the first damage occurs in a structural member the total stiffness decreases and consequently also the frequencies of vibration assume lower values with respect to the undamaged configuration.
In this study reference is made to a single damage which can be located in one of the critical sections of the frame corresponding to the base or top of each column at each floor or to
the ends of each beam. With reference to the two corners at the top of the frame, the critical
section will be located in correspondence to the structural member (beam or column) having
the lower elastic moment.
In accordance with what is frequently adopted in the scientific community, the loss of resistance induced by the presence of the damage is modelled by means of a hinge with a rotational spring whose stiffness kϕ is related to the intensity of the damage.
In order to evaluate the natural frequencies of the frame having a damage located in one of
the previously described critical sections, new stiffness and mass matrices must be assembled.
For each location of the damage, stiffness and mass matrices, respectively denoted as Kd and
Md , are evaluated. The correspondent frequencies of vibration for each location of the damage are evaluated solving the equation:
det ( K d − ωd2 M d ) = 0

(2)

The stiffness of the rotational spring modelling the damage will be assumed equal to ni discrete values which decrease with the intensity of the damage itself.
In particular, the stiffness of the rotational spring is expressed as:
kϕi = α i

EI d
Ld

i = 1, ... , ni

(3)

where αi is an integer number and Id and Ld are respectively the moment of inertia and the
length of the structural element where the damage is located (beam or column).

3

DAMAGE IDENTIFICATION PROCEDURE

In this section the damage parameters, i.e. location and intensity, are evaluated by means of
an optimization strategy based on the use of a certain number of vibration properties measured on the considered frame. For each possible damage location among the critical sections a
fitness value is assigned for each damage intensity as follows:
nf

Fk , j = Fmax − ¦
i

ωˆ i − ωi ,kj
ωiu

j = 1, ... , ni

where:
Fmax is an arbitrary constant, chosen great enough to have always Fk > 0
nf is the number of considered natural frequencies
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ni is the number of considered damage intensities
ωˆ i is the measured i-th frequency of vibration

ωi ,kj is the calculated i-th frequency of vibration with intensity damage j located in critical
section k
ωiu is the i-th frequency of vibration for the undamaged frame
For each critical section the maximum fitness among those associated to different intensity
values is then selected:
(5)
Fk = max ( Fk , j )
j = 1, ... , ni
Of course, among all the fitness functions associated to possible damage locations, only the
one related to the exact position will reach its maximum value.
Once the position of the damage is identified, it is possible to evaluate its intensity comparing all the sets of frequencies related to variable intensity to the measured values.
The first step of the proposed algorithm concerns with the localization of the damaged section and represents the main goal of the proposed approach. Undoubtably from a health monitoring point of view the most crucial aspect is to identify the presence and the location of the
damage. Once the damage is detected it is important to repair as soon as possible the involved
structural zones in order to prevent subsequent worsening, independently on the damage intensity.
In principle all the natural frequencies of all the possible configurations of damaged frames
can be calculated and the correct location of the damage can be identified minimizing the fitness function. Anyway, it will be shown that it is sufficient to take into account only some
natural frequencies in order to identify the correct damage location. In the applicative section
the number of considered frequencies of vibration has been set equal to 4. For large frames
with high number of critical sections in order to reduce the number of calculated fitness values, an original iterative procedure described in the following can be applied.
It is worth pointing out that the proposed procedure applies both for damage identification
in symmetric and unsymmetric frames. Anyway, in case of symmetric frames it is not possible to discern between symmetric damage positions. However, in order to carry out maintenance and restoration interventions, this circumstance does not appear to be a major limitation
as it allows to drastically reduce the sections to be considered to two only. Anyway, if one
needs to univocally identify the damaged section in a symmetric frame, some information on
mode shapes could be added in the objective function.

4

CASE STUDY AND NUMERICAL APPLICATIONS

The five storeys frame assumed as case study for the proposed damage identification procedure is shown in Figure 1. In the same figure the length and the profiles of the structural
members are also reported. In Table 1 moments of inertia and the ratio between yield moments of the cross sections and the yield stress are reported together with the values of the distributed masses. The value of Young modulus for the steel under consideration is assumed to
ª kN º
be: E = 210000000 « 2 »
¬m ¼
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HE 240 A
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HE 320 A
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Figure 1 - Frame with five floors and four columns

Profile
HE320A
HE280A
HE240A
HE200A

My /σy[m3]
1479 Â10-6
1013 Â10-6
675.1 Â10-6
388.6 Â10-6

Ix [m4]
22930 Â10-8
13670 Â10-8
7763 Â10-8
3692 Â10-8

m [kN*s2/m2]
97.6 Â10-3
76.4 Â10-3
60.3 Â10-3
42.3 Â10-3

Table 1 - Characteristics of the structural elements

For this frame the numbers of degrees of freedom in the undamaged configuration is equal
to 30 and therefore 30 frequencies of vibration can be calculated solving the related dynamic
eigenvalue problem once the matrices Ku and Mu are evaluated.
The total number of critical sections for the considered frame is 88 but since it is symmetric, 49 critical sections must be taken into account. For each possible location of the damage,
and for each value of its intensity, 31 frequencies of vibration can be calculated. Considering,
eight levels of intensity of the damage, 392 sets of 31 frequencies of vibration have been
evaluated. With the aim of solving the inverse problem which concerns the identification of
damage parameters, some examples of location and intensity of the damage will be developed,
and the related natural frequencies will be used as pseudo-experimental data in the identification procedure.

4.1

The Identification Algorithm

The identification algorithm has been realized within the software environment NetLogo
[36], where the five storey frame can be reproduced in a virtual metric space, as shown in
panel (a) of Figure 2. The critical sections Sk (k = 1,…,88), represented by yellow squares, are
labeled with an increasing ID number. Among them, let us call ST the target (damaged) section.
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Figure 2 – (a) Frame with five floors and five columns, where each critical section is labeled with an increasing integer ID number. (b) The same frame at the end of a single run of the identification procedure, with the
jumper that has reached one of the two symmetric target sections, after a path along a subset of the explored sections (colored in red). The exploration circle is visible around the jumper. See text for more details.

The searching procedure can be easily implemented by creating a “jumper”, able to move
from one section to another, starting at t = 0 from a given (randomly selected or fixed by the
user) section Si on the frame, for which the fitness Fi is calculated. Jumper is represented by a
concentric green circle. Then, the algorithm goes on according to the following subsequent
steps:
1. At the next iteration step t > 0, the jumper explores the frame by calculating the fitness
values associated to all the neighboring sections included within an “exploration circle”
of a given radius R (expressed using spatial units arbitrarily chosen as equal to the distance between two floors). Sections for which the fitness has been calculated are colored in red.
2. Then, two options are available for the jumper:

•
•

if some of these neighboring sections have a fitness Fk > Fi, the jumper moves on
the section with the maximum fitness among them;
if all the neighboring sections have a fitness Fk < Fi, with a certain probability
pm < 1 (called “moving probability”, which introduces in the system a sort of
noise useful to avoid local maxima) the jumper is forced to move on one of those
sections, chosen at random, otherwise the procedure is stopped.

3. If the procedure has not been stopped at step 2, the algorithm came back to step 1 and
prosecutes until it is stopped. Notice that a given section can be visited more than one
time during the entire procedure but, of course, its fitness is calculated only the first
time the section has been included in the exploration circle.
4. If the section reached by the jumper when it stops coincides with the target section ST,
or with its symmetric section (both these sections are represented as black circles), we
say that the run has been successful.

100

Annalisa Greco, Ilaria Fiore and Alessandro Pluchino

In panel (b) of Figure 2 the situation at the end of a generic successful run is reported, with
the jumper over the target. An example of exploration circle, centered on the jumper, is also
shown for allowing the user to visualize it. The percentage E% of explored (red) sections over
the total is visibly around 50% and this tell us that the algorithm was not only effective (since
the jumper reached the target) but also efficient, since we were able to identify the damaged
section without needing to calculate the fitness for all the sections.
Of course, in order to have more reliable information about the effectiveness and the efficiency of the proposed algorithm for the identification of a given (fixed) target section, one
needs to repeat N times (with N >> 1) the entire procedure starting, for each run, from a different random section. At the end of the N repetitions, the percentage P% of successful runs
and the average percentage E% of explored sections will represent the quantities that we have
to take into account for evaluating the performance of the algorithm.

4.2 Results for the five storeys frame
In this paragraph we discuss the numerical results obtained by applying our algorithm to
the considered five storeys frame. The damage can be located in each of the 49 critical sections and eight damage intensities, represented by the rotational stiffness given by equation (3)
with α = [1000 800 700 500 300 100 50 25] , have been taken into account.
Considering different arbitrary sets of location and intensity of the damage and assuming
the correspondent first four frequencies of vibration as pseudo-experimental data, the fitness
function (4) has been previously evaluated for each of the 49 critical sections observing that it
always reached a zero value in correspondence of the exact damage configuration.
Successively in order to implement the searching procedure described in the previous section (and therefore to avoid the calculation of the fitness for all the sections), the two percentages P% (of successful runs) and E% (of explored sections) have been evaluated assuming
different damage locations and intensities.
In order to evaluate an appropriate value of the radius of the exploration able to provide reliable results still maintaining a significant reduction in the number of nodes in which the fitness function has to be calculated, a preliminary analysis has been developed. Figure 3 shows
the results obtained assuming for example the damage located in sections 1 and 15 (involving
respectively one column and one beam) with intensity α = 300 and evaluating the two percentages P% and E% for increasing values of R. As it can be observed, increasing the value of
the radius, higher values of both P% and E% are reached. A fair compromise between the need
of reaching high values of P% without increasing too much E% can be obtained assuming
R=2,2, so this value will be chosen for the simulations. Figure 4 shows the effect of the forcing moving probability pm in the identification of the damage located again in sections 1 and
15 with intensity α = 300 . While for the damage located on the beam the two percentages P%
and E% show to be almost independent on pm, for the damaged column a sensible increase
with the forcing moving probability can be observed. In order to choose a unique value, in the
following pm has been set equal to 0,9.
With the aim of investigating on the effects of a damage located at the base of a column or
on a beam at each floor, the sections 1, 3, 5, 7, 9 (base columns) and 15, 16, 17, 18, 19 (right
end of beams of the first span) have been taken into account. Several sets of N = 1000 runs
have been performed and the results in terms of P% and E% have been reported in Figure 5.
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Figure 3 – P% and E% for damage located at the base of a column (1) and on a beam (15) of the first floor
with stiffness intensity parameter Į=300 for different values of the radius parameter

Figure 4 – P% and E% for damage located at the base of a column (1) and on a beam (15) of the first floor
with stiffness intensity parameter Į=300 for different values of the forcing moving probability

As it can be observed from Figure 5 the damage identification procedure gives excellent
results when the damage is located on one of the considered beams. In these cases, in fact,
independently on the considered section (and therefore on the floor) the percentage of successful runs turns out to be always 100% while the percentage of explored sections is about
80%. On the other hand, the identification of damages located at the base of the external columns provide values of P% around 85% with E% always smaller than 60%
Therefore, we can conclude that, for the considered five storeys frame, the proposed identification procedure provided satisfactory results, thus confirming its good performance and
reliability.

5

CONCLUSIONS
• A computational method for monitoring the structural integrity of planar frames is presented.
• The first damage is identified by means of the frequencies of vibration of each damaged
configuration of the frame corresponding to a possible location of damage among the
considered critical sections.
• The solution of the damage identification problem is achieved by means of an optimization algorithm which assigns to each possible damage location, among the critical sections, a fitness value and then seeks the maximum one.
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Figure 5 – P% and E% for assigned damage location and variable intensity
Left side: damage located at the base of an external column at each floor starting from the base
Right side: damage located at the right end of each beam in the first bay starting from the bottom
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• An automatic procedure has been implemented within the software environment
NetLogo and it has been shown how it is possible to iteratively converge to the exact
damage position reducing the number of calculations.
• The application to a case study allows to show the reliability of the proposed identification algorithm.
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Abstract
Dams are one of the most important and biggest critical infrastructures of any country. The
failure of a dam can be a major catastrophic event, causing irreparable environmental, human
and financial losses. The low overflow capacity of the spillway is considered a major failure
mode for dams. Generally, the design of spillways is carried out based on deterministic approaches. However, there are many uncertainty factors in the design parameters, which have
a crucial influence on the spillway performance. In this study, a new framework is presented
for the accurate design of the spillways considering the surrounding uncertainty factors of the
effective parameters on spillway failure causes. Therefore, the length and height of an ogeecrested spillway is considered as the design variables to be optimized. For this purpose, a metaheuristic algorithm based on machine learning techniques is used. This latter consists of the
grey wolf optimizer (GWO), while the combination of GWO and the Monte Carlo simulation
(MCS) with the Kriging meta-model are utilized as a new framework for the optimum design of
spillway under uncertainties. The proposed framework is investigated on the spillway redesign
of a real case study in Iran. 
Keywords:'DPVSLOOZD\PDFKLQHOHDUQLQJRSWLPXPGHVLJQ0RQWH&DUORVLPXODWLRQJUH\
ZROIRSWLPL]HU.ULJLQJ
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1

INTRODUCTION

(QVXULQJDVDIHSDVVLQJRIWKHZDWHULQGDPVIURPWKHXSVWUHDPWRWKHGRZQVWUHDPUHTXLUHV
DQ LPSRUWDQW FODVV RI VWUXFWXUHV FDOOHG VSLOOZD\V 7KHVH LPSRUWDQW FRPSRQHQWV KDYH VHYHUDO
DGYDQWDJHVVXFKDVZKHQWKHZDWHUVXUIDFHDULVHVDQGWKH\DUHDOVRXVHGDVFRQWUROOLQJWRROV
IRUWKHIORZPDQDJHPHQWVLQZDWHUWUDQVPLVVLRQFKDQQHOV>@7RGDWHVHYHUDOW\SHVRIVSLOO
ZD\VKDYHEHHQFRQVWUXFWHGEDVHGRQWKHVKDSHRIWKHVHVWUXFWXUHVLQFOXGLQJ2JHH6SLOOZD\V
'URS6SLOOZD\V6LSKRQ6SLOOZD\V7URXJK&KXWH6SLOOZD\V6KDIW6SLOOZD\V6WHSSHG6SLOO
ZD\VDQG6LGH&KDQQHO6SLOOZD\V7KHFKRLFHRIWKHVSLOOZD\VW\SHGHSHQGVRQPDQ\IDFWRUV
VXFKDVWKHWRSRJUDSKLFFRQGLWLRQVRIWKHFRQVWUXFWLRQVLWHWROLPLWWKHRSWLRQQXPEHURIWKH
FUHVWOHQJWKDQGWRLQFUHDVHWKHGLVFKDUJHFDSDFLW\>@7KHUHIRUHDQLQDGHTXDWHGHVLJQRIWKHVH
VWUXFWXUHVFDQOHDGWRWKHIDLOXUHRIWKHGDPZKLFK FDWDVWURSKLFFRQVHTXHQFHV7KXVLWLVRI
IXQGDPHQWDOLPSRUWDQFHWRDFFXUDWHO\GHVLJQDQRSWLPDOVKDSHRIWKHVSLOOZD\VWDNLQJLQWRDF
FRXQWWKHLQYROYHGXQFHUWDLQW\>@7KHRSWLPDOGHVLJQVKRXOGDOVRWDNHLQWRFRQVLGHUDWLRQWKH
LPSOHPHQWDWLRQFRVWVRIWKHFRQVWUXFWLRQSURMHFWWKDWDFFRXQW IRURIWKHWRWDOGDP
FRQVWUXFWLRQFRVWZKLOHWKHVDIHW\OHYHOVRIWKHGHVLJQVKRXOGPHHWWKHLQWHJULW\FULWHULD>@
6WUXFWXUDORSWLPL]DWLRQFDQVHUYHDVDVXLWDEOHIUDPHZRUNWRVROYHGHVLJQSUREOHPVVXFKDV
WKHVKDSHGHVLJQRIVSLOOZD\VRURWKHULQIUDVWUXFWXUHV>@$PRQJWKHUHFHQWXVHGWRROVIRUVXFK
SXUSRVHVLVWKHDSSOLFDWLRQRIPHWDKHXULVWLFDOJRULWKPV7KHVHWHFKQLTXHVKDYHEHHQSURYHGWR
EH KLJKO\ HIILFLHQW FRPSDUHG WR FODVVLFDO JUDGLHQWEDVHG PHWKRGV IRU VROYLQJ FRPSOH[ DQG
KLJKO\QRQOLQHDUSUREOHPVHVSHFLDOO\LQWKHFLYLOHQJLQHHULQJILHOG0HWDKHXULVWLFDOJRULWKPV
KDYH EHHQ VXFFHVVIXOO\ XVHG WR GHDO ZLWK RSWLPL]DWLRQ SUREOHPV LQFOXGLQJ K\GUDXOLF FRQ
FUHWHEXLOGLQJDQGHQHUJ\UHODWHGSUREOHPVDQGWRRSWLPL]HPDFKLQHOHDUQLQJSHUIRUPDQFH
>±@0RUHUHFHQWO\WKHVWUXFWXUDOUHOLDELOLW\EDVHGGHVLJQRSWLPL]DWLRQ 5%'2 DSSURDFKHV
KDYHVKRZQVLJQLILFDQWLPSURYHPHQWVDVDYLDEOHDOWHUQDWLYHWRGHWHUPLQLVWLFRSWLPL]DWLRQ '2 
GHVLJQPHWKRGWRVROYHFRPSOH[RSWLPL]DWLRQSUREOHPV>±@8VLQJ5%'2DVDIUDPHZRUN
IRURSWLPDOGHVLJQRIVWUXFWXUHVDLPVWRDFKLHYHDQDFFXUDWHRSWLPXPGHVLJQZLWKWKHFRQVLGHU
DWLRQRIWKHXQFHUWDLQW\UHODWHGWRWKHGHVLJQSDUDPHWHUVWKDWDUHERWKFRVWHIIHFWLYHDQGVDWLV
IDFWRU\WRDFHUWDLQOHYHORIVDIHW\
%DVHGRQWKHDERYHDUJXPHQWVDQHZIUDPHZRUNXVLQJWKH5%'2FRQFHSWZLOOEHGHYHORSHG
LQWKLVZRUNE\XVLQJWKHEHQHILWVRIWKHPHWDKHXULVWLFDOJRULWKPVDQGWKHPDFKLQHOHDUQLQJ
EDVHGUHOLDELOLW\DSSURDFKHV7RGRVRWKH*UH\:ROI2SWLPL]HU *:2 LVXWLOL]HGDVWKHPDLQ
RSWLPL]DWLRQDSSURDFKZKLOHWKH0RQWH&DUORVLPXODWLRQ 0&6 LVXVHGWRGHWHUPLQHWKHIDLO
XUHSUREDELOLW\RIWKHREWDLQHGGHVLJQ0RUHRYHUWRHQVXUHDFFXUDWHFRPSXWDWLRQWKH.ULJLQJ
.5 LVHPSOR\HGWRHVWLPDWHWKHSHUIRUPDQFHIXQFWLRQUHVSRQVH7KHSURSRVHGIUDPHZRUNLV
DSSOLHGLQDUHDOFDVHWRGHWHUPLQHWKHOHQJWKDQGKHLJKWRIRJHHFUHVWHGVSLOOZD\LQ,UDQ
2

PROBLEM FORMULATION

7KH PDLQ SXUSRVH RI RSWLPL]LQJ WKH OHQJWK DQG KHLJKW RI WKH RJHHFUHVWHG VSLOOZD\ LV WR
UHGXFHWKHFRVWDVVRFLDWHGZLWKWKHVSLOOZD\FRQVWUXFWLRQ7KXVWKHRSWLPL]DWLRQSUREOHPFDQ
EHIRUPXODWHGPDWKHPDWLFDOO\LQWHUPVRIWKHREMHFWLYHIXQFWLRQDQGWKHDVVRFLDWHGFRQVWUDLQWV
DFFRUGLQJWRWKHOLWHUDWXUHDVIROORZV>@
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Objective function:
 ݐݏܥൌ  ܫܲܥൈ ሾ͵ͲͶǤͳ ൈ  ቆͲǤͷ ൈ ൬

 ܮെ ǤͶ
ܶ െ ͳͳͶ ଶ
൰൬
൰ ቇ
ͶͲǤʹ
ͳͲͻ



 ͲǤ͵ͻͷ ൈ ሺͲǤͲ͵ ൈ ܲሻሿ
Constraints:
ܳ െ ܳௗ௦  Ͳ

Ͳ   ܥ ͵Ǥͻͷ
,QWKHDERYHHTXDWLRQVCPIUHSUHVHQWVWKHFRPPRGLW\SULFHLQGH[ZKLOHLDQGPGHQRWHWKH
OHQJWKDQGKHLJKWRIWKHRJHHFUHVWHGVSLOOZD\UHVSHFWLYHO\7KHVHYDULDEOHVUHSUHVHQWWKHGH
FLVLRQYDULDEOHVIRUWKHRJHHFUHVWHGVSLOOZD\RSWLPL]DWLRQSUREOHPZKLFKDUHWKHPDLQYDULD
EOHVWKDWZLOOEHRSWLPL]HGLQRUGHUWRPLQLPL]HWKHFRQVWUXFWLRQFRVWDQGPDLQWDLQWKHUHOLDELOLW\
OHYHOVRIWKHRJHHFUHVWHGVSLOOZD\7KHUHIRUHWKHREMHFWLYHIXQFWLRQDLPVWRILQGWKHRSWLPXP
YDOXHVIRUUHGXFLQJWKHFRVWZKLOHWKHFRQVWUDLQWVDUHIRUPDLQWDLQLQJWKHVDIHW\OHYHOV7RWKDW
QLVGHWHUPLQHGDVIROORZV>@
య



ܳ ൌ  ܪܮܥమ

ZKHUHCDQGHGHQRWHWKHGLVFKDUJHFRHIILFLHQWDQGWKHKHDGUHVSHFWLYHO\'XULQJWKHXQ
FHUWDLQW\EDVHGRSWLPL]DWLRQSURFHVVRIWKHOHQJWKDQGKHLJKWRIWKHRJHHFUHVWHGVSLOOZD\LP
DQG H DUH FRQVLGHUHG DV UDQGRP YDULDEOHV ZLWK QRUPDO GLVWULEXWLRQ WR WDNH LQWR DFFRXQW WKH
XQFHUWDLQW\UHODWHGWRWKHGHVLJQ7KXVLQWKHSUREDELOLVWLFDQDO\VLVWKHXVHGSHUIRUPDQFHIXQF
WLRQWRHVWLPDWHWKHSUREDELOLW\RIIDLOXUHIRURJHHFUHVWHGVSLOOZD\FDQEHJLYHQDV>@


 ܩሺࢄሻ ൌ ܳ െ ܳௗ௦
,QZKLFKXGHQRWHVWKHYHFWRURIWKHSUHYLRXVO\PHQWLRQHGUDQGRPYDULDEOHV
3

PROPOSED METHODOLOGY

7KH SURSRVHG PHWKRGRORJ\ LQ WKLV ZRUN FRQVLVWV RI WZR IUDPHZRUNV EDVHG RQ WKH PHWD
KHXULVWLF*UH\:ROI2SWLPL]HU *:2 $OJRULWKP7KHILUVWPHWKRGXWLOL]HVWKH'HWHUPLQLVWLF
2SWLPL]DWLRQ '2 DSSURDFKLQZKLFKWKHUHLVQRFRQVLGHUDWLRQRIWKHXQFHUWDLQWLHV LPDQG
HDUHWDNHQDVGHWHUPLQLVWLFYDOXHV DQG*:2LVXVHGWRVROYHWKHRSWLPL]DWLRQSUREOHP (TV
 DQG  7KHVHFRQGPHWKRGLVE\DSSO\LQJWKHFRQFHSWRI5HOLDELOLW\%DVHGGHVLJQ2SWL
PL]DWLRQ 5%'2 ,QWKLVIUDPHZRUN*:2ZLOOEHXVHGWRILQGWKHRSWLPDOYDOXHVRIWKHGHVLJQ
YDULDEOHVDWWKHILUVWVWDJHWKHQWKHVHYDULDEOHVZLOOEHWUHDWHGDVUDQGRPYDULDEOHVZKLOHDGDWD
GULYHQDSSURDFKFDOOHG.ULJLQJWHFKQLTXHZLOOEHXVHGWRUHSURGXFHWKHSHUIRUPDQFHIXQFWLRQ
(T  UHVSRQVH7KHUHDIWHUWKH0RQWH&DUOR6LPXODWLRQ 0&6 ZLOOEHHPSOR\HGWRFDOFX
ODWHWKHIDLOXUHSUREDELOLW\RIWKHV\VWHP7KHIROORZLQJVXEVHFWLRQVGHWDLOEULHIO\WKH*:2
.ULJLQJDQG0&6DSSURDFKHV
3.1 Grey wolf optimizer (GWO)
7KLVDOJRULWKPKDVEHHQLQWURGXFHGE\0LUMDOLOLHWDO>@E\LPLWDWLQJWKHVHDUFKDQGKXQWLQJ
SURFHVV RI JUH\ ZROYHV ,Q WKLV DOJRULWKP WKH VROXWLRQV DUH GLYLGHG LQWR WKH EHVW VROXWLRQV
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GHVLJQHGE\αWKHVHFRQGRQHE\βWKHWKLUGE\δZKLOHWKHUHVWRIWKHVROXWLRQVDUHUHIHUUHGWR
E\ω7KXVWKHWKUHHEHVWVROXWLRQVRULQRWKHUZRUGVWKHEHVWZROYHVJXLGHWKHUHVWRQHVGXULQJ
WKHRSWLPL]DWLRQSURFHVV'XULQJWKHKXQWLQJSURFHVVDIWHUWKHSUH\LVIRXQGαβDQGδZROYHV
ZLOOOHDGWKHUHVWRIWKHZROYHV LHVROXWLRQV WRSXUVXHDQGHQFLUFOHWKHSUH\7KXVWKHKXQWLQJ
SURFHVVFDQEHGHVFULEHGDVIROORZV
ሬԦ ൌ หܥԦǤ ܺ
ሬሬሬሬԦ ሺݐሻ െ ܺԦሺݐሻห
ܦ



ሬሬሬሬԦ ሺݐሻ െ ܣԦǤ ܦ
ሬԦ
ܺԦሺ ݐ ͳሻ ൌ ܺ



Xp
,QWKHDERYHHTXDWLRQV X UHSUHVHQWVDFLUFXODUFRQILJXUDWLRQRIWKHJUH\ZROISRVLWLRQ
RIWKH JUH\
H\ZROISR
GHVFULEHVWKHSUH\ORFDWLRQYHFWRUtGHQRWHVWKHFXUUHQWPRPHQW A DQG D DUHWZRFRHIILFLHQW
YHFWRUVWKDWFDQEHJLYHQDV

ܣԦ ൌ ʹܽԦǤ ݎሬሬሬԦଵ െ ܽԦ


ܥԦ ൌ ʹǤ ሬሬሬԦ
ݎଶ

ZKHUH a LVDYHFWRUWKDWGHFUHDVHVOLQHDUO\IURPWRZKLOH r DQG r DUHUDQGRPYHFWRUV
ZLWKXQLIRUPGLVWULEXWLRQV LHEHWZHHQDQG 
7KHPDLQZROYHVGXULQJWKHRSWLPL]DWLRQSURFHVVDUHDVVXPHGWRKDYHSUHYLRXVNQRZOHGJH
LQJWKHSUH
UHJDUGLQJWKHSUH\ORFDWLRQZKHUHWKHQH[WVWHSLVWKHH[SORLWDWLRQ
KXQWLQJ WKDW LVDFKLHYHG
ZKHQ a GHFUHDVHVWRZKLFKPHDQVWKDWWKHZROYHVDUHDSSURDFKLQJWKHSUH\ RSWLPXP ORFD
WLRQ0RUHGHWDLOVUHJDUGLQJWKH*:2DQGDYRLGLQJPLQLPXPORFDOVFDQEHIRXQGLQ>@
3.2 Kriging (KR)
7KH.ULJLQJ .5 LVDVXUURJDWHWHFKQLTXHWKDWLVXVHGWRVROYHFRPSOH[SUREOHPVZLWKKLJK
DELOLWLHVWRGHVFULEHWKHUHODWLRQVKLSEHWZHHQWKHYDULDEOHVDQGWKHRXWFRPHUHVSRQVH7KLVDS
SURDFKKDVEHHQZLGHO\XVHGIRUGHDOLQJZLWKYDULRXVFRPSOH[SUREOHPVVXFKDVRSWLPL]DWLRQ
>@DQGUHOLDELOLW\DQDO\VLV>±@SUREOHPVZLWKKLJKHIILFLHQF\7KLVSUHGLFWLYHPRGHO
IRUPXODWHVWKHSHUIRUPDQFHIXQFWLRQG X UHVSRQVHDVIROORZV
 ܩሺࢄሻ ൌ ࢌሺࢄሻ் ࢼ  ܵሺࢄሻ



ࢌሺࢄሻ் ࢼ ൌ ߚଵ ݂ଵ ሺࢄሻ   ڮ ߚ ݂ ሺࢄሻ

 

ZKHUHWKHWHUPf X 7β UHSUHVHQWVWKHUHJUHVVLRQPRGHOZKLOHf X 7LVWKHEDVLFWUHQGIXQFWLRQ
YHFWRUDQGβ LVD UHJUHVVLRQFRHIILFLHQWYHFWRUS X UHIHUVWRWKH*DXVVLDQSURFHVV)RUnWUDLQLQJ
SRLQWVZLWKXi i «n XVHGWRFRQVWUXFWWKH.5PRGHOZKHUHYGHQRWHVWKHYHFWRURIUH
VSRQVHVUHODWHGWRWKHnWUDLQLQJSRLQWVWKHUHJUHVVLRQFRHIILFLHQWYHFWRUDQGLWVSURFHVVYDULDQFH
FDQEHGHWHUPLQHGXVLQJWKHIROORZLQJIRUPXODV
 

ߚመ ൌ ሺࡲࢀ ࡾି ࡲሻି ࡲࢀ ࡾି ࢅ
ଵ

 

்

ߪොௌଶ ൌ ൫ࢅ െ ࡲߚመ ൯ ࡾି ሺࢅ െ ࡲߚመ ሻ


ZKHUHRGHQRWHVDQnînPDWUL[0RUHGHWDLOVUHJDUGLQJWKH.5PRGHOFDQEHIRXQGLQ>@
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3.3 Monte Carlo Simulation (MCS)
0RQWH&DUORVLPXODWLRQ 0&6 UHSUHVHQWVWKHPRVWZLGHO\XVHGUHOLDELOLW\DSSURDFKIRUVROY
LQJFRPSOH[SUREOHPVLQVHYHUDOHQJLQHHULQJILHOGV>±@7KHEDVLVRIVLPXODWLRQPHWKRGV
LV WKH SURGXFWLRQ RI UDQGRP VDPSOHV LQ DFFRUGDQFH ZLWK WKH UDQGRP YDULDEOH GLVWULEXWLRQV
ZKHUHWKHUHVSRQVHRIWKHV\VWHPLVGHWHUPLQHGIRUHDFKVHWRIUDQGRPYDULDEOHVJHQHUDWHG,Q
WKLVPHWKRGZKLFKZDVSURSRVHGE\0HWURSROLVDQG8ODPDOOWKHSRVVLEOHVSDFHSURGXFHGE\
WKHVDPSOHVLVFRYHUHGZKHUHWKHVHUDQGRPVDPSOHVDUHJHQHUDWHGEDVHGRQGLIIHUHQWVWDWLVWLFDO
GLVWULEXWLRQIXQFWLRQVUHODWHGWR/6)UDQGRPYDULDEOHV7KHUHDIWHUHDFKSRVVLELOLW\LVDVVHVVHG
EDVHGRQHDFKVHWRIVDPSOHVWRFDOFXODWHWKHDVVRFLDWHGSUREDELOLW\RIIDLOXUH7KHRYHUDOOSURE
DELOLW\RIWKHV\VWHPIDLOXUHLVFDOFXODWHGE\GLYLGLQJWKHQXPEHURIVWDWHVG X E\WKHWRWDO
QXPEHURIVDPSOHVHWV (TV  DQG  >@
ଵ

ܲ ൌ ܲሾ݃ሺܺଵ ǡ ܺଶ ǡ ǥ ǡ ܺ ሻ  Ͳሿ ൌ σே
ୀଵ ܫሺܺଵ ǡ ܺଶ ǡ ǥ ǡ ܺ ሻ

 

ே


ZKHUHNLVWKHWRWDOQXPEHURIVLPXODWLRQVI XX«XQ LVDIXQFWLRQGHILQHGE\
ͳ݂݅݃ሺܺଵ ǡ ܺଶ ǡ ǥ ǡ ܺ ሻ  Ͳ
ܫሺܺଵ ǡ ܺଶ ǡ ǥ ǡ ܺ ሻ ൌ ൜

Ͳ݂݅݃ሺܺଵ ǡ ܺଶ ǡ ǥ ǡ ܺ ሻ  Ͳ

 

7KHSURSRVHG5%'2IUDPHZRUNLVGHVFULEHGLQ)LJXUHDQGUHIHUUHGWRKHUHDIWHUE\
*:2.50&6


)LJXUH6WUXFWXUHRIWKHSURSRVHG5%'2IUDPHZRUN
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4

APPLICATION AND RESULTS

4.1 Case study
,QRUGHUWRDSSO\WKHSURSRVHGIUDPHZRUNVLQWHUPVRI*:2 LH'2 DQG*:2.50&6
LH5%'2 DUHDOFDVHVWXG\LVH[DPLQHGWKHVSLOOZD\RI%DODURRG'DPORFDWHGLQ,UDQDV
LOOXVWUDWHG LQ)LJXUH  0RUH LQIRUPDWLRQ DERXW %DODURRG 'DP LV SUHVHQWHG LQ7DEOH 7KLV
LQIRUPDWLRQLQFOXGHVWKHW\SHJHRPHWULHVDQGWKHYROXPHVRIWKH'DP>@
Component
'DPW\SH
'DPFUHVWOHQJWK
'DPFUHVWZLGWK
+HLJKWIURPULYHUEHG
+HLJKWIURPIRXQGDWLRQ
7DQNWRWDOYROXPH
\HDUVROGRIVHGLPHQW

Quantity
(DUWKGDPZLWKFOD\FRUHYHUWLFDO
P
P
P
P
PLOOLRQP
PLOOLRQP

7DEOH7HFKQLFDO6SHFLILFDWLRQVRI%DOODURRG'DP>@

)LJXUH*HRJUDSKLFDOORFDWLRQRIWKH%DOODURXG'DP>@

4.2 Results and discussion
,QWKLVVHFWLRQWKHUHVXOWVREWDLQHGIURPWKHLPSOHPHQWDWLRQRIWKHSURSRVHGIUDPHZRUNVDV
'2*:2DQG5%'2*:2.50&6DUHSUHVHQWHG7KHWZRSURSRVHGIUDPHZRUNVDUHXVHG
WRDFFXUDWHO\GHWHUPLQHWKHDSSURSULDWHRSWLPXPYDOXHVRIWKHKHLJKWDQGOHQJWKIRUWKH2JHH
&UHVWHGVSLOOZD\RI%DOODURRG'DP%HIRUHGLVFXVVLQJWKHUHVXOWVLWLVZRUWKPHQWLRQLQJWKDW
WKUHH VWDWLVWLFDO LQGLFDWRUV DUH XVHG WR HVWLPDWH WKH SHUIRUPDQFH RI WKH .ULJLQJWHFKQLTXH IRU
PRGHOLQJ WKH UHVSRQVH RI WKH SHUIRUPDQFH IXQFWLRQ 7KHVH VWDWLVWLFDO LQGLFDWRUV LQFOXGH WKH
PHDQDYHUDJHSHUFHQWDJHHUURU MAPE VWDQGDUGGHYLDWLRQ SD DQGFRHIILFLHQWRIGHWHUPLQD
WLRQ R ZKLFKFDQEHH[SUHVVHGDVIROORZV>@


 ܧܲܣܯൌ



ߣ௧௨ െ ߣௗ௧ௗ
ͳͲͲ
ቤ
ൈ ቤ
݊
ߣ௧௨
ୀଵ
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ଶ

ߣ௧௨ െ ߣௗ௧ௗ
ͳ
ቆ
ܵ ܦൌ ඩ
ቇ
݊െͳ
ߣ௧௨



ୀଵ

ܴଶ ൌ ͳ െ

σୀଵሺߣ௧௨ െ ߣௗ௧ௗ ሻଶ



ଶ
σୀଵሺߣ௧௨ െ ߣ௩
௧௨ ሻ

i
i
:KHUH ODFWXDO
DQG OSUHGLFWHG
DUHWKHiWKDFWXDODQGSUHGLFWHGYDOXHRIWKHGDPUHVSRQVHEDVHGRQ
DYJ
WKHSHUIRUPDQFHIXQFWLRQUHVSHFWLYHO\ ODFWXDO
GHQRWHVWKHDYHUDJHRIWKHDFWXDOYDOXHVIRUWKH
SHUIRUPDQFHIXQFWLRQZKLOHnLVWKHWRWDOQXPEHURIVDPSOHV
7DEOH  UHSRUWV WKH REWDLQHG UHVXOWV WKDW GHVFULEH WKH SHUIRUPDQFH RI WKH .ULJLQJ PRGHO
ZKHUHORZYDOXHVRI0$3(DQG6'LQGLFDWHDKLJKSHUIRUPDQFHRIWKHPRGHO7KH.ULJLQJ
PRGHO\LHOGHGD0$3(YDOXHRIDQGD6'YDOXHRIZKLFKLQGLFDWHWKHDFFXUDF\
RIWKHSURSRVHGDSSURDFKIRUPRGHOLQJWKHUHVSRQVHRIWKHSHUIRUPDQFHIXQFWLRQ2QWKHRWKHU
KDQGWKHFRHIILFLHQWRIGHWHUPLQDWLRQRLVDSRZHUIXOLQGLFDWRUIRUPHDVXULQJWKHDJUHHPHQW
EHWZHHQWKHDFWXDODQGSUHGLFWHGUHVXOWV7KXVDODUJHUYDOXHRIRLQGLFDWHVDKLJKSHUIRUPDQFH
RI WKH PRGHO DQG WKDW WKH PRGHO LV HIILFLHQW WR GHVFULEH WKH SHUIRUPDQFH IXQFWLRQ UHVSRQVH
$FFRUGLQJWR)LJXUHDQG7DEOHWKH.ULJLQJPRGHOPDQDJHVWRJLYHDKLJKYDOXHRIR 

Model
.ULJLQJ

MAPE


SD


R2


7DEOH3HUIRUPDQFHPHWULFVRI.ULJLQJPRGHOIRUPRGHOLQJWKHSHUIRUPDQFHIXQFWLRQUHVSRQVH
.ULJLQJ

\ [ 
5ð 

3UHGLFWHGYDOXH
















([DFWYDOXH





)LJXUH6FDWWHUSORWVRIWKHSHUIRUPDQFHIXQFWLRQSUHGLFWHGE\XVLQJ.ULJLQJPRGHO
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7KHFRQYHUJHQFHUHVXOWVXVLQJ*:2.50&6PRGHO LH5%'2 DQG*:2PRGHO LH
'2 DUHLOOXVWUDWHGLQ)LJXUH7KHILJXUHVKRZVWKDWWKH5%'2DSSURDFKFRQYHUJHVLQDVORZHU
SDFH LWHUDWLRQV WKDQWKH'2DSSURDFK LWHUDWLRQV 7KHVHUHVXOWV PDNHVHQVHDVWKH'2
DSSURDFKGRHVQRWDFFRXQWIRUDQ\XQFHUWDLQWLHVLQWKHVWUXFWXUHGXULQJWKHFRPSXWDWLRQSURFHVV
XQOLNHWKH5%'2DSSURDFKZKLFKGRHV$WWKHVDPHWLPHWKHVHUHVXOWVLQGLFDWHWKHUREXVWQHVV
RIWKHSURSRVHG*:2DOJRULWKPDVDQRSWLPL]DWLRQWRROIRUVROYLQJWKHSUREOHPRIWKH2JHH
&UHVWHGVSLOOZD\7DEOHGHWDLOVWKHRSWLPL]DWLRQUHVXOWVXVLQJERWKSURSRVHGIUDPHZRUNVLQ
FOXGLQJWKHRSWLPXPYDOXHVRIWKHKHLJKWDQGWKHOHQJWKRIWKH2JHH&UHVWHGVSLOOZD\IRU%DO
ODURRG 'DP WKH REMHFWLYH IXQFWLRQ YDOXHV DQG WKH UHODWHG IDLOXUH SUREDELOLW\ HVWLPDWLRQV
%HVLGHV7DEOHLQFOXGHVWKHFXUUHQWGHVLJQLQIRUPDWLRQ$FFRUGLQJWRWKHUHSRUWHGUHVXOWVWKH
IDLOXUHSUREDELOLW\XVLQJWKH'2PRGHOLQJWHFKQLTXHLVZKHUHDVWKHFXUUHQWGHVLJQKDVD
IDLOXUHSUREDELOLW\RIJLYHQWKHXQFHUWDLQSDUDPHWHUVDQGWKHLUFRUUHVSRQGLQJGLVWULEXWLRQV
2QWKHRWKHUKDQGWKHQHZ5%'2GHVLJQKDVWKHKLJKHVWGHVLJQUHOLDELOLW\ZLWKDIDLOXUHSURE
DELOLW\RIRQO\$FFRUGLQJO\WKH\LHOGHGKHLJKWDQGOHQJWKYDOXHVDUHPDQG
PUHVSHFWLYHO\ZLWKDWRWDOFRVWRIîCPI.

)LJXUH&RQYHUJHQFHFXUYHVRI'2DQG5%'2DSSURDFKHV



Probability of
failure (%)
Current


îCPI

DO


îCPI

RBDO


îCPI

7DEOH&RPSDULVRQRIWKHSURSRVHGDSSURDFKHVDQGFXUUHQWGHVLJQ
Design

P (m)

L (m)

Cost


)URPWKHDERYHUHVXOWVLWLVFOHDUWKDWWKHSURSRVHG5%'2IUDPHZRUNXVLQJ*:2FRXSOHG
ZLWK.50&6PHWKRGSURYLGHVWKHVDIHVWGHVLJQZLWKORZIDLOXUHSUREDELOLW\DQGRSWLPXPFRVW
IRUWKH2JHH&UHVWHGVSLOOZD\RI%DOODURRG'DP7RWKDW)LJXUHUHSUHVHQWVWKHSUREDELOLVWLF
FRQVWUDLQWRIWKHGLVFKDUJHXQGHUXQFHUWDLQW\)LJXUHFRQILUPVWKHHIILFLHQF\RIWKHSURSRVHG
PHWKRGZKHUHLWLVFOHDUWKDWWKHSURSRVHGGHVLJQXVLQJ*:2.50&6GRHVQRWYLRODWHWKH
SUHGHVLJQOLPLW /V LQGLFDWHGE\WKHGDVKHGUHGOLQHLQ)LJXUH
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)LJXUH7KHIUHTXHQF\RIGLVFKDUJHXQGHUXQFHUWDLQW\RIGHVLJQSDUDPHWHU

5

CONCLUSIONS

,QRUGHUWRGHVLJQDVDIHUHOLDEOHDQGFRVWHIIHFWLYH2JHH&UHVWHGVSLOOZD\DQHZIUDPHZRUN
XVLQJUHOLDELOLW\EDVHGGHVLJQRSWLPL]DWLRQ 5%'2 DSSURDFKZDVSURSRVHGZKHUHWKHRSWLPDO
OHQJWKDQGKHLJKWRIWKHRJHHFUHVWHGVSLOOZD\IRUDUHDOFDVH LH%DOODURRG'DP LVLQYHVWL
JDWHG7KHSURSRVHGPHWKRGFRQVLVWVRIXVLQJWKH.ULJLQJWHFKQLTXHDVDSRZHUIXOPHWDPRGHO
WRDSSUR[LPDWHWKHV\VWHPUHVSRQVHXVLQJWKHSHUIRUPDQFHIXQFWLRQ)RURSWLPL]LQJWKHGHVLJQ
WKH*UH\:ROI2SWLPL]DWLRQ *:2 DOJRULWKPLVXVHGZKLOHWKH0RQWH&DUOR6LPXODWLRQ 0&6 
LVHPSOR\HGWRFDOFXODWHWKHIDLOXUHSUREDELOLW\RIWKHV\VWHPXQGHUXQFHUWDLQFRQGLWLRQVGXULQJ
WKHRSWLPL]DWLRQSURFHVV7KHPDLQFRQFOXVLRQVWKDWFDQEHGUDZQEDVHGRQWKHUHVXOWVRIWKLV
SDSHUDUHWKHIROORZLQJ
 7KHSURSRVHG*UH\:ROI2SWLPL]DWLRQ *:2 PHWKRGFDQEHXVHGDVDQHIILFLHQWGH
WHUPLQLVWLFRSWLPL]DWLRQ '2 DSSURDFKIRURSWLPDOVKDSHGHVLJQRIWKH2JHH&UHVWHGVSLOOZD\
 7KH .ULJLQJ WHFKQLTXH VKRZHG DQ DFFXUDWH SHUIRUPDQFH LQ PRGHOLQJ WKH V\VWHP UH
VSRQVHZKHUHWKHREWDLQHGRLV
 5HVXOWVLQGLFDWHWKDWWKHSURSRVHG*:2.50&6IUDPHZRUNVKRZVDORZIDLOXUHSURE
DELOLW\DQGVDIHGHVLJQFRPSDUHGWRWKH'2DQGFXUUHQWGHVLJQV
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REFERENCES
>@

2KDGL 6 -DIDUL$VO - 0XOWLREMHFWLYH UHOLDELOLW\EDVHG RSWLPL]DWLRQ IRU GHVLJQ RI
WUDSH]RLGDOODE\ULQWKZHLUV)ORZ0HDV,QVWUXP

>@

-DIDUL$VO-6HJKLHU0($%HQ2KDGL6YDQ*HOGHU3(IILFLHQWPHWKRGXVLQJ:KDOH
2SWLPL]DWLRQ$OJRULWKPIRUUHOLDELOLW\EDVHGGHVLJQRSWLPL]DWLRQRIODE\ULQWKVSLOOZD\
$SSO6RIW&RPSXW

>@

*KDUH $' 0KDLVDONDU 9$ 3RUH\ 3' $Q DSSURDFK WR RSWLPDO GHVLJQ RI WUDSH]RLGDO
ODE\ULQWKZHLUV:RUOG$SSO6FL-±

>@

+RVVHLQL . 1RGRXVKDQ (- %DUDWL 5 6KDKKH\GDUL + 2SWLPDO GHVLJQ RI ODE\ULQWK
VSLOOZD\VXVLQJPHWDKHXULVWLFDOJRULWKPV.6&(-&LY(QJ±

>@

0RD\\HUL 1 *KDUHKEDJKL 6 3OHYULV 9 &RVWEDVHG RSWLPXP GHVLJQ RI UHLQIRUFHG
FRQFUHWHUHWDLQLQJZDOOVFRQVLGHULQJGLIIHUHQWPHWKRGVRIEHDULQJFDSDFLW\FRPSXWDWLRQ
0DWKHPDWLFV

>@

&KDWWHUMHH 6 6DUNDU 6 +RUH 6 'H\ 1 $VKRXU $6 %DODV 9( 3DUWLFOH VZDUP
RSWLPL]DWLRQWUDLQHGQHXUDOQHWZRUNIRUVWUXFWXUDOIDLOXUHSUHGLFWLRQRIPXOWLVWRULHG5&
EXLOGLQJV1HXUDO&RPSXW$SSO±

>@

6HJKLHU 0($ %HQ 2XDHU + *KULJD 0$ 0HQDG 1$ 7KDL '. +\EULG VRIW
FRPSXWDWLRQDODSSURDFKHVIRUPRGHOLQJWKHPD[LPXPXOWLPDWHERQGVWUHQJWKEHWZHHQ
WKH FRUURGHG VWHHO UHLQIRUFHPHQW DQG VXUURXQGLQJ FRQFUHWH 1HXUDO &RPSXW $SSO
±

>@

(O0%HQ$.HVKWHJDU%)DK.=D\HG7$EEDVVL5HWDO3UHGLFWLRQRIPD[LPXP
SLWWLQJ FRUURVLRQ GHSWK LQ RLO DQG JDV SLSHOLQHV (QJ )DLO $QDO 
KWWSVGRLRUJMHQJIDLODQDO

>@

.HVKWHJDU % 6HJKLHU 0($ %HQ =LR ( &RUUHLD -$)2 =KX 63 7UXQJ 17 1RYHO
HIILFLHQWPHWKRGIRUVWUXFWXUDOUHOLDELOLW\DQDO\VLVXVLQJK\EULGQRQOLQHDUFRQMXJDWHPDS
EDVHGVXSSRUWYHFWRUUHJUHVVLRQ&RPSXW0HWKRGV$SSO0HFK(QJ

>@ .HVKWHJDU % 0HQJ ' 6HJKLHU 0($ %HQ ;LDR 0 7UXQJ 17 %XL '7 $ K\EULG
VXIILFLHQW SHUIRUPDQFH PHDVXUH DSSURDFK WR LPSURYH UREXVWQHVV DQG HIILFLHQF\ RI
UHOLDELOLW\EDVHGGHVLJQRSWLPL]DWLRQ(QJ&RPSXW±
>@ /DJDURV1'3OHYULV93DSDGUDNDNLV05HOLDELOLW\EDVHGUREXVWGHVLJQRSWLPL]DWLRQRI
VWHHOVWUXFWXUHV,QW-6LPXO0XOWLGLVFLS'HV2SWLP±
>@ /DJDURV 1' 3OHYULV 9 3DSDGUDNDNLV 0 1HXURFRPSXWLQJ VWUDWHJLHV IRU VROYLQJ
UHOLDELOLWy‐UREXVWGHVLJQRSWLPL]DWLRQSUREOHPV(QJ&RPSXW
>@ .KHLU\ *KRMHK %LJORX 0 3LOSD\HK $ 2SWLPL]DWLRQ RI +HLJKW DQG /HQJWK RI 2JHH
&UHVWHG6SLOOZD\E\&RPSRVLQJ*HQHWLF$OJRULWKPDQG5HJUHVVLRQ0RGHOV &DVH6WXG\
6SLOOZD\RI%DODURRG'DP ,UULJ'UDLQ6WUXFW(QJ5HV±
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DQGLWVFRPELQDWLRQZLWK.ULJLQJPHWDPRGHOIRUK\EULGUHOLDELOLW\DQDO\VLVZLWKUDQGRP
DQGLQWHUYDOYDULDEOHV&RPSXW0HWKRGV$SSO0HFK(QJ±
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HSLVWHPLF XQFHUWDLQW\ EDVHG RQ HYLGHQFH WKHRU\ DQG VXSSRUW YHFWRU UHJUHVVLRQ 
KWWSVGRLRUJ
>@ 5DVKNL 0 $]DUNLVK + 5RVWDPLDQ 0 %DKUSH\PD $ &ODVVLILFDWLRQ FRUUHFWLRQ RI
SRO\QRPLDO UHVSRQVH VXUIDFH PHWKRGV IRU DFFXUDWH UHOLDELOLW\ HVWLPDWLRQ 6WUXFW 6DI

>@ =KDQJ-;LDR0*DR/&KX6$FRPELQHGSURMHFWLRQRXWOLQHEDVHGDFWLYHOHDUQLQJ
.ULJLQJDQGDGDSWLYHLPSRUWDQFHVDPSOLQJPHWKRGIRUK\EULGUHOLDELOLW\DQDO\VLVZLWK
VPDOO IDLOXUH SUREDELOLWLHV &RPSXW 0HWKRGV $SSO 0HFK (QJUJ 
KWWSVGRLRUJMFPD
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6WUHDPHGIURP$WKHQV*UHHFH±-XQH

DESIGN OF REINFORCED CONCRETE ISOLATED FOOTINGS
UNDER AXIAL LOADING WITH ARTIFICIAL NEURAL NETWORKS
German Solorzano and Vagelis Plevris


'HSDUWPHQWRI&LYLO(QJLQHHULQJDQG(QHUJ\7HFKQRORJ\2VOR0HW±2VOR0HWURSROLWDQ8QLYHUVLW\
3LOHVWUHGHW2VOR1RUZD\
HPDLOJHUPDQVR#RVORPHWQR


'HSDUWPHQWRI&LYLODQG$UFKLWHFWXUDO(QJLQHHULQJ4DWDU8QLYHUVLW\
32%R['RKD4DWDU
HPDLOYSOHYULV#TXHGXTD

Abstract
In engineering practice, the design of structural elements is a repetitive task that has proven to
be difficult to fully automate. This is mainly because of the complex relations of the design
variables and the multiple strength and other requirements that must be fulfilled based on code
provisions to ensure safety and endurance, usually under extreme loading conditions or harsh
environments. An optimal design can be defined as a set of values for the design variables that
correspond to the optimal performance of the structural element in terms of a given criterion,
usually related to the minimization of cost, while also satisfying all constraints related to
strength, serviceability, functionality and safety. Such a design problem can be formally written
as a function that maps a structural element, under given loading conditions, into a unique
optimal design. In recent years, Artificial Neural Networks (ANN) have been adopted as a powerful strategy to solve complicated regression and classification problems where the underlying
mapping function is generally unknown and difficult to formulate analytically. The ANN learns
patterns contained in large databases through an automated process called training and uses
that information to make highly accurate predictions. In the present study, a methodology that
uses ANNs for the optimal design of structural elements is developed and applied to the design
of reinforced concrete (RC) isolated footings under axial loading. First, a Genetic Algorithm
is employed for the generation of the training dataset for the ANN, which includes RC footing
designs that are optimized in terms of the material cost. Then, the ANN is trained and finally
asked to produce new optimal designs for new sets of input parameters. Parametric tests are
performed to determine the required size of the dataset and the most suitable network architecture. The results show that the accuracy of the prediction is very good, especially when larger
datasets are used. It is shown that training an ANN to design structural elements is a viable
option that gives acceptable solutions quickly, requiring extremely low computational cost.
Furthermore, it is highlighted that good results can be obtained using a simple ANN architecture and a relatively small training dataset.
Keywords:0DFKLQH/HDUQLQJ6WUXFWXUDO'HVLJQ6WUXFWXUDO2SWLPL]DWLRQ$UWLILFLDO1HXUDO
1HWZRUNV5HLQIRUFHG&RQFUHWH,VRODWHG)RRWLQJV
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1

INTRODUCTION

,QHQJLQHHULQJGHVLJQSUDFWLFHWKHWUDGLWLRQDOWULDODQGHUURUDSSURDFKLVVWLOOZLGHO\DGRSWHG
DQGXVHGZRUOGZLGH7KLVLVEHFDXVHRI WKHGLIILFXOWLHVLQDSSO\LQJDQHIILFLHQWDQGHIIHFWLYH
DXWRPDWHGGHVLJQSURFHVVGXHWRWKHFRPSOH[UHODWLRQVRIWKHGHVLJQYDULDEOHVDQGWKHPXOWLSOH
VWUHQJWKDQGRWKHUUHTXLUHPHQWVWKDWPXVWEHIXOILOOHGEDVHGRQFRGHSURYLVLRQVWRHQVXUHVDIHW\
DQGHQGXUDQFHXVXDOO\XQGHUH[WUHPHORDGLQJFRQGLWLRQVRUKDUVKHQYLURQPHQWV
,Q WKH WUDGLWLRQDO DSSURDFK WKH GLPHQVLRQV DQG RWKHU LPSRUWDQW SURSHUWLHV RI D VWUXFWXUDO
HOHPHQWDUHSURSRVHGEDVHGRQWKHHPSLULFDOH[SHULHQFHRIWKHHQJLQHHU7KHSURSRVHGGHVLJQ
LVWKHQVXEMHFWHGWRDULJRURXVFKHFNXVXDOO\RQWKHFRPSXWHUWRGHWHUPLQHLILWIXOILOOVDOOWKH
VWUHQJWKVDIHW\DQGRWKHUUHTXLUHPHQWVSURYLGHGLQWKHUHJLRQDOEXLOGLQJFRGH,IIRUDQ\UHDVRQ
WKH GHVLJQ LV QRW VDWLVIDFWRU\ WKHQ WKH GHVLJQHUPXVW SURSRVHQHZ GLPHQVLRQV RU RWKHU QHZ
SURSHUWLHVDQGUHSHDWWKHSURFHVV2QWKHRWKHUKDQGZKHQWKHGHVLJQWXUQVWREHVDWLVIDFWRU\
DQGDQDFFHSWDEOHVROXWLRQKDVEHHQDFKLHYHGSHUKDSVWKHGHVLJQHUZLOOWU\WRRSWLPL]HLWE\
WU\LQJVPDOOHUGLPHQVLRQVRURWKHUDGMXVWPHQWVWRUHGXFHWKHFRVWZKLOHDOVRPDLQWDLQLQJVDIHW\
,QHLWKHUFDVHPRVWRIWKHWLPHVWKHGHVLJQSURFHVVLVGRQHPDQXDOO\PXOWLSOHWLPHVZKLFKLV
LQHIILFLHQWWLPHFRQVXPLQJDQGPD\QRWUHDFKWKH³UHDO´RSWLPDOVROXWLRQ1HYHUWKHOHVVWKH
WUDGLWLRQDO PHWKRGV DUH TXLFNO\ FKDQJLQJ WRZDUGV PRUH HIILFLHQW DQG UREXVW VRIW FRPSXWLQJ
VWUDWHJLHV>@
&RHOOR&RHOORHWDO>@SUHVHQWHGD*$EDVHGRSWLPL]DWLRQPRGHOIRUWKHGHVLJQRIUHFWDQ
JXODUUHLQIRUFHGFRQFUHWHEHDPVVXEMHFWWRDVSHFLILHGVHWRI FRQVWUDLQWV0RD\\HULHWDO>@
LQYHVWLJDWHGWKHFRVWEDVHGRSWLPXPGHVLJQRIUHLQIRUFHGFRQFUHWHUHWDLQLQJZDOOVFRQVLGHULQJ
GLIIHUHQWPHWKRGVRIEHDULQJFDSDFLW\FRPSXWDWLRQXVLQJ3DUWLFOH6ZDUP2SWLPL]DWLRQ 362 
6RORU]DQRDQG3OHYULV>@HPSOR\HGDJHQHWLFDOJRULWKP *$ ZLWKDGRPLQDQFHEDVHGWRXUQD
PHQWVHOHFWLRQWHFKQLTXHIRUWKHGHVLJQRIUHLQIRUFHGFRQFUHWHUHFWDQJXODUVKDSHGLVRODWHGIRRW
LQJVLQDFFRUGDQFHZLWKWKH$PHULFDQ&RQFUHWH,QVWLWXWH$&,5RMDVHWDO>@VWXGLHG
WKHRSWLPDOGHVLJQIRUUHFWDQJXODULVRODWHGIRRWLQJVXVLQJWKHUHDOVRLOSUHVVXUHVKRZLQJWKDWWKH
RSWLPDOGHVLJQLVPRUHHFRQRPLFDODQGPRUHSUHFLVHZLWKUHVSHFWWRWKHWUDGLWLRQDOGHVLJQEH
FDXVHVWDQGDUGGHVLJQLVGRQHE\WULDODQGHUURU
2WKHUWKDQRSWLPL]DWLRQ11EDVHGWHFKQLTXHVKDYHDOVREHHQSURSRVHGIRUERWKWKHDQDO\VLV
DQGWKHGHVLJQRIVWUXFWXUDOHOHPHQWV>@+DTXH>@LQYHVWLJDWHGWKHVXLWDELOLW\RIDQ$UWLILFLDO
1HXUDO1HWZRUNIRUPRGHOLQJDSUHOLPLQDU\GHVLJQRIUHLQIRUFHGFRQFUHWHEHDPFROXPQ0R
UDGLDQG+DULUL$UGHELOL>@SUHVHQWHGWKHUHVXOWVRIDFRPSUHKHQVLYHVWXG\RQGLIIHUHQWH[SHU
LPHQWDO PRGHOV IRU VWHHO SODWH DQG UHLQIRUFHG FRQFUHWH VKHDU ZDOOV ZKHUH WKH\ GHYHORSHG D
SUHGLFWLYH PHWDPRGHO EDVHG RQ $11 FDSDEOH RI IRUHFDVWLQJ WKHUHVSRQVHV IRU DQ\ GHVLUHG
VKHDUZDOOZLWKJRRGDFFXUDF\1D]LUHWDO>@VWXGLHGWKHDSSOLFDWLRQRI$11DVDWRROIRU
SUHGLFWLQJEHDULQJFDSDFLW\RIVSUHDGIRXQGDWLRQVLQFRKHVLRQOHVVVRLOV$IDTHWDO>@HP
SOR\HG $11V DQG JHQHUDO UHJUHVVLRQ DQDO\VLV IRU WKH SUHGLFWLRQ RI WKH SURSHUWLHV RI )53
FRQILQHGFRQFUHWHF\OLQGHUV3OHYULVDQG$VWHULV>@SUHVHQWHGDQRYHOPHWKRGZLWKDSSO\LQJ
$11VWRDSSUR[LPDWHWKHIDLOXUHVXUIDFHIRU EULWWOHPDWHULDOVVXFKDVPDVRQU\XQGHUELD[LDO
FRPSUHVVLYHVWUHVV
2

METHODOLOGY

,Q WKH SUHVHQW VWXG\ WKH LGHD RI HPSOR\LQJ $11V WR SUHGLFW WKH RXWFRPH RI WKH RSWLPDO
GHVLJQRIVWUXFWXUDOHOHPHQWVLVH[SORUHG6SHFLILFDOO\WKHPHWKRGRORJ\LVDSSOLHGWRWKHVWUXF
WXUDO GHVLJQ RI UHFWDQJXODUVKDSHG UHLQIRUFHG FRQFUHWH LVRODWHG IRRWLQJV $ ODUJH GDWDEDVH RI
RSWLPDOO\GHVLJQHGLVRODWHGIRRWLQJVLVFUHDWHGDQGXVHGWRWUDLQDQ$11$IWHUWKHWUDLQLQJLV
FRPSOHWHGWKH$11LVDEOHWR³SUHGLFW´WKHGHVLJQRIDQ\IRRWLQJ ZLWKLQJWKHWUDLQLQJGRPDLQ 
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IDVW ZLWK UHODWLYHO\ ORZ FRPSXWDWLRQDO HIIRUW $ VFKHPH RI WKH SURSRVHG LPSOHPHQWDWLRQ LV
JLYHQLQ)LJXUH



)LJXUH,PSOHPHQWDWLRQVFKHPH


7KHGDWDEDVHUHTXLUHGIRUWUDLQLQJWKHQHWZRUNLVJHQHUDWHGXVLQJD*HQHWLF$OJRULWKP *$ 
7KHGHVLJQSURFHGXUHDQGWKHDSSOLFDWLRQRIWKHRSWLPL]DWLRQDOJRULWKPWRREWDLQRSWLPDOGHVLJQ
UHVXOWVKDYHEHHQWKHVXEMHFWRIDQRWKHUVWXG\E\WKHDXWKRUV>@1RZWKHVDPHSURFHGXUHLV
LPSOHPHQWHGIRUWKHJHQHUDWLRQRIWKHGDWDVHWEDVHGRQGHVLJQUHVXOWVREWDLQHGXVLQJWKHRSWL
PL]DWLRQSURFHGXUH$IWHUWKH$11LVWUDLQHGLWLVDEOHWRSURYLGHQHZGHVLJQUHVXOWVIRUGLI
IHUHQWLQSXWSDUDPHWHUV7KHSULPDU\IRFXVRIWKHVWXG\LVWRLQYHVWLJDWHWKHDFFXUDF\RIWKH
$11SUHGLFWLRQVLHWKHTXDOLW\RIWKHILQDO$11EDVHGGHVLJQUHVXOWVDQGZKHWKHUWKH\DUH
VXLWDEOHIRUUHDOZRUOGSUDFWLFDODSSOLFDWLRQV7KLVLVLQYHVWLJDWHGWRJHWKHUZLWKWKHQHHGHGVL]H
RIWKHWUDLQLQJGDWDEDVHWRREWDLQWKHVHUHVXOWVDQGWKHPRVWVXLWDEOHQHWZRUNDUFKLWHFWXUH7KH
FRGHKDVEHHQZULWWHQLQ3\WKRQZKHUHWKH7HQVRUIORZDQG.HUDVIUDPHZRUNVDUHHPSOR\HGWR
LPSOHPHQWWKHGHVFULEHGPHWKRGRORJ\7KHPHWKRGRORJ\KDVWKHSRWHQWLDOWREHXVHGIRUWKH
GHVLJQRIRWKHUW\SHVRIHOHPHQWVVXFKDVZDOOVFROXPQVEHDPVDQGFRQQHFWLRQV
2.1 Problem definition
$FRQFUHWHLVRODWHGIRRWLQJLVDVWUXFWXUDOHOHPHQWWKDWLVSDUWRIWKHIRXQGDWLRQRIDEXLOGLQJ
7KHVHHOHPHQWVDUHXVXDOO\EXLOWRIUHLQIRUFHGFRQFUHWHDQGWKHLUSXUSRVHLVWRVXSSRUWWKHFRO
XPQVRIDVWUXFWXUHDQGUHGLVWULEXWHWKHLUZHLJKWLQWRDODUJHUDUHDRIWKHVXSSRUWLQJVRLOWKHUH
IRUH SURYLGLQJ D VWDEOH EDVH LQ ZKLFK WKH FRQVWUXFWLRQ FDQ VWDQG ILUPO\ 7KH GHVLJQ RI WKH
IRRWLQJGHSHQGVRQDVHWRIORFDOSDUDPHWHUVVXFKDVWKHPDJQLWXGHRIWKHORDGWKDWWKHDWWDFKHG
FROXPQLVFDUU\LQJWKHPD[LPXPDOORZDEOHSUHVVXUHWKDWWKHVRLOFDQZLWKVWDQGDWWKDWSDUWLF
XODUORFDWLRQDQGWKHUHVLVWDQFHRIWKHPDWHULDOVXVHGIRULWVFRQVWUXFWLRQ)RUVLPSOLFLW\LQWKLV
VWXG\ZHRQO\FRQVLGHUUHFWDQJXODUVKDSHGIRRWLQJVZLWKFRQFHQWULFD[LDOORDG
7KHGHVLJQSUREOHPLVWRILQGWKHSURSHUGLPHQVLRQVRIWKHFRQFUHWHVODEDQGWKHDPRXQWRI
VWHHOUHLQIRUFHPHQWUHTXLUHGWRVDIHO\UHVLVWDOOWKHLQWHUQDOVWUHVVHVGHYHORSHGZKLOHIROORZLQJ
WKHFXUUHQWDFFHSWHGPDWHULDOVWUHQJWKWKHRULHVDGRSWHGLQWKHUHJLRQDOEXLOGLQJGHVLJQFRGH,Q
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WKLVVWXG\DVHWRILQSXWDQGRXWSXW YDULDEOHVDUHHVWDEOLVKHGWRGHVFULEHWKHSUREOHP DV
VHHQLQ)LJXUHDQG7DEOH

)LJXUH6FKHPDWLFUHSUHVHQWDWLRQRI D ,QSXWVDQG E 2XWSXWV

Type

,QSXW

2XWSXW

Variable
C[
C\
fǯF
qD 
F]
L[
L\
t
As[
As\

Description
6L]HRIWKHFROXPQDORQJWKH[GLUHFWLRQ
6L]HRIWKHFROXPQDORQJWKH\GLUHFWLRQ
&RPSUHVVLYHVWUHQJWKRIWKHFRQFUHWH
$OORZDEOHSUHVVXUHRIWKHVRLO
$[LDOORDGRIWKHFROXPQ
'LPHQVLRQRIWKHIRRWLQJDORQJWKH[GLUHFWLRQ
'LPHQVLRQRIWKHIRRWLQJDORQJWKH\GLUHFWLRQ
7KLFNQHVVRIWKHIRRWLQJ
$UHDRIVWHHOSDUDOOHOWRWKH[GLUHFWLRQ
$UHDRIVWHHOSDUDOOHOWRWKH\GLUHFWLRQ

7DEOH'HVFULSWLRQRIWKHLQSXWVDQGRXWSXWVRIWKHSUREOHP

2.2 Creating the Training Database
7KHGDWDEDVHVXVHGWRWUDLQWKHǹ11VFRQVLVWRIVHYHUDORSWLPDOO\GHVLJQHGLVRODWHGIRRWLQJV
WKDWDUHFUHDWHGZLWKDQRSWLPL]HU7KHRSWLPL]HUXVHVD*HQHWLF$OJRULWKP>@WRFRPSXWHWKH
RSWLPDOGHVLJQRIUHFWDQJXODUIRRWLQJVLQDFFRUGDQFHZLWKWKHVWUHQJWKUHTXLUHPHQWVDQGVDIHW\
JXLGHOLQHVSURYLGHGE\WKH$PHULFDQ&RQFUHWH,QVWLWXWHLQWKH$&,>@$VLQJOHRE
MHFWLYHIXQFWLRQLVGHILQHGZKHUHWKHJRDOLVWRPLQLPL]HWKHWRWDOFRVWRIWKHIRRWLQJDQGDQ
HTXDOLW\FRQVWUDLQWHQIRUFHVWKHVDIHW\DQGVWUHQJWKUHTXLUHPHQWVSURYLGHGLQWKH$&,
$PRUHGHWDLOHGGHVFULSWLRQRIWKHRSWLPL]DWLRQPHWKRGRORJ\FDQEHIRXQGLQDSUHYLRXVSXE
OLFDWLRQRIWKHDXWKRUV>@
(YHU\IRRWLQJ LQ WKH GDWDEDVH LV GHQRWHG DV D GDWDSRLQW RU D VDPSOH FRQVLVWLQJ RI  LQSXW
YDOXHVDQGRXWSXWYDOXHV7RJHQHUDWHHDFKVDPSOHWKHUHTXLUHGLQSXWYDOXHVDUHUDQGRPO\
JHQHUDWHGLQVLGHDVSHFLILFGRPDLQGHOLPLWHGE\DQXSSHUDQGDORZHUERXQG7KHORZHUDQG
XSSHU ERXQGV RI HDFK GHVLJQ YDULDEOH DUH GHVFULEHG LQ 7DEOH  ZKHUH PPD[ LV WKH PD[LPXP
FRPSUHVVLYHIRUFHWKDWWKHFROXPQFDQZLWKVWDQGDFFRUGLQJWR$&,7KHDGRSWHGUDQ
GRPVDPSOLQJWHFKQLTXHIRUWKHLQSXWVLVVLPSOHDQGZRUNVZHOOIRUDVPDOOQXPEHURIGHVLJQ
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YDULDEOHV 7KH HIILFLHQF\ RI WKHPHWKRGRORJ\ FDQ EHIXUWKHU LPSURYHG E\ XVLQJ D EHWWHU DQG
PRUHDGYDQFHGVDPSOLQJWHFKQLTXHVXFKDV/DWLQ+\SHUFXEH6DPSOLQJ>@RURWKHUV

Lower Bound
Upper Bound
Variable
C[
FP
FP
C\
FP
FP
fǯF
03D
03D
qD 
N3D
N3D
F]
ÂPPD[
ÂPPD[
7DEOH8SSHUDQGORZHUERXQGVRIWKHLQSXWYDULDEOHV


$IWHU DOO WKH LQSXWV DUHUDQGRPO\ JHQHUDWHG ZLWKLQ WKH GHVLJQ VSDFH WKH GHVLJQ YHFWRU LV
SURFHVVHGE\WKHRSWLPL]HUWRREWDLQWKHRSWLPDOGHVLJQ7KHRSWLPDOGHVLJQLVGHILQHGDVWKH
RXWSXWYDOXHVWKDWSURGXFHWKHIRRWLQJZLWKWKHORZHVWFRVWZKLOHDOVRFRPSO\LQJZLWKDOOWKH
$&,UHTXLUHPHQWVIRUWKHJLYHQVHWRILQSXWYDOXHV7KHGHVFULEHGSURFHGXUHLVUHSHDWHG
XQWLOWKHGHVLUHGQXPEHURIVDPSOHVLVREWDLQHG7KHGDWDVHWFDQEHYLVXDOL]HGDVDWDEOHRI
FROXPQV ZKHUH HDFK URZ LV D VDPSOH DQ RSWLPDOO\ GHVLJQHG IRRWLQJ  7KH ILUVW  FROXPQV
FRUUHVSRQGWRWKHLQSXWYDOXHVDQGWKHQH[WFROXPQVDUHWKHRXWSXWYDOXHV
,WLVNQRZQWKDWWKHDFFXUDF\RI$11SUHGLFWLRQVLQJHQHUDOLQFUHDVHVZLWKWKHVL]HRIWKH
WUDLQLQJGDWDEDVH2QHRIWKHDLPVRIWKHSUHVHQWVWXG\LVWRGHWHUPLQHWKHQHHGHGVL]HRIWKH
GDWDEDVHLHWKHQXPEHURIGDWDEDVHSRLQWVUHTXLUHGWRDFKLHYHUHOLDEOHSUHGLFWLRQVIURPWKH
$11)RUWKDWUHDVRQGDWDVHWVDUHJHQHUDWHG(DFKGDWDEDVHFRQWDLQVDGLIIHUHQWQXPEHURI
VDPSOHVIRUWUDLQLQJVWDUWLQJIURPWRDQG$GGLWLRQDOO\D
GDWDVHWRIUDQGRPVDPSOHVLV DOVRJHQHUDWHGWKDWZLOOEHXVHGIRUWKHYDOLGDWLRQSURFHVV
ZKLFKZLOOEHH[SODLQHGLQWKHIROORZLQJVHFWLRQV
2.3 Neural Network Architecture
,QWKHUHFHQWGHFDGHV$UWLILFLDO1HXUDO1HWZRUNVKDYHEHFRPHZLGHO\DGRSWHGJLYHQWKHLU
DELOLW\WRVROYHFRPSOH[UHJUHVVLRQDQGFODVVLILFDWLRQSUREOHPV7KHPDLQLGHDLVWKDWDQ$11
FDQOHDUQWKHSDWWHUQVFRQWDLQHGLQODUJHGDWDEDVHVWKURXJKDQDXWRPDWHGSURFHVVFDOOHGWUDLQLQJ
>@7KHOHDUQHGSDWWHUQVUHVHPEOHDGLJLWDOIRUPRI³NQRZOHGJH´ZKLFKFDQEHXVHGWRPDNH
KLJKO\DFFXUDWHSUHGLFWLRQVZLWKRXWWKHQHHGRIDFRPSOH[PDWKHPDWLFDOPRGHO
$Q $UWLILFLDO 1HXUDO 1HWZRUN LV D FROOHFWLRQ RI LQWHUFRQQHFWHG XQLWV UHIHUUHG DV DUWLILFLDO
QHXURQVWKDWUHVHPEOHVWKHEDVLFVWUXFWXUHRIELRORJLFDOQHXURQVWKDWFRQVWLWXWHDQLPDODQGKX
PDQEUDLQV$ELRORJLFDO1HXUDO1HWZRUNUHFHLYHVDQLQSXWVLJQDOZKLFKLVSURFHVVHGWKURXJK
WKH LQWHUFRQQHFWHG QHXURQV WR SURGXFH DQ RXWSXWVLJQDO ,Q WKH VDPH ZD\ DQ $11 UHFHLYHV
VRPHQXPHULFLQSXWYDOXHVWKDWDUHSURFHVVHGE\WKHDUWLILFLDOQHXURQVWRSURGXFHDQXPHULF
UHVSRQVH>@
7KHUHDUHYDULRXVW\SHV RI$11GHSHQGLQJRQWKHW\SHRISUREOHPWREHVROYHG)RUWKLV
VWXG\WKHVHOHFWHGQHWZRUNW\SHLVDEDFNSURSDJDWLRQQHXUDOQHWZRUN %311 7KHDUFKLWHFWXUH
RI%311VLVUHODWLYHO\VLPSOHEXWVWLOOYHU\HIILFLHQWIRUUHJUHVVLRQSUREOHPV>@7KH%311
LVFRPSRVHGRIVHYHUDOOD\HUVDQGHDFKOD\HUKDVDVSHFLILFQXPEHURIQHXURQV7KHQHXURQVRI
WKHILUVWOD\HUDUHFRQQHFWHGWRWKHRQHVRIWKHVHFRQGOD\HUZKLFKLQWXUQDUHFRQQHFWHGWRWKH
RQHVRIWKHWKLUGOD\HUDQGVRRQ7KHYHU\ILUVWOD\HUDQGWKHODVWOD\HUDUHNQRZQDVLQSXWDQG
RXWSXWOD\HUVUHVSHFWLYHO\ZKLOHWKHRWKHUOD\HUVDUHFDOOHG³KLGGHQOD\HUV´7KHQRWDWLRQXVHG
WRGHQRWHWKHOD\HUFRPSRVLWLRQLVJHQHUDOO\DVIROORZV
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N±H±H±…±HL-±M
ZKHUHNGHQRWHVWKHQXPEHURIQHXURQVLQWKHLQSXWOD\HU QXPEHURILQSXWV HLVWDQGVIRU
WKHQXPEHURIQHXURQVLQWKHi-WK KLGGHQ OD\HUMLVWKHQXPEHURIQHXURQVLQWKHRXWSXWOD\HU
DQGLLVWKHWRWDOQXPEHURIOD\HUVLQFOXGLQJWKHRXWSXWOD\HUEXWH[FOXGLQJWKHLQSXWOD\HU)RU
H[DPSOH D  %311 FRQVLVWV RI DQ LQSXW OD\HU ZLWK  QHXURQ  KLGGHQ OD\HUV ZLWK 
QHXURQVHDFKDQGDQRXWSXWOD\HUZLWKQHXURQVDVVHHQLQ)LJXUH

)LJXUH$%311

7KHPHFKDQLVPLQZKLFKWKHLQSXWLQIRUPDWLRQLVIHGWRWKHQHXUDOQHWZRUNWRREWDLQWKH
FRUUHVSRQGLQJUHVSRQVHLVFRPPRQO\NQRZQDV IHHGIRUZDUGSURFHVV>@,WVWDUWVE\VHWWLQJ
VRPHLQSXWYDOXHVLQWRWKHFRUUHVSRQGLQJQHXURQVDWWKHLQSXWOD\HU7KHQPRYLQJIRUZDUGWR
WKHILUVWKLGGHQOD\HUDZHLJKWHGVXPPDWLRQRIWKHQHXUDOYDOXHVIURPWKHSUHYLRXVOD\HUZLWK
DFRUUHVSRQGLQJFRQQHFWLYLW\ZHLJKWLVSHUIRUPHG7KHUHVXOWRIWKLVRSHUDWLRQLVSURFHVVHGE\
DQDFWLYDWLRQIXQFWLRQWRREWDLQWKHQHXUDOYDOXHVDWWKHFXUUHQWOD\HU7KHSURFHGXUHLVUHSHDWHG
OD\HUE\OD\HUXQWLOWKHYDOXHVDWWKHRXWSXWQHXURQVDUHREWDLQHG7KHSURFHVVLVLOOXVWUDWHGLQ
)LJXUHWRFRPSXWHWKHRXWSXWYDOXHDWWKHRXWSXWQHXURQODEHOHGDV³2´ZKLFKLVFRQQHFWHGWR
QHXURQVIURPWKHSUHYLRXV KLGGHQ OD\HU

)LJXUH$VLPSOH$11H[DPSOH7KHZHLJKWHGVXPPDWLRQLVLOOXVWUDWHGIRUWKHRXWSXWQHXURQ2

7KHRSHUDWLRQFDQEHZULWWHQLQPDWUL[IRUPDVIROORZV
W p  b 

z

W
p

> w
> p

w
p
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O V z



V W p  b 




:KHUHOLVWKHRXWSXWRIWKHRXWSXWQHXURQp LVDURZYHFWRUZLWKWKHYDOXHVRIWKHQHXURQVDW
WKHSUHYLRXVOD\HU; WLVWKHZHLJKWYHFWRUWKDWFRQQHFWVWKLVRXWSXWQHXURQZLWKWKHSUHYLRXV
OD\HUDQGbLVDELDVQHXURQWKDWLVDGGHGWRWKHZHLJKWHGVXPPDWLRQWRIRUPWKHLQSXWIRUWKH
DFWLYDWLRQIXQFWLRQσ
$FWLYDWLRQIXQFWLRQVDUHXVHGWRDGGQRQOLQHDULW\LQWRWKHQHXUDOQHWZRUNDQGWRIDFLOLWDWH
WKHWUDLQLQJSURFHVVLQZKLFKWKHJUDGLHQWRIWKHPRGHOSDUDPHWHUVPXVWEHFRPSXWHG$GGL
WLRQDOO\WKH\KHOSWRUHVWULFWWKHQHXURQYDOXHVWRDFHUWDLQOLPLWSURYLGLQJVWDELOLW\WRWKHQHW
ZRUN 7KHUHIRUH WKH DFWLYDWLRQ IXQFWLRQV DUH XVXDOO\ VLPSOH FRQWLQXRXV DQG GLIIHUHQWLDEOH
$PRQJWKHPRVWFRPPRQO\XVHGDFWLYDWLRQIXQFWLRQVDUHWKH/LQHDU5H/XDQG6LJPRLGIXQF
WLRQV)LJXUHSUHVHQWVWKH5HOXDQGWKH6LJPRLGDFWLYDWLRQIXQFWLRQV


D



E



)LJXUH5H/X D DQG6LJPRLG E DFWLYDWLRQIXQFWLRQVSORWWHGIURPWR

,QWKLVVWXG\VHYHUDOGLIIHUHQWDUFKLWHFWXUHVRI%311VDUHWHVWHGDVVKRZQLQ7DEOH$V
WKHQXPEHURIOD\HUVDQGQHXURQVLQFUHDVHVVRGRHVWKHFRPSXWDWLRQDOGHPDQGRIWKHWUDLQLQJ
SKDVH7KHVHOHFWHGDUFKLWHFWXUHVDUHFKRVHQLQDQDWWHPSWWRGLVFRYHUKRZWKHQXPEHURIQHX
URQVDQGOD\HUVDIIHFWVWKH$11DFFXUDF\DQGWKHWRWDOWUDLQLQJWLPH


No of hidden layers Architecture
BPNN
11




11


11


11
7DEOH$11DUFKLWHFWXUHVXVHGIRUWUDLQLQJDQGWHVWLQJ

2.4 Training Procedure
7KHWUDLQLQJLQYROYHVDKLJKO\LWHUDWLYHSURFHVVLQZKLFKWKHZHLJKWVRIWKHQHWZRUN DQGWKH
ELDVHV DUHSURJUHVVLYHO\DGDSWHGWRPLQLPL]HWKHHUURUDQGLQFUHDVHWKHDFFXUDF\RIWKH$11
SUHGLFWLRQV7KHDFFXUDF\LVPHDVXUHGE\FRPSDULQJWKH$11SUHGLFWHGRXWSXWZLWKWKHUHDO
NQRZQRXWSXW FRPPRQO\UHIHUUHGDVJURXQGWUXWK ,QWKLVVWXG\WKHPHDQVTXDUHGHUURULV
XVHGDVDFFXUDF\PHWULFDQGLVH[SUHVVHGDVIROORZV
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C

 n
¦ Ti  pi
ni







ZKHUHTLLVWKHNQRZQRXWSXWpLLVWKHSUHGLFWHGYDOXHDQGnLVWKHQXPEHURIGDWDSRLQWV7KH
DERYHHTXDWLRQFRUUHVSRQGVWRWKHFDVHZLWKRQO\RQHRXWSXWQHXURQLHDVLQJOHRXWSXWYDOXH
IRUWKHQHWZRUN)RUPXOWLSOHQHXURQVLQWKHRXWSXWOD\HU LHPXOWLSOHRXWSXWYDOXHV DGRXEOH
VXPPDWLRQLVQHHGHGWRJHWKHUZLWKWKHFDOFXODWLRQRIWKHDYHUDJHRQHWLPHLQWKHHQG
(DFKWLPHWKDWWKHIXOOGDWDVHWYDOXHVKDYHEHHQIHGWRWKHQHWZRUNLVFDOOHGDQ³HSRFK´$W
HYHU\HSRFKWKHGDWDLVUDQGRPO\VXEGLYLGHGLQWRVPDOOHUVXEVHWVNQRZQDVEDWFKHV>@(YHU\
EDWFKLVWKHQIHGWRWKHQHXUDOQHWZRUNDQGWKHHUURUDWWKHRXWSXWQHXURQVLVREWDLQHGZLWKWKH
VSHFLILHGHUURUIXQFWLRQ1RZWKHLGHDLVWRGHWHUPLQHWKHJUDGLHQWRUWKHUDWHRIFKDQJHRIWKH
HUURUIXQFWLRQZLWKUHVSHFWWRWKHPRGHOSDUDPHWHUV LHWKHZHLJKWV 6XFKRSHUDWLRQLVQRW
WULYLDOJLYHQWKHFRPSOH[DUFKLWHFWXUHRIWKH$11+RZHYHUE\DSSO\LQJDFKDLQUXOHWKHSUR
FHVVLVJUHDWO\VLPSOLILHGXVLQJSDUWLDOGHULYDWLYHVDVIROORZV
wC
wwL

wz L wpL wC
wwL wz L wpL



7KHDERYHHTXDWLRQLVGHILQHGDWRQHQHXURQLQWKHRXWSXWOD\HUܮCLVWKHFRVWIXQFWLRQwL
GHQRWHVWKHLQFRPLQJZHLJKWVIURPWKHSUHYLRXVOD\HUzLLVWKHZHLJKWHGVXPPDWLRQWKDWEH
FRPHVWKHLQSXWRIWKHDFWLYDWLRQIXQFWLRQDQGpLLVWKHRXWSXWYDOXHDWWKHQHXURQ7KHWKUHH
SDUWLDOGHULYDWLYHVRI(T  DUHTXLWHVWUDLJKWIRUZDUGWR FRPSXWH)RUWKHILUVWWHUPzLLVD
ZHLJKWHGVXPPDWLRQVRWKHGHULYDWLYHZLWKUHVSHFWWRWKHZHLJKWVwLLVWKHRXWSXWYDOXH pL
IURPWKHSUHYLRXVOD\HU,QWKHVHFRQGWHUPWKHGHULYDWLYHRIpLZLWKUHVSHFWWRzLLVWKHGHULYDWH
RI WKH DFWLYDWLRQ IXQFWLRQ $QG LQ WKH WKLUG WHUPWKH GHULYDWLYH RI WKH &RVW IXQFWLRQ C ZLWK
UHVSHFWWRWKHRXWSXWYDOXHLVVLPSO\ TLpL IRUWKHPHDQVTXDUHHUURUFDVH1RZXVLQJWKH
EDFNSURSDJDWLRQVFKHPHWKHFRPSXWHGHUURULVSURSDJDWHGEDFNZDUGVWRWKHSUHYLRXVOD\HUV
DQGE\DSSO\LQJDVLPLODUFKDLQUXOHWKHJUDGLHQWRIDOOWKHZHLJKWVFDQEHREWDLQHG)LQDOO\
DOOWKHZHLJKWVDUHXSGDWHGE\DIDFWRUREWDLQHGE\PXOWLSO\LQJWKHLUJUDGLHQWVZLWKDVFDODU
YDOXHNQRZQDVWKH³OHDUQLQJUDWH´7KLVSURFHVVRIRSWLPL]LQJWKHPRGHOSDUDPHWHUVLVNQRZQ
DVVWRFKDVWLFJUDGLHQWGHVFHQW
7KHVWRSSLQJFULWHULRQIRUWKHWUDLQLQJLVXVXDOO\UHDFKLQJDIL[HGQXPEHURIWUDLQLQJHSRFKV
$OWHUQDWLYHO\DVHFRQGFULWHULRQFRXOGEHVHWLIQRPHDQLQJIXOLPSURYHPHQW UHGXFWLRQRIWKH
HUURU  LV REVHUYHG DIWHU D SUHGHILQHG QXPEHU RI LWHUDWLRQV 1HYHUWKHOHVV D PRUH DSSURSULDWH
DSSURDFKLVWRFRPSDUHWKHSURJUHVVLQUHDOWLPHZLWKDVRFDOOHGYDOLGDWLRQVHW$YDOLGDWLRQ
VHWLVDVPDOOHUGDWDEDVHWKDWLVQRWXVHGDWDOOGXULQJWKHWUDLQLQJSKDVH$WWKHHQGRIHYHU\
HSRFKRULWHUDWLRQWKH$11DFFXUDF\LVPHDVXUHGIRUERWKWKHWUDLQLQJDQGWKHYDOLGDWLRQGD
WDVHWVLQGHSHQGHQWO\,IERWKHUURUVDUHUHGXFLQJZLWKHYHU\LWHUDWLRQWKLVJHQHUDOO\LQGLFDWHV
WKDWWKH$11LVVWLOO³OHDUQLQJ´DQGLPSURYLQJ,IRQWKHRWKHUKDQGWKHHUURUIURPWKHWUDLQLQJ
VHWLVEHLQJUHGXFHGZKLOHWKHHUURUIURPWKHYDOLGDWLRQVHWVWDUWVWRLQFUHDVHLWLVDQLQGLFDWRU
RI RYHUWUDLQLQJ RU RYHUILWWLQJ ZKHUH WKH WUDLQLQJ HUURU LV GHFUHDVHG EXW WKH QHWZRUN ORVHV LWV
JHQHUDOL]DWLRQFDSDELOLWLHV$QRYHUWUDLQHGQHWZRUNZLWKVKRZDYHU\VPDOOHUURULQWKHWUDLQLQJ
VHWEXWZLOOIDLOWRSUHGLFWSURSHURXWSXWYDOXHVIRULQSXWGDWDWKDWDUHQRWSDUWRIWKHWUDLQLQJVHW
,QWKHSUHVHQWVWXG\WKHVWRSSLQJFULWHULRQLVIL[HGDWDQXPEHURIHSRFKVZKLOHDUDQGRP
VXEVHWRIVDPSOHVLVXVHGDVDYDOLGDWLRQVHWWRPDNHVXUHWKDWWKHUHLVQRRYHUWUDLQLQJ
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3

RESULTS AND DISCUSSION

3.1 Parameters Summary
$WRWDORIGDWDEDVHVDUHUDQGRPO\JHQHUDWHGDVLQSXWVFRQWDLQLQJ
DQGGDWDSRLQWV$GGLWLRQDOO\DVHWRIVDPSOHVDUHJHQHUDWHGIRUYDOLGDWLRQ
DQGWHVWLQJSXUSRVHVLQHDFKFDVH$QRSWLPL]HUEDVHGRQ*HQHWLF$OJRULWKPVLVXVHGWRJHQHUDWH
DOOWKHRXWSXWVDPSOHV)RUGHWDLOVRQWKHRSWLPL]DWLRQSURFHGXUHWKHLQWHUHVWHGUHDGHULVUH
IHUUHG WR >@ ZKHUH WKH PHWKRGRORJ\ LV GHVFULEHG LQ GHWDLO (DFK GDWDEDVH LV XVHG WR WUDLQ 
$11V 111111DQG11 ZLWKGLIIHUHQWDUFKLWHFWXUHVDVVKRZQLQ7DEOH7KH5H/X
DFWLYDWLRQIXQFWLRQLVXVHGLQDOOOD\HUVH[FHSWWKHRXWSXWOD\HUZKHUHDOLQHDUIXQFWLRQLVXVHG
LQVWHDG$OOWKH$11VKDYHEHHQWUDLQHGIRUHSRFKVDVDPD[LPXP7KHYDOLGDWLRQGDWDEDVH
RIVDPSOHVLVXVHGWRFRQWURO DQGDYRLGRYHUWUDLQLQJ7KHEDWFKVL]HLVVHWWRDQGWKH
ZHLJKW DGMXVWPHQW LV FRQGXFWHG XVLQJ VWRFKDVWLF JUDGLHQW GHVFHQW ZLWK WKH EDFNSURSDJDWLRQ
VFKHPH$OOWKHGDWDLQSXWVDQGRXWSXWVDUHQRUPDOL]HGEHIRUHKDQG7KH7HQVRUIORZDQG.HUDV
IUDPHZRUNVDUHHPSOR\HGWRLPSOHPHQWWKHGHVFULEHGPHWKRGRORJ\LQ3\WKRQ$UHJXODU3&
ZLWK DQ L+4 &38 DQG  *% 5$0 ZDVXVHG WR UXQ DOO WKH VLPXODWLRQV DQG WUDLQLQJ
RSHUDWLRQV
3.2 Training loss
7KHUHGXFWLRQRIWKHHUURUWKURXJKWKHWUDLQLQJSURFHVV RIWHQFDOOWUDLQLQJORVV LVLOOXVWUDWHG
LQ)LJXUH$WHYHU\HSRFKWKHPHDQVTXDUHGHUURURIWKHIXOOWUDLQLQJDQGYDOLGDWLRQGDWDVHWV
DUHFRPSXWHGWRSURGXFHWKHSORW2QO\WKH%311 ZLWKGDWDSRLQWV LVVKRZQ
LQWKLVFDVHDVDOOWKHRWKHUWUDLQHG$11VSURGXFHGVLPLODUSORWV,WFDQEHQRWLFHGWKDWQRRYHU
WUDLQLQJLVKDSSHQLQJDVWKHHUURURIERWKFXUYHVVKRZVWKHVDPHEHKDYLRUDVLWJRHVGRZQZLWK
HSRFKV7KHWUDLQLQJSKDVHWDNHVDERXWVHFRQGVWRFRPSOHWHXVLQJHSRFKVDQGDEDWFK
VL]HRI


D





E

)LJXUH D 7UDLQLQJDQGYDOLGDWLRQORVVIRUWKH%311WUDLQHGZLWKWKHGDWDVHWRISRLQWV
E 7KHJUDSKLFLQWKHULJKWVLGHLVMXVWD]RRPLQRIWKHJUDSKLFRQWKHOHIW

3.3 ANN performance comparison
$IWHUDOOWKH$11VDUHWUDLQHGWKHLUSHUIRUPDQFHLVFRPSDUHG)RUVXFKDFRPSDULVRQWKH
WHVWLQJVHWWKDWFRQWDLQVWKHUDQGRPO\JHQHUDWHGVDPSOHVLVXVHG7KHWRWDOPHDQDYHUDJH
HUURULVFRPSXWHGDQGFRPSDUHGIRUHDFKRIWKH$11VWKDWZHUHWUDLQHGZLWKHDFKRIWKH
GDWDVHWV7KHUHIRUHDWRWDORI$11VDUHFRPSDUHGLQ)LJXUH(DFKFXUYHFRUUHVSRQGVWRD
VSHFLILF$11DUFKLWHFWXUHDQGHDFKSRLQWLQWKHFXUYHVUHSUHVHQWVWKHREWDLQHGHUURU \D[LV 
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IRUWKHFRUUHVSRQGLQJVL]HRIWKHWUDLQLQJGDWDEDVH [D[LV (YHU\$11LVUXQWLPHVDQGWKH
UHVXOW LV DYHUDJHG WR REWDLQ D PRUH UHOLDEOH PHDVXUHPHQW JLYHQ WKH VWRFKDVWLF QDWXUH RI WKH
WUDLQLQJSURFHVV

)LJXUH3HUIRUPDQFHFRPSDULVRQRIDOOWKH11VXVLQJWKHWHVWLQJVHW

5HJDUGLQJWKHWLPHQHHGHGIRUWKHWUDLQLQJSKDVHDVHFRQGFRPSDULVRQLVPDGHLQ)LJXUH
$JDLQ HDFK FXUYH FRUUHVSRQGV WR D VSHFLILF $11 DUFKLWHFWXUH DQG HDFK SRLQW LQ WKH FXUYHV
UHSUHVHQWVWKHHODSVHGWLPHLQVHFRQGV \D[LV IRUWKHFRUUHVSRQGLQJVL]HRIWKHWUDLQLQJGDWD
EDVH [D[LV 

)LJXUH&RPSDULVRQRIWKHWUDLQLQJWLPHQHHGHGIRUDOOWKH11VIRUHSRFKV

%\DQDO\]LQJ)LJXUHWKHUHVXOWVVHHPWREHFRQVLVWHQWZLWKZKDWZDVH[SHFWHGIURPWKH
WHVWV)RUDOOWKHGLIIHUHQW$11VWKHHUURUREWDLQHGIRUWKHWHVWLQJVHWGHFUHDVHVDVWKHQXPEHU
RIGDWDSRLQWVXVHGLQWKHWUDLQLQJLQFUHDVHV$GGLWLRQDOO\WKH%311VHHPVWREHWWHU
SUHGLFWWKHUHVXOWVE\DFKLHYLQJWKHORZHVWHUURUDPRQJDOOWKHWHVWHG$11V+RZHYHUWKH
LVDOVRWKHPRVWFRPSXWDWLRQDOO\H[SHQVLYH$11RIWKHPDOO%\LQVSHFWLQJ)LJXUH
LW FDQ EH QRWHG WKDW IRU WKH VDPH QXPEHU RI WRWDOQHXURQV XVLQJ WZR KLGGHQ OD\HUV DFKLHYHV
VOLJKWO\ EHWWHU SUHGLFWLRQV EXW LV PRUH FRPSXWDWLRQDOO\ H[SHQVLYH 7KHUHIRUH LW VHHPV WKDW LW
PXVWEHDGHFLVLRQIURPWKHGDWDVFLHQWLVWWRGHWHUPLQHWKHDSSURSULDWHDUFKLWHFWXUHEDVHGRQWKH
SUREOHPDWKDQG)RUWKLVVWXG\WKHQHWZRUNLVUHFRPPHQGHGJLYHQWKDWWKHLQFUHDVH
LQWUDLQLQJWLPHLVUHODWLYHO\ORZFRPSDUHGWRWKHRWKHU$11V
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7KHPRVWVLJQLILFDQWLPSURYHPHQWLVREVHUYHGZKHQWKHWUDLQLQJGDWDVHWLVLQFUHDVHGIURP
GDWDSRLQWVWR,QWKLVUHJLRQDOOWKHHUURUFXUYHVVKRZDQH[SRQHQWLDOGHFUHDVHRIWKH
HUURU)URPWRWKHFKDQJHDSSHDUVWREHOLQHDUZLWKDVORSHDQGIURPWR
WKHFKDQJHVKRZVPLQLPDOLPSURYHPHQW7KHUHIRUHLWDSSHDUVWKDWDGDWDEDVHRI
GDWDSRLQWV RU KLJKHU ZRXOG EH WKH EHVW RSWLRQ WR DFKLHYH UHOLDEOH SUHGLFWLRQV +RZHYHULW LV
GLIILFXOWWRDFFXUDWHO\LQWHUSUHWWKHPHDQLQJRIWKHVHHUURUTXDQWLWLHV,QRWKHUZRUGVLWLVKDUG
WRGHWHUPLQHLIWKHSUHGLFWLRQVIURPDQ$11DUHSUDFWLFDOO\XVHIXOMXVWE\UHDGLQJWKHREWDLQHG
HUURUVIURPWKHVHFXUYHV7KHUHIRUHDQH[HUFLVHLVFRQGXFWHGLQZKLFKWKHGHVLJQRIDIRRWLQJ
ZLOOEHSUHGLFWHGE\WKH%311WUDLQHGZLWKDOOWKHGDWDVHWV 
DQG ,QWKLVZD\ZHORRNDWWKHQXPEHUVIURPDQHQJLQHHULQJSRLQWRIYLHZLQVWHDG
RIMXVWORRNLQJDWWKHHUURUYDOXHV7KHGDWDSRLQWWRSUHGLFWLVWKHZKLFKLVWDNHQUDQGRPO\
IURPWKHWHVWLQJVHW7KHFRUUHVSRQGLQJLQSXWVDQGRXWSXWVDUHVKRZQLQ7DEOHDQG)LJXUH

Input Values
Output Values
(from GA optimizer)
C[
FP
L[
FP
C\
FP
L\
FP
fǯF
03D
t
FP
qD 
N3D
As[
FP
F]
N1
As\
FP
7DEOH,QSXWVDQGRXWSXWVRIWKHWHVWLQJVDPSOH


)LJXUH*UDSKLFDOUHSUHVHQWDWLRQRIVDPSOHIURPWKHWHVWLQJVHW

7KH$11SUHGLFWHGYDOXHVDUHVKRZQLQ7DEOH7KHILUVWFROXPQGLVSOD\VWKHJURXQGWUXWK
FRPSXWHGZLWKWKHRSWLPL]HU DOVRVKRZQLQ7DEOH (DFKRIWKHRWKHUGRXEOHFROXPQVFRU
UHVSRQGVWRWKHUHVXOWVREWDLQHGZLWKWKH%311WUDLQHGZLWKWKHGDWDVHWGLVSOD\HGLQ
WKHKHDGHURIWKHFROXPQ LHHWF 7KHVXEFROXPQP.VKRZVWKHSUHGLFWHG
YDOXHZKLOHWKHVXEFROXPQR.E.VKRZVWKHUHODWLYHHUURUZLWKUHVSHFWWRWKHJURXQGWUXWK7KH
ODVWURZRIWKHWDEOHLVDQDYHUDJHRIDOOWKHUHODWLYHHUURUV
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Ground
Truth
L[ 
L\ 
t 
As[ 
As\ 
Average

500
P.
R.E.
 
 
 
 
 
5.63%

1000
P.
R.E.
 
 
 
 
 
4.54%

2000
P.
R.E.
 
 
 
 
 
2.46%

4000
P.
R.E.
 
 
 
 
 
1.14%

8000
P.
R.E.
 
 
 
 
 
1.58%

16,000
P.
R.E.
 
 
 
 
 
0.64%

7DEOH3UHGLFWLRQVRIWKHWHVWLQJVDPSOHXVLQJWKH%311WUDLQHGZLWKWKHGLIIHUHQWGDWDEDVHV

%\LQVSHFWLQJWKHSUHGLFWLRQVLQ7DEOHLWFDQEHQRWLFHGWKDWWKHDYHUDJHHUURULVJUDGXDOO\
UHGXFLQJIURPD ZLWKGDWDSRLQWV WR ZKHQXVLQJGDWDSRLQWV +RZ
HYHUIURPDQHQJLQHHULQJSRLQWRIYLHZERWKVROXWLRQVDUHQRWWRRIDUIURPHDFKRWKHU&RP
SDULQJWKHWZRFDVHVWKHILUVWWZRRXWSXWYDOXHVUHODWHGZLWKWKHJHRPHWULFDOGLPHQVLRQVRIWKH
IRRWLQJGLIIHUE\QRPRUHWKDQFPZKLOHWKHGLIIHUHQFHLQWKHWKLUGWKHWKLFNQHVVLVRQO\
FP7KHRWKHUWZRRXWSXWYDOXHVUHODWHGWRWKHVWHHOUHLQIRUFHPHQWDUHDDUHGLIIHUHQWE\
URXJKO\FP&RQVLGHULQJWKDWWKHDUHDRIVWHHOLVGLVWULEXWHGDORQJWKHZKROHOHQJWKRIWKH
HOHPHQWVXFKDGLIIHUHQFHPD\QRWEHFULWLFDODQGWKHVROXWLRQXVLQJWKHVPDOOSRLQWVGDWD
EDVHFRXOGEHHDVLO\FRQVLGHUHGIRUSUHOLPLQDU\SUHGHVLJQSXUSRVHV
4

CONCLUSIONS

$PHWKRGRORJ\WKDWXVHVD%311WRSHUIRUPWKHGHVLJQRIUHLQIRUFHGFRQFUHWHLVRODWHGIRRW
LQJVKDVEHHQGHVFULEHGDQGLPSOHPHQWHG7KHWUDLQLQJGDWDVHWVKDYHEHHQJHQHUDWHGXVLQJD
*HQHWLF$OJRULWKPWKDWRSWLPL]HVWKHIRRWLQJGHVLJQLQWHUPVRIWKHPDWHULDOFRVWZKLOHFRQVLG
HULQJWKHVWUHQJWKUHTXLUHPHQWVDQGGLVSRVLWLRQVRIWKH$&,,WZDVIRXQGWKDWXVLQJDQ
DUFKLWHFWXUHRIZLWKDWUDLQLQJGDWDVHWRIUDQGRPVDPSOHVDFKLHYHVSUHGLFWLRQV
ZLWKDUHODWLYHDYHUDJHHUURURIZKLFKIURPDQHQJLQHHULQJSRLQWRIYLHZFRXOGEHFRQVLG
HUHGDV³JRRGHQRXJK´WREHXVHGDWODVWIRUSUHGHVLJQSXUSRVHV$GGLWLRQDOO\DVH[SHFWHGE\
LQFUHDVLQJWKHVL]HRIWKHWUDLQLQJGDWDVHWWKHHUURUGHFUHDVHVVLJQLILFDQWO\DQGWKHSUHGLFWLRQV
DUHIDUPRUHDFFXUDWHUHDFKLQJDUHODWLYHHUURURIZKHQWUDLQHGZLWKUDQGRPVDP
SOHV6XFKUHVXOWVDUHDOPRVWDVJRRGDVWKHJURXQGWUXWKDQGFRXOGEHFRQVLGHUHGDVWKHILQDO
GHVLJQ7KHUHIRUHWKHPHWKRGRORJ\SURYHVWREHDVLPSOHDQGSRZHUIXOVWUDWHJ\IRUWKHDXWR
PDWHGGHVLJQRIFRQFUHWHIRRWLQJVRURWKHUVWUXFWXUDOHOHPHQWVSURYLGHGWKDWWKHWUDLQLQJGD
WDVHWVDUHHDV\WRREWDLQRUJHQHUDWH
4.1 Future work
%DVHGRQWKHILQGLQJVRIWKLVVWXG\ZHFDQLGHQWLI\PDQ\LQWHUHVWLQJGLUHFWLRQVIRUIXUWKHU
UHVHDUFKWRIXUWKHUH[WHQGRULPSURYHWKHPHWKRGRORJ\)RUH[DPSOHLQWKHSUHVHQWVWXG\RQO\
FRQFHQWULFDOO\ D[LDO ORDGHG LVRODWHG IRRWLQJV KDYH EHHQ FRQVLGHUHG IRU VLPSOLFLW\ EXW WKH
PHWKRG FRXOG DOVR EH DSSOLHG WR VROYH PRUH FRPSOH[ VFHQDULRV VXFK DV HFFHQWULFDOO\ D[LDO
ORDGHGFROXPQVDQGWKHLQFOXVLRQRIPRPHQWVDFWLQJGLUHFWO\RQWKHFROXPQ
2QHPRUHLQWHUHVWLQJDSSOLFDWLRQZRXOGEHWRDGDSWWKHPHWKRGRORJ\WRSUHGLFWWKHGHVLJQRI
RWKHUVWUXFWXUDOHOHPHQWVVXFKDVZDOOVFROXPQVDQGFRQQHFWLRQV%\GRLQJVRRQHFRXOGREWDLQ
DUHOLDEOHPHWKRGWKDWSUHGLFWVWKHGHVLJQRIDZKROHEXLOGLQJLQDIHZVHFRQGVULJKWDIWHUWKH
DQDO\VLVZKLFKZRXOGLPSURYHWKHSUHGHVLJQDQGGHVLJQSURFHVVRIDEXLOGLQJVLJQLILFDQWO\
$OWKRXJKLWLVSRVVLEOHWKDWIRUGLIIHUHQWVWUXFWXUDOHOHPHQWVDQGPRUHFRPSOH[ORDGLQJVFHQDU
LRV WKH SURSRVHG $11 DUFKLWHFWXUH ZLWK WKH JLYHQ SDUDPHWHUV DQG VL]H RI WKH WUDLQLQJ VHW
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SUHVHQWHGLQWKLVVWXG\PD\QRWZRUNDVJRRGWKLVVWXG\VWLOOSURYLGHVDJRRGVWDUWLQJSRLQWIRU
VXFKLPSOHPHQWDWLRQV
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PREDICTION MODELS FOR LOAD CARRYING CAPACITY OF RC
WALL THROUGH NEURAL NETWORK
Shaheera Sharib, Naveed Ahmad, Vagelis Plevris and Afaq Ahmad


&LYLO(QJLQHHULQJ'HSDUWPHQW8QLYHUVLW\RI(QJLQHHULQJ 7HFKQRORJ\7D[LOD3DNLVWDQ
HPDLOVKDKHHUDVKDULE#VWXGHQWVXHWWD[LODHGXSN
QDYHHGDKPDG#XHWWD[LODHGXSNDIDTDKPDG#XHWWD[LODHGXSN


'HSDUWPHQWRI&LYLODQG$UFKLWHFWXUDO(QJLQHHULQJ4DWDU8QLYHUVLW\
32%R['RKD4DWDU
HPDLOYSOHYULV#TXHGXTD

Abstract
This study is focused on the development of prediction models for the determination of the load
carrying capacity of reinforced concrete walls using Artificial Neural Networks (ANNs). A database of 95 samples is used for the RC Wall, based on available experimental studies, including various critical parameters, such as the length of web portion of the wall LZ , thickness of
wall boundary member bZ , effective depth of wall (d), height of wall H , shear span ratio
aY/d , vertical steel ratio ρv , horizontal steel ratio ρh , yield strength of vertical and horizontal steel f\ , compressive strength of concrete fF , and the ultimate load carrying capacity
VH[S  Depending on the combination of the input parameters, 4 different ANN models are
trained by using a customized code in Matlab. Several error metrics have been used for the
evaluation of the performance of the various ANN morels. The comparative study exhibited that
the predictions of the ANN model are closer to the experimental values as compared to their
counterpart physical models, i.e., the compressive force path (CFP) and the current design
codes, ACI and Eurocode 2. 
Keywords:1HXUDO1HWZRUNǹȃȃ&)3$&,(&5&:DOO
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1

INTRODUCTION

([WHQVLYH UHVHDUFK ZRUN KDV EHHQ FRQGXFWHG RQ VWXG\LQJ WKH EHKDYLRU RI WKH 5&& VKHDU
ZDOOVGXULQJWKHUHFHQW\HDUV>@7KHVHZDOOVSURYLGHKLJKHUVWUHQJWKDQGULJLGLW\WRWKHEXLOG
LQJVUHVLVWODUJHKRUL]RQWDOVHLVPLFIRUFHVDQGUHGXFHODWHUDOVZD\DQGGDPDJHWRRWKHUVWUXF
WXUDOPHPEHUV>@7KHVKHDUZDOOVRIWKHEXLOGLQJVKRXOGEHDUUDQJHGV\PPHWULFDOO\LQSODQH
WRUHGXFHWKHDGYHUVHHIIHFWVRIGLVWRUWLRQRIWKHEXLOGLQJ7KH\FDQEHSODFHGV\PPHWULFDOO\
DORQJRQHRURSWLPDOO\ERWKGLUHFWLRQVRIWKHSODQH:KHQWKHVKHDUZDOOVDUHORFDWHGRQWKH
RXWHUSHULSKHU\RIWKHEXLOGLQJWKH\DUHPRVWHIIHFWLYHDVWKH\FDQSURYLGHPRUHWRUVLRQDOVWLII
QHVVWRWKHEXLOGLQJLQFUHDVLQJWKHEXLOGLQJ¶VFDSDFLW\LQUHVLVWLQJWZLVW>@
,QWHUQDOIRUFHVVXFKDVD[LDOORDGVVKHDUIRUFHVDQGEHQGLQJPRPHQWVDUHGHYHORSHGLQ5&
VKHDUZDOOVZKHQWKHEXLOGLQJLVVXEMHFWHGWRORDGLQJ%DVHGRQWKHDVSHFWUDWLRRIWKHVKHDU
ZDOO VKHDUVSDQOHQJWKGLYLGHGE\WKHKHLJKWRIWKHZDOO VKHDUZDOOVDUHXVXDOO\GLYLGHGLQWR
WKLQ KLJKULVH  DQG ORZ ORZULVH  RQHV >@ $ GXFWLOH IDLOXUH PHFKDQLVP RYHUVKDGRZHG E\
EHQGLQJGHIRUPDWLRQQHDUWKHERWWRPRIWKHZDOOLVPRUHOLNHO\LQWKLQKLJKULVHZDOOV2QWKH
RWKHUKDQGEHFDXVHRIWKHLUJHRPHWU\ORZULVHZDOOVRIWHQXQGHUJRDIDLOXUHPHFKDQLVPFRQ
WUROOHGE\VKHDU)LJXUH D  G VKRZVVRPHW\SLFDOIDLOXUHPRGHVRIDVKHDUZDOO

)LJXUH7\SLFDOIDLOXUHPRGHVRIDVKHDUZDOO

$&,>@LQGLFDWHVWKDWLIWKHDVSHFWUDWLRRIWKHZDOOLVJUHDWHUWKDQWKHZDOOLVFRQ
VLGHUHG WKLQ JHQHUDOO\ FRQWUROOHG E\ EHQGLQJ  ZKLOH LI LWV DVSHFW UDWLR LV OHVV WKDQ  LW LV
FRQVLGHUHGDORZULVHZDOORUORZZDOO JHQHUDOO\FRQWUROOHGE\VKHDU ,IWKHDVSHFWUDWLRRIWKH
ZDOOVLVEHWZHHQDQGWKHUHVXOWLQJEHKDYLRUZLOOEHDIIHFWHGE\ERWKVKHDUDQGEHQGLQJ
$FFRUGLQJWR(XURFRGH (& >@UHODWLYHO\WDOODQGZHOOGHVLJQHGVKHDUZDOOV ZLWKDVSHFW
UDWLR JUHDWHU WKDQ   JHQHUDOO\ H[KLELW GXFWLOH IOH[XUDO IDLOXUH EHFDXVH RI WKHLU KLJKHU VKHDU
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VWUHQJWK)LJXUH D VKRZVWKHGHYHORSPHQWRIIOH[XUDOIDLOXUHSRVVLEO\GXHWRFRQFUHWHFUXVK
LQJRUORQJLWXGLQDOEDUVIUDFWXUHLQWKHSODVWLF]RQHRIWKHKLQJH,WKDVEHHQREVHUYHGWKDWIOH[
XUDOIDLOXUHLVXQFRPPRQLQVTXDWVKHDUZDOOVHVSHFLDOO\WKHRQHVKDYLQJDVSHFWUDWLROHVVWKDQ
RQHDVVKRZQLQ )LJXUH  E WR G :KHQWKHKRUL]RQWDOVKHDUUHLQIRUFHPHQWRIWKHZDOOLV
LQVXIILFLHQWUHVXOWLQJLQWKHGHYHORSPHQWRIRQHRUPRUHGLDJRQDOFUDFNVGLDJRQDOVWUHVVIDLOXUH
LVOLNHO\WRRFFXUDVVKRZQLQ )LJXUH E :KHQWKHZDOOKDV DVXIILFLHQWKRUL]RQWDOVKHDU
UHLQIRUFHPHQWDGLDJRQDOFRPSUHVVLRQIDLOXUHZLOORFFXUDVLOOXVWUDWHGLQ)LJXUH F ZKHUH
FRQFUHWHFROODSVHVXQGHUREOLTXH GLDJRQDO SUHVVXUHDQGFUDFNVDUHZLGHO\GLVWULEXWHG&RP
SDUHGWRUHFWDQJXODUVHFWLRQVKHDUZDOOVZDOOVZLWKERXQGDU\HOHPHQWV WKHHQGWKLFNHUSDUWRI
WKHZDOOVDVLOOXVWUDWHGLQ)LJXUH KDYHDJUHDWHUFKDQFHRIREOLTXHFRPSUHVVLRQIDLOXUHEH
FDXVHWKH\FDQH[KLELWKLJKHUIOH[XUDOVWUHQJWKLQFUHDVLQJWKHUHTXLUHPHQWIRUZHEVKHDU>@
&RPSUHVVLRQIDLOXUHRUGLDJRQDOIDLOXUHFDQEHUHGXFHGE\SURYLGLQJVXIILFLHQWKRUL]RQWDOVKHDU
UHLQIRUFHPHQWDQGOLPLWLQJWKHQRPLQDOVKHDUVWUHVVHV7KHRFFXUUHQFHRIVOLSVKHDUIDLOXUHPD\
EHGXHWR L ODUJHFUDFNVSURGXFHGDWWKHEDVHRIWKHZDOODQG LL FRQFUHWHFUXVKLQJDQGEXFN
OLQJRIVWHHOEDUVDORQJWKHQDUURZEDQGRIWKHZDOOEDVHDVVKRZQLQ)LJXUH G DIWHUWKH
EHQGLQJVWHHOLVVLJQLILFDQWO\GHIRUPHG
7KHWKHRU\WKURXJKZKLFKWKHORDGVDUHWUDQVIHUUHGZLWKLQWKH5&ZDOODWWKHXOWLPDWHOLPLW
VWDWH 8/6 LVEDVHGRQ³7UXVV$QDORJ\´PRGHOVLQPRVWFXUUHQWGHVLJQFRGHV>@7KHUHO
HYDQWHTXDWLRQVRIGHVLJQFRGHVVXFKDV(&>@DQG$&,>@DUHHVVHQWLDOO\HPSLULFDOLQQDWXUH
XVXDOO\EDVHGRQGDWDILWWLQJSURFHVVHV+RZHYHUWKHUHVXOWVREWDLQHGIURPWKHVHGHVLJQFRGHV
DSSHDUWREHVLJQLILFDQWO\GLIIHUHQWZLWKUHVSHFWWRWKHLUH[SHULPHQWDOFRXQWHUSDUWV2QHRIWKH
SRVVLEOHUHDVRQVIRUWKLVLVWKHGLIIHUHQWQDWXUHRIWKHDQDO\VLVIRUPXODVXVHGLQWKHDYDLODEOH
FRGHV7KHDLPRIWKHFXUUHQWVWXG\LVWRDQDO\]HWKHORDGFDUU\LQJFDSDFLW\RIUHLQIRUFHGFRQ
FUHWHZDOOVXVLQJ$11LHDQRQFRQYHQWLRQDOSUREOHPVROYLQJWHFKQLTXHDQGFRPSDUHLWZLWK
FXUUHQWGHVLJQFRGHVLHFRQYHQWLRQDOPRGHOV)RUWKLVSXUSRVHDGDWDEDVHRIVDPSOHVRI
5&:DOO :$/ XQGHUODWHUDOORDGLQJLVXVHGZLWKGHWDLOHGLQIRUPDWLRQFROOHFWHGIURPSUHYL
RXVVWXGLHVLQFOXGLQJGHWDLOVRIWKHFULWLFDOSDUDPHWHUV)RXUGLIIHUHQW$11PRGHOVDUHH[DP
LQHG DQG WKHLU UHVXOWV DUH FRPSDUHG WR HDFK RWKHU EDVHG RQ VHYHUDO HUURU PHWULFV 7KH
FRPSDUDWLYHVWXG\H[KLELWHGWKDWWKHSUHGLFWLRQVRIWKH$11PRGHODUHFORVHUWRWKHH[SHUL
PHQWDOYDOXHVDVFRPSDUHGWRWKHLUFRXQWHUSDUWSK\VLFDOPRGHOVLHFRPSUHVVLYHIRUFHSDWK
&)3 >@DQGDOVRWKHFXUUHQWGHVLJQFRGHV &'&V LH$&,DQG(&
2

RCC SHEAR WALL DATABASE

)RUWKLVZRUNDGDWDEDVHZDVSUHSDUHGFRQVLVWLQJRIVDPSOHVLQFOXGLQJWKHGHWDLOVRIWKH
FULWLFDOSDUDPHWHUVDVGHVFULEHGLQ7DEOHLHOHQJWKRIZHESRUWLRQRIWKHZDOO LZ , thickness
of wall boundary member bZ , HIIHFWLYHGHSWKRIZDOO (d , KHLJKWRIZDOO H , VKHDUVSDQUDWLR
DYG YHUWLFDOVWHHOUDWLR ρv , KRUL]RQWDOVWHHOUDWLR ρh , \LHOGVWUHQJWKRIYHUWLFDODQGKRUL]RQWDO
VWHHO f\ , FRPSUHVVLYHVWUHQJWKRIFRQFUHWH fF , DQGXOWLPDWHORDGFDUU\LQJFDSDFLW\ VH[S IRU
WKH5&:DOODVLOOXVWUDWHGLQ)LJXUHDQG7DEOH,QDGGLWLRQWRWKHPLQLPXPDQGPD[LPXP
YDOXHVRIWKHVHSDUDPHWHUVWKHPHDQVWDQGDUGGHYLDWLRQ DQG FRHIILFLHQW RIYDULDWLRQ LV DOVR
UHSRUWHGLQWKHWDEOH)LJXUHVKRZVWKHFRUUHODWLRQYDOXHR>@RIWKHFULWLFDOSDUDPHWHUV
DJDLQVWWKHH[SHULPHQWDOYDOXHVH[S
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)LJXUH3ODQDQGFURVVVHFWLRQRI5&VKHDUZDOOXVHGLQWKHDQDO\VLV


Description
Unit Min Max
Mean St.Dev COV
/HQJWKRIZHESRUWLRQRIWKHZDOO LZ 
PP     
7KLFNQHVVRIZDOOERXQGDU\PHPEHU bZ  PP
 
  
(IIHFWLYHGHSWKRIZDOO d 
PP  
  
+HLJKWRIZDOO H ,
PP     
6KHDUVSDQUDWLR aYd ,

 

 
9HUWLFDOVWHHOUDWLR ρY AvwbwÂsv

 

 
+RUL]RQWDOVWHHOUDWLR ρK AhwbwÂsh
03D  

 
<LHOGVWUHQJWKRIYHUWLFDODQGKRUL]VWHHO f\ 03D  
  
&RPSUHVVLYHVWUHQJWKRIFRQFUHWH fF 
03D  

 
8OWLPDWHORDGFDUU\LQJFDSDFLW\ VH[S 
N1
    
7DEOH6WDWLVWLFDOSURSHUWLHVRIWKHGDWDEDVHIRU5&:DOO


)LJXUH9DULDWLRQRIFRUUHODWLRQIDFWRURZLWKUHVSHFWWRWKHFULWLFDOSDUDPHWHUVRI5&6KHDU:DOO
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3

MODELLING OF ARTIFICIAL NEURAL NETWORKS (ANN)

1HXUDOQHWZRUNVVLPXODWHWKHKXPDQDQGDQLPDOQHUYRXVV\VWHPVDQGELRORJLFDOQHXUDOQHW
ZRUNVLQWKHEUDLQ>@7KHVHQHWZRUNVDUHXVHGWRHYDOXDWHIXQFWLRQVEDVHGRQDODUJHQXPEHU
RILQSXWGDWDSDUDPHWHUV$11VFDQOHDUQFODVVLI\VXPPDUL]HDQGSUHGLFWWKHYDOXHVRIYDUL
DEOHVEHFDXVHWKH\FDQNHHSWKHLQIRUPDWLRQSUHVHQWHGWRWKHPGXULQJWKHWUDLQLQJSURFHVVLQ
WKHLUPHPRU\DQGEHFDXVHRIWKHLUDGDSWDELOLW\7KH\DUHFRPSRVHGRIVHYHUDOFRQQHFWHGOD\HUV
HDFKRIZKLFKFRQWDLQVDFRPSOH[LQWHUFRQQHFWHGQHXURQV\VWHP7KHUHLVDOLQNEHWZHHQHYHU\
WZRQHXURQVLQFRQWLQXRXVOD\HUVZLWKDVSHFLILFZHLJKW7KHQWKHSUHGLFWLRQRIWKHQHXURQLV
PXOWLSOLHGE\WKHVHZHLJKWV,QWKLVODWWHUSURFHVVWKHSUHGLFWLRQRIWKHQHXURQLVSDVVHGWKURXJK
WKH OLQN DQG DGGHG WR WKH ELDV DV VKRZQ LQ )LJXUH  D  7KH 0XOWLOD\HU )HHGIRUZDUG $11
0/)11 LVFRQVLGHUHGWREHVXLWDEOHIRUKDQGOLQJWKHVHW\SHVRISUREOHPV0/)11KDVDQ
LQSXWOD\HUDQRXWSXWOD\HUDQGRQHRUPRUHKLGGHQOD\HUV,QWKLVVWXG\ZHVSHFLILFDOO\XVH
%DFN3URSDJDWLRQ1HXUDO1HWZRUNV %311V >@%311LVDIHHGIRUZDUGPXOWLOD\HUQHWZRUN
ZLWKDVWDQGDUGVWUXFWXUH7KDWLVQHXURQVDUHQRWLQWHUFRQQHFWHGZLWKLQDOD\HUEXWDUHFRQ
QHFWHGWRDOOQHXURQVLQWKHSUHYLRXVDQGVXEVHTXHQWOD\HUV)RUWKLVW\SHRI$11WKHRXWSXW
YDOXHLVFURVVYDOLGDWHGZLWKWKHWDUJHWUHVSRQVHWRJHWWKHHUURUYDOXH'XULQJPDQ\WUDLQLQJ
F\FOHVWRUHGXFHHUURUYDOXHVGLIIHUHQWWHFKQLTXHVDUHXVHGFKDQJLQJWKHZHLJKWRIHDFKOLQN
>@,QWKLVFDVHLWFDQEHVDLGWKDWWKHQHWZRUNKDVOHDUQHGWKHIXQFWLRQRIDSDUWLFXODUJRDO
$VWKHQDPHRIWKHDOJRULWKPVXJJHVWVHUURUVDUHSURSDJDWHGEDFNIURPWKHRXWSXWQRGHWRWKH
LQSXWQRGH7KHDUFKLWHFWXUHRIWKH$11LVGHILQHGE\WKHQXPEHURIKLGGHQOD\HUVDQGWKH
QXPEHURIQHXURQVLQHDFKOD\HUDVLOOXVWUDWHGLQ)LJXUH
Input

Neuron with vector input

p1
p2
p3

(n)

Σ

pR

Forward direction of signals

(a)

f

x

y

b

1
Input
Layer

a=f(wp+b)

Hidden
Layers

Output
Layer

Back-propagation of errors

D

E

)LJXUH D 0DWKHPDWLFDOIXQFWLRQRIQHXURQDQG E 7\SLFDOOD\RXWRIEDFNSURSDJDWLRQ1HXUDO1HWZRUN

$VVKRZQLQ)LJXUH%311LVPDGHXSRIQXPHURXVOD\HUVHDFKOD\HUFRPSULVLQJDFRP
SOH[V\VWHPRILQWHUUHODWHGµQHXURQV¶7KHUHDUHFHUWDLQZHLJKWVDQGOLQNVEHWZHHQWKHQHXURQV
DQGWKHZHLJKWVDUHPXOWLSOLHGE\YDOXHVJHQHUDWHGE\WKHQHXURQV/DWHURQWKHYDOXHVFUHDWHG
E\WKHQHXURQDUHPRYHGWKURXJKWKHOLQNDQGWKHQELDVHGDVVKRZQLQ)LJXUHZKHUHDVLQJOH
QRGH QHXURQ LQDKLGGHQOD\HULVUHSUHVHQWHGZLWKRQHRHOHPHQWLQSXWYHFWRU(T  UHSUH
VHQWVWKLVVXPPDWLRQDVDSUHGHILQHGIXQFWLRQDV
a

f

¦w p b
i

i





ZKHUHbLVWKHELDVYDOXHaLVWKHQHXURQRXWSXWpLDUHWKHLQSXWYDOXHVDQGwLDUHWKHZHLJKW
FRHIILFLHQWV7KHDERYHHTXDWLRQFDQDOVREHZULWWHQLQPDWUL[IRUPDV
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a

f wp  b 



:KHUHwLVDURZYHFWRU î R DQGpLVDFROXPQYHFWRU Rî VRWKDWWKHLUPDWUL[SURGXFWwp
LVDVFDODU7KHYDOXHVIRUWKHLQSXWSURFHVVRIWKHQH[WOD\HURIQHXURQVLVSURGXFHGE\ WKH
RXWSXWRIWKHDFWLYDWLRQIXQFWLRQ7KHILQDOYDOXHRIWKHZHLJKWLVREWDLQHGGXULQJWKHOHDUQLQJ
SURFHVVEDVHGRQWKHDYDLODEOHGDWDDIWHUDUDQGRPLQLWLDOZHLJKWLVILUVWDVVLJQHG7KHHUURU
JHQHUDWHGWKURXJKWKHSURFHVVFDQEHFDOFXODWHGE\(T  


E w


¦ Ti  Oi
 i







ZKHUHTLDUHWKHWDUJHWYDOXHV GHILQHGLQWKHGDWDEDVH DQGOLDUHWKHRXWSXWYDOXHVSUHGLFWHG
E\WKH$117KHGHWDLOVRIWKHFULWLFDOSDUDPHWHUVLHOHQJWKRIZHESRUWLRQRIWKHZDOO LZ ,
WKLFNQHVVRIZDOOERXQGDU\PHPEHU bZ , HIIHFWLYHGHSWKRIZDOO d , KHLJKWRIZDOO H , VKHDU
VSDQUDWLR aYd , YHUWLFDOVWHHOUDWLR ρY , KRUL]RQWDOVWHHOUDWLR ρK , \LHOGVWUHQJWKRIYHUWLFDODQG
KRUL]RQWDOVWHHO f\ , FRPSUHVVLYHVWUHQJWKRIFRQFUHWH fF , DQGXOWLPDWHORDGFDUU\LQJFDSDFLW\
VH[S IRUWKH5&:DOODUHSUHVHQWHGLQ7DEOH7KHVSHFLILFSDUDPHWHUVXVHGIRUWKHGLIIHUHQW
$11PRGHOVDUHSUHVHQWHGLQ7DEOH

Output Parameter
ANN Name Set of Input Parameters used
:$/
Lw, bw, d, ,H, av/d, ρv, ρh, fy, fc
:$/
Lw, bw, H, av/d, fc, Mf/fcbwd2
Vexp
:$/
bw/d, av/d, ρvfy/ρh, fc/fy
:$/
bw/d, av/d, Mf/fcbwd2, fc/fy
7DEOH7KHIRXU$11VXVHGDQGWKHVHWVRIWKHLQSXWSDUDPHWHUVXVHGIRUHYHU\FDVH

$11VZRUNVZHOORQQRUPDOL]HGLQSXWRXWSXWGDWD7KHSUREOHPRIORZOHDUQLQJUDWHFRXOG
EHVROYHGXVLQJWKHSURFHVVGHVFULEHGLQ>@,QWKHFXUUHQWVWXG\DOOWKHSDUDPHWHUVUHODWHG
WR5&&VKHDUZDOOZHUHQRUPDOL]HGXVLQJWKHH[SUHVVLRQRI(T  $OOSDUDPHWHUVXVHGDUH
XQLWOHVV


X

'X
'X
§
·
x  ¨ X PD[ 
xPD[ ¸ 
'x
'x
©
¹



,QWKHDERYHIRUPXODxLVWKHDFWXDOYDOXHXLVWKHQRUPDOL]HGYDOXHǻxLVWKHGLIIHUHQFH
EHWZHHQWKHPD[LPXPDQGWKHPLQLPXPxYDOXHVxPD[LVWKHPD[LPXPYDOXHIRUYDULDEOHx
XPD[LVWKHQHZUHTXLUHGPD[LPXPYDOXHIRUXǻXLVWKHQHZUHTXLUHGGLIIHUHQFHEHWZHHQWKH
PD[LPXPDQGWKHPLQLPXPXYDOXHV
,QWKLVVWXG\ZHXVHXPD[ DQGǻX LQRUGHUWRREWDLQQRUPDOL]HGYDOXHVLQWKHUDQJH
RI>@7RVWXG\WKHSUHFLVLRQRIWKHJHQHUDWHGPRGHOVWKHSURSRVHG$11PRGHOVQHHG
WREHFDOLEUDWHGZLWKREWDLQHGH[SHULPHQWDOUHVXOWV)RUWKHFDOLEUDWLRQRIWKH$11PRGHOWKH
PXOWLOD\HUIUHHIRUZDUGEDFNSURSDJDWLRQ 0/))%3 SURFHVVLVXVHGDORQJZLWKWHVWLQJUHVXOWV
SURFHVVDVSURSRVHGE\WKHDXWKRUV>@
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Vu
VH[S WDUJHWYDOXH 
:$/SUHGLFWLRQ
:$/SUHGLFWLRQ
:$/SUHGLFWLRQ
:$/SUHGLFWLRQ

Unit MIN MAX DIFF AVG
SD COV
N1

    
N1

    
N1

    
N1

    
N1

    

7DEOH3HUIRUPDQFHRIWKHGLIIHUHQW$11PRGHOVIRU5&:DOO

)LJXUH3HUIRUPDQFHRIWKHYDULRXV$11PRGHOVIRUWKHFDVHRI5&&6KHDU:DOO

7DEOHSUHVHQWVWKHSHUIRUPDQFHRIWKHIRXUGLIIHUHQW$11PRGHOVXVHGIRUVWUHQJWK WDUJHW
YDOXHV  SUHGLFWLRQ 0LQLPXP YDOXHV PD[LPXP YDOXHV WKHLU GLIIHUHQFH DYHUDJH PHGLDQ
VWDQGDUGGHYLDWLRQDQGFRHIILFLHQWRIYDULDWLRQKDYHEHHQSUHVHQWHGIRUGLIIHUHQWPRGHOV7KH
3HDUVRQFRUUHODWLRQFRHIILFLHQWRPHDQVTXDUHHUURUMSEDQGPHDQDEVROXWHHUURUMAEDUH
FDOFXODWHGXVLQJ(TV    DQG  UHVSHFWLYHO\,QFDVHWKH$11RXWSXWVOLPDWFKWKHWDU
JHWVTLSHUIHFWO\WKHQRZLOOKDYHDYDOXHRIZKLOHWKH06(DQG0$(YDOXHVZLOOEH]HUR
>@
n

¦ ª¬ T  T

Oi  O º¼

n

n

i

R

i 

¦ T T ¦


i

i 

i 

n

¦
MSE

Oi  O






Ti  Oi

i 



n
n

¦ T O
i

MAE

i 

n
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,QWKHDERYHHTXDWLRQV TLDQGOLYDOXHVKDYHEHHQHVWDEOLVKHGH[SHULPHQWDOO\DQGE\XVLQJ
$11PRGHOVUHVSHFWLYHO\+HUHnUHSUHVHQWVWKHQXPEHURIGDWDSRLQWVZKLOH T DQG O UHS
UHVHQWWKHDYHUDJHYDOXHVIRUWKHH[SHULPHQWDODQGWKHSUHGLFWHGYDOXHVUHVSHFWLYHO\7KHYDOXHV
IRUMSEMAEDQGRDVREWDLQHGIURPGLIIHUHQW$11PRGHOVSURSRVHGIRU5&ZDOODUHSUH
VHQWHGLQ)LJXUH,QWKLVVWXG\WAL-2LVWKHPRGHOFRUUHVSRQGLQJWRKLJKHVWRYDOXH  
DQGORZHVW06( Å DQG0$(  YDOXHVDVVKRZQLQ)LJXUH)LJXUHVKRZVWKH
SUHGLFWLRQVRIWKHGLIIHUHQW$11PRGHOVLQFRPSDULVRQWRWKHH[SHULPHQWDO WDUJHW YDOXHV


)LJXUH3UHGLFWLRQVRIWKHIRXUH[DPLQHG$11PRGHOVIRU5&ZDOO

4

COMPARATIVE STUDY

7KLV VHFWLRQ GLVFXVVHV D FRPSDUDWLYH VWXG\ EHWZHHQ WKH SURSRVHG $11 PRGHO WKH &)3
PHWKRG >@ WKH &'&V LH WKH $&, DQG (& PRGHOV > @ 7KH FRUUHVSRQGLQJ UHVXOWV RI WKH
GLIIHUHQWPHWKRGVYVWKHH[SHULPHQWDOYDOXHVDUHSUHVHQWHGLQ)LJXUH7KHUHVXOWVVKRZWKDW
WKH$11DQG&)3DUHFORVHUWRWKH(;3DVFRPSDUHGWRWKH&'&V


)LJXUH&RPSDUDWLYHDQDO\VLVRI$11SUHGLFWLRQVIRU5&ZDOOZLWKSK\VLFDOPRGHOV
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)LJXUH  SUHVHQWV WKH *DXVVLDQ GLVWULEXWLRQ RI WKH UDWLRV ZKHUH WKH $11 H[SUHVVHG DV
VH[SV$11 H[KLELWVWKHOHDVWVWDQGDUGGHYLDWLRQRI

)LJXUH1RUPDOGLVWULEXWLRQFXUYHVIRUWKHYDULRXVSUHGLFWLRQPRGHOV

)LJXUHVKRZVWKHRYHUHVWLPDWHDQGXQGHUHVWLPDWHYDOXHVIRU8/6ZKHUHDYDOXHRIIRU
VH[SVSUHVLJQLILHVWKHEHVWSUHGLFWLRQ:HVHHWKDWRIWKHUHVXOWVRIWKHQRQFRQYHQWLRQDO
PRGHOVLH$11DQG&)3OLHLQWKHDFFXUDWHUDQJH QHDU LH>@ZKLOHWKH&'&V
UHVXOWVLH$&,DQG(&KDYHPRUHVDPSOHVLQWKHRWKHUUDQJHV7KH&'&PRGHOVXQGHUHVWL
PDWHWKHYDOXHRIVLQFRPSDULVRQWRWKH$11PRGHOVDQGWKH&)3PHWKRG

)LJXUH5DWLRVRIVH[SVSUHGIRU5&ZDOO

5

CONCLUSIONS

7KHUHVHDUFKZRUNLOOXVWUDWHGWKHFDSDELOLW\RIWKH$11PRGHOOLQJIRU5&ZDOOZLWKIL[HG
VXSSRUWDWWKHERWWRPXQGHUWKHODWHUDOORDGLQJZKLOHFRQVLGHULQJWKHFULWLFDOSDUDPHWHUVLH
OHQJWKRIZHESRUWLRQRIWKHZDOO LZ , WKLFNQHVVRIZDOOERXQGDU\PHPEHU bZ , HIIHFWLYHGHSWK
RIZDOO (d), KHLJKWRIZDOO H , VKHDUVSDQUDWLR aYd , YHUWLFDOVWHHOUDWLR ρY , KRUL]RQWDOVWHHO
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UDWLR ρK , \LHOGVWUHQJWKRIYHUWLFDODQGKRUL]RQWDOVWHHO f\ , FRPSUHVVLYHVWUHQJWKRIFRQFUHWH
fF , DQGXOWLPDWHORDGFDUU\LQJFDSDFLW\ VH[S IRUWKH5&:DOO)RXU$11PRGHOVZHUHH[DP
LQHGDQGWKHVHFRQGPRGHO :$/$11 VKRZHGWKHEHVWSHUIRUPDQFHLQWHUPVRIWKHHUURU
PHWULFVYDOXHV MSEMAEDQGR YDOXHV 7KHFRPSDUDWLYHVWXG\H[KLELWHGWKDWWKHSUHGLFWLRQ
RI WKH QRQFRQYHQWLRQDO PRGHO LH WKH $11 PRGHO LV FORVHU WR WKH SURYLGHG H[SHULPHQWDO
YDOXHVLQFRPSDULVRQWRWKHRWKHUSK\VLFDOPRGHOVLH&)3DQG&'&V7KLVUHVXOWLVLQDFFRUG
DQFHZLWKWKHUHVXOWVRIRWKHUUHVHDUFKHUVZRUNLQJRQGLIIHUHQWGDWDEDVHV8QOLNHWKHFRQYHQ
WLRQDOPHWKRGRORJ\VRIWFRPSXWLQJWHFKQLTXHVOLNH$11PRGHOVKDYHWKHFDSDELOLW\WRSUHGLFW
WKHUHVSRQVHRIWKH5&PHPEHUZLWKVLPSOHRUFRPSOH[JHRPHWU\XQGHUGLIIHUHQWORDGLQJFRQ
GLWLRQV 2QFH WKH $11V DUH WUDLQHG RQ WKH SURYLGHG GDWDEDVH WKH\ FDQ SURYLGH DQ DFFXUDWH
SUHGLFWLRQZLWKRXWSHUWDLQLQJWRPDWHULDOEHKDYLRUDQGWKHPHFKDQLVPXQGHUO\LQJVWUXFWXUDOUH
VSRQVHRI5&DW8/6

REFERENCES















+DUQH95Comparative study of strength of RC shear wall at different location on
Multi-storied residential building.,QWHUQDWLRQDO-RXUQDORI&LYLO(QJLQHHULQJ5HVHDUFK
5  S
&KDQGXUNDU3DQG'33DMJDGHSeismic analysis of RCC building with and without
shear wall.,QWHUQDWLRQDO-RXUQDORI0RGHUQ(QJLQHHULQJ5HVHDUFK ,-0(5 3  
S
0RKDPPDGL'RRVWGDU+Behaviour and design of earthquake resistant low-rise shear
walls8QLYHUVLW\RI2WWDZD &DQDGD 
$&, Building Code Requirements for Structural Concrete (ACI 318-14) and
CommentaryLQ aci-318-14 $PHULFDQ&RQFUHWH ,QVWLWXWH&RXQWU\&OXE
'ULYH)DUPLQJWRQ+LOOV0,S
(&Eurocode 2: Design Of Concrete Structures - Part 1-1: General Rules And Rules
For BuildingsLQEN 1992-1-10DQDJHPHQW&HQWUH$YHQXH0DUQL[%
%UXVVHOV
.RWVRYRV 0' Compressive Force-Path Method 6SULQJHU &KDP +HLGHOEHUJ 1HZ
<RUN'RUGUHFKW/RQGRQ6SULQJHU
*LRUGDQR)0/5RFFDDQG&3HUQDInput Variable Selection in Neural Network
Models.&RPPXQLFDWLRQVLQ6WDWLVWLFV7KHRU\DQG0HWKRGV43  S
/H&XQ<HWDOEfficient Backprop5HG%DQN1-86$S
%DVKHHU,$DQG0+DMPHHUArtificial Neural Networks: Fundamentals, Computing,
Design, And Application.-RXUQDORI0LFURELRO0HWKRGV43  S
5RMDV5The Backpropagation AlgorithmLQNeural Networks6SULQJHU9HUODJ
%HUOLQS
$KPDG$1'/DJDURVDQG'0&RWVRYRVNeural Network-Based Prediction: The
Case of Reinforced Concrete Members under Simple and Complex Loading.$SSOLHG
6FLHQFHV11  S
$KPDG$93OHYULVDQG4X=.KDQPrediction of Properties of FRP-Confined
Concrete Cylinders Based on Artificial Neural Networks.&U\VWDOV10  S
$KPDG$HWDOAssessing the accuracy of RC design code predictions through the
use of artificial neural networks. ,QWHUQDWLRQDO -RXUQDO RI $GYDQFHG 6WUXFWXUDO
(QJLQHHULQJ10  S
$KPDG$DQG$5D]DReliability Analysis of Strength Models for CFRP-Confined
Concrete Cylinders.&RPSRVLWH6WUXFWXUHVS

141

6KDKHHUD6KDULE1DYHHG$KPDG9DJHOLV3OHYULVDQG$IDT$KPDG





$VWHULV 3* DQG 9 3OHYULV Anisotropic masonry failure criterion using artificial
neural networks.1HXUDO&RPSXWLQJ$SSOLFDWLRQV28  S
3OHYULV 9 DQG 3* $VWHULV Modeling of masonry failure surface under biaxial
compressive stress using Neural Networks.&RQVWUXFWLRQ%XLOGLQJ0DWHULDOV55
S 
5D]D $ DQG $ $KPDG Reliability analysis of proposed capacity equation for
predicting the behavior of steel-tube concrete columns confined with CFRP sheets.
&RPSXWHUV&RQFUHWH25  S

142

EUROGEN 2021
14th ECCOMAS Thematic Conference on
Evolutionary and Deterministic Methods for Design, Optimization and Control
N. Gauger, K. Giannakoglou, M. Papadrakakis, J. Periaux (eds.)
Streamed from Athens, Greece, – -XQH 2021

PROPELLER OPTIMIZATION
STRIVE TO PERFORMANCE / ACOUSTIC TRADE-OFF
Ohad Gur1, Jonathan Silver2, Radovan Dítě3, and Raam Sundhar3
1

Mechanical Design Department
2
Aerodynamic Department
IAI – Israel Aerospace Industries, Lod, 70100, Israel
e-mail: {ogur,jsilver}@iai.co.il
3

Aerospace Engineer
Mejzlik Propellers s.r.o., Brno-Židenice, 61500, The Czech Republic
e-mail: {dite,sundhar}@mejzlik.eu

Abstract
This paper describes the design of a propeller-based electric-propulsion system for hover
condition. The design procedure harnesses modeFRONTIER optimization framework with
various single- and multi-objective hybrid optimization schemes. Several analyses were integrated to the design framework and propeller geometry optimizations were conducted.
The multi-objective problem consisted of trade-off between the contradicting goals of performance (required electric power at hover) and acoustics (tonal overall sound-pressure-level).
Using various hybrid optimization schemes, the Pareto tradeoff fronts were found for 2, 3,
and 4 bladed propellers. These propellers are compared to an off-the-shelf propeller blade
(Mejzlik 18x6) which is used as a reference. This reference propeller proves to be good design, compared to the optimized results. Still, from the optimized Pareto results, 4 propeller
configurations were chosen to be fabricated and tested. These configurations are optimized
by their acoustic or performance trade-off. These optimized propellers represent a good compromise, which is better than the reference propeller.
Keywords: Propeller, Performance, Acoustic, Electric, UAM, Optimization, MDO
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1

INTRODUCTION

Urban Air Mobility (UAM) development has been expanding since the publication of
UBER-Elevate white paper published in 2016.[1] Since then, numerous manufacturers have
been developing various UAM configurations. For example Refs. [2] and [3] show two possible configurations for such vehicles; most of which are multi-propeller based. This makes the
propellers a critical item in these vehicles, especially at hover conditions. At hover the propulsion system performance is at its highest required power,[4] thus propeller required-power at
hover impacts the overall vehicle performance. In addition, the acoustic signature at hover is
the highest and together with new regulations [5] the importance of optimized hovering propellers increases dramatically.
In this paper the design procedure for hover propellers is depicted. The design procedure
which includes both analyses, validation, and optimization will be reviewed. From this design
process, several propellers were chosen to be fabricated.
Although UAM requires high thrust, an equivalent small propeller is specified, thus the entire design, fabrication and testing procedures are simpler and more rapid. Still, all results are
highly related to all hovering configuration, with the appropriate scaling.
This makes the discussed design procedure very useful for future, large scale hoveringpropeller design, especially confronting the complex performance/acoustic tradeoff.
2

DESIGN SPECIFICATION

As a reference propeller, the Mejzlik 18×6 is used. Figure 1 shows the Mejzlik 18×6 propeller and Figure 2 depicts its geometric properties as function of radial coordinate, r, i.e.
pitch, β, chord-to-radius ratio, c/R, and thickness-ratio, t/c, distribution. A design criterialimits
the propeller radius to R ≤ 0.23 m, which is the radius of the reference Mejzlik 18×6 propeller.
The propeller in the current effort is specified according to its produced thrust. At design
conditions, the Mejzlik 18×6 gives thrust of T = 2.8 kgf which is established as the required
thrust for hover (static operation) for all presented designs. The propulsion system is based on
Sobek 20-38 Spider brushless DC motor, with Kontrol-X 55LV electronic speed controller,
ESC. The acoustic signature is optimized for an observer which is located at azimuth angle,
θ=100º, relative to the propeller axis, as depicted in Figure 3. This angle fits the azimuth
which generally exhibits the highest sound-pressure-level signature for operated propellers.[6]
The above specifications allow the design of propeller with various goals. The most important is the required battery power, electric power, Pe. Different from other design efforts
which refer to the shaft power, here the battery power is the most important, thus the electric
propulsion system is to be considered through the design iterations.[7] The second parameter
to minimized is the acoustic signature as heard by the observer. This will be considered as the
overall sound pressure level, OASPL, at the position of the observer. In the current effort, only the tonal component will be used as design goal. The tradeoff between these two goals is to
be found using optimization.
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Figure 1: Mejzlik 18×6 Propeller, front and top views

R=0.2293 m

Figure 2: Mejzlik 18×6 Propeller, front and side views

Thrust

θ=100º

Hover
Propeller

Observer

Figure 3: Design conditions of observer-propeller attitude
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3

PROPELLER’S ANALYSES

To allow proper optimization, the required analyses should be both accurate and efficient,
i.e. using low computer resources. In this case, three analyses are used: propeller performance,
electric system, and propeller acoustic analysis.
3.1

Propeller Performance Analysis

The propeller performance model is based on blade-element model (BEM) which was extensively validated in the past.[8] Although, most past validation cases were of axial flight regime, in the current case hover condition is treated which was also validated.[7]
BEM analysis uses a 2-D aerodynamic database based on the geometry of the propeller
cross sectional airfoils. Accuracy of the 2-D aerodynamic database is an important part of
BEM level-of-confidence. Thus, substantiation of the current database was conducted using
EZair RANS (Reynolds Average Navier-Stokes) software.[9] In addition, some installation
losses, due to the propeller and test rig interaction, were implemented on the BEM analysis.
3.2

Electric System Analysis

In the current effort a simple motor model is used to find the required electric power. The
model is based on four parameters: speed constant, Kv, armature resistance, Ra, no-load current, I0, and controller efficiency, ηc.[10] The model is based on the following assumptions:
a. Power factor is equal to unit. This assumption is applicable to small brushless Permanent Magnet (PM) motors.
b. Magnetic losses (eddy/Foucault Current and magnetic hysteresis) can be neglected.
3.3

Acoustic Analysis

The current acoustic model predicts only the tonal noise of the propeller. The model is
based upon Farassat’s formulation[11] as used in former design cases[12]. The model went
through extensive validation for various cases of propeller on various flight regimes.[13],[14]
4

OPTIMIZATION

Design technique is similar to former cases accomplished with the same tools. These tools
include using the validated analysis tools (BEM, electric model, and acoustic model) together
with Esteco’s modeFRONTIER framework.[13],[7]
Figure 4 presents a screen capture of modeFRONTIER framework. This design environment enables the integration of different simulation models into a single synergetic design
tool. In addition, it allows the use of various optimization procedures, thus a multidisciplinary design optimization, MDO, tool is obtained. In the current case, first the propeller
performance is calculated and then the propeller acoustic is estimated. The use of modeFRONTIER enables an easy usage of any of the input or output parameters, either as design
variables or to include it in the goal function and constraints.
In addition, a geometric pre-analysis and performance post-analysis, are implemented using Excel spread sheet. The geometry pre-analysis is used to parametrize the design variables
which are the pitch, β, thickness-ratio, t/c, and chord-to-radius ratio, c/R, distribution along
the blade. The current effort uses a Bezier spline to achieve smooth distribution of the geometry, hence 6 design parameters are used for each distribution. Thus, the design problem contains total of 18 design variables. All airfoils are based on the Mejzlik 18×6 cross sections,
and the propeller radius is fixed to R=0.23 m.
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To ensure the structural properties of the optimized designs, two geometric constraints are
satisfied. First the blade thickness distribution should not be lower than the original Mejzlik
18×6. Thin blade might be “soft” or exposed to high stresses, which might cause unacceptable
aeroelastic behavior, and high deflections. In addition, the root chord should not be larger than
the Mejzlik 18×6’s root chord. This might cause a very thick hub which increases the propeller weight.
To overcome these issues, the design procedure incorporated two geometric constraints
over the thickness distribution and root chord. The first constraint limits the thickness distribution and the second the rood chord. The thickness distribution, t (not t/c) has to be higher or
equal to the Mejzlik 18×6 up to r/R=0.90, with a tolerance of 0.1 mm. The blade tip (0.9< r/R
<1) was freed from this constraint – the impact over the design was high and it seems the importance of this constraint, at the very tip of the blade, is less important. The root chord is limited to c/R < 0.15. Note that the Mejzlik 18×6’s c/R = 0.14 at the root (Figure 2), thus small
increase of the root chord is allowed.
The performance post-analysis excel module is used to find the propeller-motor matching
speed. Using the performance calculation, for given propeller geometry, several rotational
speeds are calculated. To find the correct rotational speed, which the propeller produces the
required thrust, T =2.8 kgf, a linear interpolation is used. Then, using the electric model the
electric power, Pe, is found.

Geometric
pre-analysis

Acoustic
Calculation

Performance
Calculation

Electric system / Propeller Matching

Figure 4: modeFRONTIER design framework screen capture
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Separate optimizations procedures were conducted for 2,3, and 4 bladed propellers. The
aim is to find, for different number-of-blades, the tradeoff between the electric power and the
overall sound-pressure-level, OASPL, as defined in the problem specification of section 2.
For each specific number-of-blades, the first stage is to find the Utopia Point in the designgoal space. For a multi-objective problem containing two different cost-functions, this is accomplished by two separate single-objective optimizations; the first using the electric power
as an objective and the second using the OASPL as the design goal objective. To demonstrate
the procedure, the 2-bladed case is considered in what follows.
The single-objective optimizations are conducted using hybrid-optimization scheme based
on the available methods in modeFRONTIER. This hybrid scheme can be easily transfer to
any other available optimization framework.
First, pilOPT scheme is used. This is highly autonomous method which uses multi-strategy
self-adapting algorithm. No design-of-experiment, DOE, is required, nor any other a-priori
definition. pilOPT harnesses both surrogate-based (response surface) methods and implicitoptimization methods, thus combines both local and global search techniques.
Using pilOPT, some candidates for further optimization are chosen. These are used as initial guess for constrained gradient-based optimization. In the current effort, sequential quadratic programming, SQP, is used. Each initial guess is optimized into better design; thus a
population of optimized solutions are gathered. These are finally used as the initial population
for genetic algorithm, GA, scheme, which hopefully finds the global-optimal solution.
Figure 5 shows the results for the two single-objective procedures, conducted for the 2bladed case. The left column is the minimum electric power, Pe, while the left column is the
minim overall sound-pressure-level OASPL. The upper charts show the progress of the costfunction as function of the iteration, Lower charts includes the same results in cost-function
space.
Each analysis lasts about 5 sec. on a desktop computer using 8 parallel threads of calculation. The entire optimization scheme last about 5÷10 hours, mostly over-night. Some differences between the two cases are visible, mostly for the ratio between the SQP and GA
analysis. While the min. Pe case uses much more iteration of SQP, the min. OASPL uses more
iterations of GA scheme.
In addition, for the min Pe, the SQP procedure went into a local minimum. Then, the GA
scheme “escaped” from this minimum into better region, supposedly global minimum. This is
very common for gradient based methods such as SQP to converged to a local minimum. GA
is less accurate with its minimum location, but it is capable of hopping to various minimum
regions, i.e. global search capabilities. In comparison to the minimum Pe, the minimum
OASPL case exhibits the ability of SQP to locate an optimum which later was improved by
the GA scheme. This Hybrid usage of various different scheme, harnesses each scheme’s
strength to a synergetic optimization procedure.
Note that the designer should carefully monitor the optimization and decide when to move
from one method to the other, and which DOE to re-use when transferring from pilOPT to
SQP and then from SQP to GA.
Gathering both results of the two single-goal optimization is presented in Figure 6. On this
figure also the reference Mejzlik 18x6 propeller is presented as a green circle. The cloud of
results can be used to substantiate DOE which is then used to optimize the Pareto frontier.
This is done using a multi-goal scheme, in the current case mainly by MOGA and NSGA
schemes. The final Pareto frontier after optimization is presented as a black curve in Figure 6.
Note that the cloud of results from the two single-objective optimizations, draw the final Pareto with relatively good accuracy. Thus, the Utopia-point estimation, actually plays an important role for the multi-objective scheme.
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Min. Pe

Min. OASPL

Min. Pe

Min. OASPL

Figure 5: 2-blades Utopia Point, single-objective optimization results
Left: minimum electric power, Pe, Right: minimum overall sound-pressure-level OASPL

Figure 6: 2-blades single-objective results compared to the reference Mejzlik 18x6 and final Pareto frontier
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The multi-goal optimization was conducted 3 times for 2, 3, and 4 blades configurations.
Each uses the same procedure mentioned above. Pareto frontiers which resulted from the optimization are presented in fig. 7. Propellers based on the Mejzlik 18×6 blades are also
marked by red circles. The design influence of number-of-blades is prominent – increased
number-of-blades causes both OASPL decrease and Pe increase – a tradeoff which the designer should consider carefully.
From these Pareto frontiers, 4 propeller configurations were chosen – these are marked
with arrows in fig. 7 and include:
a. 2 blades, minimum Pe (2B min Pe)
b. 2 blades, minimum SPL (2B min SPL)
c. 3 blades, minimum Pe (3B min Pe)
d. 4 blades, minimum Pe (4B min Pe)
These selections are based on motivation for improving the already adequate Mejzlik 18x6,
on different aspects. The minimum Pe is being chosen as improved Pe without penalizing the
OASPL. Similarly, min. OASPL is chosen with no penalty over Pe.
The propeller characteristics are depicted in table 1, and their blade geometric parameters
in fig.8. The clear difference is the rotational speed. This appears both as the mechanism of
reducing the OASPL for the 2 blades propeller and for achieving the proper thrust for the 3
and 4 bladed propeller. To reduce the rotational speed, thus achieving min SPL for the 2 bladed propeller, the pitch was increased and the chord slightly increased as well.
For the 3 and 4 blades, the rotational speed had to decrease to achieve the required thrust,
T=2.8 kgf. The chord cannot decrease due to the geometric constraint, thus the chord remained similar and thickness remains above the Mejzlik 18×6 blade. To maintain high
enough rotational speed, the pitch decreases for the 3 and 4 bladed propellers, thus the electric
efficiency, ηe, and figure-of-merit, FM, remain relatively high.
While the 3-bladed propeller exhibits high FM and low ηe, the 4-bladed exhibits low FM
and high ηe. Generally, all tradeoff in such complex design case, is beyond simple intuition
and it is a result of handling with all constraints while striving to minimize all design goals.
This proves the advantage of such MDO (multidisciplinary design optimization) framework,
which takes contradicting requirements and find the best compromise.
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2B min Pe
2B min SPL
3B min Pe

4B min Pe

Figure 7: Pareto frontiers for the optimized results
Red circles mark the results for propeller based on Mejzlik 18×6 blades

2-Blades
Mejzlik 18×6
Electric Power, Pe, W
445
Shaft Power, Pshaft, W
340
Engine Speed, Ω, rpm
5,100
Figure-of-merit, FM
0.68
Electric efficiency, ηe
0.77
Tonal OASPL, dB
66.1

2-Blades
min.Pe
425
335
5,200
0.69
0.79
66.1

2-Blades
min.SPL
445
345
4,600
0.67
0.77
64.7

Table 1: Optimized propeller characteristics
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3-Blades
min.Pe
455
350
4,700
0.66
0.67
56.9

4-Blades
min.Pe
495
375
4,500
0.62
0.76
48.3
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Figure 8: Optimized blade geometries
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5

CONCLUSIONS

In this paper a comprehensive and methodic design process for hover-propeller is described. The design process has to have a detailed specification which is based, in the current
case, on an existing propulsion system with of-the-shelf propeller. In the basis of the design
process are 3 analytic models: blade-element model for the propeller performance estimation,
electric model for the propulsion system characteristics, and acoustic model which analyzes
the propeller tonal sound-pressure-level. Each of these models was previously validated versus various results in the literature.
These analyses were incorporated in a design framework based on modeFRONTIER software and a multidisciplinary-design-optimization environment was substantiated. This environment includes, beside the analyses, various definitions of design variables, constraints, and
design goals. Hence a multi-objective optimization problem is defined.
The design framework was run 3 times for designing 2, 3, and 4 bladed propellers. First, a
Utopia-point was found using a single-goal optimization process, which resulted with mature
design-of-experiment for the final multi-goal scheme. The optimization harnesses various
schemes such as multi-strategy, gradient-based, and evolutionary.
The optimization scheme was resulted with a Pareto frontier which exhibits the tradeoff
between the propulsion-system performance and its acoustic signature. From these tradeoffs,
optimized propeller configurations were chosen. These are to be fabricated and tested. The
test results for both performance and acoustics is to be compared with the design trends, thus
the design process is to be validated.
In the current effort 4 propeller were resulted. Two of them are 2 bladed, minimal electric
power and minimal acoustic signature. In addition, 3 bladed and 4 bladed propellers for minimum electric power were chosen. The four propellers exhibited some improvements over the
reference of-the-shelf propeller. These improvements can be chosen by the designer according
to the resulted Pareto frontiers. This demonstrates the use of Pareto tradeoff results as a quantitative, important decision support tool, during design process.
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Abstract
Many complex engineering structures, e.g. components of helicopters, wind turbines, aircraft
wings and propellers, are beamlike and non-prismatic. Structures of this kind may be tapered,
pre-twisted, and even curved in their unstressed state, and undergo large displacements and
3D cross-sectional warping. Their mechanical modeling can be addressed via non-prismatic
beam elements providing the appropriate compromise between computational efficiency and
accuracy. Over the years many models have been proposed for beamlike structures, but general non-prismatic cases still require investigation. Formulas valid for prismatic beams, for
example, generally provide incorrect results in non-prismatic cases, as the variation in the
dimensions and orientation of the transverse cross-sections produce non-trivial stress distributions absent in prismatic beams. A model suitable for the aforementioned non-prismatic
elements should properly describe their shape, explicitly consider the effects of their geometric design features on their stress and strain fields, account for large displacements, and provide the known results of prismatic cases. We propose a physical-mathematical model that
accounts for all such requirements. The non-prismatic beam is seen as a collection of plane
figures (the transverse cross-sections) attached at a 3D curve (the beam’s centre-line). The
centre-line’s points may undergo large displacements. The transverse cross-sections are fully
deformable and may undergo warpings in and out of plane. Assuming small warping and
strain fields, a variational approach provides the field equations. The model obtained enables
evaluating even analytically the effects of geometric parameters (such as taper) on the stress
and strain fields. Numerical examples and comparisons with the results of nonlinear 3D-FEM
analyses confirm the effectiveness of the proposed modeling approach.
Keywords: Non-prismatic beams, tapered cross-sections, large displacements.
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1

INTRODUCTION

Ongoing efforts to predict the mechanical behavior of non-prismatic beamlike structures,
by using increasingly accurate and computationally efficient models, are aimed at optimizing
their performance and cost. At the same time, tackling complex engineering problems continuously leads to develop theories to meet ever more stringent requirements on the predictive
models. For example, several theories have been developed over the years for helicopter
blades with pre-twist, a geometric feature which induces several couplings in their mechanical
response: for pre-twisted beams bending is always three-dimensional, and tension may be
significantly coupled to torsion [1-6]. Wind turbine blades are another interesting example of
pre-twisted structures. Moreover, they are also characterized by important spanwise variations
in the dimensions of their transverse cross-sections, that is, they are also tapered [7-8]. Their
shape alone makes predicting their mechanical behavior a very challenging task. Not to speak
of the large displacements they may undergo, which further complicate the study and derivation of analytical closed-form formulas for engineering design purposes.
Generally speaking, structural analyses show that the models and formulas commonly used
for prismatic beams provide incorrect results in non-prismatic cases, as the variations in the
dimensions and orientation of the transverse cross-sections produce non-trivial stress distributions absent in prismatic beams [9-10]. To date several models have been proposed for beamlike bodies, ranging from linear theories [11-13] to geometrically exact and asymptotic
approaches [14-20]. However, investigations are still required to develop rigorous yet application-oriented models for three-dimensional non-prismatic beams, which explicitly account for
important geometric features (such as taper), account for large displacements, directly furnish
the 3D stress and strain fields, and provide known results in prismatic cases.
This paper presents a physical-mathematical model that meets all such requirements for
non-prismatic beams having fully deformable cross-sections and undergoing large displacements and small strains. The general model is introduced in section 2. Analytical results for
bi-tapered and pre-twisted beams are presented in section 3. Numerical examples and comparisons with the results of nonlinear 3D-FEM analyses are finally shown in section 4.
2

MECHANICAL MODEL

In this section we introduce the main ingredients of our model, further details of which can
be found in [21]. Then, we present tapered beams for which we can provide analytical formulas for evaluating their stress and strain fields (section 3) and, subsequently, provide comparisons with the results of nonlinear 3D-FEM simulations (section 4).
2.1

Geometry and strain measures

The beam is seen as a collection of plane figures (transverse cross-sections) attached at a
3D curve (beam’s centre-line). The cross-sections are fully deformable and may undergo displacements in and out of plane (all called warping displacements). The displacement of each
cross-sectional point from the reference to the current state consists of a rigid part (similarly
to the beam theories with rigid cross-sections) onto which the aforementioned warping motion
is superposed. Figure 1 shows a schematic of the beam’s reference and current states.
Two local triads of orthogonal unit vectors are introduced in Figure 1. The first, bi, in the
reference state, with b1 tangent to the centre-line, depends on the reference arc-length s, i.e.
bi=bi(s). The second, ai, is an image of bi in the current state and depends on the arc-length s
and time t, i.e. ai=ai(s,t). A third triad, ci, pertains to a fixed Cartesian reference frame.
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Figure 1: Schematic of current and reference states – centre-lines, cross-sections, local triads

Two mapping functions, RA and RB, identify the positions of the beam’s points in their current and reference states, respectively. The reference mapping function is
RB ( zi )

R0 B ( z1 )  xD ( zi )bD ( z1 )

(1)

where R0B provides the position of the reference center-line relative to triad ci, xα identify the
position of the cross-section’s points relative to such center-line, and zi are three mathematical
variables, independent of time, with z1=s, and zα belonging to a bi-dimensional domain used
to map the position, xα, of the cross-section’s points. Specifically, the spanwise variation of
the shape of the transverse cross-sections is modeled via the map

xi

/ij z j

(2)

where for the considered bi-tapered, pre-twisted beams Λ11=1, Λ22=Λ2(z1), Λ33=Λ3(z1), and
the others Λij are zero. Throughout this paper, Greek indices range from 2 to 3, Latin indices
take values from 1 to 3, and repeated indices are summed over their range.
The current mapping function is defined, similarly to the reference one, as follows
RA ( zi , t )

R0 A ( z1 , t )  xD ( zi )aD ( z1 , t )  wk ( zi , t )ak ( z1, t )

(3)

where R0A denotes the position of the center-line’s points in the current state, while wk are the
components of the warping displacement with respect to triad ak.
We now introduce vector and tensor fields useful to describe the motion of our beam, starting with the vector field k, associated to the change in the beam’s curvature between the current and reference states, given by
k

T T k A  kB

(4)

where the proper orthogonal tensor field T ai bi describes the relative orientation between
triads ai and bi,
being the usual tensor (or dyadic) product, while the vector fields kA and
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kB are such that aic k A  ai and bic kB  bi , ˄ being the usual cross-product and apex-prime
denoting the derivative with respect to s (further details are in [21]).
Along with k, we introduce another vector field, γ, which is related to the difference between the center-line tangent vectors of the current and reference states, as follows

J

T T R0c A  R0c B

(5)

Note that γ and k, which vanish for rigid motions and are invariant under superposed rigid
motion [20], are referred to here as 1D strain measures. The Green-Lagrange strain tensor E is
instead referred to here as 3D strain measure and is written in a form based on the assumption
of small strain and warping fields considered in this work. In particular, we assume that the
characteristic dimension of the transverse cross-sections, h, is much smaller than the reference
length, L, of the centre-line (i.e. the beam is slender); the beam’s curvatures are much smaller
than 1/h; the warping fields, wk, are considered small in the sense that their maximum order of
magnitude is hε (ε<<1 being a non-dimensional parameter), while the order of their derivative
with respect to z1 is at most εh/L. In general, all components of the strain measures are considered small in the sense their order of magnitude is at most ε. For the considered beam, the
strain tensor E is written (as in [9]) in the form

E

T T H  H TT
I
2

(6)

where H is the gradient of transformation between the reference and current states
H

2.2

wRA
wRB

(7)

Stress measures and balance equations

The stress fields in our beam are determined supposing it to be elastic. For small strains the
second Piola-Kirchhoff stress tensor S is linearly related to the strain tensor E, as follows
S

(8)

E

where
is the classical elasticity tensor [22], which characterizes the beam’s material behavior (e.g. isotropic or not). For completeness’ sake, we also introduce the first Piola-Kirchhoff
stress tensor P and Cauchy stress tensor C, which for our beam are P=TS and C=TSTT (as in
[9]). By using the stress tensor P, cross-sectional stress resultants are defined in terms of two
vector fields, F (force) and M (moment), as follows

F
M

³ Pa
³ xD P
6

6

i1 i

i1 aD  ai

(9)

where Σ is the cross-sectional domain and Pij P  ai b j .
We now exploit the principle of expended power to derive balance equations for our beamlike body, which is three-dimensional and hyper-elastic [22]. To this end, its interactions with
the external environment are quantified, for each velocity field attainable by the body, via the
following functional, Πe, called the external power

3e

³

wV

pv  ³ bv
V
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In (10), b are body loads per unit body’s reference volume V, p are surface tractions per unit
area of the reference boundary ∂V, and v is the referential description of the time rate of the
current position of the body’s points, given by
v v0  Z  xD aD  w

(11)

where w• is the time rate of the warping displacement. Interactions among different parts of
the body are instead quantified via the functional Πi, called the internal power
d
)
dt ³V

3i

(12)

where Φ (body’s energy density) is half the scalar product of tensors S and E, i.e. 2Φ=S∙E.
According to the principle of expended power, for any velocity field attainable by the body,
its interactions with the external environment and among its parts are such that at any value of
the evolution parameter t the total power vanishes (i.e. Πe=Πi). The exploitation of such principle is a usual technique in continuum mechanics to obtain balance equations in terms of the
problem’s unknowns (see, e.g., [20-22]). In our case, it enables writing balance equations for
the stress resultants, F and M, in the form
Fc+ f = 0
M c  R0c A  F  m 0

(13)

where f and m are the resultants of the body and contact actions per unit length of reference
centre-line. The same principle also enables writing balance equations to determine the warping fields wk. In particular, in the case the body loads and surface tractions on the beam’s lateral surface are neglected in calculating the warping fields, or vanish, it is possible to reduce
the determination of the warping fields to those that verify the variational condition

G³ ) 0
V

(14)

where δ denotes the variation of the energy function with respect to the warping fields. Note
that warping fields satisfying condition (14) can be obtained numerically or, in particular cases, analytically, as solutions of the corresponding Euler-Lagrange equations [23].
So far we have introduced the main ingredients of our modeling approach. Specifically, we
have sketched the body’s shape, which is three-dimensional and beamlike, and have defined
the strain measures, stress measures, and balance equations we use to describe its mechanical
behavior. By using such ingredients, the resolution of the three-dimensional nonlinear elasticity problem is now reduced to the solution of two main problems: the first governs the
cross-sectional warping motion and it’s strong formulation can be given in terms of partial
differential equations (PDEs) defined over a reference bi-dimensional domain (as is discussed
in the next section). The second problem governs the centre-line motion and can be expressed
in terms of a set of non-linear ordinary differential equations (ODEs) defined over a reference
line (as in [9], for instance). It is worth noting that this approach reduces the computational
effort and produces accurate results compared to nonlinear 3D-FEM approaches (as is shown
also in the following). Moreover, the results obtained with our model enable evaluating even
analytically the effects of important geometric features, such as the cross-sectional taper, on
the stress and strain fields in all points of the considered beamlike bodies. The analytical results obtained in this work are presented in the next section 3 and, subsequently, are compared
to the results of nonlinear 3D-FEM approaches (section 4).
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3

ANALITYCAL RESULTS

In order to determine the stress and strain fields in our beam we need to exploit the variational condition (14). In particular, considering the corresponding Euler-Lagrange equations,
in which we keep the terms up to the order εh/L, we can obtain a set of partial differential
equations (PDEs) with Neumann-type boundary conditions the solution of which enables determining the components of tensor E. In doing this, hereafter we choose the current local triads to be tangent to the center-line and focus on the case of bi-tapered beams the material
properties of which are described in terms of just two material constants (i.e., Young’s modulus Y, and Poisson’s ratio υ). The effects of other geometric features (e.g. centre-line curvature), as well as those related to the material non-homogeneity and anisotropy, will be
addressed in subsequent works.
Proceeding as in [21], the components E11, E21, and E31 of E, related to the out-of-plane deformation of the transverse cross-sections, can be written in the form

E11

k 2 x3  k3 x2  J 1  e1,1  k B1 ( x3e1,2  x2 e1,3 )

2 E21

e1,2  k1 x3  e2  2(1 Q )(k 2 x3  k3 x2  J 1 )(/ 21/c2 x2  k B1 x3 )

2 E31

e1,3  k1 x2  e3  2(1 Q )(k 2 x3  k3 x2  J 1 )(/ 31/c3 x3  k B1 x2 )

(15)

where Eij E  bi b j , subscript-comma denotes the derivative with respect to xi, and the scalar fields e1, e2, e3 are solutions of the following PDEs problems

e1,22  e1,33

0 in 6

(e1,2  k1 x3 )n2  (e1,3  k1 x2 )n3
e2,2  e3,3

d 2 x2  d 3 x3 in 6

e3,2  e2,3

g 2 x2  g 3 x3  g1

e2 n2  e3n3

0 on w6
(16)

in 6

0 on w6

In (16), Σ and ∂Σ are the cross-sectional domain and its boundary, nα are the components of
the outward unit normal vectors on ∂Σ, and coefficients dα and gk are given by
d2

2(1 Q )k3c  2(1  Q ) / 31/c3  2/ 21/c2 k3

d3

2(1 Q )k 2c  2(1 Q ) / 21/c2  2/ 31/c3 k 2

g1

2k B1 (2  2Q )J 1

g2

2Q k 2c  2(1 Q )/ 21/c2 k 2  2k B1 (3  2Q ) k3

g3

2Q k3c  2(1 Q )/ 31/c3 k3  2k B1 (3  2Q ) k 2

(17)

It is worth noting that the PDEs equations (16) formally resemble those for flexure and torsion of a Saint-Venant’s cylinder. Unfortunately, PDEs problems of this kind can be solved in
closed-form only for a few cases, but this is not surprising (this happens even in the linear
theory of prismatic beams [11-13]). However, they can always be solved with the aid of numerical methods for all other cases as well. Regarding our PDEs problem (16)-(17), we moreover note that its solution can generally be expressed as linear combinations of the 1D strain
measures, γ1 and ki, and their s-derivative, and explicitly depends on the beam’s reference
shape through the shape of the cross-sectional domain Σ and some application-oriented functions, e.g. the taper coefficients Λα and pre-twist coefficient kB1.
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The results discussed right now are particularly interesting because the nature of our PDEs
problem allows considering even separately the effects of the different 1D strain measures and
geometric parameters (Λα and kB1) in the determination of the scalar fields e1, e2, e3, which are
necessary for calculating the strain fields (15), stress fields (8), and stress resultants (9).
Note that the approach used can also provide expressions for the strain fields E22, E33, E23,
related to the cross-sectional in-plane deformation, plus the relevant PDEs problem. However,
we do not provide details about this in the present paper, but focus on the scalar fields e1, e2,
and e3, and discuss some cases in which they can be obtained in closed-form.
3.1

Tapered beam with circular solid cross-sections

As anticipated in the foregoing, the PDEs problem (16)-(17) admits closed-form analytical
solutions in some cases. This holds, for instance, for circularly cross-sectioned tapered beams
with taper coefficients Λ2=Λ3=Λ and pre-twist kB1=0. In such case, in fact, equations (16)-(17)
are satisfied by e1=0 and the expressions of e2 and e3 that follow
e2

p1k3c  p2 k 2c  2(1 Q )/ 1/c ª¬( x22  R 2 )k3  x2 x3k 2 º¼

e3

q1k 2c  q2 k3c  2(1 Q )/ 1/c ª¬( R 2  x32 )k 2  x3 x2 k3 º¼

(18)

where R is the radius of the transverse cross-section (which depends on s, as it is scaled from
the root to the tip of the beam according to the taper function Λ), and

2 p1

(1  2Q ) x32  (3  2Q )( x22  R 2 )

p2

(1  2Q ) x2 x3

2q1

(1  2Q ) x22  (3  2Q )( x32  R 2 )

q2

(19)

(1  2Q ) x3 x2

Given e1, e2, e3, we can also write closed-form expressions for the strain fields E11, E21, E31
by combining (18)-(19) with (15). In particular, such strain fields can be expressed in terms of
linear combinations of the 1D strain measures and their s-derivatives, as follows
E11

k 2 x3  k3 x2  J 1

2 E21

k1 x3  p1k3c  p2 k 2c  p3 k3  p4J 1

2 E31

 k1 x2  q1k 2c  q2 k3c  q3 k 2  q4J 1

(20)

where the additional coefficients, p3, p4, q3, and q4, of the linear combinations are given by

p3

2(1  Q )/ 1/cR 2

p4

2(1 Q )/ 1/cx2

q3

2(1 Q )/ 1/cR 2

q4

2(1 Q )/ 1/cx3

(21)

Note that such solution (18)-(21), which is valid for the circularly cross-sectioned tapered
beams considered here, undergoing large displacements and small strains, reduces exactly to
that of the Saint-Venant’s linear theory if Λʹ vanishes (prismatic case) and both the beam’s
displacements and strains are small. In such case, in fact, functions p3, p4, q3, q4 vanish, while
functions p1, p2, q1, q2, which are proportional to kʹ2 and kʹ3 (i.e. the derivatives of the bending
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curvatures), turn out to be proportional to the cross-sectional shear forces in the beam’s reference state, as in the works of Timoshenko [12] and Sokolnikoff [13].
It is worth noting that similar but generally more complex expressions for E11, E21, E31 can
be obtained for other non-prismatic beams as well (see, e.g., [6,21]). However, we do not discuss here all cases in which we can obtain closed-form solutions to problem (16)-(17), but we
present another interesting example (in section 3.2) and then proceed to compare the results of
our model with those of nonlinear 3D-FEM simulations to verify its effectiveness in terms of
computational efficiency and accuracy (section 4).
Before doing this, we remark that regardless of the approach used (i.e. numerical or analytical) to solve our problem (16)-(17), the solution can always be expressed in terms of linear
combinations of terms proportional to the 1D strain measures and their s-derivative, similarly
to (18)-(20). The difference between the solution reported in this section and that of a generic
bi-tapered, pre-twisted beam is represented by the expressions of the coefficients of the linear
combinations (e.g. p1-p4), which are the functions of xα to be found. Such functions, however,
have to be computed only once for a given cross-sectional shape. This fact, of course, contributes reducing the computational effort required to solve the nonlinear elasticity problem
that governs the behavior of our three-dimensional beams, as is shown in section 4 via numerical examples and comparisons with the results of nonlinear 3D-FEM analyses.
3.2

Tapered beam with circular hollow cross-sections

Let us now consider a tapered beam similar to that of the previous section, but having hollow cross-sections. Specifically, here we are considering thin-walled cross-sections, characterized by small thickness-to-radius ratio, t/R. For example, we can refer to the case in Figure
2, but without prescription on the shape of the taper function Λ (which does not need to be a
linear function for the derivation of the following formulas).

Figure 2: Tapered beam with circular hollow cross-sections (right) and its taper coefficient (left)

Regarding functions e1, e2, e3 for the present beam, a vanishing e1 still satisfies the PDEs
problem (16)-(17), but the expressions of e2, e3 obtained for the circular solid cross-sections in
section 3.1 do not satisfy all PDEs and boundary conditions (16)-(17) of the present case. For
their determination, apart from using a numerical method, we can exploit, here, a simplified
analytical approach (common for thin-walled beams) based on the assumption that the strain
and stress fields may not vary too much through the cross-sectional thickness.
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By using such approach, we proceed to derive formulas for the strain fields (15) valid for
the present beam subject to flexure and express such formulas as functions of the bending
curvatures and their s-derivatives. To this end, it is convenient to consider the components E11,
Eθ1, Er1 of E (in place of E11, E21, E31), r and θ being the independent variables along the radial
and tangential directions in the cross-section (see, e.g., Figure 2). Moreover, we also introduce
the mean value Eθ, through the cross-sectional thickness t, of the tangential shear strain Eθ1,
which is given by the following line-integral through the thickness

ET

1
³  E21 sin T  E31 cosT
t tickness

(22)

By exploiting (22), (15)-(16), and standard integration techniques based on Green’s formulas, we can write Eθ in the following form
ET

(1 Q )(k3c  3/ 1/ck3 ) R 2 sin T  (1 Q )(k2c  3/ 1/ck2 ) R 2 cos T

(23)

The mean value Er of the radial shear strain Er1 is instead obtained by exploiting the condition of zero traction on the beam’s lateral surface, which yields
Er

(1 Q )(k2 sin T  k3 cos T ) R 2 / 1/c

(24)

Now, the approximation relies on considering the local strain fields almost coincident with
their mean value over the cross-sectional thickness, i.e. Eθ1≃Eθ and Er1≃Er. Such assumption
is expected to provide good results in terms of predictions of the cross-sectional strain and
stress fields in thin-walled tapered beams, the cross-sectional thickness of which is small with
respect to the cross-sectional diameter or radius (e.g. t/R≃0.1).
The following examples provide comparisons with the results of nonlinear 3D-FEM simulations to verify the effectiveness of the modeling approach and formulas discussed so far.
4

APPLICATION EXAMPLES

In this section we shows the results obtainable by our model, which we have implemented
in a numerical code written in Matlab language, referred to here as 3D-BLM. The results from
3D-BLM in terms of displacement, strain and stress fields are compared to those of nonlinear
3D-FEM analyses performed with Ansys, based on a fine mesh of solid tetrahedral elements
with ten nodes and quadratic displacement behavior [24].
Two test cases are reported here. The first addresses a tapered beam with circular solid
cross-sections, which may undergo large displacements while fixed at one end (the root) and
loaded at the other (the tip) by a transverse force of progressively increasing magnitude. For
such case we can exploit the analytical results presented in section 3.1. The second test case is
similar to the first, but the transverse cross-sections are hollow. For such case we exploit the
formulas presented in section 3.2.
4.1

Test case 1 (solid cross-sections)

The tapered beam considered here has a straight, 100m long centre-line; its transverse
cross-sections are circular, with a radius R=2m at the root, which is linearly scaled toward the
tip up to 30% of the root value. The material properties are given in terms of Young’s modulus, 70GPa, and Poisson’s ratio, 0.25. The beam is fixed at the root and loaded at the tip by a
flapwise dead force, F, ranging from 100kN to 15000kN (as in Figure 3). The simulation results are summarized in the following.

163

G. Migliaccio

Figure 3 provides an overview of the beam’s un-deformed state (F=0), its deformed states
obtained from 3D-BML for F=5000kN and F=10000kN (left), and the deformed state given
by nonlinear 3D-FEM for F=5000kN (right). Figures 4 and 5, instead, provide comparisons
between 3D-BLM and 3D-FEM in terms of centre-line’s displacements and simulation times
for increasing F. As we can see, the simulation time with 3D-BLM is much smaller than that
required by nonlinear 3D-FEM, while the accuracy of results is always almost the same.

Figure 3: Beam’s deflected shapes with 3D-BLM for increasing F (left) and 3D-FEM for F=5000kN (right)

Figure 4: Comparing 3D-BLM and 3D-FEM in terms of centre-line’s displacements along X (left) and Z (right)

Figure 5: Comparing 3D-BLM and 3D-FEM in terms of tip-displacements (left) and simulation times (right)
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Apart from this, our model can also provide other useful information about the mechanical
behavior of our beam, e.g. the rotation of its local triads, its curvature change and strain fields,
as well as the corresponding stress fields and stress resultants.
Figure 6, for example, reports the rotation θY of the local triads about Y, along with the
curvature change about Y (kY), for increasing F. It is worth noting that the spanwise variation
of the bending curvature kY is quite different from a linear function. However, this is expected
for tapered beams (in spite of what would happen in a prismatic case under the same loading
condition). This depends, in fact, on the spanwise variation of the cross-sectional bending
stiffness which, in the present case, increases from the beam’s tip to the root according to the
increasing cross-sectional diameter.

Figure 6: Local triads rotation θY (left) and bending curvature kY (right) with 3D-BLM for increasing F

As anticipated in the foregoing, 3D-BLM can also directly furnish the stress fields in all
points of the beam. Hereafter we compare the results obtained in terms of Cauchy stress fields
from 3D-BLM with those given by nonlinear 3D-FEM simulations.
Specifically, Figures 7 and 8 show the stress fields CXX and CZX obtained for F=100kN at
three reference cross-sections (30%, 50%, 70% span). For completeness’ sake, we also report
the results obtained for a much larger value of F (see Figures 9 and 10, F=10000kN). Similar
results have moreover been obtained at other cross-sections and for other values of F.
Taking a look at the results obtained, we have observed that the normal stresses follow a
Navier-like distribution in each cross-section (i.e. they are almost linear in x3), while the shear
stress distributions are quite different from those predictable by the linear theory of prismatic
beams. In fact, the transverse shear stresses at the cross-section’s boundary do not generally
vanish in non-prismatic beams, while they are always zero in the prismatic case. Also, they
can change from cross-section to cross-section in non-prismatic elements, while their distribution and magnitude do not change spanwise in the prismatic case.

Figure 7: Stress field CXX at different cross-sections (30%, 50%, 70% span) for F=100kN
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Figure 8: Stress field CZX at different cross-sections (30%, 50%, 70% span) for F=100kN

Figure 9: Stress field CXX at different cross-sections (30%, 50%, 70% span) for F=10000kN

Figure 10: Stress field CZX at different cross-sections (30%, 50%, 70% span) for F=10000kN

The results obtained so far confirm the effectiveness of the modeling approach introduced
in the foregoing and the accuracy of the closed-form solution of section 3.1.
4.2

Test case 2 (hollow cross-sections)

The second test case considered here addresses a straight beam with 100m long centre-line
and circularly shaped hollow cross-sections, which are tapered from the root to the tip of the
beam. The radius of the hollow root section is R=2m, while its thickness is t=0.2m. Such dimensions are linearly reduced toward the beam’s tip as shown in Figure 2. The material properties are summarized by reference values of Young’s modulus, 70GPa, and Poisson’s ratio,
0.25. The beam is fixed at the root and loaded at the tip by a flapwise dead force, F, ranging
from 100kN to 10000kN (as in Figure 11).
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Figure 11: Beam’s deflected shapes with 3D-BLM for increasing F (left) and 3D-FEM for F=5000kN (right)

Also in this case we can obtain the same sort of results shown in section 4.1. For example,
Figure 11 reports the beam’s deformed shapes obtained from 3D-BLM for different values of
F, as well as the deformed shape given by 3D-FEM for F=5000kN. Figure 12 provides comparisons between 3D-BLM and 3D-FEM in terms of tip-displacements and simulation times,
which confirm the levels of computational efficiency and accuracy noticed in the previous test
case (section 4.1). Figure 13 shows the displacements of the centre-line’s points along X and
Z given by 3D-BLM (blue lines) and 3D-FEM (red marks) for increasing F. Finally, Figures
14 to 16 report the comparisons (between 3D-BLM and 3D-FEM) in terms of Cauchy stress
fields. In particular, Figure 15 shows the normal stress CXX obtained for F=5000kN at three
cross-sections (30%, 50%, 70% span), while the corresponding shear stresses along the tangential and radial directions, CθX and CRX, are in Figures 16 and 17.
Regarding the stress fields, it is worth noting that also in this test case the normal stresses
follow a Navier-like distribution in the transverse cross-sections, while the shear stress distributions are quite different from those observable in prismatic beams with circular hollow
cross-sections. For example, the tangential shear stress distributions are observed to change
spanwise (i.e. from the root section to the tip section), while they would be the same at every
cross-section in the prismatic case. In addition, in the present case we also have radial shear
stresses, which, instead, are absent in the prismatic case.

Figure 12: Comparing 3D-BLM and 3D-FEM in terms of tip-displacements (left) and simulation times (right)
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Figure 13: Comparing 3D-BLM and 3D-FEM in terms of displacements along X (left) and Z (right)

Figure 15: Stress field CXX at different cross-sections (30%, 50%, 70% span) for F=5000kN

Figure 16: Stress field CθX at different cross-sections (30%, 50%, 70% span) for F=5000kN

Figure 17: Stress field CRX at different cross-sections (30%, 50%, 70% span) for F=5000kN

The results shown in this example, which are based on the formulas derived in section 3.2,
confirm once again the effectiveness of our modeling approach in terms of computational efficiency and accuracy with respect to nonlinear 3D-FEM approaches. Other examples can also
be found in previous works (e.g. [6,8,21]), which address other geometries and load cases.
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5

CONCLUSIONS

Non-prismatic beamlike bodies are characterized by non-uniform cross-sections, yielding
stress distributions not predicable via prismatic beam theories and requiring non-prismatic
beam models. This paper has illustrated a modeling approach for non-prismatic beams subject
to large displacements, 3D cross-sectional warpings and small strains. Specifically, it provides
a computationally efficient and accurate model that accounts for the main geometric features
of such elements (e.g. taper) and provides the stress fields as linear combinations of 1D strain
measures and geometric parameters, with the coefficients of such linear combinations to be
computed only once for a given cross-sectional shape as solutions of PDEs, a fact which helps
reducing the computational effort required to solve the 3D nonlinear problem.
Two test cases have been presented to illustrate how the model can be used and which results it can provide. Analytical results have also been obtained, have been included in the numerical version of the model (3D-BLM) and have been compared with the results of nonlinear
3D-FEM analyses, confirming the efficiency and accuracy of the approach. Apart from the
most theoretical outcomes of the model, it can be particularly useful for the design and optimization of non-prismatic elements used in engineering: in particular, on the one hand the
closed-form formulas obtainable from the model can help an engineer since the preliminary
design tasks; on the other hand, the model implemented in a numerical code can be used for
multi-objective optimization tasks thanks to its computational efficiency and accuracy.
The results presented in this paper in terms of stress and strain fields have addressed the
cross-sectional out-of-plane deformations and the corresponding PDEs. Investigations about
the in-plane deformations and their PDEs would also be important, along with an analytical
study about the effects of other geometric features (e.g. centre-line curvature) and those of the
material non-homogeneity and anisotropy. An overview of other geometries that admit analytical closed-form solutions would also be interesting, plus other numerical examples validating
the proposed modeling approach against other geometries and load cases. All such topics will
be addressed in subsequent works.

REFERENCES
[1] Goodier G.N. and Griffin D.S., Elastic bending of pretwisted bars, Int. J. Solids Structures, 5, 1231-1245, 1969.
[2] Krenk S., The torsion-extension coupling in pretwisted elastic beams, Int. J. Solids
Structures, 19, 67-72, 1983.
[3] Rosen A., Theoretical and experimental investigation of the nonlinear torsion and extension of initially twisted bars, J. Applied Mechanics, 50, 321-326, 1983.
[4] Rosen A., Structural and dynamic behavior of pretwisted rods and beams, American Society of Mechanical Engineers, 44, 483-515, 1991.
[5] Kunz D.L., Survey and comparison of engineering beam theories for helicopter rotor
blades, J. of Aircraft, 31, 473-479, 1994.
[6] Migliaccio G., Ruta G., The influence of an initial twisting on tapered beams undergoing large displacements, Meccanica, 1-15, https://doi.org/10.1007/s11012-021-01334-2,
2021.
[7] Buckney N., Pirrera A., et al., On the structural topology of wind turbine blades, ThinWalled Structures, 67, 144-154, 2013.

169

G. Migliaccio

[8] Migliaccio G., Ruta G., et al., Beamlike models for the analyses of curved, twisted and
tapered horizontal-axis wind turbine (HAWT) blades undergoing large displacements,
Wind Energy Science, 5, 685-698, https://doi.org/10.5194/wes-5-685-2020, 2020.
[9] Migliaccio G., and Ruta G., Rotor blades as curved, twisted, and tapered beam-like
structures subjected to large deflections, Engineering Structures, 222, 111089, 2020.
[10] Balduzzi G., Hochreiner G., and Füssl J., Stress recovery from one dimensional models
for tapered bi-symmetric thin-walled I beams: deficiencies in modern engineering tools
and procedures, Thin-Walled Structures, 119, 934-945, 2017.
[11] Love A.E.H., A treatise on the mathematical theory of elasticity, 4th ed., Dover Publications, NY, 1944.
[12] Timoshenko S.P., Goodier J.N., Theory of elasticity, 2nd ed., McGraw-Hill, 1951.
[13] Sokolnikoff I.S., Mathematical theory of elasticity, 1st ed., McGraw-Hill Inc., 1946.
[14] Simo J.C., A finite strain beam formulation, the three-dimensional dynamic problem,
part I, Computer methods in applied mechanics and engineering, 49, 55-70, 1985.
[15] Ibrahimbegovic A., On finite element implementation of geometrically nonlinear Reissner’s beam theory: three-dimensional curved beam elements, Computer methods in applied mechanics and engineering, 122, 11-26, 1995.
[16] Berdichevsky V.L., On the energy of an elastic rod, J. Appl. Mathematics and Mechanics, 45, 518-529, 1981.
[17] Yu W., Hodges D.H., and Ho J.C., Variational asymptotic beam-sectional analysis - an
updated version, Int. J. Engineering Science, 59, 40-64, 2012.
[18] Migliaccio G., Ruta G, et al., Curved and twisted beam models for aeroelastic analysis
of wind turbine blades in large displacements, XXIV AIMETA conference 2019, Lecture
notes in mechanical engineering, Springer, 2020.
[19] Pai P.F., Three kinematic representations for modelling of high flexible beams and their
applications, Int. J. Solids and Structures, 48, 2764-2777, 2011.
[20] Ruta G., Pignataro M., Rizzi N., A direct one-dimensional beam model for the flexuraltorsional buckling of thin-walled beams, J. Mechanics of Materials and Structures, 1,
1479-1496, 2006.
[21] Migliaccio G., Non-prismatic beamlike structures with 3D cross-sectional warping, in
14th World Congress in Computational Mechanics (WCCM) & ECCOMAS congress
2020, Paris, France, 11-15 Jan. 2021.
[22] Gurtin M.E., An introduction to continuum mechanics, Mathematics in Science and Engineering, 1st ed., Academic Press, 1981.
[23] Courant R., and Hilbert D., Methods of mathematical physics, 1st ed., Interscience Publisher, 1953.
[24] Madenci E., and Guven I., The finite element method and applications in engineering
using Ansys, 2nd ed., Springer, 2015.

170

(852*(1
WK(&&20$67KHPDWLF&RQIHUHQFHRQ
(YROXWLRQDU\DQG'HWHUPLQLVWLF0HWKRGVIRU'HVLJQ2SWLPL]DWLRQDQG&RQWURO
1*DXJHU.*LDQQDNRJORX03DSDGUDNDNLV-3HULDX[ HGV 
6WUHDPHGIURP$WKHQV*UHHFH±-XQH

ASSESSMENT OF MULTI-OBJECTIVE AND COEVOLUTIONARY
GENETIC PROGRAMMING FOR PREDICTING THE STOKES FLOW
AROUND A SPHERE
Heiner Zille1 , Fabien Evrard1 , Julia Reuter1 , Sanaz Mostaghim1 , Berend van Wachem1
1 Otto

von Guericke University Magdeburg
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Abstract. Genetic Programming (GP) has been used in a variety of ﬁelds to learn the relationships between physical measurements of real-world problems. In this article, we combine
different techniques from the area of evolutionary optimization and, particularly, GP to solve a
ﬂuid-dynamics problem: the Stokes ﬂow around a rigid sphere. This serves as the starting point
to explore the potential of applying different GP techniques to such complex physical problems.
From the deﬁnition of the considered ﬂuid-dynamics problem, six benchmark instances with
different lengths and complexities are derived. We use single- and multi-objective GP methods
and compare their performance using different objective functions. More precisely, we study
how model complexity, correlation and the consistency with physical laws (i.e. physical units
of measurement) can be included as different objective functions, and whether their inclusion
is beneﬁcial to the overall search process. In addition, we include the concept of Cooperative Coevolution, which maintains multiple independent populations of solutions, into our GP
implementations and explore the capabilities and limitations of such coevolution-based optimization. We further propose a novel multi-phase approach, which alternates in the GP process
between phases of traditional optimization and a mutation-only phase to reduce the model complexity. The results indicate that using multi-objective optimization is beneﬁcial to the search
process and can help ﬁnding numerically correct solutions to the problems, especially when including a transformed Spearman correlation as an additional optimization goal. Furthermore,
the inclusion of the physical units of measurement also helps guide the GP toward numerically
correct and physically meaningful equations. While the concept of coevolution did not lead to a
superior performance in all cases, the precomputation of additional features, and the resulting
reduction of the function set of the GP, leads to a drastic increase in performance and enables
the algorithms to solve even the most complex of our benchmark instances. In the future, we
aim to extend this research to more complex ﬂows with multiple spheres and at higher Reynolds
numbers, which involve a large number of input features.
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1

INTRODUCTION

GP has been applied to a variety of applications to relate the physics of real-world phenomena to their experimental measurements or numerical simulations. Typically in physics and
engineering applications, the goal of the optimization is not only to numerically predict variables accurately, but also to gain insight into the underlying physics and relations between input
variables. In that regard, the fact that GP produces human-readable mathematical models is
an advantage compared to other approaches such as Neural Networks (NN). In this article, we
combine different techniques from the area of multi-objective evolutionary optimization and
GP to solve a classical ﬂuid-dynamics problem: the Stokes ﬂow around a rigid sphere.
The ﬂuid ﬂow around a ﬁxed rigid sphere is governed by a set of non-linear partial differential equations, the Navier-Stokes (NS) equations, and its nature depends upon the Reynolds
number, Re, a dimensionless quantity characterizing the ratio of inertial effects over viscous
effects within the ﬂuid. Owing to the non-linearity of the NS equations, there is no general
analytical solution to this ﬂuid-dynamics problem. However, when Re → 0 (also referred to as
the Stokes limit, or Stokes ﬂow) the NS equations can be approximately linearized, and an analytical solution to the steady-state ﬂow over a sphere of radius a, subject to the far-ﬁeld velocity
u∞ , can be derived [20]. The streamlines of this ﬂow are shown in Fig. 1.
The application of GP to this fundamental ﬂow problem serves as a starting point for exploring the capabilities of different GP techniques in predicting the behavior of complex ﬂows,
such as particle-laden ﬂows. To that end, we derive in this work six test problem instances
with different lengths and complexities, as to benchmark and compare different GP approaches
and their ability to recover the analytical expression of this ﬂow. Four different algorithm variants using classical methods as well as techniques from the ﬁeld of coevolutionary optimization
methods are compared. In the ﬁeld of evolutionary optimization, the co-evolution of different
components of the solutions has become increasingly popular in recent years, and this concept
has also been applied to GP [e.g. 19]. In addition to using the concept of Cooperative Coevolution (CC) and a special multi-Phase GP approach, we investigate the use of multiple objective
functions for the optimization. The single-objective ﬁtness optimization is compared with 2-, 3and 4-objective versions of the different algorithms, resulting in 32 different algorithms to solve
the benchmark instances. As far as physical or engineering applications are concerned, a trained
model that explains the connection between input and output data should also be consistent with
the laws that govern their evolution. This means that, even though numerically correct predictions can be obtained, for instance, by adding a length and a time, such solutions are not in line
with physical units and therefore of little value. For this reason, we additionally formalize the
consistency with the law of physics as an objective. We furthermore include the correlation and
complexity of the model as two objective functions. Our experiments also discuss the possible
inﬂuence of incorporating expert knowledge and the precomputation of features on the performance of the GP process. The insights provided by this study serve as a basis for exploring the
capabilities of GP in solving complex ﬂuid-dynamics problems.
The remainder of this article is organized as follows. In Section 2, we derive the Stokes ﬂow
around a rigid sphere and discuss its utility for the modeling of particle-laden ﬂows. In Section 3, we brieﬂy outline the basics of Genetic Programming and the approaches that have been
used in the literature so far with regard to Cooperative Coevolution and the inclusion of physical measurements in the GP process. Subsequently, in Section 4, we introduce our proposed
GP variants and the objective functions we use in the optimization process. The benchmark
instances and their corresponding function- and terminal sets are outlined in Section 5. Finally,
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we shows the results of our experimental evaluation in Section 6, and the article is concluded in
Section 7.
2

THE STOKES FLOW AROUND A SPHERE

Flows that are laden with particles are at the heart of many natural processes and engineering
applications, ranging from the ﬂow of sediments in river beds to the combustion of fuel and
biomass in furnaces. Understanding and predicting such processes typically require the development of reduced models to estimate the hydrodynamics forces acting on a particle carried
within a ﬂow, based on the averaged properties of that ﬂow. When viscous effects dominate inertial effects, the Reynolds number of a rigid spherical particle of radius a, subject to a far-ﬁeld
ﬂow with velocity u∞ (u∞  = u∞ ), satisﬁes
Re =

2 a ρ u∞
μ

1,

(1)

where ρ and μ are the density and viscosity of the ﬂuid, respectively. It this regime, it is possible
to derive an analytical solution of the ﬂow around the sphere, which is axi-symmetric about the
direction of the far-ﬁeld velocity. In a spherical coordinate system whose origin is the center
of the sphere, and whose zenith is aligned with u∞ , this ﬂow can be expressed in terms of the
stream-function
 2

r
a3
3ar
2
+
−
,
(2)
ψ(r, θ) = u∞ sin θ
2
4r
4
which results in the velocity ﬁeld


1 ∂ψ
a3
3a
ur (r, θ) = 2
= u∞ cos θ 1 + 3 −
,
r sin θ ∂θ
2r
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1 ∂ψ
a3
3a
uθ (r, θ) = −
= −u∞ sin θ 1 − 3 −
.
r sin θ ∂r
4r
4r

(3)
(4)

This, in turn, enables the direct calculation of the resultant of the ﬂuid forces acting on that
particle [20], which reads
(5)
F = 6 π a μ u∞ .
As soon as inertial effects become signiﬁcant or if other particles are present in the vicinity
of the particle under consideration, it becomes impossible to derive such an analytical solution,
and one must rely on the results of experiments or numerical simulations to estimate the ﬂuid
forces acting on the particle. Owing to the human-readable nature of the models it produces,
GP has the potential to provide a new insight into the non-linear physics of the ﬂow through
ensembles of particles at varying Reynolds number, and can therefore lead to the development
of better reduced models for studying the behavior of particle-laden ﬂows. In the following
sections, and with the aim to explore this potential, we apply GP to the case of the Stokes
ﬂow around a ﬁxed rigid sphere and study its ability to recover the analytical expressions of its
velocity ﬁeld, as given in Eqs. (3) and (4). The six benchmark instances that we derive from the
Stokes problem are described in detail in Section 5.
3

GENETIC PROGRAMMING AND RELATED WORK

Genetic Programming (GP) is a subﬁeld of Evolutionary Algorithms (EA) and was popularized by the work of Koza [9]. EA makes use of the Darwinian principle of survival of the ﬁttest
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Figure 1: Streamlines of the Stokes ﬂow around a rigid sphere, colored by the magnitude of
velocity.
in order to optimize a given problem. Hence, a problem-dependent ﬁtness function is used to
evaluate the quality of a solution, usually in terms of how well the prediction of the GP model
matches the training data that serves as input. Inside the GP process, evolutionary principles
(selection, recombination of models, mutation operators) are used to perform a guided search
towards optimal solutions. This way, promising individuals are created and reﬁned iteratively
until a stopping criterion is reached.
Evolutionary Multi-objective Optimization (EMO) is an important subﬁeld of EA. Multiobjective Optimization Problems (MOOP) have not only one, but multiple objective conﬂicting
functions that are to be optimized simultaneously. Mathematically, a multi-objective optimization problem can be formulated as follows:
min
s.t.

f (x) = (f1 (x), f2 (x), ..., fm (x))T
x∈Ω

(6)

A MOOP maps the search space Ω to the objective space M of dimension m. The deﬁnition
of Ω depends on the encoding used for the problem. While in classical EAs, such encodings
are often vectors of binary or real numbers, in the ﬁeld of GP, the search space is the set of all
possible models that can be created using the provided terminal symbols T and functions F.
Since the problem consists of more than one objective, one single optimal solution cannot be
ascertained anymore. Instead, the concept of Pareto-dominance is used in many of the existing
EMO algorithms. A solution x1 is a solution that dominates the solution x2 if the following
conditions are met [4]: (1) The solution x1 is no worse than x2 in all objectives, i.e. fj (x1 ) ≤
fj (x2 ) for all j = 1 . . . m. (2) The solution x1 is strictly better than x2 in at least one objective,
i.e. fj (x1 ) < fj (x2 ) for at least one j = 1 . . . m. The solution of a MOOP is a set of so-called
Pareto-optimal solutions which are not dominated by any other solution in the search space
Ω. By using the concept of domination together with other principles, EMO algorithms aim to
provide an approximated set of Pareto-optimal solutions.
Applying the principles of evolution, GP aims at identifying a relation between a given input
and output. A solution in GP is represented by a syntax tree consisting of terminals (input
variables) and functions that are applied to them. This tree can be parsed into an executable
program or equation. Special mechanisms for recombination and mutation on a syntax tree
during the evolutionary process are required: For example, crossover can be performed by
exchanging branches of two tree individuals; Mutation can be performed by replacing one node
or branch by an other randomly chosen node or branch. For the ﬁtness function, a distance
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measure between the produced and the desired output is often used such as the rooted mean
squared error.
In the basic version of GP, the execution of the program manipulates numerical values without considering their physical units. This leads to situations in which non-physical solutions
can be produced; a result which is of little interest for physics or engineering applications. The
consideration of physical units inside GP was ﬁrst proposed in [8], where special operators were
applied in order to repair incompatible units. As an example: an operation adding a length and
a time is repaired by artiﬁcially transforming a time into a length. This concept inspired multiple other works and has, since then, been implemented in single- as well as multi-objective
GP algorithms [e.g. 1, 15, 6]. A different development line in dimensionally aware GP focuses
on grammar-based GP, where constraints given by physical laws are already included in the
rules of the programming grammar [e.g. 14, 18]. Another noteworthy concept was presented
in [21], where strongly typed GP was used to generate viable method call sequences for software testing. This approach limits the search space only to feasible solutions and could be
transferred to our problem by only allowing for dimensionally meaningful operations. A recent
work on dimensionally aware GP was presented in [12], where an approach similar to ours is
proposed: For each dimensionally incompatible GP operation, a penalty is calculated and aggregated throughout an individual. Minimizing this penalty value is an additional objective of
the algorithm. Unlike the previously mentioned works, this method allows the initialization of
physically non-meaningful solutions and enables them to develop towards physically meaningful solutions.
In most applications, GP has been used on a relatively small feature space, and research
on high-dimensional GP for regression problems remains sparse. Some work has been done
recently to include concepts like Cooperative Coevolution (CC) into the ﬁeld of GP [e.g. 19],
which has been used in many evolutionary algorithms as a successful optimization technique
[e.g. 2, 23]. While CC, and more speciﬁcally the separation of solutions into multiple components, has mostly been used in the EA community as a technique to solve high-dimensional
problems [22], CC-based approaches have been used in GP mostly as a way to boost performance, irrespective of the number of features. Applying Cooperative co-evolutionary GP
(CCGP) on a problem requires (1) splitting the original feature space into smaller sets to create subsolutions as well as (2) merging partial solutions into one combined solution. In [19],
the authors identiﬁed three different levels on which the merging of partial solutions in CCGP
can be performed: genotype, feature and ensemble level. While fusion on a genotype level is
the equivalent of the method originally proposed by Potter and De Jong [17] for evolutionary
algorithms, fusion on feature [10, 11] and ensemble level [5, 13, 16] have been studied more
extensively in the literature. The evaluation of the three proposed approaches on an image
denoising problem showed that the ensemble method performed best on the given task. The
authors also demonstrated that Cooperative coevolution can boost the performance of GP on
high-dimensional problems compared to other modern, non-CC GP approaches.
4

PROPOSED METHODS

In this work, we explore the potential of various combinations of GP-techniques for solving
Stokes Flow-related benchmarks. We use CC-based single- and multi-objective GP methods
and compare their performance using different objective functions. More precisely, we investigate how length, correlation and the consistency with physical laws (i.e. physical units of
measurement as, for instance, introduced in [8]) can be included as different objective functions, and whether their inclusion is beneﬁcial to the overall search process. In total, we use
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four different variants of GP, along with 8 combinations of objective functions, which results
in 32 different optimization methods. In the following paragraphs, we start by describing the
four base-algorithm variants, before going into the details of the proposed objective function
combinations.
4.1

Algorithm Variants

Standard GP: The ﬁrst algorithm used in this article is a standard GP algorithm, abbreviated
as S-GP, which is based on a classical (μ + λ)-reproduction scheme and follows its implementation in the deap-framework1 . The algorithm produces in each generation from a population
of size μ a set of λ offspring solutions, which are then evaluated. The best out of the (μ + λ)
solutions are taken over to the next generation of the algorithm. This environmental selection
follows the procedure of the NSGA-II algorithm [3], while the selection of the parent-solutions
for the reproduction are chosen at random. The new λ solutions are created either by repeatedly recombining two random solutions from the current population, or by applying mutation
to a random individual. The mutation and recombination operators are selected at random from
different operators every time a recombination/mutation is carried out.
For recombination, the algorithm chooses between two crossover operators: One-point crossover
randomly selects a cut-off point in two individuals and swaps the selected branches. Leaf-based
one-point crossover does so as well, while giving higher probability to leaves being exchanged
between individuals rather than entire branches. For mutation, the algorithm chooses between
uniform mutation, node replacement, insertion mutation and shrink mutation, all of which are
chosen with equal probability. The uniform mutation replaces a randomly selected subtree by
a randomly generated new branch. Node replacement, as the name suggests, chooses one node
at random and replaces this function- or terminal-symbol with another one of the same arity.
The insertion mutation creates a new subtree and inserts it at a random position, using the previous branch on that position as a subcomponent of the created subtree. Shrink mutation aims
at decreasing the size of an individual by replacing a branch with one of its arguments.
Multi-Phase GP: The second algorithm is a Multi-Phase GP (MP-GP). The MP-GP is a variation of the S-GP above, which alternates between two phases of optimization behavior. In the
ﬁrst phase, the algorithm behaves identically to the S-GP. In the second phase, the crossover operators are disabled and the probabilities of the mutation operators to choose from are changed.
More precisely, in this second phase of the optimization, the algorithm only applies node replacement mutation and shrink mutation, where the former is chosen with a probability of 2/3
and the latter with a probability 1/3. This two-stage approach avoids extensive growing of the
models and allows reﬁnements through a frequent mutation of the population. This proves particularly useful since not all of the algorithm variants employ the length of the individual as an
objective, which in turn can lead to extensive growing of the trees. Another issue which was
often observed in initial experiments is that solutions which only differ from an optimal model
in one node may obtain a bad ﬁtness, and using crossover is not likely to produce the required
small change. Moreover, the replacement of one node may have a large impact on the actual
ﬁtness (for instance, changing an addition into a subtraction), which results in a less smooth
ﬁtness landscape. Therefore, enabling the algorithm to perform this second phase with a focus
on small adjustments and shrinking the tree can be beneﬁcial to ﬁnd optimal solutions.
1

https://github.com/DEAP/deap
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Algorithm 1 Pseudocode of the Coevolutionary Genetic Programming (CC-GP)
Input: Training Data X, Terminals T , Functions F, Crossover probability pc , Mutation probability pm , Number of subpopulations v
Output: Set of non-dominated Solutions S
1: S0 ← Random initial population of Solutions for upper-level GP
2: r0 ← Choose random solution from S0 as representative
3: A0 ← Empty Pareto-dominance-based Archive
4: for i = 1 to v do
5:
Si ← Random initial population of Solutions for i−th lower-level GP
6:
ri ← Choose random solution from Si as representative
7:
Ai ← Empty Pareto-dominance-based Archive
8: end for
9: repeat
10:
for i = 1 to v do
11:
if i is part of r0 then
12:
Si , Ai ← Optimize Si using standard GP for k generations
13:
ri ← updateRepresentative(Ai )
14:
else
15:
ri ← Choose random solution from Si as representative
16:
end if
17:
end for
18:
S0 , A0 ← Optimize S0 using standard GP for k generations
19:
r0 ← updateRepresentative(A0 )
20: until total #Evaluations used
v
21: return
i=0 Ai
Cooperative-Coevolution-based GP: Our CC-based approach, abbreviated CC-GP, divides
the problem into multiple, independent populations, with the intent that each population could,
in theory, evolve different aspects of the original problem. As a result, multiple transformed features are created which serve as inputs to another, higher-level GP process. Lower- and higherlevel GP populations are evolved cooperatively to enable the prediction of complex physical
relationships in the data. This means that function evaluations are only carried out cooperatively, by taking a representative from each of the lower-level and upper-level populations and
building a combined individual which is then evaluated using the training data.
The structure of the CC-GP algorithm is shown in Algorithm 1. In the main loop of the
algorithm, each lower-level population (sometimes also referred to as subpopulation) is evolved
using the standard GP method for a ﬁxed amount of generations. After the last iteration of
each population’s optimization process, a representative solution is chosen from the current
population, and this representative is used in the subsequent function evaluations of the other
populations. After all lower-level populations have been evolved, the higher-level GP is used
to optimize models that represent combinations of the representatives of the lower-level populations. The upper-level population uses only these representatives as input features, while
the lower-level populations operate on the terminal set and input features that are given by the
problem (i.e. that are also used in the above S-GP and MP-GP).
In order to use the computational budget more efﬁciently, the conditional statement of line
11 in Algorithm 1 is used to check whether the current, about-to-be-optimized subpopulation is
part of the current representative of the upper-level population. If that is not the case, then the
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optimization of the lower-level population would be meaningless, since all function evaluations
would return the same values (as they only depend on the values of all other representatives).
Therefore, we assume that if a population i was not used in the current upper-level GP, the
feature that was given by the representative of subpopulation i may not have been useful, and
we replace it with a new, random representative.
Multi-Phase CC-GP: The last algorithm considered in this work, MP-CC-GP, is a combination of the two methods described above. It follows the same structure as the CC-GP, with the
addition that it also alternates between the two optimization phases. The switch between the
normal optimization (including crossover) and the mutation-only phase is done at the beginning
of the main loop, i.e. the algorithm optimizes each lower-level and the upper-level population
once with crossover and mutation, followed by one iteration with mutation only, as described
above.
4.2

Objective Function Speciﬁcation

To examine the effect of different objective functions, and the beneﬁt of using multi-objective
GP as opposed to a single-objective version, we deﬁne four different ﬁtness functions. They
are related to the quality of the prediction, the correlation with the training data, the physical
correctness of the produced equations, and the complexity of the model. These four ﬁtness
functions are used in different combinations in the experiments below.
Maximum Absolute Error (f1 ): The ﬁrst objective function is related to the error between
the prediction of the GP-produced model and the actual, expected output in the data set. Since
we are interested in an accurate prediction of the physical relationship between the data, we
decided to use the maximum absolute error over the data set, i.e. during the training, the value
of f1 is the absolute error of the worst data point within the training data set. By using the
maximum error, we obtain a solution which guarantees that all predictions have at least a certain
quality. Preliminary experiments have shown that this leads more often to exact and physically
correct models compared to the rooted mean squared error.
Transformed Spearman Correlation (f2 ): The second objective function is a transformed
version of the Spearman Correlation ρ between the data set and the predictions. By using
this correlation coefﬁcient to guide the optimization, the GP algorithm may favor models which
themselves are not numerically accurate, but are highly correlated with the desired output. Such
models can, for instance, be multiplicative or additive components within a numerically correct
model. A multi-objective EA optimizing f2 has the ability to keep such models in the population
over the generations, which can then be used in subsequent recombination steps to approximate
numerically correct results. As an example, the term u∞ · cos(θ) in Benchmark Instance 3 (see
below) would show a high correlation with the data set, even though the actual prediction of the
outcome ur may still be poor. An EA which optimizes with regard to f2 , however, may consider
this as a good solution and keep it in the population for further reﬁnement.
To utilize the correlation coefﬁcient in the optimization, we transform its value to ﬁt our
requirements. The range of ρ lies between -1 and 1, with a high coefﬁcient indicating a strong
positive (non-linear or linear) correlation, and a low value of ρ indicates a strong negative correlation. Both cases are, however, useful for the optimization, as building blocks with a strong
negative correlation may still be helpful when used in a subtraction, for instance. In addition, our

178

Heiner Zille, Fabien Evrard, Julia Reuter, Sanaz Mostaghim, Berend van Wachem

objective function are always minimized, which leads to a transformed objective f2 := 1 − |ρ|.
The worst possible value of f2 is 1.0, which indicates no correlation at all, while smaller values
of f2 indicate some kind of connection (positive or negative) between the model and the data
set.
In the CC-based approaches, a small adjustment is made to this objective: When the optimization of one of the lower-level populations is carried out, the value of f2 is computed using
the output of only the current individual of the subpopulation (which represents only a branch
within the whole, combined tree model). In contrast, the upper-level GP uses the actual prediction from the combined model (i.e. the model that incorporates all lower-level representatives
into the upper-level one). This way, the GP judges the features developed by the lower-level
GP processes based on how correlated this feature is with the target data, and therefore obtains
a more accurate measure of how useful the developed feature of this subpopulation is to the
whole, combined, CC-based optimization.
Dimension Penalty (f3 ): As explained previously in this article, it may be useful to guide the
optimization as to ﬁnd physically correct models, which (1) do not violate the laws of physics in
their calculations and (2) predict the same unit of measurement as the unit of the target variable.
To achieve both of these goals, we model the third objective function f3 in the following way.
In our approach, contrary to the method used in [8], we do not use a special operator to
adjust units to each other. Instead, whenever incompatible units are used in an operator, the
operation is still carried out on the numerical values of the arguments, and the unit of the ﬁrst
input argument is used as the unit of the result of the node (e.g. in case a length and a time
are added, the operation is carried out and the result is considered to be a length). To guide the
search towards evolving physically meaningful equations, a penalty value of 1.0 is added every
time such a nonphysical operation is carried out. This penalty value is accumulated along the
tree together with the outputs of each function node. As a result, the root of the tree returns a
value for the prediction of the training data, its physical units and a value for the total penalty
occurring in the execution of that tree. Since we know that the expected result is a model that
outputs, for instance, a velocity, any physical unit that is not expressed in meters/second
is not meaningful for the purpose of the application. Therefore, an additional penalty based
on the difference between the obtained units of the tree and the expected units of the output is
added. This additional penalty is based on the distances between the exponents of the SI-base
units (plus the unit radian for angles in this work) of which the ﬁnal unit is composed. As an
example, velocity can be written as m1 · s−1 . If our model output a result in the units m2 · s3 ,
the distances in the respective exponents are summed up as |1 − 2| + | − 1 − 3| = 1 + 4 = 5.
The value of the objective function f3 is deﬁned as the sum of the accumulated penalty during
tree executing and the dimension-penalty for not matching the correct output units.
Length of Individual (f4 ): The last of the four objective functions considers the length of
the model, i.e. the number of nodes (function and terminal symbols) that are used to represent
the model in its tree-based representation. This can be seen as a measure of the complexity
of the model in terms of necessary mathematical operations. In the literature, the length of
the solutions is often used in a weighted sum together with the ﬁtness / error to avoid extensive
growth of the trees. In our approach, instead, we employ the length as its own objective function.
In the CC-based algorithms, the length refers to the length of the complete, combined individual,
i.e. the model that incorporates all lower-level trees into the upper-level one.
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4.3

Conﬂicts of Objective Functions

In contrast to the usual assumption in multi-objective optimization that the objective functions are somewhat in conﬂict with each other, this does not have to be the case between f1 and
f2 . It is clear that the model which perfectly optimizes f1 will also produce an optimal value for
f2 . This property may, however, not be true in earlier generations of the GP, since there exist optimal solutions with regard to f2 with very poor performance in f1 . A similar expectation can be
formulated for the relation between f1 and f3 , although conﬂict may be stronger between these
two functions. It is, on the one hand, clear that the optimal model for f1 may, most probably,
also be physically correct. This however is only true if there exists an actual physically correct
relationship between the variables, which does not have to be the case for all applications. On
the other hand, it is easy to construct solutions which are physically correct and match the units
of the target variable, but perform horribly in a numerical sense with regard to f1 and f2 . In
conclusion, we can assume that there is, at least for sub-optimal solutions, a conﬂict between
all four objective functions, although we can expect the conﬂict to vanish, the closer the models
get to an optimal prediction of the data. It should also be noted that a vanishing conﬂict is, for
our application, desirable, since the objectives f2 and f4 are merely tools to guide the algorithm
to better solutions, while the objectives that are actually important for the application are f1 and
f3 .
5

BENCHMARK INSTANCES, FUNCTION SET AND TERMINAL SET

From the deﬁnition of the ﬂuid-dynamics problem described in Section 2, we derive six
problem instances with varying complexities, alongside with the used function and terminal
sets. In the following, besides the variables and derived features of the problem, the terminal
sets T include a set of constants, which we set as C = {4, 3, 2, 1, 12 , 14 }.
Benchmark Instance 1:

Predict |u| from ux and uy .

|u| = u2x + u2y

(7)

Instance 1 is a rather simple equation and involves only 2 variables. To solve this instance, 4 computational operations are necessary (two multiplications or square-operations,
one addition and one square root operation).
The function set for this instance is given as
√
2 3 1
F = {+, −, ×, ◦ , ◦ , ◦ , sin(◦), cos(◦), ◦} and the terminal set as T = C ∪ {ux , uy }, where ◦
denotes the input of the unary functions.
Benchmark Instance 2:

Predict ux from ur , uθ and θ.
ux = ur · cos(θ) − uθ · sin(θ)

(8)

Instance 2 is more complex, ﬁrst due to its length (3 variables and 5 computational operations), but also due to the inclusion of trigonometric functions. Compared to the other unary
functions such as the square root, the power function or the multiplicative inverse, the trigonometric functions sin(◦) and cos(◦) are not monotonously increasing or decreasing with their
input argument. Therefore, the ﬁtness landscape in this problem instance may be more complex, and ﬁnding the optimal model to solve it may be more challenging for the GP variants.
The function set for this instance is given as F = {+, −, ×, ◦2 , ◦3 , 1◦ , sin(◦), cos(◦)} and the
terminal set as T = C ∪ {ur , uθ , θ}.
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Benchmark Instance 3:

Predict ur from u∞ , θ, a and r.


a3
3·a
ur = u∞ · cos(θ) · 1 +
−
2 · r3 2 · r

(9)

Instance 3 is the most complex and involves 4 variables and 13 computational operations
(given its function set F, deﬁned below) in its simpliﬁed form as given in Equation (9). However, the GP may not necessarily end up with the simpliﬁcation of multiplying the ﬁrst two
terms after the addition and subtraction in the parenthesis, and the expanded form of this equation needs 19 operations. Instance 3 further involves a trigonometric function, which adds the
same additional complexity as described in Instance 2. The function and terminal sets for this
instance are F = {+, −, ×, ◦2 , ◦3 , 1◦ , sin(◦), cos(◦)} and T = C ∪ {a, r, u∞ , θ}.
Benchmark Instance 4: The basic relation between input and output variables in Instance 4
is identical to the one in Instance 1, i.e. the same equation needs to be learned. However, to
examine the effect of preprocessing variables using expert knowledge or other computational
techniques, we change the terminal and function sets compared to Instance 1. We use some
of the unary function operators in the original set F and perform their operation of the input
variables ux and uy . As a results, we obtain a smaller set of functions, but in exchange a
much larger
The sets for Instance 4 are F =
√ set of terminal symbols for the 2GP3 process.
1
2
3 1
{+, −, ×, ◦} and T = C ∪ {ux , uy } ∪ {ux , ux , ux , uy , uy , uy }. Since we assume that the
functions sin(◦) and cos(◦) can only be applied to angles in order to be physically meaningful,
these two functions are not used on the velocities ux and uy . While the effect of a much larger
terminal set is explored in our experiments (see Section 6.4), from a theoretical point of view
Instance 4 is less complex than Instance 1, since only two operations are now necessary to
assemble the correct equation.
Benchmark Instance 5: Instance 5 follows the same equation as Instance 2, but with changed
function and terminal sets, as done in Instance 4. Again, trigonometric functions are applied
to angles, while the other functions are applied to the velocities. As a result, we obtain F =
{+, −, ×} and T = C ∪ {ur , uθ , θ} ∪ {u2r , u3r , u1r , u2θ , u3θ , u1θ , sin(θ), cos(θ)}.
Benchmark Instance 6: As done in Instances 4 and 5, we derive Instance 6 from the equation
of Instance 3 and change the function and terminal sets to F = {+, −, ×} and T = C ∪
{a, r, u∞ , θ} ∪ {a2 , a3 , a1 , r2 , r3 , 1r , u2∞ , u3∞ , u1∞ , sin(θ), cos(θ)}. As a result, while the terminal
set is much larger than that of Instance 3, the complexity in terms of the necessary number of
operations is smaller (10 operations).
For the above-mentioned benchmark instances, we create a data set of 366 data points using a
far-ﬁeld velocity u∞ = 1.0 and a radius of the sphere of a = 1.0. The data set is randomly split
in an 80/20 ratio, i.e. into 292 data points in the training set and 74 data points in the test set.
6

EVALUATION

In conducting experiments, we aim to compare various aspects of the algorithms and to compare the problems with each other. More precisely, we aim to answer the following questions:
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1. How are the numerical performance and physical correctness of the results affected by
the inclusion of additional objectives, especially of correlation and dimension-penalty?
(Section 6.1)
2. How do the Cooperative Coevolution-based GP methods perform compared to the classical approaches? (Section 6.2)
3. How is performance affected by the multi-phase approach with additional mutation-only
phases? (Section 6.3)
4. How is performance affected by the precomputation of features, and the corresponding
changes in the function- and terminal-sets of the GP? (Section 6.4)
In this section, we answer these questions in detail by comparing the results of 32 combinations of algorithms and ﬁtness functions on the six benchmark instances described in Section 5.
The ﬁrst objective function f1 is always part of the optimization, and is paired with all possible combinations of the other three objectives, as seen in Table 1. For each algorithm variant
and benchmark instance, we perform 31 independent runs. The parameters are set as follows:
The population size is μ = λ = 2000 for all algorithms. The probabilities for crossover and
mutation are set to 0.5 and 0.5 respectively, except in the Multi-phase approaches, where no
crossover is used and the mutation probability is set to 1.0 instead. The number of generations
before a switch between normal optimization and mutation-only phase is set to 20. In the CCbased algorithms, all populations are optimized for 20 generations before moving on to the next
one, and a switch of the phase in the CC-MP-GP is done once all lower-level and the upperlevel GPs have been optimized once. The number of lower-level populations in CC-GP and
CC-MP-GP is set to 2. In the leaf-based one-point crossover the probability to select a terminal
symbol is set to 0.9. The maximum depth of the initial random solutions is set to 4. During
the optimization, created solutions are restricted to a maximum length of 50 for the S-GP and
the MP-GP, and a maximum length of 15 for the CC-based variants. The smaller limit in the
CC-based algorithms applies to each population, but the combination of the representatives to
form one ﬁnal individual can, of course, still create much longer models. All experiments stop
after 1, 600, 000 function evaluations, i.e. after 800 generations of optimization. The algorithms
are implemented using the deap-framework2 version 1.3.1 [7] and the pint package3 version
0.16.1.
In order to examine the quality of solutions, Table 1 shows the results of the experiments in
terms of success rates, i.e. the numbers show how many out of the 31 runs achieved a certain
goal. We compare two different types of success rates:
1. The ﬁrst number represents the physical and numerical success rate. It shows how many
runs have achieved a perfect numerical results, which we consider as f1 < 1e−15 and at
the same time delivered a model that satisﬁes f3 = 0 and therefore delivered the correct
units of measurement in a physically correct way.
2. The second number in each cell shows the numerical success rate only, i.e. how many
models delivered a maximum absolute error of f1 < 1e−15, regardless of an existing
dimension penalty in f3 .
2
3

https://github.com/DEAP/deap
https://github.com/hgrecco/pint
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Objectives

1

2

3

4

5

6

S-GP

f1
f 1 , f2
f 1 , f3
f 1 , f4
f 1 , f 2 , f3
f 1 , f 2 , f4
f 1 , f 3 , f4
f 1 , f 2 , f3 , f4

-/30 / 31
2/2
-/31 / 31
31 / 31
-/31 / 31

1/1
1/1
-/-/8/8
-/-/1/1

-/-/5
-/-/13 / 13
-/-/-/1

30 / 31
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31

2/4
3/5
18 / 18
10 / 10
25 / 25
11 / 13
13 / 14
29 / 29

- / 17
- / 31
7/7
-/27 / 28
-/4
-/-/6

MP-GP

f1
f 1 , f2
f 1 , f3
f 1 , f4
f 1 , f 2 , f3
f 1 , f 2 , f4
f 1 , f 3 , f4
f 1 , f 2 , f3 , f4

-/30 / 30
-/-/30 / 30
28 / 28
1/1
31 / 31

-/3/3
-/-/6/6
-/-/-/-

-/-/3
-/-/4/7
-/-/-/-

28 / 30
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31
31 / 31

3/4
3/5
17 / 18
3/3
25 / 25
4/4
2/2
14 / 14

- / 17
- / 31
7/7
-/22 / 22
-/-/-/-

CC-GP

f1
f 1 , f2
f 1 , f3
f 1 , f4
f 1 , f 2 , f3
f 1 , f 2 , f4
f 1 , f 3 , f4
f 1 , f 2 , f3 , f4

1/1
29 / 31
4/4
-/27 / 27
31 / 31
1/1
28 / 28

-/-/-/-/6/6
-/-/-/1

-/-/-/-/-/-/-/-/-

16 / 17
29 / 31
26 / 26
28 / 28
29 / 29
31 / 31
22 / 22
29 / 29

9 / 11
5/7
14 / 14
2/2
24 / 24
5/8
11 / 12
15 / 17

-/1
-/8
-/-/2/3
-/-/-/-

MP-CC-GP

f1
f 1 , f2
f 1 , f3
f 1 , f4
f 1 , f 2 , f3
f 1 , f 2 , f4
f 1 , f 3 , f4
f 1 , f 2 , f3 , f4

-/30 / 31
2/2
2/2
28 / 28
30 / 30
2/2
29 / 29

-/-/-/-/5/5
2/2
-/-/-

-/-/-/-/-/-/-/-/-

19 / 20
30 / 30
28 / 28
28 / 28
29 / 30
29 / 29
21 / 21
29 / 29

8/9
4/7
20 / 20
1/1
21 / 21
3/4
4/4
12 / 12

-/3
-/9
-/1
-/-/4
-/-/-/-

Table 1: Success rates for the six benchmark instances in terms of numerically and physically
correct results (ﬁrst number) and numerically correct results only (second number). A value of
0 is shown as a dash.
In addition, we take a close look at the actual numerical results. Table 2 shows the average
values obtained for f1 over the 31 independent runs. For each of the benchmark instances
(each of the columns), the respective best performance is marked in bold. A one-sided MannWhitney-U statistical test was performed for each algorithm to test whether its performance was
signiﬁcantly worse than that of the respective best algorithm for that benchmark. A difference
is considered signiﬁcant for p < 0.05 and is marked with an asterisk in Table 2, while all
non-signiﬁcant results are printed in bold font.
All analyses in this section are performed on the test set, which was not available to the algorithms during the optimization process. In general, the observed performance in all experiments
does not differ signiﬁcantly between the test set and the training set, which indicates that none
of the algorithms suffers from a large amount of overﬁtting.
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5.27e-03 * (± 4.12e-03)
4.44e-17 (± 2.24e-16)
1.51e-02 * (± 7.37e-03)
2.03e-02 * (± 3.81e-03)
5.97e-05 * (± 3.27e-04)
1.02e-03 * (± 3.81e-03)
1.86e-02 * (± 4.15e-03)
0.00e+00 (± 0.00e+00)

9.16e-03 * (± 5.36e-03)
2.64e-17 (± 1.35e-16)
1.40e-02 * (± 6.63e-03)
2.07e-02 * (± 3.55e-03)
6.74e-04 * (± 2.17e-03)
1.61e-17 * (± 4.72e-17)
1.70e-02 * (± 7.19e-03)
4.24e-04 * (± 1.38e-03)

1.15e-02 * (± 4.37e-03)
1.07e-17 (± 4.33e-17)
1.65e-02 * (± 6.45e-03)
1.88e-02 * (± 6.60e-03)
4.49e-04 * (± 1.83e-03)
5.93e-04 (± 3.25e-03)
1.82e-02 * (± 5.59e-03)
1.10e-03 * (± 4.18e-03)

f1
f1 , f 2
f1 , f 3
f1 , f 4
f1 , f 2 , f 3
f1 , f 2 , f 4
f1 , f 3 , f 4
f1 , f 2 , f 3 , f 4

f1
f1 , f 2
f1 , f 3
f1 , f 4
f1 , f 2 , f 3
f1 , f 2 , f 4
f1 , f 3 , f 4
f1 , f 2 , f 3 , f 4

f1
f1 , f 2
f1 , f 3
f1 , f 4
f1 , f 2 , f 3
f1 , f 2 , f 4
f1 , f 3 , f 4
f1 , f 2 , f 3 , f 4

S-GP

MP-GP

CC-GP

MP-CC-GP

6.92e-02 * (± 2.74e-02)
4.23e-02 * (± 1.44e-02)
1.08e-01 * (± 4.66e-02)
1.53e-01 * (± 4.79e-02)
4.64e-02 * (± 4.10e-02)
9.11e-02 * (± 3.69e-02)
1.72e-01 * (± 4.21e-02)
8.58e-02 * (± 3.52e-02)

7.27e-02 * (± 3.30e-02)
4.31e-02 * (± 1.96e-02)
1.07e-01 * (± 4.94e-02)
1.53e-01 * (± 3.47e-02)
6.53e-02 * (± 6.11e-02)
9.85e-02 * (± 2.08e-02)
1.44e-01 * (± 5.49e-02)
5.14e-02 * (± 4.04e-02)

5.21e-02 * (± 2.56e-02)
3.92e-02 * (± 2.57e-02)
1.00e-01 * (± 3.24e-02)
1.56e-01 * (± 3.64e-02)
2.52e-02 * (± 2.49e-02)
1.06e-01 * (± 2.65e-02)
1.42e-01 * (± 2.98e-02)
5.52e-02 * (± 2.82e-02)

3.85e-02 * (± 2.09e-02)
3.62e-02 * (± 1.93e-02)
6.54e-02 * (± 3.04e-02)
1.35e-01 * (± 3.08e-02)
1.46e-02 (± 2.00e-02)
8.61e-02 * (± 2.43e-02)
1.22e-01 * (± 2.19e-02)
3.03e-02 * (± 1.62e-02)

2

4.97e-02 * (± 2.92e-02)
1.29e-02 * (± 6.70e-03)
9.18e-02 * (± 4.35e-02)
1.57e-01 * (± 2.08e-02)
2.30e-02 * (± 1.62e-02)
4.44e-02 * (± 1.97e-02)
1.51e-01 * (± 1.95e-02)
3.61e-02 * (± 1.50e-02)

4.18e-02 * (± 2.28e-02)
9.52e-03 * (± 6.18e-03)
8.54e-02 * (± 3.87e-02)
1.44e-01 * (± 3.36e-02)
1.92e-02 * (± 1.30e-02)
3.69e-02 * (± 1.60e-02)
1.27e-01 * (± 3.28e-02)
3.07e-02 * (± 1.48e-02)

2.26e-02 * (± 2.91e-02)
2.58e-03 * (± 2.58e-03)
6.54e-02 * (± 4.94e-02)
1.57e-01 * (± 2.42e-02)
2.58e-03 * (± 3.07e-03)
3.41e-02 * (± 1.36e-02)
1.57e-01 * (± 1.34e-02)
1.60e-02 * (± 6.73e-03)

2.18e-02 * (± 1.39e-02)
2.09e-03 * (± 2.52e-03)
1.86e-02 * (± 1.28e-02)
1.55e-01 * (± 2.67e-02)
9.70e-04 (± 1.45e-03)
1.95e-02 * (± 9.48e-03)
1.33e-01 * (± 3.69e-02)
9.34e-03 * (± 6.90e-03)

3

5.05e-02 * (± 2.60e-02)
5.42e-02 * (± 2.73e-02)
3.09e-02 * (± 4.11e-02)
1.11e-01 * (± 4.31e-02)
3.39e-03 (± 9.65e-03)
1.00e-01 * (± 4.09e-02)
1.08e-01 * (± 4.06e-02)
3.72e-02 * (± 4.37e-02)

2.63e-05 (± 1.44e-04)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)

4.05e-02 * (± 1.45e-01)
1.75e-04 * (± 9.57e-04)
2.13e-03 * (± 9.95e-03)
1.75e-03 * (± 5.36e-03)
1.43e-07 (± 7.82e-07)
3.56e-04 (± 1.89e-03)
7.12e-03 * (± 1.12e-02)
7.93e-04 * (± 3.97e-03)

8.34e-02 * (± 1.45e-01)
5.71e-02 * (± 7.75e-02)
4.46e-02 * (± 1.02e-01)
1.43e-01 * (± 9.91e-02)
4.93e-02 * (± 1.19e-01)
7.84e-02 * (± 4.43e-02)
1.33e-01 * (± 1.15e-01)
3.15e-02 * (± 7.69e-02)

9.93e-02 * (± 1.28e-01)
4.74e-02 * (± 3.32e-02)
6.59e-02 * (± 7.91e-02)
1.13e-01 * (± 5.18e-02)
1.08e-02 * (± 2.78e-02)
5.74e-02 * (± 4.23e-02)
1.01e-01 * (± 1.16e-01)
2.28e-02 * (± 3.38e-02)

5.00e-02 * (± 3.00e-02)
5.03e-02 * (± 2.99e-02)
2.96e-02 * (± 4.00e-02)
7.55e-02 * (± 5.41e-02)
1.84e-03 (± 4.50e-03)
6.09e-02 * (± 5.43e-02)
5.52e-02 * (± 5.52e-02)
1.01e-03 (± 4.31e-03)

0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)
3.58e-18 (± 1.96e-17)
0.00e+00 (± 0.00e+00)
0.00e+00 (± 0.00e+00)

2.35e-02 * (± 1.04e-01)
1.07e-17 (± 4.33e-17)
5.98e-04 * (± 1.81e-03)
2.15e-03 * (± 7.43e-03)
1.87e-05 * (± 1.03e-04)
3.58e-18 (± 1.96e-17)
6.13e-03 * (± 1.19e-02)
1.15e-04 * (± 5.75e-04)

5

4

4.07e-02 * (± 6.11e-02)
1.07e-02 * (± 9.32e-03)
6.89e-02 * (± 9.01e-02)
1.20e-01 * (± 7.41e-02)
3.34e-02 * (± 5.81e-02)
8.29e-02 * (± 9.04e-02)
1.26e-01 * (± 9.17e-02)
8.20e-02 * (± 1.06e-01)

8.34e-02 * (± 1.16e-01)
1.61e-02 * (± 3.78e-02)
7.12e-02 * (± 9.03e-02)
8.77e-02 * (± 5.28e-02)
4.81e-02 * (± 7.53e-02)
5.23e-02 * (± 3.97e-02)
1.04e-01 * (± 6.34e-02)
7.93e-02 * (± 1.03e-01)

6.47e-03 * (± 8.68e-03)
1.98e-16 (± 3.51e-17)
1.65e-02 * (± 1.38e-02)
1.17e-01 * (± 4.82e-02)
1.96e-03 * (± 3.53e-03)
5.12e-02 * (± 1.37e-02)
9.24e-02 * (± 4.22e-02)
4.20e-02 * (± 1.70e-02)

6.08e-03 * (± 7.48e-03)
1.92e-16 (± 3.78e-17)
1.44e-02 * (± 9.99e-03)
8.53e-02 * (± 4.00e-02)
5.78e-04 (± 1.78e-03)
3.70e-02 * (± 2.11e-02)
8.63e-02 * (± 3.16e-02)
2.10e-02 * (± 1.62e-02)

6

Table 2: Numerical results (average and standard deviation) over 31 runs for the six benchmark instances. Best results for each instance are
shown in bold. A statistically signiﬁcant difference (p < 0.05) is indicated with an asterisk.

4.37e-03 * (± 4.23e-03)
0.00e+00 (± 0.00e+00)
1.09e-02 * (± 7.99e-03)
1.86e-02 * (± 1.49e-03)
4.03e-18 * (± 1.37e-17)
3.58e-18 (± 1.96e-17)
1.90e-02 * (± 2.07e-03)
7.16e-18 (± 3.92e-17)

1

f1
f1 , f 2
f1 , f 3
f1 , f 4
f1 , f 2 , f 3
f1 , f 2 , f 4
f1 , f 3 , f 4
f1 , f 2 , f 3 , f 4
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6.1

The Effect of Adding Additional Objectives

First, we take a look at how the ﬁnal performance, numerically and physically, is impacted
by the inclusion of additional objectives.
The effect of f2 : For the S-GP, we can see in Table 1 that the (f1 , f2 )-version achieves much
higher success rates than the single-objective version which only uses f1 , especially in Instances
1, 2 and 6. This effect is even larger when looking at the other combinations with vs. without
f2 . S-GP with (f1 , f3 ) can, for instance, only solve Instance 1 twice, and cannot solve Instances
2 and 3 at all, while the same algorithm with f2 as an additional objective solves these instances
31, 8 and 13 times, respectively. Adding f2 to the 3-objective version (f1 , f3 , f4 ) increases
the performance from 0 to 31 successful runs in Instance 1 and from 14 to 29 numerically
successful runs in Instance 5. For both the S-GP and the MP-GP we observe that in none of the
objective combinations and for none of the benchmarks has the inclusion of f2 led to a decrease
in the success rates, both numerically and physically. For the CC-based algorithms, we can
observe a similar picture, with the only exceptions in Instance 5, where the (f1 , f2 ) version
does not perform better than using f1 only. We can further observe that the effect of only
adding f2 to the f1 -version of any of the algorithms in Instances 2 and 5 (which share the same
characteristics) is not as powerful as for the other problem Instances. This may indicate that
the positive effect of optimizing the correlation is weaker when non-monotonous, trigonometric
functions are involved. In conclusion, we can clearly see the beneﬁt of optimizing correlation
in almost all of the experiments, which supports our hypothesis that this enables the algorithm
to appreciate and reuse smaller, correlated building blocks within the optimization process.
The effect of f3 : The impact of the inclusion of physical meaning in the optimization process
is most interesting. In principle, this adds another layer of difﬁculty to the problem, as the
expectations to an optimal solution are higher than only ﬁnding a numerical optimum. When
we compare the (f1 )-only algorithms with their (f1 , f3 ) counterparts, we can see that there
are a number of instances for which there are positive effects, but the boost in performance
is not as strong as the one observed for f2 . In some cases, the consideration of f3 even has
a negative effect on outcome, both numerically and physically. An interesting observation in
this case is that the effect in Instance 5 is usually positive, and that the same is true for the
most complicated Instances 3 and 6. Here, the (f1 , f2 ) variants, especially, often did not ﬁnd
any physically correct equations, even though they were able to ﬁnd numerical ones. After the
inclusion of f3 , the (f1 , f2 , f3 ) versions were able to ﬁnd more numerically, and also physically
correct models. A reason for this may lie in the created training data. In our generated data
samples, the value for u∞ is constant. Therefore, a purely numerical optimization does not need
to multiply it to the model (see Eq. (9)) to obtain numerically correct results. A physically-aware
algorithm however, can discover this relationship in the data based on the units of measurement,
even though the data of the application may be biased in such a way. In general, even though
a strictly positive effect can not be seen in all cases, the inclusion of physical units into the
algorithm can be seen as an advancement. If the user is interested in gaining insight on the
workings of the application and what the physical relations are between the input parameters,
the slightly lower success rates may be a small price to pay for ultimately obtaining physically
meaningful models.
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The effect of f4 : Using the length of a model as an optimization criteria has, in most cases,
a negative effect on the success rates of the algorithms. We can, however, observe a positive
effect in some instances for the S-GP and the CC-GP. This makes sense since the additional
mutation phase in the other two algorithms already aims to reduce the size of the models during
the optimization, while the S-GP and CC-GP may still suffer from an excessive growth of the
trees, and therefore have a higher potential to actually beneﬁt from using f4 .
In summary, we can conclude that solving GP problems with multiple objectives is certainly
superior to the single-objective version which only uses f1 . It is not strictly better to use any
additional objective in all cases, but for every instance and for every algorithm there exists at
least one of the multi-objective versions that performed strictly better in both success rates compared to the single-objective version. The largest beneﬁt came from using f2 , which improved
performance dramatically in almost all of the experiments.
6.2

Performance of Coevolutionary Algorithms

Next, we take a close look at the performance of the two CC-based algorithms in comparison
with their traditional counterparts. Overall, we can not observe a strictly positive effect of using
the coevolutionary approach in our experiments. For Instances 3, 4 and 6, all success rates of
the CC-GP are lower than the ones of the S-GP, and similarly the results of the MP-CC-GP are
worse than the ones of the MP-GP. We can, however, observe a certain impact for the Instances
1 and 5. In Instance 1 and one case of Instance 2, the success rates are slightly higher in the CCbased approaches. This impact, however, is not particularly strong, and the small changes in the
success rates (e.g. 2 vs. 0 solved runs and 4 vs. 2 solved runs in the (f1 , f3 ) algorithms) can also
be caused by statistical effects. This is also supported by the fact that the average performances
for these cases (see Table 2) do not deviate much, and in some cases the average performance is
slightly lower even though less instances are solved correctly. Therefore, we can not observe a
negative effect for Instance 1 as for some of the other instances, but the slightly higher success
rates of the CC-algorithms can also not reliably indicate a superior performance. One case
where we can observe a larger positive effect is Instance 5 when we perform a single-objective
optimization with only f1 . The CC-GP variant solves 9/11 instances (physically/numerically),
while the normal S-GP only achieves success rates of 2/4. On the other hand, we can see in
Table 2 that the average ﬁtness of S-GP is actually smaller than the one of CC-GP. To examine
this effect in more detail, we show the boxplots of the numerically best results for this case in
Fig. 2a. We can observe clearly that on the one hand, the CC-GP is able to ﬁnd more results
closer to the optimum, while on the other hand suffering from a larger spread of the solutions.
The overall performance of S-GP is more robust over the independent runs, with a slightly
smaller median and smaller spread. CC-GP is more successful overall, but in turn also produces
results in some runs with a very poor performance. Looking at Fig. 2b, we observe a similar
picture, with a higher success rate but larger spread and overall lower median performance in
the CC-MP-GP compared to its counterpart MP-GP. This trade-off between higher success rates
but lower robustness can be seen as an interesting property and, depending on the application,
may be beneﬁcial to the overall goal of the application.
6.3

Performance of the Multi-Phase Algorithms

Third, we analyze the effect of using the multi-phase approach in the algorithms. Overall,
we can observe that adding the mutation-only phase does not increase the performance by large
amounts in terms of success rates, but in most cases also does not deteriorate the performance
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(a) Standard GP and CC-GP

(b) MP-GP and MP-CC-GP

Figure 2: Distribution of numerical results for benchmark instance 5 and the single-objective
f1 -variants of the four algorithms.
of the algorithms. An interesting observation regards the combination with the length of the
individuals, i.e. the optimization of f4 . In Instances 5 and 6, we observe that the success rates
of MP-GP drop largely for all the algorithms that optimize f4 . This can be explained by the fact
that the additional mutation phase, as described above, used only operators that help to reduce
the size of the trees and therefore prevent excessive growth. If f4 is one of the objectives,
however, such operations result in a direct increase of one of the objective functions regardless
of the quality in terms of the other objectives. This may lead to a premature convergence of
the population to very short and simple individuals, from where it is more difﬁcult to ﬁnd the
optimal solutions. The same behavior can also be observed when comparing CC-GP with MPCC-GP. With the exception of these algorithms, a negative effect can not be observed for the
problem instances 1, 4, 5 and 6. This is also reﬂected in the average performance values in
Table 2, where in these instances the best performance of the S-GP is matched by the same
algorithm conﬁguration using the multi-phase approach (i.e. the difference between the same
algorithm with and without this approach is not statistically signiﬁcant). In Instances 2 and 3,
which are the most difﬁcult to solve in our experiments, the best performance is, however, only
achieved by the S-GP, both in terms of success rates as well as average performance values.
6.4

The Effect of Precomputing Features

Lastly, we analyze the effect of feature transformation before the start of the GP process, i.e.
we compare the Instances 1, 2 and 3 with the Instances 4, 5 and 6 respectively. As described in
Section 5, the equations that need to be approximated are identical, but the last three instances
contain a much larger terminal set in exchange for a smaller function set. Such derived features
may, depending on the application, be obtained using expert knowledge or simply, as in this
work, by taking physical properties of a problem into account. The results in Table 1 show that
this precomputing step improves the outcomes signiﬁcantly. For Instance 1, only algorithms
which included f2 in their optimization were able to solve this instance, with numerical success
rates of 27 to 31 solved runs, while all other algorithms were often not able to even solve a single
run. Once we precompute the features and solve the same problem with changed functionand terminal sets, all algorithm versions of the S-GP and MP-GP are able to solve Instance 4
perfectly with success rates of 30 or 31 runs. For the CC-based algorithms, we observe the same
increase in performance, which enables all algorithms to perform superior or on par in Instance
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4 compared to Instance 1. The difference between Instances 2 and 5 is even more prominent,
as we see that Instance 2 was rarely solved by any of the algorithms, while Instance 5 is solved
reasonably often by various algorithm combinations, most notably with an almost perfect score
of 29 solved instances for the S-GP with (f1 , f2 , f3 , f4 ). As a last result, we can conﬁrm this
trend also for the instance pair 3 and 6. The precomputation of the features enables the S-GP
and the MP-GP (using (f1 , f2 )) to solve all 31 instances numerically correctly in Instance 6,
while they achieved success rates of only 5 and 3 respectively in Instance 3. Based on these
results, an interesting observation is that even though the feature transformation prior to the
optimization is a very simple and computationally inexpensive measure, it changes the outcome
of all GP algorithms drastically, and the magnitude of the performance enhancement is maybe
only matched by the inclusion of the correlation f2 into the optimization process.
7

CONCLUSION

In this article we have explored the possibilities of various different techniques in GP algorithms to solve the regression problem for a ﬂuid-dynamics problem: the Stokes ﬂow around a
rigid sphere. We have derived six benchmark instances as examples of relationships that occur
in this sort of problems. Apart from numerically correct predictions, the goal of this research
was to produce models which can help researchers and engineers understand the underlying
physical mechanisms governing such applications. Therefore, we included the physical correctness of the models, in terms of penalties for nonphysical operations as well as for not matching
the desired output units of measurement, as an objective of the optimization. The inclusion
of additional objective functions such as correlation and complexity of the model was further
used to aid the GP process in reaching numerically and physically correct results. Moreover,
we also explored different optimization techniques, such as the principle of Cooperative Coevolution and a multi-phase approach. Finally, the effect of a feature transformation prior to the
optimization was investigated. The results of our experiments indicate that the ability to solve
the benchmarks varies greatly with the usage of different optimization techniques. The greatest
beneﬁts in terms of numerical results were observed ﬁrst, when the correlation f2 was included
in the optimization and second, when features were precomputed and the function-set F was
reduced at the same time. Using these techniques, we observed a drastic increase in physically meaningful and numerically correct models produced by the GP. The usage of CC-based
approaches and the multi-phase approaches, on the other hand, were not as beneﬁcial to the
overall outcomes. It must be noted however, that the CC-based algorithms in our experiments
were only conﬁgured with two subpopulations, and other aspects such as the divisions of the
terminal and function sets between the populations may require further investigation. In the
future, we plan to apply the developed methods to ﬂuid-dynamics problems with higher dimensionality – involving multiple spheres and varying Reynolds numbers – with the aim to provide
helpful tools for understanding the complex physics of particle-laden ﬂows.
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Abstract. This paper overviews the capabilities of adjointOptimisationFoam, an OpenFOAMbased framework for adjoint-assisted, gradient-based optimisation that ﬁrst appeared publicly
in the open-source CFD toolbox, OpenFOAM, in v1906. Capabilities of the publicly available
software and of the in-house version of it are separately discussed. The publicly available software is structured in a way that allows for an automated shape optimisation loop, including all
steps from the solution of the ﬂow equations to the update of the design variables in a single executable, avoiding thus the need for external scripting. The software has already been used in a
number of industrial optimisation problems, some of which will brieﬂy be presented herein. Additionally, adjointOptimisationFoam is currently developed and extended by the Parallel CFD
& Optimization Unit of NTUA. Topics of active development include a) the continuous adjoint
to unsteady ﬂows, including data compression techniques to reduce the memory footprint, b)
stabilisation techniques for the solution of the primal and adjoint equations based on the Recursive Bisection Method and the control of the Adjoint Transposed Convection term, c) a suite
of tools for topology optimisation, with or without heat transfer, occasionally in the presence
of two ﬂuids, and d) a number of adjoint-assisted methods for Uncertainty Quantiﬁcation and
Robust Design Optimisation.
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1

INTRODUCTION

The open-source CFD toolbox, OpenFOAM1 , is one of the largest open-source projects related to the solution of a number of computational problems pertaining to ﬂuid mechanics,
with solvers tackling compressible and incompressible, single and multi-phase ﬂows, chemical reactions, heat transfer, species transport etc. Due to its versatility and capability to tackle
a wide range of physical problems, it has attracted the attention of many industrial sectors,
among which the automotive, energy and turbomachinery ones as well as industries related to
combustion, plastics etc.
In the OpenFOAM release by OpenCFD, version v1906, OpenFOAM introduced a library
supporting adjoint-based shape optimisation, developed by the Parallel CFD & Optimisation
Unit of NTUA (PCOpt/NTUA) and contributed by the group of authors. This paper focuses
on highlighting the capabilities of this publicly available software, presenting some indicative
applications and discussing further developments that are currently being undertaken in-house.
The main executable making use of the adjoint-based infrastructure is called adjointOptimisationFoam; this name will hereafter be used to refer to all adjoint-related OpenFOAM capabilities, both publicly available and in-house developed at PCOpt/NTUA. adjointOptimisationFoam has been continuously developed and maintained with publicly available contributions
till v2012.
The publicly available software is structured in a way that allows for an automated shape
optimisation loop, without the need for external scripting, incorporating a) the adjoint to steadystate incompressible ﬂows, with full differentiation of the Spalart-Allmaras model with or without wall functions, b) a number of differentiated objective functions, like forces, moments and
total pressure losses, c) a parameterisation scheme based on volumetric B-Splines that can also
act as a grid displacement tool, d) two major families of methods for computing shape sensitivity derivatives based on either surface or ﬁeld integrals and e) a number of methods for
updating the design variables, like the one from Broyden-Fletcher-Goldfarb-Shanno (BFGS)
and Sequential Quadratic Programming (SQP, used for constrained optimisation). The software
has already been used in a number of industrial optimisation problems, some of which will be
brieﬂy presented herein.
At the same time, adjointOptimisationFoam is further developed and extended in-house by
PCOpt/NTUA. Topics of active development include a) the continuous adjoint to unsteady
ﬂows, focusing on the usage of efﬁcient compression algorithms to cut down on the sizable
storage requirements associated with unsteady adjoint, b) stabilisation techniques, mainly focusing on the Recursive Projection Method, to tackle convergence challenges associated with
small scale oscillations of the ﬂow ﬁeld in practical applications, c) a suite of tools for topology
optimisation, including Conjugate Heat Transfer (CHT) and multiple ﬂuids, for the design of
heat exchangers and d) a number of adjoint-assisted methods for Uncertainty Quantiﬁcation
(UQ) and Robust Design Optimisation (RDO), including ﬁrst-and second-order variants of the
Method of Moments, an adjoint-assisted regression approach to the non-intrusive Polynomial
Chaos Expansion (PCE) and the adjoint to the intrusive PCE variant. Some relevant applications
features will be brieﬂy presented herein.
2

THE ADJOINT METHOD IN BRIEF

The adjoint method is used to compute the sensitivity derivatives (SDs) δJ/δbi , where J is
the objective function of the optimisation problem (e.g. lift/drag forces, total pressure losses,
1

www.openfoam.com
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etc) and bi , i ∈ [1, N ] the design variables, at a cost that does not scale with N . This allows for
handling optimisation problems with a very large number of design variables, occasionally in
the order of millions (see section 4.3).
The publicly available adjointOptimisationFoam solves the adjoint to incompressible, laminar and turbulent ﬂows. Assuming turbulence is modelled by the Spalart–Allmaras model, [1],
the ﬂow (primal) equations read
∂vj
=0
∂xj
∂vi ∂τij ∂p
−
+
= 0, i = 1, 2, 3
Riv = vj
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where vi are the velocity components, p the static pressure divided by the constantdensity, ν
∂v
∂vi
and νt the constant bulk and turbulent viscosity, respectively, τij = (ν +νt ) ∂x
+ ∂xji the stress
j
tensor components, ν is the turbulence model variable and Δ is the distance from the wall.
Details about the terms and constants of eq. 1c can be found in [1]. To account for the distance
variation with respect to (w.r.t) the design variables during the adjoint formulation for shape
optimisation problems, [2], the Hamilton-Jacobi PDE is used for computing Δ


∂
∂ 2Δ
∂Δ
Δ
Δ − Δ 2 − 1=0
(2)
R =
∂xj ∂xj
∂xj
In industrial cases, the use of the law-of-the-wall (wall functions) is a common practice in order
to avoid extremely stretched grids close to the solid walls and lower the computational cost.
Working with a cell–centered ﬁnite volume discretisation scheme, Spalding’s law is used to
compute the friction velocity based on the velocity magnitude at the ﬁrst cell-centre off the wall
[3].
As already mentioned, the adjoint equations are formulated in a way that makes the ﬁnal
SD expression free of variations of the ﬂow variables w.r.t. the design ones. To this end, an
augmented objective function L is formed by adding the ﬁeld integrals of the products of the
ﬂow PDEs and the adjoint variable ﬁelds to the objective function J, i.e.
L = J + ui Riv dΩ+ qRp dΩ+ νa RνdΩ+ Δa RΔ dΩ
Ω

Ω

Ω

(3)

Ω

where Ω is the computational domain, ui the adjoint velocity components, q the adjoint pressure,
νa the adjoint turbulence variable and Δa the adjoint distance. Given that, upon convergence,
the residuals of the primal equations are zero, L ≡ J.
After differentiating eq. 3 w.r.t. bn and developing it using the Gauss divergence theorem, the
adjoint PDEs result by setting the multipliers of the derivatives of the ﬂow variables w.r.t. bn to
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zero, [2], and read
∂uj
=0
(4a)
∂xj
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∂
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R = −2
Δa
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ν νa CΔ = 0
∂xj
∂xj


∂uj
∂ui
a
where τij = (ν +νt ) ∂xj + ∂xi are the adjoint stress tensor components. The Cν, CY and CΔ
expressions can be found in [4, 5].
The adjoint boundary conditions are deﬁned after zeroing the multipliers of the derivatives
of the ﬂow variables w.r.t. bn in the boundary surface integrals emerging after differentiating
eq. 3 and applying the Gauss divergence theorem. The detailed presentation of the adjoint
boundary conditions can be found in [2], including the adjoint law of the wall for cases using
wall functions.
The ﬁnal SD expression depends on the design variables bn (see, for instance, [6] for shape
and [7] for topology optimisation). It is important to note that the eqs. 4a to 4c do not depend
on bn and can, thus, be used with any design variable, supporting for instance shape [2], ﬂow
control [8], topology optimisation [7] (after minor additions), etc.
The publicly available version of adjointOptimisationFoam includes the adjoint to the Spalart–
Allmaras turbulence model and with or without wall functions, [4, 2]. The adjoint to a number
of other turbulence models has also been developed in-house and can be found in [9, 8] for
high- and low-Re variants of the k − turbulence model and in [10] for the k − ω SST one.
Rq = −

3
3.1

SHAPE OPTIMISATION
Publicly Available Functionality

In shape optimisation, the publicly available adjointOptimisationFoam can be used to compute only sensitivity maps or perform shape optimisation loops.
Sensitivity maps, like the one presented in ﬁg. 1, are plots of the derivatives of the objective
function w.r.t. the normal displacement of boundary wall nodes and may become a very useful
tool for designers, since they offer insight into areas with great aero/hydrodynamic optimisation
potential and mark the direction of favorable surface displacement. Hence, at the cost of a
single ﬂow and adjoint solution, the designer can obtain useful information about favorable
shape deformations without even running an optimisation loop.
To create an automated shape optimisation loop, apart from solving the ﬂow and adjoint
equations, a number of additional steps need to be performed within each cycle, ﬁg. 2. adjointOptimisationFoam incorporates all these steps within a single executable, without external
scripts for managing the optimisation process.
Regarding parameterisation (which, among other, determines the design variables controlling the aero/hydrodynamic shape), adjointOptimisationFoam makes use of volumetric (i.e. trivari-
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Figure 1: Drag sensitivity map computed on the surface of the DrivAer car model. Blue/red
areas should be displaced inwards/outwards to reduce drag. All other areas have a negligible
effect on drag.
ate) B-Splines; this is based on structured grids of control points, the coordinates of which act
as the design variables, ﬁg. 3. More details about the mathematical background of the parameterisation tool can be found in [11].
Regarding the available objective functions, adjointOptimisationFoam can handle forces,
moments, total pressure losses and a surrogate objective for noise minimisation, see [11].
Sensitivity derivatives for shape optimisation can be computed using two families of methods, based on either surface or ﬁeld integrals, namely the (E-)SI and FI adjoints developed in
[6]. The E-SI approach includes also the adjoint to the grid displacement model, taking into
consideration the effect of the so-called grid sensitivities.
The design variables can be updated using a number of methods, including among other the
conjugate gradient and (L)BFGS, [12], ones for unconstrained optimisation problems as well
as Rosen’s projection method, [13], and SQP, [12], for optimisation problems including constraints. All the above-mentioned objective functions can also act as constraints (for instance,
by setting target or threshold values for them). Additionally, some geometric constraints, like
the area/volume of an aerodynamic shape, can also be imposed.
Finally, all grid displacement methods already available in OpenFOAM can be used to adapt
the internal mesh points to the new boundary designed by the optimisation loop. Experience
with a number of industrial optimisation problems has shown that the volumetric B-Splines
used to parameterise surfaces can also act as a robust grid displacement method and are, hence,
usually preferred to other methods.
An indicative application of adjointOptimisationFoam, studied in [5], deals with the multipoint, multi-objective optimisation of the “FP01” concept car designed by the Toyota aerodynamics department, depicted in ﬁg. 3. To investigate the trade-off between drag and side-wind
sensitivity, a two operating point design problem is deﬁned and solved. The two operating points
correspond to two ﬂow directions (0o and 30o side-wind); each case is associated with its own
objective function. The two functions being minimised are the drag coefﬁcient at 0o and the yaw
moment coefﬁcient at 30o side-wind. The parameterisation of the spoiler and diffuser regions
with volumetric B-Splines boxes is depicted in ﬁg. 3. The Pareto front of non-dominated solutions, computed by combining the two objective functions with different weight value-sets and
optimising anew, is presented in ﬁg. 4, along with the optimised car geometries corresponding
to a number of Pareto front members. The optimisation was based on the (steady-state) RANS
equations for the CPU cost to be affordable. However, some of the optimised geometries were
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Figure 2: Flowchart of a typical shape optimisation loop. U stands for the primal variables
(unknowns in eqs. 1b and 1c). Ψ are the adjoint variable ﬁelds, i.e. solutions to eqs. 4.

Figure 3: Two morphing boxes parameterising the spoiler and diffuser areas of a concept car.
Case studied in [5]. The location of the morphing boxes has been found after computing sensitivity maps for the two objectives.
re-evaluated using DDES, [5]; it was observed that even though the quantitative reduction of
the objective functions was different for the RANS- and DDES-based evaluations, the geometries designed using the RANS equations were indeed better than the baseline car even when
re-evaluated with DDES.
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Figure 4: Shape optimisation of the FP01 concept car: Top: Front of non–dominated solutions
(ﬁlled, red squares) and convergence paths of the optimisation runs carried out using different
sets of weights for the drag coefﬁcient (plotted in the abscissa) and the yaw moment coefﬁcient
(shown in the ordinate). All values have been normalised w.r.t. the baseline geometry. Mid
and bottom: optimised geometries (port side) compared to the baseline car (starboard side),
corresponding to four Pareto front members. Case studied in [5].
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3.2

In-house shape optimisation developments

The publicly available shape optimisation infrastructure is enriched in-house with a number
of additional objectives and parameterisation schemes/design variables. Indicatively, shape optimisation can be performed using the displacement of all wall nodes as the design variables. To
ensure the surface smoothness while using such a high number of design variables, the boundary
displacement is smoothed using a Helmholtz-type PDE, as in [14].
An indicative application pertaining to the optimisation of a Kaplan-type turbine runner is
presented in ﬁg. 5. The objective function is to minimise the area of the runner surface with a
pressure below a certain threshold, to avoid cavitation. Since, in gradient-based optimisation,
objective functions must be differentiable, the minimum of the pressure ﬁeld is replaced by a
differentiable sigmoid function, as in [15]. As seen from ﬁg. 5, the cavitation-prone areas have
practically disappeared after 40 cycles.
The in-house functionality of adjointOptimisationFoam has also been extended to include
the adjoint method supporting CHT shape optimisation, see [16].
4

ADDITIONAL FEATURES - EXTENSIONS

adjointOptimisationFoam is actively being developed at PCOP/NTUA, extending the publicly available features and adding new ones. In this section, some of these features are brieﬂy
discussed and indicative applications are showcased.
4.1

Compression methods for unsteady adjoint simulations

In gradient-based optimisation with unsteady ﬂows, the adjoint equations must be integrated
backwards in time; this requires the instantaneous ﬂow ﬁelds to be available at each time-step of
the adjoint solver. Storing the entire ﬂow history is usually infeasible for practical applications
due to the immense memory requirements. The latter can be alleviated using the so-called
check-pointing approach, [17], which stores a number of ﬂow solutions (the check-points) along
the simulation time span; then, the ﬂow solution at any time-step other than a check-point is
retrieved by integrating the ﬂow equations starting from the nearest check-point, while re-using
check-points that become idle. Though check-pointing can reduce storage requirements, the
additional CPU cost for recomputing intermediate ﬂow ﬁelds might not be negligible at all.
Lately, a compressed full storage strategy for unsteady adjoint-based optimisation problems
has been implemented and proved to exhibit great beneﬁts compared to the memory requirements of a (uncompressed) full storage, by avoiding at the same time the ﬂow recomputations
of check-pointing and maintaining the SD accuracy. The compression of the computed ﬂow
ﬁelds at each time-step is performed using a combination of the ZFP lossy compression algorithm, [18], and an incremental variant of Proper Generalised Decomposition (iPGD) [19].
Initial results show that an efﬁcient combination of the two approaches can lead to a compression ratio of the order of 100-1000, [20], allowing the compressed full storage of the ﬂow ﬁelds
and avoiding, thus, the use of check-pointing and the associated extra CPU cost.
Indicatively, ﬁg. 6 presents an adjoint-based optimisation of the fairing of the motorbike
tutorial of OpenFOAM, based on the URANS equations. The objective to be minimised is
the time-averaged drag exerted on the whole motorbike, ﬁg. 6. The solver runs with Δt =
2.5·10−4 sec for a total time of 7sec on a grid of ∼ 1.1·106 cells. The optimisation is performed
on two computational nodes with 128 GB memory each. A reduction in the memory footprint
by a factor of 480 was achieved, with a negligible error in the computed sensitivities, ﬁg. 7.
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Figure 5: Kaplan-type turbine runner: optimisation targeting suppression of cavitation. Top:
pressure distribution over the initial (left) and optimised (right) geometries, as seen from the
outlet of the runner/suction side of the runner blades. The runner areas with a pressure below
the deﬁned threshold are contained within the black lines (areas close to the leading edge of
the suction side and the trailing edge of the pressure side). The cavitation-prone areas have
practically disappeared in the optimised geometry. Bottom: cumulative normal displacement
of the optimised blade, plotted over the suction (left) and pressure (right) sides. Red areas have
been displaced “inwards” while blue areas have moved in the opposite direction. It is interesting
to note that even the pressure side has been slightly displaced in an attempt to eliminate the
cavitation-prone area close to the trailing edge. The geometry is a courtesy of Andritz Hydro.
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Figure 6: Case 4. Initial (left) and optimised (right) shape of the motorbike’s fairing.
1

check-pointing

50.6

CR

Memory
Size(GB)

100%

218

35.6 70.4% 479.1

4.25

ε

JD / JD,init

CPU cost
Compression
Method
abs(h) rel

no compression
iPGDZ

0.99
0.98
0.97
0.96
0.95
0.94

iPGDZ

0.59%

0.93
1

2

3

4

5

6

7

8

9

10

Optimization Cycle

Figure 7: Motorbike optimisation using unsteady adjoint: Left: CPU cost, compression ratio
(CR) and error in SDs ( ) at the ﬁrst optimisation cycle, using a combination of ZFP and iPGD
(abbreviated as iPGDZ) to compress the entire ﬂow ﬁeld series, compared with check-pointing.
Right: evolution of the normalised mean drag coefﬁcient during the course of the optimisation.
JD is reduced by 6.7%. By using iPGDZ, the memory footprint can be divided by a factor of
480 (from ∼ 2T B for the uncompressed full storage to 4.3GB for the iPGDZ-compressed full
storage) with a negligible error in SDs (less than 0.6%). Additionally, the computational cost
is reduced by ∼ 30% (from ∼ 51h to ∼ 36h) compared to that of a binomial check-pointing
approach which stores approximately 10% of the total number of ﬂow ﬁelds.
4.2

Stabilisation of the adjoint equations

Despite the great cost beneﬁts that can be achieved using the compressed full-storage strategy presented in section 4.1, optimisation using unsteady ﬂow solvers can be quite expensive
due to the high cost of each transient ﬂow solution. In many industrial cases, steady-state
solvers are used even in the presence of mild, occasionally a bit stronger, ﬂow unsteadiness in
an attempt to reduce the CPU cost of CFD evaluations and optimisations. However, the use
of steady-state solvers in cases with mild unsteadiness (or, even, cases with vortex shedding),
often encountered in ﬂows past bluff bodies, usually leads to signiﬁcant convergence difﬁculties for both the primal and adjoint solvers. The use of a steady ﬂow solver does not allow
convergence of the ﬂow equations, and the adjoint solution may be led to stalling or divergence
[21, 22]. For the stabilisation of iterative procedures, the Recursive Projection Method (RPM),
[23], has been implemented within adjointOptimisationFoam to deal with the aforementioned
convergence difﬁculties, [20]. The RPM splits the solution space into two subspaces, containing the unstable and stable modes of the Jacobian matrix of the iterative scheme, where the
one is the orthogonal complement of the other. It, then, performs an additional Newton step
within the unstable subspace while retaining the original iterative scheme on its complement.
An indicative application of the RPM for the stabilisation of the adjoint equations in a problem
where vortex-shedding is predicted by a steady-state solver in ﬁg. 8.
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Figure 8: Shape optimisation of a cylinder with a Re = 140, targeting min. drag under the
constraint of maintaining the cylinder area. Despite the high Re number and the presence of
vortex-shedding in the initial geometry, a steady-state solver is used for the solution of the
primal and adjoint equations. Top: Residuals of the primal (left) and adjoint (right) pressure
equations. Blue/red colors correspond to solutions with/without the RPM. In both cases plotted
on the right, the adjoint equations were solved after having stabilised the primal equations by
means of the RPM. The RPM manages to stabilise the solution of both the primal and the adjoint
equations. Bottom: streamlines of the ﬂow velocity, colored by the velocity magnitude, plotted
around the initial and optimised geometries. Using the RPM, the optimisation converged to a
geometry in which vortex-shedding has been suppressed, justifying the use of a steady-state
solver.
4.3

Topology optimisation

Topology Optimisation (TopO) is nowadays a popular method for the preliminary design of
industrial duct systems with multiple inlets and outlets [24]. Though a number of variants exist for formulating the TopO problem, such as the density- (or porosity) based approach [25]
or level-set methods, they all follow the idea of artiﬁcially blocking part of an initial ﬂow domain to penalize its counter-productive areas, in an attempt to minimize J. This blockage (or
porosity) ﬁeld acts as the ﬁeld of the design variables in TopO problems. Usually, one design
variable exists per grid cell, formulating optimisation problems with thousands or millions of
design variables. This particular feature of TopO makes the utilisation of adjoint methods for
computing δJ/δbn the only computationally feasible approach.
PCOpt/NTUA has recently incorporated a number of best practices related to porosity-based
TopO, such as the regularisation and projection of the porosity ﬁeld to mitigate the effects of
a grid-dependent solution and alleviate the checkerboard effect [26], to the in-house version of
adjointOptimisationFoam, [7]. Additionally, a number of peripheral tools supporting TopO, like
the Method of Moving Asymptotes (MMA, [27]) used to update the design variables variables
in TopO problems with inequality and bound constraints, have also been implemented. Finally,
the adjoint to Conjugate Heat Transfer (CHT) problems, with one or more working ﬂuids, has
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been implemented in adjointOptimisationFoam for tackling the optimisation/design of heat exchangers. An indicative application of TopO for CHT problems, initially presented in [7], is
showcased in ﬁg. 9.
4.4

Adjoint methods for uncertainty quantiﬁcation and robust design optimisation

Most of the optimisation applications assume ﬁxed boundary conditions and do not consider
manufacturing imperfections. However, this is not the case in real life and industrial problems.
For instance, operating conditions may vary within a certain range, creating an uncertain environment. If these variations are not taken into account, it is likely that the designed/optimised
geometries will perform efﬁciently solely at a single operating point [28]. Hence, there is a
need to develop alternative optimisation methods that account for uncertainties [29], a.k.a. robust design optimisation (RDO) methods. In order to measure the impact of uncertainties on the
performance of an aero/hydrodynamic shape, statistical moments (usually the mean value and
variance) of the Quantity of Interest (QoI, the objective function in optimisation problems without uncertainties) have to ﬁrst be quantiﬁed. The process of computing these statistical moments
is referred to as Uncertainty Quantiﬁcation (UQ). In an RDO problem, a weighted combination
of the statistical moments of the QoI is minimised. A recent review of UQ methods and their
application in the RDO of air vehicles can be found in [30].
Here, we will focus on how adjoint methods, programmed within adjointOptimisationFoam,
can reduce the cost of some UQ approaches and/or drive the RDO loop. Non-intrusive Polynomial Chaos Expansion (niPCE) [31, 32] is a popular UQ method that approximates the QoI as
a function of weighted polynomials of the uncertain variables. The weights of the polynomials
can be computed using either Gauss Quadrature rules or a regression approach, [33]. Adjoint
methods within adjointOptimisationFoam have been used to either compute the gradient of the
RDO objective function evaluated using the former approach, to drive the RDO loop, or provide
entries for the regression system of the latter approach at the cost of a single adjoint solution,
[34], reducing its UQ cost by a factor of M , where M is the number of the uncertain variables.
Additionally, an intrusive PCE (iPCE) variant for incompressible ﬂows and its adjoint counterpart have also been implemented within adjointOptimisationFoam, [35], further reducing the
cost of RDO for this particular type of problems.
Another UQ method that heavily utilises adjoint is the Method of Moments (MoM) [36, 37].
According to the MoM, the QoI is expanded into a Taylor series in terms of the uncertain
variables. By keeping only the ﬁrst-order term in the Taylor expansion and computing the
ﬁrst two statistical moments of the QoI, namely its mean and standard deviation, a First-Order
Second-Moment (FOSM) UQ method is formulated. Since the FOSM-based RDO objective
already includes ﬁrst-order derivatives w.r.t. the uncertain variables, second-order mixed ones
(w.r.t. both design and uncertain variables) are needed to compute the gradient driving the RDO.
All ﬁrst-order gradients, w.r.t. either the design or the uncertain variables, are computed based
on the continuous adjoint method presented in section 2. To avoid the computation of the
second-order mixed derivatives, with a cost that scales with the min. of M and N , its projection
to a certain vector is computed at a CPU cost of 2 Equivalent Flow Solutions, formulating the
only RDO approach known to the authors with a cost that is independent from both M and N .
The latter stands for the projected FOSM (pFOSM) method proposed by the group of authors,
[38], and implemented within adjointOptimisationFoam. Hessian computations used to support
the Second-Order Second-Moment (SOSM) variant of the MoM have also been implemented
within adjointOptimisationFoam and are discussed in [34].
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Figure 9: CHT optimisation of a micro-channel. The bottom and side walls of the channel
have a temperature of 373K while the ﬂow enters the domain from the left with 273K and a
Re = 166. The walls adjacent to the inlet and outlet are adiabatic and the top boundary has
symmetry conditions. Weighted combinations of total pressure losses (Jpt ) and the temperature
difference between the outlet and the inlet (JQ ) of the domain are formulated and minimised,
using different weight value-sets. The ﬂuid and solid distributions (blue and red areas, respectively) obtained for the (1,0), (0.5,0.5) and (0.1,0.9) weight-value sets of Jpt and JQ , along with
the corresponding temperature ﬁelds are shown in the top three rows. Increasing the weight of
JQ computes ducts which are approaching the heated bottom wall and even create some ﬁn-like
structures to increase heat transfer. The front of non-dominated solutions obtained for the various weight value sets is plotted (bottom). All objective values have been normalised with those
corresponding to a completely ﬂuidised domain. Case studied in [7].
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Abstract
This paper presents an efficient strategy to minimize the volume of a large span multi-domain
variable section beam considering the geometric shape parameters as mathematical constraints. The shape optimization of the beam element has been conducted through an imposed
geometry to find the best shape between the design-decision making and the structural efficiency. The study, based on the kinematic hypothesis of Timoshenko, focuses on a test case
retrieved from the project designed by P. M. da Rocha and the engineer S. Mitsutani developed
for the Japan World Exposition, Osaka, 1970 (Osaka's Expo '70).
The structural component has been remodeled and optimized through different approaches that
generate comparative numerical models joining the combinations of Computational Design
and Algorithm-Aided Design. Even though very abundant knowledge and literature on structural optimization already exists, this study aims not only to study the certain structural element
undergone to a specific emptying function but to compute and chart the results to be used for
empirical purposes. The results of the study show, in the search of the architectural optimal
solutions, advantages regarding the performance of the structures and the control of the shape
of the architectural component giving - at the same time - the possibility to join the needs of
architectural narratives with the stability and efficiency of an optimized and correctly designed
structure.
Keywords:*HQHUDWLYH'HVLJQ9LVXDO3URJUDPPLQJ&RPSXWDWLRQDO*HRPHWU\'HVLJQ2SWL
PL]DWLRQ6WUXFWXUDO2SWLPL]DWLRQ&RQFHSWXDO'HVLJQ
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1

INTRODUCTION

,QFLYLOHQJLQHHULQJDQGWKHDUFKLWHFWXUHILHOGVWKHQHHGIRUVKDSHFRQWURODQGWKHERRPRI
GHVLJQFUHDWLYLW\WKDQNVWRWKHZLGHXVHRIQHZPRGHOLQJWRROVOHDGWRGLIIHUHQWVWUXFWXUDOVR
OXWLRQVDQGH[SUHVVLRQVJLYLQJWKHVWUXFWXUDOGHVLJQZRUOGQHZFKDOOHQJHV
2QHRIWKHPRVWFRPPRQVWUXFWXUDOHOHPHQWVXVHGWRDLPIRUVSHFLILFVKDSHVDQGVLPXOWDQH
RXVO\MRLQJHRPHWULFDUFKLWHFWXUDOQHHGVZLWKWKHVWUXFWXUDOGHVLJQDQGWKHVKDSHRSWLPL]DWLRQ
LVWKHFDVHRIWKHEHDPVZLWKQRQFRQVWDQW RUYDULDEOH FURVVVHFWLRQV7KHVHHOHPHQWVUHSUH
VHQW D FODVV RI VOHQGHU ERGLHV WKH DLP RI SUDFWLWLRQHUV¶ LQWHUHVW GXH WR WKH SRVVLELOLW\ RI WKH
DGRSWLRQRIGLIIHUHQWJHRPHWU\FRQVLGHULQJGLIIHUHQWQHHGV
7KHPXOWLWXGHRIDGYDQWDJHVJLYHQE\IUHHIRUPEHDPVLVKRZHYHUDFFRPSDQLHGE\GLIIHUHQW
SUREOHPVWKDWWDNHSODFHZLWKWKHQRQSULVPDWLFEHDPPRGHOLQJZKLFKRIWHQOHDGVWRLQDFFXUDWH
SUHGLFWLRQVWKDWYDQLVKWKHJDLQRIWKHRSWLPL]DWLRQSURFHVV7KHUHIRUHDQHIIHFWLYHQRQSULV
PDWLFEHDPPRGHOLQJVWLOOUHSUHVHQWVDEUDQFKRIWKHVWUXFWXUDOHQJLQHHULQJRILQWHUHVWIRUWKH
FRPPXQLW\HVSHFLDOO\IRUDGYDQFHGGHVLJQDSSOLFDWLRQVLQODUJHVSDQVHOHPHQWV>@
7KHUHYHUVLELOLW\WKDWWKHYDULDEOHVHFWLRQEHDPVKDYHWRZDUGVDUFKLWHFWXUHKDVPHDQWWKDW
WKHVHHOHPHQWVDUHPRUHIUHTXHQWO\FRPELQHGZLWKWKHFRQFHSWRIODUJHVSDQV7KLVODWWHUWKHPH
OHDGVRIWHQWRWKHVHDUFKRIWKHEHVWVROXWLRQFRQVLGHULQJWKDWDVWKHVSDQRIDVWUXFWXUHLQFUHDVHV
WKHVWUXFWXUDOSHUIRUPDQFHZLOOKDYHWRLQFUHDVHDWWKHVDPHUDWHVLQFHWKHVHOIZHLJKWFDQEH
FRPHH[FHVVLYHVLJQLILFDQWO\DIIHFWLQJGHIRUPDWLRQVDQGDPSOLI\LQJVHLVPLFDFWLRQVRUHTXLU
LQJVXLWDEOHGHVLJQVWUDWHJLHVDEOHWRUHGXFHYROXPH>@
-RLQLQJSDUDPHWHUVOLNHODUJHVSDQDQGQRQFRQVWDQWFURVVVHFWLRQLQDEHDPPHDQVTXHV
WLRQLQJGLIIHUHQWGLVFLSOLQHVDQGHYDOXDWLQJWKHPDVGHVLJQYDULDEOHVLQDOOSKDVHVRIWKHHQWLUH
SURFHVVIURPWKHILUVWSKDVHFDOOHG³FRQFHSWXDOGHVLJQ´WRWKHILQDOSKDVHFRQVWUXFWLRQVWHS
,QWKLVFRQWULEXWLRQZHDLPWRSUHVHQWDGHVLJQSURFHVVWKDWFDQFRQVLGHUVKDSHUHVHDUFKDV
D JHRPHWULFDO GHFLVLRQ RU FRQVWUDLQW  WR DFKLHYH D GHVLJQ PHWKRG WR DVVLJQ VKDSHREWDLQLQJ
SHUIRUPDWLYHVWUXFWXUHHOHPHQWV
1RZDGD\VWKHRSWLPL]DWLRQWHFKQLTXHVDYDLODEOHDUHHQGOHVVKRZHYHUWZRQXPHULFDOPHWK
RGRORJLHVZLOOEHH[SORUHGLQWKLVSDSHUWKURXJKWKHXVHRIIRUPXODWLRQVEDVHGRQFRPSXWDWLRQDO
JHRPHWU\LQZKLFKLQWKLVILHOGEHFRPHDQHFHVVLW\WRFRQWUROWKHVKDSHRIVWUXFWXUDOHOHPHQWV
,QSDUWLFXODUWKHDGRSWHGVROYHUVLQWKHWZRPHWKRGRORJLHVGHYHORSHGDUHL 0$7/$%*$D
VWRFKDVWLFSRSXODWLRQEDVHGDOJRULWKPWKDWUDQGRPO\VHDUFKHVWKHRSWLPDOVROXWLRQDPRQJSRS
XODWLRQPHPEHUVE\PXWDWLRQDQGFURVVRYHURSHUDWRUVLL *K2FWRSXVD0XOWL2EMHFWLYH(YR
OXWLRQDU\ 2SWLPL]DWLRQ VROYHU ZKLFK DOORZV WKH SURGXFWLRQ RI RSWLPL]HG WUDGHRII VROXWLRQV
EHWZHHQWKHH[WUHPHVRIHDFKJRDODEOHWRVXSSRUWGHVLJQHUVLQGHFLVLRQPDNLQJ
1.1 Merging computational design with architectural needs: the case study
5HFRJQL]LQJDUFKLWHFWXUDOGHVLJQDVDQH[WUHPHO\FRPSOH[DQGPXOWLIDFHWHGGLVFLSOLQHKDV
DOORZHGWKHGUDIWLQJRIWKLVGRFXPHQWZLWKLQZKLFKWKHUHLVWKHFRQFUHWHHIIRUWRIZDQWLQJWR
FRPELQHGHVLJQSDUDPHWHUVRIDPRUSKRORJLFDODQGWKHUHIRUHJHRPHWULFQDWXUHZLWKWKHLV
VXHVUHODWHGWRVWUXFWXUDOGHVLJQ7KLVHIIRUWHQGHGZLWKWKHLPSOHPHQWDWLRQRIGHVLJQPHWKRG
RORJLHVDVVLVWHGE\DOJRULWKPVPHUJHGZLWKJHRPHWULFDOO\FRQVWUDLQHGVWUXFWXUDORSWLPL]DWLRQ
XVLQJHYROXWLRQDU\JHQHWLFDOJRULWKPV
7KHVWUXFWXUHVWKDWDUHGHILQLQJDQGUHSUHVHQWLQJWKHFRYHUHGVSDFHVDVODUJHVSDQURRIV
UHTXLUHDVWURQJVWUXFWXUDOFRPPLWPHQWZLWKQRQHDV\XQGHUVWDQGLQJUROHVRIWKHKLHUDUFK\RI
WKH VWUXFWXUDO FRPSRQHQWV 7KLV FRQGLWLRQ LV IXOO\ UHSUHVHQWHGLQ 7KH (VFROD 3DXOLVWDZKRVH
UHSUHVHQWV WKH IRFXV RQ WKLV FRPSOH[ LVVXH LQ WKH SDQRUDPD RI DUFKLWHFWXUDO GHVLJQ WKURXJK
VSHFLILFDUFKLWHFWXUHVLWKDVEHHQSRVVLEOHWRLQYHVWLJDWHLVVXHVVXFKDVWKHUHODWLRQVKLSEHWZHHQ
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DUFKLWHFWXUHDQGVWUXFWXUHWKHFRQVWDQWSUHVHQFHRIDUFKLWHFWXUHFKDUDFWHUL]HGE\ODUJHVSDQVLQ
WKH3DXOLVW6FKRROILQGVQHZIRUPXODWLRQVIURPDIRUPDODQGLGHRORJLFDOSRLQWRIYLHZ
$PRQJWKHPRVWVLJQLILFDQWH[DPSOHVRIVWUXFWXUHVFKDUDFWHUL]HGE\ODUJHVSDQVLQZKLFKD
FRQWLQXRXVEHDPZLWKYDULDEOHFURVVVHFWLRQLVDGRSWHGZHILQGDVSHFLILFDGPLUDEOHFDVHLQ
WKHDUFKLWHFWXUDOSURGXFWLRQRIWKHDUFKLWHFW3DXOR0HQGHVGD5RFKDZLWKKLVSURMHFWIRUWKH
-DSDQ:RUOG([SRVLWLRQ2VDND 2VDND V([SR   )LJXUH 

1 Brazilian Pavilion, Japan World Exposition, Osaka, 1970

7KHSDYLOLRQZDVERUQXQGHUWKHPLOLWDU\GLFWDWRUVKLSDVSHFLILFFRQGLWLRQWKDWOHGWKHDUFKL
WHFW3DXOR0HQGHVGD5RFKDWRH[SUHVVWKHFLYLOULJKWVWRSUDFWLFHDUFKLWHFWXUHRXWVLGHKLVRZQ
FRXQWU\ZKHUHWKHJRYHUQPHQWWRRNDZD\WKHIUHHGRPWRSUDFWLFHHYHU\NLQGRIFXOWXUDODFWLY
LWLHV:LQQLQJWKHFRPSHWLWLRQZLWKWKH3DYLOLRQGHVLJQHGWKDQNVDOVRWRWKHUROHRIWKHHQJL
QHHU6LJXHU0LWVXWDQLLQWKHVWUXFWXUDOFDOFXODWLRQSKDVHZKLFKPDGHSRVVLEOHWKHFRQVWUXFWLRQ
PHDQWWKHUHSUHVHQWDWLRQRIWKHHQWLUHFXOWXUDOKHULWDJHRIWKH%UD]LOLDQHQYLURQPHQWH[SORUHG
WKURXJKPDUNHG DOOHJRULFDO FKDUDFWHUV WKH SURMHFW LVWKH V\PERORIWKHUHODWLRQVKLSEHWZHHQ
DUFKLWHFWXUHDQGQDWXUHWKHDQWKURSL]DWLRQRIWKHWHUULWRU\E\DUFKLWHFWXUDOZRUNV
7KHVWUXFWXUHDUFKLWHFWXUHLVFRPSRVHGRIDSODWIRUPRIVTXDUHPHWHUVFDVWVVKDGHRQ
WKH WHUUDLQ WKDW XQGXODWHV XQWLO WRXFKLQJ WKH URRI DW WKUHH GLIIHUHQW SRLQWV ZLWK QR WUDQVLWLRQ
VXSSRUWV7KHIRXUWKVXSSRUWLVFUHDWHGE\WKHFRPELQDWLRQVRIWZRWKLQFURVVHGDUFKHVZLWKD
FURVVVHFWLRQRIFPZKLFKLVGHVFULELQJWKHZKROHFRPSOH[LW\DQGWKHEDODQFHRIWKLVDUFKL
WHFWXUH7ZRPDLQORQJLWXGLQDOEHDPVZLWKYDULDEOHGHSWKZLWKWKHWZRFURVVEHDPVJHQHUDWHD
UHFWDQJXODU VHFWLRQ RI P P RUWKRJRQDO JULG FORVHG KRUL]RQWDOO\ ZLWK D S\UDPLG
VKDSHGFRIIHULQJDQGJODVVSDQHOV>@
7KHDUFKLWHFWXUDOIXQFWLRQLVFRPSOHWHO\WUDQVIHUUHGRQWKHVKDSHRIWKHVWUXFWXUHPDGHRI
FRQFUHWHDQGVWHHOZKLFKLVO\LQJRQDQXQGXODWLQJDUWLILFLDOODQGVFDSHZLWKLQZKLFKLWLVFU\V
WDOOL]HG0HQGHVGD5RFKD¶VEHOLHILQDUFKLWHFWXUHDVDPHDQVRIUHWKLQNLQJODQGVFDSH>@
7KHSDYLOLRQGHVLJQHGE\3DXOR0HQGHVGD5RFKDZDVDGHPRQVWUDWLRQRI³DGHVLUDEOHVLJQ
RIPRGHVW\FDSDEOHRIUHSUHVHQWLQJWKHFRXQWU\ZHOO´>@WKURXJKLWVXVHRIUHLQIRUFHGFRQFUHWH
LWLJQRUHGPRUHFRQWHPSRUDU\WHFKQRORJLHVZKLFKZHUHXQIDPLOLDUWR%UD]LO¶VFRQVWUXFWLRQLQ
GXVWU\
7KHPRGHVW\RIWKHGHVLJQLVLQWULJXLQJUHJDUGLQJWKHFRQWH[WRID:RUOG)DLUZKHUHWKH
FRPPRQSXUSRVHRIWKHVWUXFWXUHVLVWRVWDQGRXWIURPRWKHUVDQGFRPSHWHIRUYLVLWRUV&RQ
VFLRXVRIWKLVGD5RFKD¶VGHVLJQSURSRVHVDQRQSDYLOLRQERWKLQLWVµPRGHVW\¶DVZHOODVLWV
PDWHULDOLW\UHLQIRUFHGFRQFUHWHZKLFKVXJJHVWVSHUPDQHQFHWKURXJKLWVKHDY\PRQXPHQWDOLW\
FRQWUDGLFWRU\WRWHPSRUDU\DUFKLWHFWXUHZKLFKLVWREHGHPROLVKHGVRRQDIWHUWKHHYHQW
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7KHWZRLQGHSHQGHQWSDUWVRIWKHSDYLOLRQWKHDUWLILFLDOODQGVFDSHDQGWKHFRQFUHWHFDQRS\
DUHLQWHJUDWHGWKURXJKWKHSDYLOLRQVVHDPOHVVWUDQVLWLRQRIUDPSVZKLFKOHDGWKHYLVLWRUWKURXJK
VSDFHVERWKEHQHDWKDQGRQWKHODQGVFDSHVXUIDFH7KHGXDOLVPRIWKH3DXOLVWDVFKRRO¶VUHILQHG
HQJLQHHULQJDQGSULPLWLYHZRUNPDQVKLSRQVLWHLVUHIHUHQFHGWKURXJKGXDOLVPVZLWKLQWKHSD
YLOLRQLWVHOI7KHUHLVDGLFKRWRP\EHWZHHQWKHRUJDQLFXQGXODWLQJDUWLILFLDOODQGVFDSHDQGWKH
ULJLGJHRPHWULFDOURRIVWUXFWXUHDQGDQLQWHUHVWLQJFRQWUDGLFWLRQEHWZHHQWKHµKRQHVW¶EUXWDOLVW
FRQFUHWHILQLVKZKLFKKLGHVWKHVWHHOUHLQIRUFHPHQWVWKDWPDNHWKHVWUXFWXUHSRVVLEOHDQGZLWK
QRWUDFHRIWKHPROGV>@
7KHSDYLOLRQZDVFUHDWHGDVDPHHWLQJSODFHIRUWKHFRPPXQLW\IRUWKHSHRSOHGHOLEHUDWHO\
ZLWKRXWSUHHVWDEOLVKHGSDWKV(YHU\WKLQJWKDWFRQFHUQVWKHVKDSHWKHLGHRORJ\RIFRQWLQXRXV
VSDFHLVUHIOHFWHGRQWKHHQWLUHVWUXFWXUHDQGPRVWO\RQWKHWZRPDLQEHDPVZLWKWKHFDQWLOH
YHUHGHQGVZLWKWKHIRUHVLJKWRIDPLQRUSURMHFWLRQ DERXWP LQFRUUHVSRQGHQFHZLWKWKH
FLW\SLOODU REWDLQHGWKURXJKWKHLQWHUVHFWLRQRIWZRDUFKHV OHVVUHVLVWDQWWKDQWKHRWKHUV7KH
VXSSRUWVDUHQRWLQDV\PPHWULFDOSRVLWLRQDQGWKLVPHDQVWKDWWKHWZRFRQFDYHEHDPVDUHQRW
SHUIHFWO\HTXDOGHPRQVWUDWLQJWKDWWKHVWUXFWXUDOULJRUDOORZVPDUJLQVRIIUHHGRPWRWKHDG
YDQWDJHRIWKHDUFKLWHFWXUDOODQJXDJH
,QWKLVFRQWULEXWLRQZHZLOOIRFXVRQWKHPDLQEHDPVZLWKDQRQFRQVWDQWVHFWLRQ )LJXUH 
VWDUWLQJWRFRQGXFWDFRUUHFWDQDO\VLVIURPWKHUHGHVLJQRIWKHVWUXFWXUDOHOHPHQW7KHUH
GHVLJQLVDXVHIXOWRROIRUXQGHUVWDQGLQJWKHDUFKLWHFWXUDORUJDQLVPLQZKLFKWKHJUHDWHVWGLIIL
FXOW\SUHVHQWHGZDVWKHGHFRQVWUXFWLRQRIWKHSDYLOLRQLWVHOIVWURQJO\FKDUDFWHUL]HGE\WKHLQ
WHJULW\RIWKHDUFKLWHFWXUDORUJDQLVP

2 Exploded view of the Brazilian Pavilion at the Osaka Expo, 1970. In red: main beams with variable
cross-section.

,QWKHQH[WVHFWLRQVRIWKLVFRQWULEXWLRQWKHLPSOHPHQWDWLRQVRIWKHPHWKRGRORJLHVVXLWDEOH
IRUWKHGHYHORSPHQWRIWKHDQDO\VLVDQGRSWLPL]DWLRQ LQWKLVFDVHWKHYDULDEOHFURVVVHFWLRQ
EHDPKLJKOLJKWHGLQ)LJXUH ZLOOEHVKRZQRXWE\LPSRVLQJIRUPDOJHRPHWULFFRQVWUDLQWV
7KHDGYDQWDJHRIWKHGHYHORSHGPHWKRGRORJLHVLVJLYHQE\WKHUHYHUVLELOLW\RIWKHSURGXFHG
FRGHVZKLFKDOORZVWKHXVHUWREHDEOHWRZRUNRQPXOWLSOHVWUXFWXUDOVKDSHVDQGGLIIHUHQWHOH
PHQWV
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2

COMPUTATIONAL GEOMETRY AND ANALYTICAL MODEL OF THE
VARIABLE SECTION BEAM

6WDUWLQJIURPWKHSDUDPHWHUL]DWLRQRIWKHYDULDEOHVHFWLRQEHDPRIWKHFDVHVWXG\SDUDPHWHUV
VXFKDVWKHWRWDOOHQJWKWKHLQWHUQDOVSDQVWKHKHLJKWDQGWKLFNQHVVZHUHVHWDVFRQVWDQWVHWWLQJ
WKUHHGLIIHUHQWUHIHUHQFHD[HVWRIDFLOLWDWHWKHFRPSXWDWLRQDOGHYHORSPHQWRIWKHVKDSHRIWKH
VWUXFWXUDOREMHFW7KHSDUDPHWHUVDUHGHVFULEHGLQ7DEOH



3 Geometry of the main beam with non-constant section and reference axes
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LQZKLFKZHZLOOGHILQHWKHSDUDPHWHUVGHVFULELQJWKHRQO\RSWLPL]DWLRQYDULDEOH
7KHDUFRIFLUFXPIHUHQFHLQRXUFDVHUHSUHVHQWVWKHJHRPHWULFFRQVWUDLQWWREHLPSRVHGLQ
WKHRSWLPL]DWLRQSKDVH GHVFULEHGLQ6HFWLRQ WKHUHIRUHFRQVLGHULQJWKHJHQHUDOHTXDWLRQRI
WKHFLUFXPIHUHQFHLQ;<SODQHDVIROORZV



 ݔଶ +  ݕଶ + ܽ ݔ+ ܾ ݕ+ ܿ = 0



ZKHUHDEDQGFDUHUHDOFRHIILFLHQWV
$QGFRQVLGHULQJWKHVLQJOHVSDQ GHVFULEHGLQ)LJXUH WKHEHDPGRPDLQFDQEHDVVXPHGDVD
UHFWDQJOHLQWKHELGLPHQVLRQDO;<SODQHFKDUDFWHUL]HGE\VSDQOHQJWK/DQGIXOOFURVVVHFWLRQ
GHSWKKDQGZLWKFRQVWDQWZLGWKE
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4 Computational Geometry of a portion the test case: definition of the problem

7RRSWLPL]H WKH EHDP VKDSH DQG DWWKH VDPH WLPH WKH YROXPH RI WKH VWUXFWXUDO HOHPHQW WKH
VROYHULVVXSSRVHGWRPRYHWKHLQQHUVXUIDFHLHWKHORZHUEHDPSURILOHIROORZLQJDFXUYHG
VKDSHGHILQHGE\DFHUWDLQHPSW\LQJIXQFWLRQLQWKLVFDVHJLYHQE\ȥ [ UHWULHYHGFRQVLGHULQJ
WKH(TXDWLRQ
7KHDGRSWLRQRIDFLUFXODUDUFHPSW\LQJSURILOHOHGWRVRPHEHQHILWVRQHRIWKHPLVWKHIDFW
WKDWWKLVNLQGRISURILOHLVFKDUDFWHUL]HGE\DFRQVWDQWFXUYDWXUH)URPWKHFRQVWUXFWLYHSRLQWRI
YLHZLWLVWKXVHDVLHUWRUHDOL]HDIRUPZRUNZLWKDFRQVWDQWFXUYDWXUHZLWKUHVSHFWWRDQRWKHU
SURILOH ZLWK D YDULDEOH FXUYDWXUH ZKLFK UHTXLUHV VSHFLDO WHFKQLTXHV HJ ZLWK VSHFLDO IDEULF
IRUPZRUN>@7KHHPSW\LQJIXQFWLRQȥ [ LVIRUPDOL]HGFRQVLGHULQJDFLUFXPIHUHQFHSDVVLQJ
WKURXJKWKUHHDUELWUDU\SRLQWV34DQG6ZKLFKFRRUGLQDWHVDUHJLYHQDVIROORZV
ܲ = ൫ݔ = 0; ݕ = 0൯,



ܳ = ൫ݔொ = 0; ݕொ = 0൯,



௫ು ା௫ೂ



ܵ = ቀݔ௦ =

ଶ

; ݕ௦ = ߂݄ቁ

LQZKLFKWKHHPSW\LQJPDJQLWXGH¨KLVJRYHUQHGE\WKH\FRRUGLQDWHVRIWKHSRLQW6,QJHQHUDO
WKHFLUFXPIHUHQFHHTXDWLRQLVJLYHQE\(TXDWLRQIURPZKLFKLWLVSRVVLEOHWRILQGWKHFHQWHU
SRLQW&DV




ଶ

ଶ

ݔ( = ܥ ; ݕ ) = ቀെ ; െ ቁ



$QGWKHUDGLXVRIFXUYDWXUH5DV
ܴ=

ଵ
ଶ

ξܽଶ + ܾ ଶ െ 4ܿ



7KHSDUDPHWHUVĮEDQGFLQ(T  DUHJRYHUQLQJWKHSRVLWLRQDQGWKHVKDSHRIWKHFLUFXP
IHUHQFHLQWKH;<SODQH7RGHILQHWKHLUYDOXHLWLVVXIILFLHQWWRLPSRVHWKHFRRUGLQDWHVRIWKH
SRLQWV34HG6GHILQHGLQ(TV      LQ(T  WKXVVROYLQJWKHIROORZLQJOLQHDUV\VWHP
RIWKUHHHTXDWLRQZLWKWKUHHXQNQRZQV
ݔଶ + ݕଶ + ܽ௫ + ܾ௬ + ܿ = 0
൞ݔொଶ + ݕொଶ + ܽ௫ொ + ܾ௬ொ + ܿ = 0
ݔௌଶ + ݕௌଶ + ܽ௫ௌ + ܾ௬ௌ + ܿ = 0
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ZKLFKFDQEHUHZULWWHQLQPDWUL[IRUPVXFKDV



ݔ
ݔொ
ݔ௦

ݕ
ݕொ
ݕ௦

െݔଶ
1 ܽ
1 ቈܾ  = െݔொଶ
1 ܿ
െݔௌଶ

െݕଶ
െݕொଶ 
െݕௌଶ




2QFHWKHFLUFXPIHUHQFHHTXDWLRQKDVEHHQGHWHUPLQHGIRUWKHFRRUGLQDWHVRIWKHSRLQWV34
DQG 6 LW LV SRVVLEOH WR JHW WKH HIIHFWLYH EHDP GHSWK DV WKH GLIIHUHQFH EHWZHHQ WKH FRQVWDQW
IXQFWLRQRIWKHLQLWLDOGHSWKRIWKHEHDPKDQGWKHHPSW\LQJIXQFWLRQ



 

݄(݄ = )ݔ െ ߰()ݔ


LQZKLFK¸ [  \ [ LHWKHHPSW\LQJIXQFWLRQIROORZVWKHFLUFXPIHUHQFHLQ(TXDWLRQ  IRU
DOO[ę>[3[4@7KHUHIRUHFRQVLGHULQJDFHUWDLQDEVFLVVD;LWLVSRVVLEOHWRUHZULWHWKH(TXDWLRQ
 WRVROYHLWFRQFHUQLQJWKHSRVLWLRQRIWKH<D[LVDQGFRQVLGHULQJWKHULJKWKDQGVLGH 5+6 
PHPEHURIWKHIROORZLQJHTXDWLRQDVDFRQVWDQWWHUPGHQRWHGDV݀( ݔ = )ݔଶ + |ܽ|ݔ



 ݕଶ + ܾ = ݕെ ݔଶ + |ܽ| ݕ ֜ ݔଶ + ܾ௬ = െ݀

 


,WLVQRZSRVVLEOHWRVROYH(T  XVLQJWKH4XDGUDWLF)RUPXODHIRUTXDGUDWLFHTXDWLRQV
QRWLFLQJWKDWLWLVQHFHVVDU\WRUHWDLQWKHSRVLWLYHVLJQRIWKHURRWVTXDUHWHUPZKLFKLVUHIHUUHG
WRWKHXSSHUSDUWRIWKHFLUFXPIHUHQFHREWDLQLQJWKHDQDO\WLFDOUHODWLRQVKLSRIȥ [ 



߰(= )ݔ(ݕ = )ݔ

ିାξమ ିସௗ
ଶ



 


7RFRQVLGHUSRVVLEOHYDULDEOHFURVVVHFWLRQFDQWLOHYHUJHRPHWULHVWKHRYHUDOOSURFHVVLVUH
LWHUDWHGREVHUYLQJWKDWLQRXULPSOHPHQWDWLRQIRUDOHIWFDQWLOHYHUWKHSRLQW3KDVWREHORFDWHG
ZLWKFRRUGLQDWHVWKDWDUHV\PPHWULFDOFRQVLGHULQJWKH\D[LVWRWKHFRRUGLQDWHVRI4LQDZD\
WKDWWKHSRLQW6LVORFDWHGWRWKHWLSRIWKHFDQWLOHYHU9LFHYHUVDIRUDULJKWFDQWLOHYHUWKHSRLQW
4PXVWEHORFDWHGZLWKFRRUGLQDWHVWKDWDUHGRXEOHRIWKH3FRRUGLQDWHVZKLFKDOZD\VOHDGVWR
VLWXDWHWKHSRLQW6DWWKHWLSRIWKHFDQWLOHYHU$VVKRZQLQ)LJXUHWKHSUHVHQWFDVHVWXG\LV
UHIHUUHGWRDPXOWLGRPDLQEHDPZKLFKLVFKDUDFWHUL]HGE\DVLPSO\VXSSRUWHGEHDPZLWKWZR
FDQWLOHYHUVRQHRQERWKVLGHVRIWKHEHDP7KHUHIRUHDVLOOXVWUDWHGLQ)LJXUHIRUWKLVSUREOHP
LWLVSRVVLEOHWRFRQVLGHUWKUHHVXEGRPDLQVRUVXEUHJLRQVHDFKRIWKHPFKDUDFWHUL]HGE\D
ORFDOUHIHUHQFHV\VWHP(ݔ ܱ ݕ )ZLWKDVWKHILUVWUHJLRQ L WKHOHIWFDQWLOHYHU / P DVD
VHFRQGUHJLRQ LL WKHVLPSO\VXSSRUWHGUHJLRQ PLGVHFWLRQ/ P DQGDVDWKLUGUHJLRQ
LLL WKHULJKWFDQWLOHYHU / P 
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5 Multi-domain subdivision related to the case study problem.


7KHHTXDWLRQRIHODVWLFOLQHRIWKHYDULDEOHVHFWLRQEHDP>@FDQEHZULWWHQDV


ௗమ

ௗమ

ௗ௫

ௗ௫ మ

మ ቒ)ݔ(ܬܧ

)ݔ(ݕቕ = )ݔ(ݍ

 

ZKHUH[LVWKHORQJLWXGLQDOFRRUGLQDWHRIWKHEHDPD[LV\LVWKHEHDPGHIOHFWLRQ(LVWKHHODV
WLFPRGXOXV- [ UHSUHVHQWVWKHPRPHQWRILQHUWLDYDULDEOHDORQJWKH[FRRUGLQDWHDQGT [ LV
WKHGLVWULEXWHGORDGZKLFKFRPSULVHVERWKVHOIZHLJKWDQGOLYHORDGDSSOLHGRQWKHQRQSULV
PDWLFEHDPHOHPHQW&RQVLGHULQJWKH(TXDWLRQ  WKHQHFHVVDU\FRQGLWLRQLVWRWDNHLQWRDF
FRXQWWKHILUVWDQGVHFRQGGHULYDWLYHRIWKHLQHUWLDPRPHQWZKLFKLVGLUHFWO\GHSHQGHQWRQWKH
YDULDEOHGHSWKRIWKHVHFWLRQRIWKHEHDP



݄ᇱ ( = )ݔെ߰ ᇱ ()ݕ

 



݄ᇱᇱ ( = )ݔെ߰ ᇱᇱ ()ݕ

 


&RQVLGHULQJWKHDQDO\WLFDOPRGHORIWKHEHDPZHREWDLQDV\VWHPRIDIRXUWKRUGHUHTXDWLRQV

ݕଵூ (ݔଵ ) + ݕଵூூூ ή ܣଵ + ݕଵூூ ή ܣூଶ + ܣூଷ = 0
ூூ
ቐ ݕଶூ (ݔଵ ) + ݕଶூூூ ή ܣଵூூ + ݕଶூூ ή ܣூூ
ଶ + ܣଷ = 0   
ூூூ
ݕଷூ (ݔଵ ) + ݕଷூூூ ή ܣଵூூூ + ݕଷூூ ή ܣூூூ
ଶ + ܣଷ = 0

LQZKLFKZHDUHFRQVLGHULQJWKHLQHUWLDPRPHQWVDQGLWVGHULYDWLYH2YHUODSSLQJWKHGHULY
DWLYHRIWKHLQHUWLDPRPHQWZLWKWKHGHULYDWLYHRI  DQG  ZHUHWULHYH



= )ݔ(ܬ

ଵ
ଵଶ

ܾ݄ڿ െ ߰ۂଷ 

ଵ

 



ܬԢ(݄ڿܾ = )ݔ െ ߰ۂଶ (െ߰Ԣ)

 



ܬԢԢ([ܾ = )ݔ2(݄ െ ߰)(െ߰Ԣ)ଶ + (݄ െ ߰)ଶ (െ߰ԢԢ)]

 

ସ

ଵ
ସ


ZKHUH
ɗԢ =

ିୢᇲ
ᇲ

ξୠమ ିସୢ
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ɗᇱᇱ =

ିୢᇲᇲ ൫మ ିସௗ൯ିଶ൫ௗ ᇲ ൯

మ

య

(మ ିସௗ)మ

 

5HSUHVHQWVWKHGHULYDWLYHVRIWKHHPSW\LQJIXQFWLRQLQWURGXFHGLQ  
2.1 The Optimization Problem
&RQVLGHULQJWKHVHWRISK\VLFDOSDUDPHWHUVGHVFULEHGLQ  WKHRSWLPL]DWLRQSUREOHPFDQEH
ZULWWHQDVIROORZ
݉݅݊ ܸଵ 

 

{ } אೌ

:KHUHLQ  DUHLQFOXGHGWKHSDUDPHWHUVGHVFULEHGDVǻK>@LQ7DEOHDQG9LVUHSUHVHQWLQJ
WKHWRWDOYROXPHWREHPLQLPL]HG
7KH2EMHFWLYH)XQFWLRQZLOOEHVXEMHFWHGWR

݃ଶ 

ଵ

 ܮ
ଶହ ଵ,ଷ
ଵ
ܮ
ଵହ ଶ

݃ଵ = ݃ଷ 

 
 

,QZKLFKJJDQGJDUHGHVFULELQJWKHPD[LPXPGLVSODFHPHQWDOORZHGDWWKHPLGVSDQ /
J DQGDWWKHH[WHUQDOSRLQWRIWKHFDQWLOHYHUVEHDP JJ 
)XUWKHUPRUHWKHHYDOXDWLRQRIWKHPDVVRIWKHEHDPVXEMHFWWRHPSW\LQJIXQFWLRQFDQEH
FRQVLGHUHGDVDEHDPZLWKDVROLGJHRPHWU\WRZKLFKWKHDUHDVXEWHQGHGE\WKHFXUYHRIWKHDUF
RIWKHFLUFXPIHUHQFHPXVWEHVXEWUDFWHG.QRZLQJWKDWWKHDUHDRIWKHFLUFXODUVHJPHQWLVHTXDO
WRWKHGLIIHUHQFHEHWZHHQWKHDUHDRIWKHFLUFXODUVHFWRUDQGWKDWRIWKHLVRVFHOHVWULDQJOHEHLQJ
ĬWKHDQJOHDWWKHFHQWHUWKDWVXEWHQGVWKHDUFRIWKHFLUFXPIHUHQFHDQGNQRZLQJWKHFRRUGLQDWHV
RIWKHFHQWHURIWKHFLUFXPIHUHQFHVZHFDQREWDLQĬZLWK
ߠ = 2 arccos

|௬ |
ோ

 

VKRZLQJWKDWWKHDUHDRIWKHFLUFXODUVHJPHQWLVHTXDOWR
ଵ

ܴ = ܣଶ (ߠ െ sin(ߠ))
ଶ

 

$QGWKDWWKHYROXPHRIWKHEHDPVXEMHFWHGWRWKHHPSW\LQJIXQFWLRQLVHTXDOWR
ܱ. ܨ. = ܸ = ܾ [݄  ܮ ڄെ ]ܣ

 

REWDLQLQJWKH2EMHFWLYH)XQFWLRQRIWKHSUREOHPUHODWHGWRWKHEHDPZLWKDQRQFRQVWDQWFURVV
VHFWLRQVXEMHFWHGWRWKHFLUFXODUHPSW\LQJIXQFWLRQ
3

NUMERICAL DEVELOPMENT THROUGH VISUAL PROGRAMMING

6WDUWLQJIURPWKHJHRPHWULFPRGHOREWDLQHGLQWKHSUHYLRXVVHFWLRQWRREWDLQWKHVROXWLRQRI
WKHRSWLPL]DWLRQSUREOHPLWZDVQHFHVVDU\WRVSHFLI\WKHPDWHULDODQGWKHFURVVVHFWLRQGLPHQ
VLRQV7KHQXPHULFDOGHYHORSPHQWIRUWKLVILUVWVWDJHKDVEHHQFDUULHGRXWXVLQJYLVXDOSUR
JUDPPLQJ *UDVVKRSSHU LQ 5KLQRFHURV '  8VLQJ .DUDPED ' 3OXJLQ ZLWK WKH 0HVK WR
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6KHOOFRPSRQHQWLWLVSRVVLEOHWRUHWULHYHDVKHOOPRGHOIURPJLYHQPHVKHVDVLQSXWDQGGHILQH
DWWKHVDPHWLPHWKHFURVVVHFWLRQRIWKHVKHOOHOHPHQW±GHILQHGWKURXJKWKH&URVV6HFWLRQ
FRPSRQHQWDQGWKHPDWHULDOWREHDSSOLHGXVLQJ0DW6HOHFWFRPSRQHQW,QWKLVFDVHWKH
FURVVVHFWLRQLVJLYHQE\³6KHOO&RQVWDQW´ZKLFKDOORZVWKHVHWWLQJRIWKHKHLJKWDQGPDWHULDO
RIDVKHOOZLWKDFRQVWDQWFURVVVHFWLRQZKLOHWKHPDWHULDOVHOHFWHGEHORQJVWRWKHFRQFUHWHIDP
LO\ZLWKDFRPSUHVVLRQVWUHQJWKRI03D
& 
J



6 Portion of the roof considered for the load implementation.


7KH ORDG LPSRVHG LQ WKH QXPHULFDO PRGHO ± DGGLWLRQDOO\ WR WKH VHOIZHLJKW  KDV EHHQ
H[WUDSRODWHGGLUHFWO\IURPWKHYROXPHRIWKHFDVHVWXG\ UHSUHVHQWHGLQ)LJXUH DVIROORZ



ߛܥ45 ോ 55 ڄ
25݇ܰ/݉ଷ ڄ



ସଵଶ.ହ





ଷଽ
௭

௨
ଶ



 

݉ଷ = 4612.5݇ܰ

 
 

݇ܰ = 90.44݇ܰ/݉


6LQFHZHDUHDQDO\]LQJDFRQWLQXRXVEHDPVLPSO\VXSSRUWHGLQWZRGLVFRQWLQXRXVUHJLRQV
WKHERXQGDU\FRQGLWLRQVDUHLPSRVHGDVVKRZQLQWKHIROORZLQJWDEOH

%RXQGDU\


¶
¶


FRQGLWLRQV
ܯ ݈ݍଶ െ ܯଵ ܯ ݈ݍଶ െ ܯଵ


݈ݍଵ 
െ
+
 ݈ݍଶ 
7
2
2
݈
݈






1
0
ȡ
įPD[

݈ܯଵଶ

݈ݍଵ ଶ

2

݈ݍଵ ଶ
2

݈ݍଶ ଶ

2

݈ݍଶ ଶ

2


2ܬܧ

ȡ ȡ¶

ȡ ȡ¶

ȡ ȡ¶

ȡ ȡ¶

݈ܯଵ

ܬܧ












7DEOH%RXQGDU\FRQGLWLRQVDSSOLHG

216


݈ܯଶଶ

2ܬܧ
݈ܯଶ
+

ܬܧ

/DXUD6DUGRQH0DUFR05RVVR5DIIDHOH&XFX]]D5LWD*UHFR*LXVHSSH&0DUDQR



7 Application of boundary conditions; sections related to the Table 2.


7KHVKDSHYDULDWLRQGHSHQGLQJRQWKHSDUDPHWHUVLQFOXGHGLQ(T  ZLOODOORZDSRVVLEOH
VHWRIVROXWLRQVLQFOXGHGLQWKH3DUHWR2SWLPDOIURQW7KHVROYHULQWKHRSWLPL]DWLRQSURFHVV
ZLOOILQGWKHEHVWVKDSHRIWKHVWUXFWXUDOHOHPHQWWRDOORZWKHYROXPHWREHRSWLPL]HGEXWDWWKH
VDPHWLPHWRPLQLPL]HWKHGLVSODFHPHQWUHSUHVHQWHGLQ  DQG  LQIDFWWKHRSWLPL]D
WLRQFDUULHGRXWLQWKLVVHFWLRQLVDVHOIDXWRPDWHGSURFHVVKHOGLQ*UDVVKRSSHUSOXJLQFDQYDV
,QWKHHQWLUHSURFHVVGLIIHUHQWSOXJLQDUHLQYROYHGL JUDVVKRSSHUDGRSWHGIRUWKHSDUDPHW
ULFPRGHOLL .DUDPED'XVHGWRREWDLQWKHRXWSXWIRU)($5HVXOWV2FWRSXVSOXJLQ 0223V 
DGRSWHGDVDQRSWLPL]DWLRQVROYHU,QWKHSURSRVHGRSWLPL]DWLRQSUREOHPWKHRQO\SDUDPHWHU
FRQVLGHUHGDVDYDULDEOHGHVLJQYHFWRULVWKHDPSOLWXGHǻK>@ )LJXUH ZKLOHWKHGLVSODFH
PHQWįZLOOUHSUHVHQWWKHFRQVWUDLQWVFDOOHGLQWKLVSURFHVV%RROHDQ+DUG&RQVWUDLQWVZKHUH
WKHRSWLRQDOERROHDQSDUDPHWHUVFDQEHFRQQHFWHG2FWRSXVH[SHFWVDWUXHYDOXHIRUHYHU\
YDOLGVROXWLRQRWKHUZLVHWKHVROXWLRQLVGLVFDUGHGLQWKLVZD\WKHFRQVWUDLQWLVEHFRPLQJDW
WKHVDPHWLPHSDUWRIWKHREMHFWLYHIXQFWLRQDOORZLQJXVWRUHZULWH(T  LQWKHIROORZLQJ
ZD\IRUWKHVSHFLILFFRQGLWLRQ

݉݅݊ ܸଵ , Ɂ 
  
{ } אೌ

VXEMHFWHGWR

ଵ
 ܮ
ଶହ ଵ,ଷ
ଵ
 ܮ
ଵହ ଶ

Ɂଵ = Ɂଷ 

 

 

,QZKLFKįUHSUHVHQWWKHPD[LPXPGLVSODFHPHQWGHWHFWDEOHLQWKHZKROHEHDPHOHPHQWPLQL
PL]HGLQWKHRSWLPL]DWLRQSURFHVV
Ɂଶ 
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4

NUMERICAL DEVELOPMENT AND OPTIMIZATION COMPARISON WITH
MATLAB IMPLEMENTATION

7R YDOLGDWH WKH *UDVVKRSSHU SDUDPHWULF GHVLJQ FRGH D 0$7/$% VFULSW ZDV DOVR LPSOH
PHQWHG 7KH VWUXFWXUDO DQDO\VLV KDV EHHQ SHUIRUPHG E\ DGRSWLQJ WKH 7LPRVKHQNROLNH EHDP
PRGHODVLPSOLILHGPRGHOIRUYDULDEOHFURVVVHFWLRQ>@>@>@ZKLFKDGRSWVDV\VWHPRIVL[
RUGLQDU\GLIIHUHQWLDOHTXDWLRQV 2'(V 
ݑᇱ ()ݔ
)ݔ(ݑ
0
ߝ ߝ ߝ
 ۓᇱ ( ۍ ۗ )ݔு  ெ െܿ( )ݔ0 0 ۓ ې
ۗ ۓ
0 ۗ
ݒ
)ݔ(ݒ
ߛ ߛ ߛ
ۖ ᇱ
ۖ  ێு  ெ 1 0 0ۖ ۑ
ۖ ۖ
ۖ
0
ݔு ݔ ݔெ 0 0 0 ߶()ݔ
߶ ()ݔ
ێ
ۑ
=
െ
ᇱ
0 0 0 ۘ)ݔ(݉۔ ۘ)ݔ(ܯ۔ ۑ
)ݔ(ܿێ ۘ)ݔ( ܯ۔െ1 0
ᇱ ()ݔ
0 0 0 ۖ )ݔ(ݍ ۖ ۖ )ݔ(ܸ ۖ ۑ
ܸۖ
ۖ  ێ0 0 0
ᇱ
ۏ
0
0
0
0 0 0 ۙ )ݔ( ە ۙ)ݔ(ܰ ە ے
ۙ)ݔ( ܰ ە

 

LQZKLFK
మ

ߝு ( = )ݔ൬

 ᇲ (௫)
ହீ(௫)

మ

+

ᇲ (௫)

ߝெ (ߕ = )ݔு (= )ݔ

ߝ (ߛ = )ݔு (= )ݔ
మ

ߕெ ( = )ݔ൬

ଽᇲ (௫)
ହீయ (௫)

ଵ

൰,

 

,

 

+

ଵଶீ(௫)
ா(௫)
଼ ᇲ (௫)ᇱ(௫)

ହ ୋ୦మ (௫)
 ᇲ (௫)
,
ହ ୋ୦మ (௫)

 

మ

+

ଵଶ ᇲ (௫)
ଵଶ
+ య (௫)൰,
ா
ீయ (௫)
ଷᇲ (௫)

ܺ (ߛ = )ݔெ (= )ݔ
ߛு (= )ݔ

ହ ୋ୦మ (௫)


ହ ீ(௫)

,

.

 
 
 

,QWKHSUHYLRXVHTXDWLRQVWKHWHUPV1 [ 9 [ DQG0 [ UHSUHVHQWWKHD[LDOIRUFHLQWHUQDODFWLRQ
WKHEHQGLQJPRPHQWDQGWKHVKHDUHDFKVHFWLRQLQDQ\SRVLWLRQ[UHVSHFWLYHO\ZKLOHWKHWHUPV
)ݔ(ݒ)ݔ(ݑDQG߶()ݔUHSUHVHQWWKHKRUL]RQWDOGLVSODFHPHQWWKHYHUWLFDOGLVSODFHPHQWDQGWKH
URWDWLRQRIHDFKFURVVVHFWLRQUHVSHFWLYHO\7KHWHUPVP [ T [ DQGS [ DUHUHODWHGWRGLVWULE
XWHGPRPHQWVGLVWULEXWHGYHUWLFDOORDGVDQGGLVWULEXWHGD[LDOORDGVDSSOLHGDORQJWKHEHDP
UHVSHFWLYHO\7KHSURFHVVWRREWDLQWKHDERYHIRUPXODWLRQVLVZHOOGHILQHGLQ>@>@>@,Q
WKHFRQVWLWXWLYHWHUPVWKH*UHSUHVHQWVWKHWDQJHQWLDOPRGXOXVRIWKHPDWHULDO(GHQRWHGWKH
HODVWLFPRGXOXV7KHWHUPF [ UHSUHVHQWVWKHHTXDWLRQRIWKHFHQWHUOLQHRIWKHYDULDEOHFURVV
VHFWLRQEHDP)LQDOO\WKHTXRWHPDUNLQWKHSUHYLRXVWHUPVUHSUHVHQWWKHILUVWGHULYDWLYHUHVSHFW
ௗ
WRWKH[DEVFLVVD

ௗ௫
7KHDQDO\WLFDOPRGHOSUHVHQWHGDERYHKDVEHHQDGDSWHGIRUWKHFDVHVWXG\XQGHUVWXG\FRQ
VLGHULQJWKHUHIRUHWKUHHVXEUHJLRQVLQZKLFKVROYHWKHV\VWHPRIVL[2'(V7KLVV\VWHPKDV
EHHQQXPHULFDOO\VROYHGZLWK0DWODEVROYHUbvp4cDGRSWLQJWKHPXOWLGRPDLQDSSURDFKZKLFK
UHTXLUHGIRUWKHVSHFLILFFDVHLQWRWDOHLJKWHHQERXQGDU\FRQGLWLRQ %&V 7KH%&VDUHGHILQHG
ORRNLQJWRVWDWLFVNLQHPDWLFVUHVWUDLQWVH[WHUQDOFRQGLWLRQVDQGFRQWLQXLW\FRQGLWLRQVDPRQJ
WKHGRPDLQV6LQFHWKLVVSHFLILFDQDO\WLFDOPRGHOWULHVWREHPRUHFRPSOHWHWKDQWKHHODVWLFOLQH
SUHVHQWHGLQWKH(TXDWLRQ  LWQRZUHTXLUHV%&VIRUHDFKGRPDLQFRQVLGHULQJDOVRWKHD[LDO
FRQGLWLRQV&RQVLGHULQJWZRIL[HGVXSSRUWVDVH[WHUQDOUHVWUDLQWVDQGSRVLQJDOOWKHFRQWLQXLW\
FRQGLWLRQVLQWKHWRXFKLQJERXQGDULHVEHWZHHQWZRFRQVHTXHQWO\GRPDLQVLQWKH7DEOHWKH
%&VIRUWKH0DWODELPSOHPHQWDWLRQDUHSUHVHQWHG
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7DEOH%RXQGDU\FRQGLWLRQVDSSOLHGLQ0DWODE6HFWLRQSRVLWLRQVDUHWKHVDPHGHSLFWHGLQ)LJXUH

6LQFHWKHSUHVHQWVWXG\LVUHODWHGWRDSUHGHVLJQWDVNLQWKH*$0DWODELPSOHPHQWDWLRQVWUHVV
FRQVWUDLQWVDUHDOVRDFFRXQWHGDGRSWLQJWKHVLPSOLILHG9RQ0LVHVVWUHVVYHULILFDWLRQIRUWKHPRVW
VWUHVVHGSRLQWVRIHDFKFURVVVHFWLRQXQGHUWKHK\SRWKHVLVRIKRPRJHQRXVPDWHULDO
ଶ
,  
ߪ ଶ (ݔ,  )ݕ+ 3߬ ଶ (ݔ,  )ݕ ߪௗ,ெ

5

NUMERICAL RESULTS AND DISCUSSION

,QWKHIROORZLQJVHFWLRQVWKHQXPHULFDOUHVXOWVUHWULHYHGE\WKHWZRPHWKRGRORJLHVDSSOLHGDUH
GLVFXVVHG
5.1 Gh-Octopus Results
$IWHUJHQHUDWLRQVZLWKDSRSXODWLRQVL]HLPSRVHGHTXDOWRWKHQRQGRPLQDWHGVROX
WLRQVDUHVKRZQLQWKHIROORZLQJJUDSK
)LJXUH

JJ
J



8 Pareto-Optimal Front in Gh-Octopus


)RUDQRQWULYLDOPXOWLREMHFWLYHRSWLPL]DWLRQSUREOHPWKHUHLVQRVLQJOHVROXWLRQWKDWVLP
XOWDQHRXVO\RSWLPL]HVDOOREMHFWLYHV
,QWKLVFDVHWKHREMHFWLYHIXQFWLRQVDUHVDLGWREHLQFRQIOLFWDQGWKHUHLVDQLQILQLWHQXPEHU
RI SRVVLEOH3DUHWRRSWLPDO VROXWLRQV $ VROXWLRQ LVFDOOHG QRQGRPLQDWHG 3DUHWR RSWLPDO RU
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3DUHWRHIILFLHQWLIQRQHRIWKHREMHFWLYHIXQFWLRQVFDQLPSURYHLWVYDOXHZLWKRXWZRUVHQLQJWKH
RWKHUV
,QWKLVFDVHZHFDQREVHUYHIRXURIWKH©QRQGRPLQDWHGªVROXWLRQVLQZKLFKQRFRQVWUDLQWV
KDYHEHHQYLRODWHGDVVXPPDUL]HGLQ7DEOH

6ROXWLRQV  0DVV>.J@ įPD[ >FP@
6
 
6
 
6
 
6
 

7DEOH3DUHWR±2SWLPDOIURQWVROXWLRQV )LJXUH 

7KHDGYDQWDJHLQWKLVFDVHLVWRKDYHIHDVLEOHVROXWLRQVKDYLQJWKHSRVVLELOLW\WRFKRRVH
EHWZHHQHDFKRIWKHPUHVSHFWLQJWKHZLOORIWKHGHVLJQHUDOVRWKURXJKWKHLPSRVHGJHRPHWULHV
)LJXUH 

9 Solution developed by Octopus Solver summarized in Table 3.




,QWKHIROORZLQJLPDJHDFRPSDUDWLYHGUDZKDVEHHQGHYHORSHGWRFRPSDUHWKHVKDSHRIWKH
PDLQEHDPRIWKH%UD]LOLDQSDYLOLRQLQ2VDNDDQGWKHRQHRSWLPL]HGE\WKHVROYHU )LJXUH 
7KHUHVXOWVREWDLQHGGRQRWKDYHWKHDUURJDQFHWRFKDOOHQJHWKHVKDSHRIWKHFDVHVWXG\VWUXF
WXUHVEXWWKH\ZDQWWREHWHVWLPRQ\RIKRZLWLVSRVVLEOHWREULQJWZRZRUOGVFORVHUWRJHWKHU
WKRVHRIHQJLQHHULQJDQGDUFKLWHFWXUHWKURXJKGHVLJQDQGRSWLPL]DWLRQWHFKQLTXHVXVHIXOLQ
WKHFRQFHSWXDOSKDVHZKLFKKDYHXQGHUJRQHDVSOLWRYHUWLPHEXWZKLFKUHPDLQGHHSO\FRQ
QHFWHG
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10 Shape Comparison between the main beam of Brazil's Pavilion (Expo Osaka, 1970) and the beam subjected to the Optimization process.

5.2 Matlab-ga results
7KHIROORZLQJUHVXOWV VKRZQDOVRLQ)LJXUH DUHUHWULHYHGFRQVLGHULQJUXQVIURPWKH
0DWODEFRGHGHYHORSHGFRQVLGHULQJWKH%DOGX]]LDQDO\VLVDSSOLHGDQGVROYHGWKURXJK*HQHWLF
$OJRULWKPVHWWLQJJHQHUDWLRQVDQGWKHSRSXODWLRQVL]HHTXDOWRRSWLPDOPD[LPXPHPS
W\LQJYDOXHV¨KIRUWKHOHIWFDQWLOHYHU 5HJLRQL WKHFHQWUDOSDUW 5HJLRQLL DQGULJKWFDQWLOHYHU
5HJLRQLLL ZLWKFLUFXODUDUFHPSW\LQJIXQFWLRQPD[LPXPWKHRUHWLFDOYROXPHDQGRSWLPDOYRO
XPHWKHUHVXOWVDUHVXPPDUL]HGLQ7DEOH

11 Matlab-ga shape result and graphs

0DWODEJDUHVXOWV 5HJLRQ L  5HJLRQ LL  5HJLRQ LLL 
¨K>P@



2)0D[>P@

2)2SW>P@

7DEOH0DWODEJDUHVXOWV

5.3 Results Discussion
,QWKLVVFLHQWLILFFRQWULEXWLRQDQHZPHWKRGRORJ\IRUDSUHOLPLQDU\RSWLPL]DWLRQRIDVWUXF
WXUDO HOHPHQW KDV EHHQ SUHVHQWHG DQG WHVWHG XVLQJ LQQRYDWLYH WRROV MRLQLQJ WKH SRZHU RI
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FRPSXWDWLRQDOGHVLJQZLWKJHQHUDWLYHDOJRULWKPV7KURXJKWKHXVHRIQXPHULFDOPHWKRGVWKH
WLPHRIHYDOXDWLRQDQGRSWLPL]DWLRQKDVEHHQUHGXFHGFRQVLGHULQJWKHFRPSOH[LW\RIFDOFXODWLRQ
PRUHRYHUWKURXJKYLVXDOSURJUDPPLQJLWLVSRVVLEOHWRLPSOHPHQWDFFXUDWHDQDO\VLVIRUWKH
SUHSURFHVVLQJDQGSRVWSURFHVVLQJ )(0 RIWKHHOHPHQWWREHRSWLPL]HGZLWKRXWQHFHVVDULO\
DSSO\LQJ GLIIHUHQW SURJUDPPLQJ WHFKQLTXHV KDYLQJ LQ DQ\ FDVH WKH RSSRUWXQLW\ WR LQWHJUDWH
IXQFWLRQVDQGFRGHVH[WHUQDOWRWKH*UDVVKRSSHUHQYLURQPHQW
7KHWZRGLIIHUHQWPHWKRGRORJLHVDSSOLHG LQ6HFWLRQDQG6HFWLRQ WRLPSOHPHQWWKHQX
PHULFDOVROXWLRQRIWKH2SWLPL]DWLRQ3UREOHPDUHVKRZLQJGLIIHUHQWVROXWLRQVGXHWRWKHGLIIHU
HQW LPSOHPHQWDWLRQ RI WKH SUREOHP GHVSLWH WKH GLIIHUHQFH UHJDUGLQJ WKH VL]H RI WKH YDULDEOH
FURVVVHFWLRQEHDPWKHUHVXOWVFDQEHFRPSDUDEOHFRQVLGHULQJWKHJHRPHWULFDOFRQVWUDLQWDS
SOLHG LQWURGXFHGLQ(T 
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SOLVING PESSIMISTIC BILEVEL OPTIMIZATION PROBLEMS
WITH EVOLUTIONARY ALGORITHMS
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Abstract. It is common in practice, an optimal solution of a decision-maker to depend heavily
on the response of another decision-maker, formulating a bilevel optimization problem. The optimization of a bilevel problem aims to achieve the optimum solution of the upper-level, taking
into consideration the optimal lower-level values too. When the lower-level problem is multimodal, meaning that it has several global optima, an ambiguity about the optimal upper-level
solution appears. The optimistic approach assumes that the follower will respond with an optimal solution, that is favorable by the upper-level as well. In the pessimistic approach, the
upper-level is optimising for the worst case. Various evolutionary algorithms have been implemented successfully to solve the optimistic approach of the bilevel problem. To the best of our
knowledge, these algorithms have not been extended to the pessimistic approach. In this paper,
we use a multi-population nested Differential Evolution to solve the pessimistic bilevel problem
when the lower-level has multiple global optima. The performance of the algorithm is examined
by solving a test-problem taken from the literature.
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1

INTRODUCTION

The bilevel optimization problem is an optimization problem, operating as the upper-level,
that has another optimization problem as a constraint, at the lower-level. Bilevel problems
present many difﬁculties in its mathematical formulation, as they typically do not obey simplistic properties such as convexity or continuity. Moreover, it is proven that even the simple case
of a linear bilevel optimization problem is NP-hard [1]. The bilevel optimization problem can
be also interpreted as a non-cooperative static Stackelberg game, as ﬁrstly introduced by von
Stackelberg in 1934 in the context of unbalanced economic markets [2].
When the lower-level problem is multimodal, meaning that it has several global optima, an
ambiguity about he optimal upper-level solution appears. The community has identiﬁed two
approaches to tackle this uncertainty, the optimistic and the pessimistic approach [3]. When
adopting an optimistic stance, the upper-level assumes that the lower-level will select the most
optimal solution that is also optimal for it. In the pessimistic approach, the upper-level is optimising her objective making the worst-case assumptions about the decision of the lower-level.
The methods of solving the bilevel optimization problem can be divided into two main categories [3]. The ﬁrst one refers to classical approaches, based on mathematical derivation methods, such as branch and bound [1], and is usually applied to well-behaved bilevel problems with
speciﬁc properties. The second one is based on hybrid and evolutionary approaches, which have
become more popular in the last years. Metaheuristic and evolutionary algorithms, in general,
do not need to make any assumptions about the objective functions of the problem and can
be applied to general bilevel problems [3]. Examples of this kind of Bilevel Evolutionary Algorithms (BLEAs) are BlDE with Differential Evolution (DE) in both levels[4], NBLEA with
Genetic Algorithm in both levels[5], a memetic approach in [6], BLEAQ with genetic algorithm
and quadratic approximations [7], BL-CMA-ES with CMA-ES in both levels [8], etc. However,
all these evolutionary algorithms are adopting the optimistic approach for solving the BOP, as
it is easier to track.
While indeed the solution of the optimistic approach is much more tractable, it comes with
a drawback: the assumptions in the model, that a cooperation of the lower- with the upper-level
exists without any reward considered in her objective, are not realistic. On the contrary, the
pessimistic approach, while more conservative, can be interpreted as a bound and minimize
the risk of the worst case and give more robust solutions. Therefore, ﬁnding solutions for
the pessimistic case is of great importance in practice, when optimizing under uncertainty and
especially under worst-case scenario optimization.
The pessimistic approach is generally considered much more difﬁcult to solve, and the solution methodologies made for the optimistic approach are not directly applicable to it. A survey
about the pessimistic bilevel optimization problem and its optimality conditions can be found
in [9, 10, 11]. There are several studies in the classical category, proposing solution methods
for pessimistic bilevel problems with speciﬁc mathematical properties, for example for the pessimistic bilevel linear problem [12], or a reduction method for the pessimistic quadratic-linear
bilevel[13]. From the hybrid and evolutionary approaches, the semivectorial pessimistic bilevel
problem has been approached with PSO [14] and Differential Evolution [15], with a multiobjective problem in the lower-level. To the best of our knowledge, there is no Evolutionary
Algorithm studied to solve the general pessimistic bilevel optimization problem.
In this study, we aim to solve the pessimistic BOP by adopting EAs at both levels. The
algorithm has a nested structure. Therefore, for solving each upper-level candidate solution,
a lower-level optimization is conducted. The lower-level optimization algorithm has a multi-
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population schema, that can be evaluated in parallel mode to decrease the computational cost.
For each upper-level sample point, this generates a number of lower-level solutions-one for
each population-, that are further evaluated according to the upper-level ﬁtness function. From
these solutions, the ones giving the minimum and maximum upper-level value (optimistic and
pessimistic) are then passed to the upper-level. In the upper-level, a 2-ranking system is applied,
where the best optimistic and pessimistic solutions are co-evolving. To further improve the
accuracy and efﬁcacy of the algorithm, a local search is conducted for every best solution found.
The algorithm gives two ﬁnal best solutions, one for the optimistic and one for the pessimistic
approach. To test the method, the algorithm is tested on benchmark test-functions with known
global optima.
The rest of the paper is organized as follows. Firstly, the optimistic and pessimistic problem
are deﬁned in Section 2. In Section 3 the proposed method and the steps of the algorithm are
explained. In section 4 the experimental setup is reported along with the test function used and
the relevant results. Finally, in Section 5 we conclude the paper and give some future steps of
the research.
2

DEFINITIONS OF THE BILEVEL OPTIMIZATION PROBLEM

The bilevel optimization problem consists of two levels of optimization tasks, where two
different sets of variables belong to each of these tasks. The mathematical representation is as
follows :
min F (x, y)
x
(1)
s.t. Gk (x, y) ≤ 0, y ∈ Ψ(x)
where Ψ(x) is the set of solutions of the following lower-level problem:
min
y

f (x, y)

s.t. g(x, y) ≤ 0

(2)

where y is the solution of the lower-level problem from the set of solutions y ⊆ Rm , with
regard to solution from upper-level, x from set of solutions x ⊆ Rn ,where F represents upperlevel’ s objective function, while f represents the lower-level’ s objective function. When more
than one lower-level optimal solutions for all or some upper-level variables exist, the bilevel
problem becomes ill-deﬁned. To tackle this, the community is employing two approaches. In
the optimistic approach, the upper-level is optimising expecting that the lower-level reaction
will be optimal for her as well. In the pessimistic case, the upper-level is optimising under the
worst-case scenario of the lower-level reaction. The general pessimistic bilevel problem can be
formulated as follows:
min max F (x, y)
x∈X y∈Ψ(x)
(3)
s.t. G(x, y) ≤ 0
where X := x : G(x) ≤ 0, and Ψ(x) is the set of solutions opf the lower-level problem
min y f (x, y)
s.t. g(x, y) ≤ 0

(4)

Here x ∈ Rn and y ∈ Rm . More about the deﬁnitions of both the approaches can be found in
[16, 3].
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3

PROPOSED METHOD: P-BLDE

The proposed method is an implementation of a Bilevel Differential Evolution algorithm
with multi-population and aims to provide both the optimistic and pessimistic solutions of the
bilevel problem. Therefore we call this algorithm Pessimistic Bilevel Differential Evolution
(P-BLDE).
In the nested algorithm, for each upper-level individual, a lower-level optimization procedure
is conducted. A ﬂowchart of the upper- level and lower-level P-BLDE is presented in the Figures 1 and 2. A co-evolutionary DE is implemented for the upper-level optimization problem,
and with the upper-level variables ﬁxed for the population of optimistic and pessimistic individuals, a lower-level optimization DE is conducted, passes its optimistic and pessimistic optimal
values to the upper-level, and then the sample points are evaluated. The constraint handling for
both levels is done by ranking the individuals with the less violation as the best. More precisely,
the steps of the algorithm are the following:

Figure 1: upper-level DE ﬂowchart.
For the upper-level DE:
Step 1: Initialization: The algorithm starts by sampling in upper-level feasible space with a
population of NP size for the optimistic and pessimistic sub-population respectively.
Note that the populations are co-evolving independently. The lower-level variables are
then found by the lower-level optimization procedure (the lower-level DE). For each
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individual, lower-level DE responds with an optimistic and a pessimistic solution that
is used to further evaluate the upper level.
Step 2: Upper-level mutation and recombination (crossover): The upper-level individuals of
each population are evolved with DE/rand/1/bin mutation strategy.
Step 3: Upper-level ﬁtness evaluation: For each upper-level individual evolved, their ﬁtness
is then evaluated. For this to happen, the lower-level optimal variables are needed.
Therefore, the lower-level optimization procedure is activated.
Step 4: Lower-level DE: for the ﬁxed upper-level variables, a DE for lower-level is conducted,
including its initialization, evolution, and ﬁnal lower-level optimistic and pessimistic
solutions.
Step 5: Upper-level termination: After the lower level is conducted, the upper-level ﬁtness
is evaluated and then the termination criteria are checked. If they are satisﬁed, the
procedure stops and a ﬁnal solution is given. Otherwise, the upper-level population is

Figure 2: lower-level DE ﬂowchart.
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updated with the best solution found so far and we go to step 2 again. The best solution
found for the pessimistic popupper levelation is further reﬁned by local search (Interior
Point) using the fmincon of Matlab.
For the lower-level DE (Input: x vector from upper level):
Step 1: Initialization: The algorithm starts by sampling in a lower-level feasible space with
a population of NP size. The lower-level variables are then found by the lower-level
optimization procedure (the lower-level DE).
Step 2: Lower-level mutation and recombination (crossover): The optimistic lower-level individuals are evolved with DE/rand/1/bin, while the pessimistic population with DE/best/1/bin.
Step 3: Lower-level ﬁtness evaluation: For each lower-level individual evolved, their ﬁtness is
then evaluated in terms of both lower- and upper-level ﬁtness function.
Step 4: Lower-level termination: After the lower-level is conducted, the lower-level ﬁtness is
evaluated and then the termination criteria are checked. If they are satisﬁed, the procedure stops, and two ﬁnal solutions are given. The minimum and maximum solutions
are labeled as optimistic or pessimistic respectively and passed to the upper-level. Otherwise, the lower-level population is updated with the best solution found so far and we
go to step 2 again. For the optimistic population, the best solution found so far is the
one that is minimum for the lower-level function. For the pessimistic population, the
best solution found so far is the one that is minimum for the lower-level function and
maximum for the upper-level function.
The termination criteria are the maximum number of generations for both levels. The control
parameter values used are shown in Table 1. The population size refers to each sub-population
for both upper- and lower-level DE, while number of generations is for the whole procedure.
The parameter values were selected empirically, and no parameter tuning was conducted.
Table 1: Selected control parameters that are used in all of the reported results.
upper-level

lower-level

Population size
10
30
Number of Generations 5
10
Crossover
0.9
0.9
Mutation
uniformly(0.2,0.8) uniformly(0.2,0.8)

4

EXPERIMENTAL RESULTS

In this Section, we provide results for one test-problem, to illustrate the ability of the algorithm to reach the optimistic and the pessimistic solutions of the problem. The test function
used is called mb 1 1 17, has multiple global minima in the lower-level, and is taken from
[11]. The optimistic problem has the following formulation:
min
x,y∈Y (x)

x2 − y

s.t. x ∈ [0, 1], y ∈ [0, 3]
where Y (x) = arg min [z − 1 − x/10]2 − x/2 − 1/2]2
z∈[0,3]
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while pessimistic problem is as follows:
min
x

s.t.
where

max x2 − y

y∈Y (x)

x ∈ [0, 1]
Y (x) = arg min {[z − 1 − x/10]2 − x/2 − 1/2]2 }

(6)

z∈[0,3]

In Table 2 the known global optima for the optimistic and pessimistic approach of the problem
are reported. We also mention the pessimistic solution of the optimistic approach, which is
different than the global pessimistic solution.
Table 2: Known optima for the test function mb 1 1 17.
Solutions

x

y

F

Optimistic
0.2106 1.799 -1.755
Optimistic-Pessimistic 0.2106 0.243 -0.1987
Pessimistic
0
0.2929 -0.2929
The test function has been independently run 30 times on an Intel(R) Core(TM) i7-7500
CPU @ 2.70GHz, 16 GB of RAM, and the Windows 10 operating system. The algorithm is
implemented in Matlab R2018b without any parallelization. In Table 3, the optimal values for
the optimistic and pessimistic solutions of the 30 runs of the P-BLDEA are reported. Also,
we report the min, median, and max of each solution and the runtime of the run in seconds.
We can see, that the solutions found for the optimistic approach, in general, reach the known
optimal solution with an accuracy of 0.0002 and for the pessimistic with 0.02. The runtime
is approximately 40 seconds per run. This relatively high number is justiﬁed if we take into
account that we are solving two problems at the same time (the optimistic and the pessimistic)
and given that the results are without any parallelization. Moreover, no parameter tuning or
adjustment of the population size is done for this experiment, while any tuning might lead to a
dramatic decrease in the runtime. In Figure 3 the upper- and lower-level 3D mesh and contour
plots are presented. Green dots are the known optimistic and pessimistic optima, while the red
stars show the median values of the optima found from P-BLDE. We can see that the algorithm
approximates the known solutions, managing to overcome the local optima of the lower-level
problem.
5

CONCLUSIONS AND FUTURE WORK

In this paper we proposed a nested EA to solve the pessimistic BOP. Firstly, we introduced
the topic and the motivation behind our research. Then, we gave the deﬁnitions of both the
optimistic and the pessimistic bilevel optimization problem. Next, the proposed method was
explained. The algorithm has a multi-population DE in each level, where an optimistic and pessimistic population co-evolve. The accuracy of the pessimistic lower-level solution is boosted
by a local search for every best solution found. The algorithm gives two ﬁnal best solutions,
one for the optimistic and one for the pessimistic approach. The algorithm is tested in benchmark test-functions with known global optima, where it was shown to approximate well both
the optimistic and pessimistic known global optima.
Tuning of the parameters of the algorithm’s values, such as the population size and mutation
strategy to decrease the number of function evaluations and make the convergence faster is what
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Table 3: Numerical results for P-BLDE for the 30 runs for test function mb 1 1 17.
Run
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
Min
Median
Max

Optimistic
F
-1.7548
-1.7548
-1.7546
-1.7492
-1.7531
-1.7544
-1.7554
-1.7546
-1.7547
- 1.7526
-1.7553
-1.7546
-1.7538
-1.7548
-1.7548
-1.7552
-1.755
-1.7561
-1.755
-1.7556
-1.7543
-1.7544
-1.7545
-1.7545
-1.7552
-1.7583
-1.7542
-1.7561
-1.7548
-1.7552
-1.7492
-1.7548
-1.7583

x
0.25883
0.18484
0.22197
0.28308
0.17097
0.18277
0.18815
0.19378
0.22099
0.1622
0.1681
0.18886
0.2367
0.22897
0.21446
0.2127
0.22051
0.19796
0.1998
0.23253
0.22525
0.18446
0.19986
0.19628
0.23102
0.19052
0.22883
0.20439
0.20328
0.1851
0.1622
0.20157
0.28308

y
1.8218
1.7889
1.8039
1.8293
1.7823
1.7878
1.7908
1.7921
1.8035
1.7789
1.7835
1.7903
1.8098
1.8073
1.8008
1.8004
1.8037
1.7952
1.7949
1.8097
1.805
1.7884
1.7944
1.7931
1.8085
1.7946
1.8066
1.7979
1.7962
1.7894
1.7789
1.7957
1.8293

Pessimistic
F
-0.23591
-0.28388
-0.28627
-0.27532
-0.23037
-0.29213
-0.2928
-0.29264
-0.25513
-0.28134
-0.27213
-0.26977
-0.27128
-0.29355
-0.2276
-0.27017
-0.29301
-0.28992
-0.1681
-0.28668
-0.27192
-0.20746
-0.28558
-0.29185
-0.28905
-0.20317
-0.23595
-0.2693
-0.26064
-0.29031
-0.29355
-0.27372
-0.1681

x
0.00064378
0.00064378
0.00064378
0.00054351
0.00064756
0.00064378
0.00064378
0.00064378
0.0006468
0.00053724
0.00064378
0.00055272
0.00054427
0.00064378
0.00054055
0.00053614
0.00064378
0.00054281
0.00053696
0.00053577
0.00064378
0.00064347
0.00064378
0.00064378
0.00064378
0.00064378
0.00053797
0.00054018
0.00054826
0.00053981
0.00053577
0.00064378
0.00064756

y
0.23591
0.28388
0.28627
0.27532
0.23037
0.29213
0.2928
0.29264
0.25513
0.28134
0.27213
0.26977
0.27128
0.29355
0.2276
0.27017
0.29301
0.28992
0.1681
0.28668
0.27192
0.20746
0.28558
0.29185
0.28905
0.20317
0.23595
0.2693
0.26064
0.29031
0.1681
0.27372
0.29355

Runtime
(secs)
41.5709
40.7871
39.6872
38.7187
39.1808
38.2499
42.3118
37.9264
42.5849
41.1649
41.6821
40.2938
37.604
37.5585
37.7102
37.4811
38.0905
40.0531
48.6323
46.1897
43.55
49.4864
51.1232
51.7637
57.5057
62.2715
51.1604
49.5794
50.1431
53.1746
37.481
41.626
62.272

we are working on at the moment. The immediate next step of this research is to take advantage
of the high parallelization of EAs, which will dramatically decrease the computational cost and
reach higher accuracy. Also, methods known to work well for reducing the computational cost
in the optimistic approach state-of-the-art methods, such as the use of surrogates and several
mappings between the upper- and the lower-level solutions, are under investigation. Moreover,
the strategy can work independently of the EA used, meaning that other evolutionary algorithms
more suitable for multimodal problems in the lower-level can be tested, and/or known BLEAs
from the literature can be implemented to ﬁnd the optimistic solution.

231

Margarita Antoniou and Gregor Papa

3

upper − level

upper − level
−2
.8

y

2.5

0

2

−2
−1.8

1.5

−1.5

0

0.2

0.4

0.6

x

0.8

2

0.5

y

0

3

−0.5
−0.3

0.2

0.8

1

5 − level
lower
3

2.5
2
1.5
1
0.5
0.4
0.3
0.2
0.1
0.1

0.
0.11
0.2
0.3
0.4
0.5

1
0..1
0
0.2
0.3
0 .4
0 .5
0.4
0.3

0.2
0.1
0.1

2
0

y
0.8

0.6

5
3
2.5
2
1.5
1
0.5
0.4
0.3
2
0.
0.1
0.1

0 .3

0

x

0.4

10
5
3
2.5
2
1.5
1
5
0.4
0.
0.3
2
0.
0.1
0.1

1

0.6

0

0

0

0.1
0.1
0 .2

y

10

0.4

.5
−0
.3
−0

x

2

0.2

.5

−1

−1

−0.5
−0.3

0

−1

−1.5

10

lower − level

0

−2
−1.8

−1

1

−2

−1

10

0

02

0.2

0.2
0.1
0.1
0.1

0.1
0.1

0.4

0.6

0.5
0.4
0.3

0.8

0.2
0.1
0.1

1

x

Figure 3: Upper- and lower-level 3D mesh and contour plots. Green dots are the known optimistic and pessimistic optima, while with red stars the median values of the optima found from
P-BLDE.
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'HSDUWPHQWRI&RPSXWDWLRQDO0HFKDQLFVDQG(QJLQHHULQJ
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Abstract
The article shows the composition of the developed hybrid optimization algorithm, as well as
the method and results of testing operation. The new algorithm was inspired by the Fireworks
Algorithm and the general principle of operation of Evolutionary Algorithms. The goal of developing a new computational solution was to minimize the number of necessary calls to the
objective function to reach the global minimum with the desired accuracy. The corresponding
cases compared the results obtained for various test functions of two or more variables.
Keywords:)LUHZRUNVDOJRULWKP(YROXWLRQDU\DOJRULWKP+\EULG$OJRULWKP2SWLPL]DWLRQ
7HVWIXQFWLRQV
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INTRODUCTION

2SWLPL]DWLRQLVFRPPRQO\XQGHUVWRRGDVILQGLQJWKHEHVWVROXWLRQIRUVSHFLILFH[SHFWDWLRQV
)URPWKHPDWKHPDWLFDOSRLQWRIYLHZLWLVDERXWGHWHUPLQLQJWKHH[WUHPHRIDJLYHQIXQFWLRQ
ZLWKVSHFLILHGERXQGDU\FRQGLWLRQVDQGGHSHQGHQFLHV,WGRHVQRWPDWWHULIWKHRSWLPL]HGSURE
OHPLVUHODWHGWRDXWRPDWLRQILQDQFHFRQVWUXFWLRQWHFKQRORJ\RUHQWHUSULVHPDQDJHPHQW$IWHU
GHVFULELQJWKHSUREOHPDVDPDWKHPDWLFDOIXQFWLRQ  LWLVQRWLPSRUWDQWZKDWILHOGLWFRQFHUQV
݉݅݊ൣ݂൫ݔଵ ǡ ݔଶ ǡ ǥ ǡ ݔ ൯൧
௫

? 0(5*()250$7 

:KHUH I [L  LV D IXQFWLRQ RI WKH YDULDEOHV [ [ «  [M ZLWK FRQVWUDLQWV LQ SDUWLFXODU
 ! IRUHDFKYDULDEOH[>@%DVHGRQO\RQQXPHULFDORSWLPL]DWLRQZLWKWKHGLVFUHWL]D
WLRQSULQFLSOHWKHVROXWLRQ LV DSRLQWRU DVHWRI SRLQWV LQ DQQGLPHQVLRQDO VSDFH ,W LV DOVR
SRVVLEOHWRXVHWKHDERYHWRPD[LPL]HWKHIXQFWLRQIE\FKDQJLQJWKHVLJQRIWKHIXQFWLRQI
,QWKHSDVWRSWLPL]DWLRQDOJRULWKPVZHUHFRPSDUHGE\WKHFRPSXWDWLRQWLPHQHHGHGWRVROYH
DJLYHQWHVWSUREOHP+RZHYHULWZDVQHFHVVDU\WRVWDQGDUGL]HWKHUHVXOWVGXHWRGLIIHUHQWFRP
SXWLQJDELOLWLHVRILQGLYLGXDOFRPSXWHUV>@1RZDGD\VGXHWRWKHHQRUPRXVKDUGZDUHGLYHUVLW\
DQGVLJQLILFDQWO\JUHDWHUFRPSXWLQJSRZHURIQRWRQO\ZRUNVWDWLRQVEXWDOVRSHUVRQDOFRPSXW
HUVDQGHYHQPRELOHGHYLFHVLWVHHPVUHDVRQDEOHWRFRPSDUHWKHTXDOLW\RIDOJRULWKPVE\WKH
VPDOOHVWQXPEHURIREMHFWLYHIXQFWLRQFDOFXODWLRQV
2

ALGORITHM

:KLOHORRNLQJIRUDVROXWLRQ RIPDWKHPDWLFDOIXQFWLRQ GHSHQGLQJRQVHYHUDOIDFWRUV [ 
WKHPRVWUHOLDEOHDSSURDFKWRILQGWKHEHVWVROXWLRQZRXOGEHWRFKHFNDOOSRVVLEOHVROXWLRQV
DQGFKRRVH WKH EHVW RQH :LWK D VPDOO QXPEHU RI SRVVLEOH VROXWLRQV LW FDQ EH GRQH HYHQ
RQDVKHHW RI SDSHU +RZHYHU ZKHQ WKH VSDFH RI SHUPLVVLEOH VWDWHV DOO FRUUHFW VROXWLRQV 
LVWULOOLRQFRPELQDWLRQVFKHFNLQJHDFKRIWKHPZRXOGEHLQHIIHFWLYHDQGVRPHWLPHVHYHQ
LPSRVVLEOH
)RUWKLVSXUSRVHYDULRXVVHDUFKDOJRULWKPVDUHXVHGLQFOXGLQJDOJRULWKPVWKDWPD\QRWILQG
WKH EHVW RSWLPDO  VROXWLRQV EXW FDSDEOH RI ILQGLQJ D JRRG RQH QHDU RSWLPDO  %\ DOORZLQJ
DVPDOO LQDFFXUDF\ FRQVLGHUDEOH DPRXQWV RI FRPSXWLQJ WLPH DQG SRZHU FDQ EH VDYHG
:LWKODUJH VSDFHV RI SHUPLVVLEOH VWDWHV YDOXHV IRU OHVV WKDQ  RI DOO SRVVLEOH VROXWLRQV
DUHGHWHUPLQHG>@
2.1 Evolutionary and Fireworks Algorithms
2QHRIWKHPRVWSRSXODUDQGHIIHFWLYHW\SHVRIDOJRULWKPVIRUVROYLQJRSWLPL]DWLRQSUREOHPV
DUH HYROXWLRQDU\ DOJRULWKPV ($  7KH\ PLPLF HYROXWLRQ ZKLFK LV D FRPPRQ SKHQRPHQRQ
DPRQJDOOOLYLQJRUJDQLVPV)RUWKLVUHDVRQHYROXWLRQDU\DOJRULWKPVEHORQJWRWKHJURXSRIELR
LQVSLUHGDOJRULWKPV7KHSULQFLSOHRIRSHUDWLRQVHHPVTXLWHVLPSOHDQGWKHTXDOLW\RIWKHUHVXOWV
REWDLQHGGHSHQGRQWKHDGRSWHGFULWHULRQIRUDVVHVVLQJWKHTXDOLW\RIWKHVROXWLRQ DJLYHQUHS
UHVHQWDWLYHRIWKHSRSXODWLRQ 4XRWLQJWKHDUWLFOHWLWOHG$UWLILFLDOOLIH%LRORJLFDOO\LQVSLUHG
DOJRULWKPV´ WKH PHDQLQJ RI WKH HYROXWLRQDU\ DOJRULWKP DUH H[SODLQHG LQ D IROORZLQJ ZD\
7KHLGHDIRUHYROXWLRQLQDFRPSXWHULVVLPSOHLQVWHDGRIWHVWLQJDKXJHQXPEHURIDOOSRVVLEOH
VROXWLRQVWRDJLYHQSUREOHPFUHDWHDVPDOOSRSXODWLRQRIWKHVHVROXWLRQVDQGWKHQPXWDWHWKHP
UHSODFH WKHP LQ SDUWV FURVV  HYDOXDWH DQG DERYH DOO GXSOLFDWH UHSURGXFH  WKH EHVW RQHV
LQWKHSRSXODWLRQ>@
,QWKH)LUHZRUNV$OJRULWKP ):$ WKHH[SORVLRQFRUUHVSRQGVWRRQHLWHUDWLRQRIWKHDOJR
ULWKP LQ ZKLFK WKH VSDUNV UDGLDWH IURP WKH VRXUFH )RU WKH QH[W LWHUDWLRQ RI WKH DOJRULWKP
QHZH[SORVLRQ  DQRWKHU H[SORVLRQ RFFXUV LQ WKH SODFH ZKHUH WKH EHVW VSDUN ZDV ORFDWHG
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DQGWKHVLWXDWLRQUHSHDWVDFFRUGLQJWRWKHIORZFKDUWVKRZQLQ)LJ,QWKHEHJLQQLQJWKHRE
MHFWLYHIXQFWLRQVKRXOGEHGHWHUPLQHG QXPEHURIYDULDEOHVYDULDELOLW\DPSOLWXGHDQGVWHSV
RIGLVFUHWL]DWLRQRIHDFK[LFRQVWUDLQWVDQGGHSHQGHQFLHVVWRSSLQJFRQGLWLRQVRIWKHDOJRULWKP
DQGRWKHUFRQWUROSDUDPHWHUV7KHQXVLQJDVHPLUDQGRPQXPEHUJHQHUDWRUDVHWRIYDULDEOHV
LV GUDZQ IRU HDFK RI WKH VSDUNV DQG WKH REMHFWLYH IXQFWLRQ LV FDOFXODWHG 7KH QH[W LWHP
LQWKHVFKHPH LV D FRQGLWLRQDO EORFN WKDW FKHFNV ZKHWKHU DQ\ RI WKH VWRSSLQJ FRQGLWLRQV
RIWKHDOJRULWKPKDVEHHQUHDFKHG,I<(6WKHVHWRIGHVLJQYDULDEOHV;IURPWKHDFWXDOEHVW
VROXWLRQLVWKHILQDOVROXWLRQ,I12WKHDOJRULWKPVWDUWVDQRWKHULWHUDWLRQQDUURZLQJWKHVWDWH
VSDFHDURXQGWKHEHVWVROXWLRQ>@

)LJXUH$VLPSOLILHGEORFNGLDJUDPRIWKH):$>@

2.2 The hybrid global optimization algorithm
$VDSDUWRIWKHGRFWRUDOGLVVHUWDWLRQWKH):$ZDVGHYHORSHGIRUWKHRSWLPL]DWLRQRIWHFK
QRORJLFDO SURFHVVHV EDVHG RQ WKH VLPXODWLRQ RI WKH LQMHFWLRQ SURFHVV ):$ EHORQJ WR D OHVV
SRSXODUW\SHRIDOJRULWKPV)RUWKLVUHDVRQLQRUGHUWRLPSURYHWKHTXDOLW\ DQGVSHHG RIWKH
UHVXOWVREWDLQHGLWZDVGHFLGHGWRDSSO\DFRPSOHWHO\QHZDSSURDFKDQGFUHDWHDK\EULGDOJR
ULWKPFRQQHFWLQJ):$ZLWK($ZKLFKLVRQHRIWKHPRVWSRSXODURSWLPL]DWLRQDOJRULWKPV
,IWKHSRSXODULW\LVDVVHVVHGE\WKHQXPEHURIVHDUFKHGSRVLWLRQVLQWKH*RRJOHVHDUFKHQJLQH
HYHQVXFKQLFKHDOJRULWKPVDVWKHSRODUEHDUDOJRULWKPDUHPRUHSRSXODUWKDQ):$ 7DEOH 
$VLQWKHWKHRU\RIWKHRULJLQRIWKHXQLYHUVHHYHU\WKLQJVWDUWVZLWKDELJEDQJ>@LQZKLFK
):$JHQHUDWHVDQXPEHURIVWDWHVSDFHSRLQWV VSDUNV IRUZKLFKWKHREMHFWLYHIXQFWLRQLVFDO
FXODWHG ,W ZLOOFRQWLQXHWR ZRUNOLNH):$H[FHSW IRUDFHUWDLQ SUREDELOLW\WR WULJJHUXVDJH
RI($SDUW,QWKLVFDVHLISRSXODWLRQJHQHUDWHGE\HDUOLHUDOJRULWKPLWHUDWLRQVLVODUJHHQRXJK
LQVWHDGRIJHQHUDWLQJDSRLQWLQWKHVWDWHVSDFHE\):$LWLVJHQHUDWHGE\($7KLVLVSDUWLFX
ODUO\DGYDQWDJHRXVZKHQDQDO\]LQJWKHVSDFHFORVHWRWKHRSWLPDOVROXWLRQ6LPSOLILHGGLDJUDP
RIK\EULGDOJRULWKPZRUNLQJVKRZQLQWKHILJXUH
$OJRULWKP

IRXQGHGSRVLWLRQLQWKH*RRJOH
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*HQHWLF$OJRULWKP
(YROXWLRQDU\$OJRULWKP
$QW$OJRULWKP
%HHV$OJRULWKP
3DUWLFOHVZDUP$OJRULWKP
3RODUEHDURSWLPL]DWLRQ$OJR
ULWKP
)LUHZRUNV$OJRULWKP











7DEOH7KHSRSXODULW\RIDOJRULWKPVDFFRUGLQJWRWKHQXPEHURIIRXQGHGSRVLWLRQLQWKH*RRJOHVHDUFKHQJLQH
DVRI-DQXDU\ 

)LJXUH$VLPSOLILHGEORFNGLDJUDPRIWKHK\EULGDOJRULWKP

$IWHU HDFK LWHUDWLRQ RI HLWKHU ($ RU ):$ D UDQNLQJ OLVW RI WKH EHVW VROXWLRQV LV XSGDWHG
VLPLODUWRDW\SLFDOPHWKRGRIUDQNLQJVHOHFWLRQ+RZHYHUDOOLQGLYLGXDOVIURPWKHOLVWKDYH
WKHVDPHZHLJKWV WKHUHLVQRGLIIHUHQFHEHWZHHQEHWWHUDQGZRUVH DQGWKHQXPEHURILWHPV
RQWKHOLVWLVDSDUDPHWHUWKDWFRQWUROVWKHZRUNRI($)XUWKHUVLPLODUO\WRWKHVHOHFWLRQPHWKRG
  Ȝ  SDUHQWV DUH UDQGRPO\ VHOHFWHG >@ KRZHYHU WKH VHOHFWLRQ LV PDGH IURP WKH FXUUHQW
UDQNLQJOLVWFRPPRQWRDOOSDVWVROXWLRQVVLQFHWKHJHQHUDWLRQRIWKHILUVWSRSXODWLRQ>@>@
2QHLQGLYLGXDOLVVHOHFWHGIRUWKHPXWDWLRQRSHUDWRUZKLFKLVPXWDWHGDQGIXUWKHUWUHDWHG
DVDQ\RWKHULQGLYLGXDOLQWKHSRSXODWLRQ,QGLYLGXDOVGRQRWGLHDQGGRQRWEHFRPHRXWGDWHG
DVWKH QXPEHU RI LWHUDWLRQV RI WKH DOJRULWKP LQFUHDVHV $Q LQGLYLGXDO FHDVHV WR EH LQFOXGHG
LQ($RSHUDWLRQVRQO\ZKHQLWIDOOVRXWRIWKHUDQNLQJOLVWRIWKHEHVWVROXWLRQV7ZRLQGLYLGXDOV
DUHDOZD\VVHOHFWHGIRUFURVVLQJIURPWKHUDQNLQJOLVWWKDQNVWRZKLFKWZRRIIVSULQJDUHDOZD\V
FUHDWHG
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6HYHUDOSDUDPHWHUVDUHXVHGWRFRQWUROWKHRSHUDWLRQRIWKHHYROXWLRQDOJRULWKP7KHILUVWRQH
LVWKHSUREDELOLW\RIWKHRFFXUUHQFHRIDPXWDWLRQ0!ZKHUHPHDQVQRPXWDWLRQDWDOO
DQGWKHRSHUDWLRQRIFURVVLQJWZRLQGLYLGXDOVHDFKWLPHDQGHDFKPXWDWLRQRIRQHLQGLYLGXDO
ZLWKRXWFURVVLQJ7KHVHFRQGSDUDPHWHULVWKHQXPEHURIPXWDWLRQVWKHQXPEHURIJHQHV YDU
LDEOHV PXWDWHGRQFHLQDQLQGLYLGXDO
/LNHIRUWKHPXWDWLRQWKHQXPEHURIJHQRW\SHGLYLVLRQVLVGHWHUPLQHGLQWKHFDVHRIFURVVLQJ
QRWHGIXUWKHUE\.0אQ!.0VKRXOGEHLQWHUSUHWHGDVIROORZV,ILQDJLYHQSRSXODWLRQ
WKHJHQRW\SHFRQVLVWVRIJHQHVDQG.0 WKHQDVDUHVXOWRIRQHFURVVLQJLQGLYLGXDOV
DUHFUHDWHGZLWKJHQHVRIHDFKSDUHQW:KHQ.0 WKHHPHUJLQJLQGLYLGXDOVKDYHJHQHV
RIRQHRIWKHSDUHQWVDQGJHQHVRIWKHRWKHU:KHQ.0 LQGLYLGXDOVKDYHJHQHVIURP
RQHSDUHQWDQGJHQHVIURPWKHRWKHUSDUHQWDQGVRRQ
7KHODVWSDUDPHWHUFRQWUROOLQJWKHLPSOHPHQWHGHYROXWLRQDOJRULWKPLVWKHVL]HRIWKHUDQNLQJ
OLVWUHIHUUHGWRDV5. 5. PHDQVWKDWRQO\WKHEHVWVROXWLRQVIURPWKHUDQNLQJ
OLVWZLOOEHFRQVLGHUHGDSRSXODWLRQIRUWKHFURVVRYHUDQGPXWDWLRQRSHUDWRUV5. ZLOOPHDQ
WKDWRQO\WKHEHVWVROXWLRQVDUHVXEMHFWWRFRQVWDQWPXWDWLRQDQGFURVVLQJ
&UHDWLRQRIWKLVK\EULGILUHZRUNHYROXWLRQRSWLPL]DWLRQDOJRULWKPKDVEHHQEDVHGRQDVHPL
UDQGRPSUREDELOLW\RIRFFXUUHQFHRIDQRSHUDWLRQFKDUDFWHULVWLFIRU):$RU($LQHDFKLWHUDWLRQ
2.3 Steering parameters
7KHRQO\DGGLWLRQDOSDUDPHWHULV DYDOXHGHQRWHGE\ (  ! א,WVKRXOGEHXQGHUVWRRG
DVWKHSUREDELOLW\RIWKHDOJRULWKPRSHUDWLQJLQDZD\FKDUDFWHULVWLFIRU($LHFURVVLQJRUPX
WDWLRQ:KHQ( WKHQWKHDOJRULWKPLVFRPSOHWHO\ILUHZRUNDQGQRFURVVRYHUDQGPXWDWLRQ
RSHUDWLRQVWDNHSODFH:KHQ( WKHDOJRULWKPLVFRPSOHWHO\HYROXWLRQDU\DQG):$LVRQO\
XVHGWRFRPSOHWHWKHUDQNLQJOLVWDQGWKXVJHQHUDWHDQLQLWLDOSRSXODWLRQHTXDOWR5.SDUDPHWHU
7DEOH  SUHVHQWV WKH SDUDPHWHUV FRQWUROOLQJ WKH RSHUDWLRQ RI WKH K\EULG DQG HYROXWLRQDU\
DOJRULWKP7KHSUHVHQWHGGDWDUDQJHVGRQRWWDNHLQWRDFFRXQWWKHOLPLWDWLRQVRIGLVFUHWL]DWLRQ
DQGWKHFDSDFLW\RIWKHGDWDW\SHVRIYDULDEOHV
6\PEROV
M

$PSOLWXGH
 

(

!

0

!

5.

 

.0

M!

00

M 

RSLV
1XPEHURIYDULDEOHVRIWKHDQDO\]HG
SUREOHP
3UREDELOLW\RIXVLQJPXWDWLRQRUFURVVLQJ
LQVWHDGRI):$
3UREDELOLW\RIPXWDWLRQ RQO\ZKHQ(
ZDV! 
7KHVL]HRIWKHUDQNLQJOLVWWKHVL]HRI
($SRSXODWLRQ
7KHSURSRUWLRQRILQKHULWDQFHRIJHQHVE\
GHVFHQGDQWV
7KHQXPEHURIPXWDWHGJHQHVSHURQH
PXWDWLRQSURFHVV

7DEOH6HOHFWHGSDUDPHWHUVFRQWUROOLQJWKHK\EULGDQGHYROXWLRQDU\DOJRULWKP
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TESTING FUNCTIONS

,Q RUGHU WR FKHFN WKH GLIIHUHQFHV LQ HIILFLHQF\ RI WKH DOJRULWKPV WKH\ ZHUH WHVWHG
ZLWK?WKHXVHRI VHOHFWHG WHVW IXQFWLRQV 7KH IXQFWLRQV ZHUH VHOHFWHG WR FKHFN WKH LQIOXHQFH
RIWKHQXPEHURIYDULDEOHV )VWHSIXQFWLRQ VWDWHVSDFHVL]H )SDUDEROLFIXQFWLRQ WKHSUH
FLVLRQRIWKHUHVXOWVDFKLHYHG )%HDOH VIXQFWLRQ DQGWKHFKDQFHRIILQGLQJWKHJOREDOPLQL
PXPLQIXQFWLRQVZLWKPDQ\ORFDOPLQLPD )5DVWULJLQIXQFWLRQ DVDQGORZYDULHW\IXQFWLRQV
)(DVRPIXQFWLRQ 
3.1 Parabolic function
,WLVRQHRIWKHVLPSOHVWWHVWIXQFWLRQRIMYDULDEOHVKDYLQJDUHDOUHVXOWIRUHYHU\[EHORQJLQJ
WRWKHVHWRIUHDOQXPEHUV ILJXUH ,WKDVRQHJOREDODQGORFDOPLQLPXPWRJHWKHU  


ܨଵ ൫ݔଵ ǡ ݔଶ ǡ ǥ ǡ ݔ ൯ ൌ σୀଵ ݔ ଶ
݉݅݊ሺܨଵ ሻ ൌ ܨଵ ሺͲǡͲǡ ǥ ǡͲሻ ൌ Ͳ

ሺʹሻ

)LJXUH$SORWRI)IXQFWLRQRIWZRYDULDEOHV

3.2 Step function
7KLVIXQFWLRQLVSHUIHFWIRUWHVWLQJWKHEHKDYLRURIRSWLPL]DWLRQDOJRULWKPVZLWKDODUJHQXP
EHURIYDULDEOHV,WKDVDVPDOOUDQJHRIYDULDWLRQIRUHDFK[MRIMYDULDEOHVDQGHDFK[MEHORQJV
WRLQWHJHUVEXWWKHQWKHIXQFWLRQPD\QRWKDYHRQHJOREDOPLQLPXP,WKDVRQHJOREDOPLQLPXP
RQO\ZKHQDOO[MEHORQJWRQDWXUDOQXPEHUVDQGRQO\VXFKDYDULDQWRIWKLVIXQFWLRQZDVFRQVLG
HUHG  

ܨଶ ൫ݔଵ ǡ ݔଶ ǡ ǥ ǡ ݔ ൯ ൌ σୀଵ ݔ ש

݉݅݊ሺܨଶ ሻ ൌ ܨଶ ሺͲǡͲǡ ǥ ǡͲሻ ൌ Ͳ
Ͳ  ݔ  ͳͲ
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3.3 Beale's function
8QLPRGDO IXQFWLRQ RI WZR YDULDEOHV ZLWK RQH JOREDO PLQLPXP   ,W LV FKDUDFWHUL]HG
E\DIODW DUHD LQ WKH PLGGOH RI WKH IXQFWLRQ DQG VWHHSO\ VORSV LQ DUHDV IXUWKHU DZD\ IURP
WKHJOREDOPLQLPXP,WDOORZV\RXWRFKHFNWKHDOJRULWKP VFDSDELOLWLHVLQWHUPVRIWKHSUHFLVLRQ
RIWKHUHVXOWV ILJXUH 
ܨଷ ሺݔଵ ǡ ݔଶ ሻ ൌ ሺͳǡͷ െ ݔଵ  ݔଵ ݔଶ ሻଶ  ሺʹǡʹͷ െ ݔଵ  ݔଵ ݔଶ ଶ ሻଶ  ሺʹǡʹͷ െ ݔଵ  ݔଵ ݔଶ ଷ ሻଶ
݉݅݊ሺܨଷ ሻ ൌ ܨଷ ሺ͵Ǣ Ͳǡͷሻ ൌ Ͳ

ሺͶሻ

െͶǡͷ  ݔ  Ͷǡͷ

)LJXUH3ORWRIWKH)IXQFWLRQIRUWZRYDULDEOHV

3.4 Rastrigin function
2QHRIWKHPRVWGLIILFXOWQRQOLQHDUPXOWLPRGDOWHVWIXQFWLRQVIRURSWLPL]DWLRQDOJRULWKPV  
,WLVRIWHQLPSRVVLEOHWRILQGWKHJOREDOPLQLPXPRIWKLVIXQFWLRQGXHWRWKHH[WUHPHO\ODUJH
QXPEHURIORFDOPLQLPD ILJXUHDQG 

ܨସ ൫ݔଵ ǡ ݔଶ ǡ ǥ ǡ ݔ ൯ ൌ ͳͲ݊  σୀଵሾݔଶ െ ͳͲܿݏሺʹߨݔ ሻሿ

݉݅݊ሺܨସ ሻ ൌ ܨସ ሺͲǡͲǡ ǥ ǡͲሻ ൌ Ͳ
െͷǤͳʹ  ݔ  ͷǤͳʹ
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)LJXUH3ORWRIWKH)IXQFWLRQIRUWZRYDULDEOHV

)LJXUH7KHFRQWRXURIWKHIXQFWLRQ)IRUYDULDEOHV

3.5 Easom function
8QXVXDO IXQFWLRQ ZLWK RQH IXQQHOVKDSHG ILJXUH  DQG   JOREDO PLQLPXP LQ WKH FHQWHU
RIWKHVWDWHVSDFHDQGDIODWSDUWDURXQGLW  
ܨହ ሺݔଵ ǡ ݔଶ ሻ ൌ െܿݏሺݔଵ ሻܿݏሺݔଶ ሻ݁ݔ൫െሺሺݔଵ െ ߨሻଶ  ሺݔ௫ െ ߨሻଶ ሻ൯
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݉݅݊ሺܨହ ሻ ൌ ܨହ ሺߨǢ ߨሻ ൌ െͳ
െͳͲͲ  ݔ  ͳͲͲ

)LJXUH3ORWRIWKH)IXQFWLRQIRUWZRYDULDEOHV

)LJXUH7KHFRQWRXURIWKHIXQFWLRQ)IRUYDULDEOHV
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RESULTS

7KHWHVWIXQFWLRQVRIWKHRSWLPL]DWLRQDOJRULWKPVSUHVHQWHGLQWKHSUHYLRXVVXEVHFWLRQZHUH
VROYHG E\ WKH GHYHORSHG DOJRULWKPV 7KH RQO\ LQGLFDWRU RI WKH TXDOLW\ RI WKH VROXWLRQ ZDV
WKHQXPEHURIFDOOVWRWKHREMHFWLYHIXQFWLRQQHFHVVDU\WRDFKLHYHWKHFRUUHFWUHVXOW(DFKFDVH
ZDVFDOFXODWHGWLPHV7KHYDOXHXVHGIRUFRPSDULVRQZDVWKHDULWKPHWLFPHDQRIWKHLQGLFD
WRUVZKLFKZDVSUHVHQWHGLQWKHWDEOH
EA
4976
5706
12801
13228



9990

FWA
)YDU[L

)YDU[L

)YDU
13560
)YDU
13161
)YDU

)YDU

)YDU

)YDU


Hybrid


10370
8184





7DEOH6HOHFWHGUHVXOWVRIREMHFWLYHIXQFWLRQFDOOLQJIRUHYROXWLRQDU\DQGILUHZRUNVDQGK\EULGDOJRULWKP

5

CONCLUSIONS

$ERYHDOOLWVKRXOGEHHPSKDVL]HGWKDWWKHUHVXOWVDFKLHYHGE\LQGLYLGXDODOJRULWKPVVWULFWO\
GHSHQGRQWKHSURJUDPPHUWKHZD\RILPSOHPHQWLQJWKHNQRZQVFKHPHRIDFWLYLWLHVLQFRP
SXWDWLRQDOWHFKQRORJ\7KLVPHDQVWKDWDQRWKHUDOJRULWKPRIWKHVDPHW\SHPD\SURGXFHGLIIHU
HQWUHVXOWVEXWWKHWUHQGVKRXOGEHVDYHG
,QDFRPPRQHYROXWLRQDU\DOJRULWKPDVLQJOHPXWDWLRQFDQEHDPLOHVWRQHLQWKHVHDUFK
IRUWKHRSWLPXPDQGVORZO\UHDFKLQJWKHEHVWUHVXOWWKDQNVWRWKHFURVVLQJRSHUDWLRQWXUQVRXW
WREHHIIHFWLYH7KHLPSOHPHQWHG):$ILWVIDQWDVWLFDOO\LQWKHSDUDEROLFIXQFWLRQZKHUHGXH
WRWKHQDUURZLQJRIWKHVHDUFKVSDFHZLWKVXFFHVVLYHLWHUDWLRQVLWHDVLO\WHQGVWRWKHRSWLPXP
7KHXVHRIDK\EULGDOJRULWKPLQWKLVFDVHLVVOLJKWO\EHKLQGWKHSXUH):$+RZHYHUDOJRULWKPV
DUHUDUHO\XVHGWRVHDUFKIRUVROXWLRQVWRTXDGUDWLFIXQFWLRQVDQGWKHVLWXDWLRQVRIWKHLUDSSOL
FDWLRQXVXDOO\DUHPXFKPRUHFRPSOLFDWHG,QWKHFDVHRIPRUHGLIILFXOWWHVWIXQFWLRQVVXFK
DVWKH(DVRPRU5DVWULJLQIXQFWLRQVWKHXVHRIWKHK\EULGDOJRULWKPJLYHVVSHFWDFXODUUHVXOWV
7KHXVHRI($KDVDVLJQLILFDQWDGYDQWDJHRYHUWKHRWKHUVLQWKHIRUPRIDVPDOOQXPEHU
RISDUDPHWHUVFRQWUROOLQJWKHDOJRULWKP,QWKHFDVHRI):$LWZDVDOPRVWQHFHVVDU\WRSHUIRUP
SUHOLPLQDU\ FDOFXODWLRQV LQ RUGHU WR VHOHFW WKH DSSURSULDWH SDUDPHWHUV RI WKH DOJRULWKP
7KHXVHRIK\EULG DOJRULWKP PDGHWKLV WDVNHYHQ PRUHGLIILFXOW EHFDXVHLQRUGHUWR DFKLHYH
WKHEHVWUHVXOWVLWZDVQHFHVVDU\WRVHOHFWPRUHWKDQSDUDPHWHUVQRWLQFOXGLQJWKHQXPEHU
UDQJHVRIYDULDELOLW\DQGWKHGHJUHHRIGLVFUHWL]DWLRQRIYDULDEOHVHWF
7KHZRUNVSUHVHQWHGLQWKLVDUWLFOHDUHSDUWRIWKHGRFWRUDOGLVVHUWDWLRQDQGDUHIXUWKHUGHYHO
RSHG IRU WKLV SXUSRVH 7KH RSWLPL]DWLRQ DOJRULWKP GHYHORSHG E\ WKH DXWKRUV ZDV XVHG
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WRRSWLPL]H WKH WHFKQRORJLFDO SURFHVVHV RI SODVWLF LQMHFWLRQ DQG WKH SURGXFWLRQ RI FRPSRVLWH
HOHPHQWVE\WKH570PHWKRG7KHSRVLWLYHUHVXOWVRIXVLQJWKHDOJRULWKPLQSUDFWLFHDUHDVROLG
EDVLVIRUFRQWLQXLQJZRUNDQGIXUWKHUGHYHORSPHQWRIWKHDOJRULWKP
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BRIDGES MONITORING: AN APPLICATION OF AI WITH
GAUSSIAN PROCESSES
Rebecca Asso1, Raffaele Cucuzza2, Marco M. Rosso2, Davide Masera1 and Giuseppe
C. Marano2


0DVHUD(QJLQHHULQJ*URXSVUO
&RUVR5H8PEHUWR7RULQR ,7 
UHEHFFDDVVR#PDVHUDHJFRP
GDYLGHPDVHUD#PDVHUDHJFRP


3ROLWHFQLFRGL7RULQR',6(*
&RUVR'XFDGHJOL$EUX]]L7RULQR ,7 
UDIIDHOHFXFX]]D#SROLWRLW
PDUFRURVVR#SROLWRLW
JLXVHSSHPDUDQR#SROLWRLW

Abstract. 0RQLWRULQJ DQG DVVHVVPHQW RI H[LVWLQJ LQIUDVWUXFWXUHV LV JDLQLQJ DWWHQWLRQ LQ
QRZDGD\VVRFLHW\DVDJLQJGHJUDGDWLRQUHGXFHVWKHUHVLGXDOVWUXFWXUDOVDIHW\7KLVZRUNDLPV
DWSURYLGLQJDFRPSHWLWLYHSURFHGXUHIRUWKHPRQLWRULQJRIEHDULQJVRIEULGJHVEDVHGRQGDWD
DQDO\VLV FRPLQJ IURP WKH XVH RI VWUDLQ JDXJHV ,W SURSRVHV DQ XQVXSHUYLVHG OHDUQLQJ 86/ 
DSSURDFK EDVHG RQ D VLQJOHYDOXHG SHUIRUPDQFH LQGLFDWRU WR PRQLWRU WKH JOREDO EHKDYLRU RI
EHDULQJVDVFULWLFDOFRPSRQHQWVLQDYLDGXFW7KHSURFHGXUHIRUGDWDDQDO\VLVLVH[SORLWLQJWKH
ZHOONQRZQ*DXVVLDQ3URFHVVHVWRDQDO\]HDQGFRUUHODWHKRUL]RQWDOEHDULQJGLVSODFHPHQWVDQG
HQYLURQPHQWDOWHPSHUDWXUHDVSULPDU\VRXUFHRIGHIRUPDWLRQRIWKHGHFN:LWKWKLVDSSURDFK
ZHFRPELQHPHDVXUHPHQWVIURPWZHOYHVHQVRUVWRGHVLJQDUREXVWSHUIRUPDQFHLQGLFDWRUWKDW
LVRQO\ZHDNO\DIIHFWHGE\WHPSHUDWXUHYDULDWLRQV'DWDH[SORLWDWLRQDQGPDQLSXODWLRQLVGH
VFULEHG IURP GDWD DFTXLVLWLRQ DQG VHOHFWLRQ WR WKH LQWHUSUHWDWLRQ RI UHVXOWV 0HDQZKLOH WKH
DYDLODELOLW\RIDKXJHDPRXQWRILQIRUPDWLRQFRPLQJIURPWKHPRQLWRULQJRIELJVWUXFWXUHVLV
QRPRUHDQLVVXHWKHPDQDJHPHQWRIVXFKLQGLFDWLRQVLVQRWDOZD\VFOHDUDQGHIILFLHQW)RU
WKLV UHDVRQ WKH PHWKRG SURSRVHG E\ WKLV SDSHU FDQ EH RI VXSSRUW LQ GHDOLQJ ZLWK UHDOWLPH
PRQLWRULQJRIEULGJHEHDULQJVPD[LPL]LQJXQH[SHFWHGPDLQWHQDQFHDQGLQFUHDVLQJWKHVDIHW\
RIWKHEULGJH
Keywords:EULGJHEHDULQJPDFKLQHOHDUQLQJ*DXVVLDQSURFHVVHV6WUXFWXUDO+HDOWK0RQL
WRULQJ%LJ'DWD
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1

INTRODUCTION

1RZDGD\VPRQLWRULQJDQGDVVHVVPHQWRIVWUXFWXUHVDUHRQHRIWKHPRVWLQWHUHVWLQJDQGXU
JHQWWRSLFVWKDWRFFXS\DFHQWUDOUROHLQUHVHDUFK%ULGJHVDUHQRH[FHSWLRQGXHWRWKHLUORFD
WLRQDQGVWUXFWXUHWKH\DUHRIWHQVXEMHFWHGWRFULWLFDOHQYLURQPHQWDOFRQGLWLRQVDQGORDGFDVHV
2YHUWKHODVWGHFDGHVWHFKQRORJLFDOVXSSRUWUDGLFDOO\LQFUHDVHGVKLIWLQJWKHUHVHDUFKDWWHQWLRQ
LQ WKH GLUHFWLRQ RI GDWD PDQDJHPHQW UDWKHU WKDQ GDWD DFTXLVLWLRQ 6HQVRUV KDYH UHDFKHG DQ
H[FHOOHQW OHYHO UHJDUGLQJ SUHFLVLRQ UHVLVWDQFH DQG PDLQWHQDQFH GDWD LV DYDLODEOH UHPRWHO\
ZLWKDQDXWRPDWLFXSORDGRQDFORXGLQVRPHFDVHVLWLVDOVRSRVVLEOHWRDFTXLUHLQIRUPDWLRQ
LQDZLUHOHVVPRGH7KHH[SORLWDWLRQRIDGYDQFHGPRQLWRULQJV\VWHPVSURYLGHVGLUHFWEHQHILWV
LQ PDQDJHPHQW DQGXWLOL]DWLRQRIVWUXFWXUHVXQGHUVHUYLFH FRQGLWLRQV DOORZLQJDQRSWLPL]D
WLRQRIUHSDLULQJDFWLRQVDQGLQFUHDVHLQVDIHW\6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 WRROVFDQ
LPSOHPHQWDQGLQWHUSUHWGDWDFRPLQJIURPWKHPRQLWRULQJV\VWHPSURYLGLQJWKUHVKROGYDOXHV
DODUPFRQGLWLRQVWUHQGVDQGPXFKPRUH>@'HSHQGLQJRQWKHW\SHRIVHQVRUDQGPRQLWRULQJ
DUFKLWHFWXUHGHILQHGORFDORUJOREDOLQGLFDWLRQVRIWKHVWUXFWXUHDUHSURYLGHG:LWKWKHH[SORL
WDWLRQ RI GLVWULEXWHG VHQVRUV VXFK DV GLVWULEXWHG 2SWLF )LEUHV WKH RYHUDOO EHKDYLRU RI WKH
EULGJHLVVWXGLHGDQGUHSRUWHGZLWKDFHUWDLQYDULDELOLW\DQGSUHFLVLRQZKLOHZLWKORFDOVHQVRUV
WKHLQIRUPDWLRQDFTXLUHGLVXVXDOO\ZLWKKLJKHUDFFXUDF\DQGVDPSOLQJUDWHEXWUHIHUUHGWRD
OLPLWHGDUHDRQO\7KHFKRLFHRQZKLFKV\VWHPWREHDGRSWHGLVGULYHQE\SULRUNQRZOHGJHRQ
WKHPRVWFULWLFDOHOHPHQWVFRPLQJIURPYLVXDOLQVSHFWLRQVRUEDVHGRQ)LQLWH(OHPHQWV0RG
HOV6+0DLPVDWLGHQWLI\LQJDQGWUDFNLQJWKRVHIHDWXUHVWKDWPRVWZLWQHVVWKHSUHVHQFHDQG
GHYHORSPHQWRIGDPDJH7RWKLVHQGWKHPRQLWRUHGHOHPHQWLVFRPSDUHGWRDUHIHUHQFHVWDWH
UHIHUUHGDVXQGDPDJHGDQGWKHV\VWHPLVGHILQHG0RGHO%DVHGRU'DWD%DVHG>@GHSHQGLQJ
RQWKHW\SHRIPHWKRGXVHGIRUWKHGHILQLWLRQRIWKHXQGDPDJHGVFHQDULR
0RGHOEDVHG6+0V\VWHPVDUHWUDGLWLRQDOO\XVHGLQVWUXFWXUDOHQJLQHHULQJVLQFHWKH\UH
TXLUHWKHH[SORLWDWLRQRIPRGHOV XVXDOO\)LQLWH(OHPHQW0RGHOV WKDWUHSUHVHQWWKHJHRPHWU\
ORDGFDVHVERXQGDULHVDQGNQRZQGHJUDGDWLRQSURFHVVHV7KHPRGHOLVUHTXLUHGWREHPDWFK
LQJWKHUHDOVWUXFWXUHPRQLWRUHGWKHUHIRUHVRPHFKRVHQFKDUDFWHULVWLFVDUHYDULHGXQWLOWKHUH
VSRQVHLVLQOLQHZLWKWKHRQHRIWKHPRQLWRUHGVWUXFWXUH7KHSUREOHPRILGHQWLILFDWLRQRIWKH
PRVWVHQVLWLYHIHDWXUHVLVVROYHGZLWKWKH)(DQDO\VLVWKDWSURYLGHVWKUHVKROGYDOXHVWRR
'DWDGULYHQ6+0V\VWHPVDUHRQO\VWXG\LQJDQGPDQLSXODWLQJPRQLWRULQJGDWDGHYHORSLQJ
DOJRULWKPVWKDWDIWHUDWUDLQLQJSKDVHDUHDEOHWRZRUNDXWRQRPRXVO\6LQFHWKH\DUHRQO\UHO\
LQJRQREVHUYHGIHDWXUHVWKH\DUHIUHHIURPDVVXPSWLRQVDQGVLPSOLILFDWLRQVWKDWFRXOGDIIHFW
WKH)(PRGHOVWKH\SURYLGHVWURQJWRROVIRUDORQJPRQLWRULQJSODQGHILQLQJWKRVHIXQFWLRQV
WKDWGHVFULEHWKHEHKDYLRUDQGUHVSRQVHRIWKHVWUXFWXUHXQGHUXQNQRZQORDGV+RZHYHUWKLV
DSSURDFKKDVVRPHOLPLWDWLRQVZKHQDIDVWPRQLWRULQJDFWLYLW\LVQHFHVVDU\VLQFHDOJRULWKPV
UHTXLUHDQLQLWLDOFDOLEUDWLRQSHULRGEDVHGRQGDWDFRPLQJIURPWKHVWUXFWXUH7KLVSHULRGLV
QRWHIIHFWLYHIRUWKHPRQLWRULQJSXUSRVHVLWLVRQO\SURYLGLQJLQIRUPDWLRQDERXWWKHVWUXFWXUDO
UHVSRQVHIRUPLQJWKHFRPSDULVRQGDWDVHWIRUWKHIROORZLQJPRQLWRULQJVWDJHV&DOLEUDWLRQRI
WKHDOJRULWKPVFDQEHVXSHUYLVHGRUXQVXSHUYLVHGLILQIRUPDWLRQDERXWERWKGDPDJHGDQGXQ
GDPDJHGVWDJHVDUHNQRZQWKHOHDUQLQJPHWKRGLVGHILQHGDVVXSHUYLVHGZKLOHLIWKHKHDOWK
FRQGLWLRQLVQRWNQRZQWKHOHDUQLQJDSSURDFK LVFDOOHGXQVXSHUYLVHG0RVWFLYLOHQJLQHHULQJ
VWUXFWXUDOPRQLWRULQJLVLQXQVXSHUYLVHGPRGHLQIDFWWKHFRUUHFWDQGLQFRUUHFWEHKDYLRURIWKH
VWUXFWXUHLVQRWJLYHQWKHSRVVLEOHDQGFXUUHQWGDPDJHVFHQDULRVDUHXQNQRZQDQGGDWDUHJLV
WHUHGLVKDUGO\OLQNHGWRDGHILQHGKHDOWKFRQGLWLRQ7KHUHDUHDIHZNQRZQFDVHVWXGLHVZKHUH
WKHGDPDJHZDVJUDGXDOO\LQWURGXFHGDOORZLQJDVXSHUYLVHGPRGHFDOLEUDWLRQ>@$IWHUWKH
DOJRULWKPVKDYHIXOILOOHGWKHWUDLQLQJSKDVHWKH\DUHDSSOLHGWRDQHZGDWDVHWRIWHVWGDWDWKDW
DUHFODVVLILHGDVEHORQJLQJWRDGDPDJHGRUXQGDPDJHGVWUXFWXUH7KLVVHFRQGSKDVHLVFDOOHG
WHVWSKDVHDQGUHSUHVHQWVWKHPRPHQWRIDFWLYHPRQLWRULQJ
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,QWKLVSDSHUWKHGDWDEDVHGDSSURDFKSURSRVHGLVDSSOLHGWRWKHPRELOHEHDULQJVRIDQ2U
WKRWURSLF6WHHO'HFN 26' DQGLWLVGHVFULEHGLQDOOWKHVWHSVWKDWJRIURPGDWDFOHDQVLQJWR
WKUHVKROGGHILQLWLRQDQGGDWDPDQDJHPHQW7KHSURSHUWUDQVIHURIORDGVIURPWKH VXSHUVWUXF
WXUHWRWKHVXEVWUXFWXUHLVDIIHFWHGE\WKHFRUUHFWEHKDYLRURIEHDULQJVWKDWLQGHVLJQSKDVHDUH
GHILQHGDVPRELOHRUIL[HGWRDYRLGWKHFRQWUDVWFDXVHGE\HQYLURQPHQWDODFWLRQV WHPSHUDWXUH
YDULDWLRQV DQGDWWKHVDPHWLPHSURYLGHVWDELOLW\WRWKHVWUXFWXUH,IDPRELOHEHDULQJGHYHORSV
GDPDJHDWWKHVOLGLQJRUUROOLQJVXUIDFHLWGRHVQRWDOORZWKHGHPDQGHGPRYHPHQWVRIWKHVX
SHUVWUXFWXUHLWFDXVHVWKHGHYHORSPHQWRIDIULFWLRQ RULQFUHDVHLQVWLIIQHVV DQGWKHLQWURGXF
WLRQRIFULWLFDOVWUHVVHVDWORFDOVFDOHGHFUHDVLQJVDIHW\DQGGXUDELOLW\RIWKHVWUXFWXUH3URSHU
PDLQWHQDQFH RI WKH VWUXFWXUH PXVW EH FRQVLGHULQJ WKH KHDOWK VWDWH RI WKH EHDULQJV 7KH SUR
SRVHGPHWKRGRIIHUVD6+0WRROIRUHDUO\ZDUQLQJRQWKHUHDOFRQGLWLRQRIEULGJHVZKLFKFDQ
DVVLVWPDQDJHUVLQVFKHGXOLQJWKHPDLQWHQDQFHDFWLRQVDWQHWZRUNOHYHO7KHPHWKRGRORJ\DO
VRKHOSVWRFRPSOHPHQWYLVXDOLQVSHFWLRQVIRULQGLYLGXDOHOHPHQWVZLWKPRUHTXDQWLWDWLYHLQ
VLJKW UHJDUGLQJ WKH JOREDO EHKDYLRU RI WKH VWUXFWXUH :H HQYLVLRQ WKH SUHVHQW ZRUN DV D
FRPSOHPHQWDU\WRROWKDWVKRXOGZRUNWRJHWKHUZLWKRWKHU6+0DVVHVVPHQWSUDFWLFHVLQFOXG
LQJGHWHUPLQLVWLFDSSURDFKHVWRORFDWHDQGTXDQWLI\WKHGDPDJH
7KHSDSHULVRUJDQL]HGDVIROORZVLQWKHQH[WFKDSWHUWKHUHLVDEULHILQWURGXFWLRQUHJDUG
LQJWKHVWDWHRIWKHDUWLQEHDULQJVPRQLWRULQJDQGJDXVVLDQSURFHVVHVWKHQLQFKDSWHUDILUVW
LQVLJKWLQWKH)(PRGHOGHYHORSPHQWLVVKRZQ&KDSWHUIRXUGHVFULEHVWKHSURFHGXUHIROORZHG
IRU GDWD SUHSURFHVVLQJ DQG SRVWSURFHVVLQJ DQG FKDSWHU ILYH SUHVHQWV DQG GLVFXVVHV WKH RE
WDLQHGUHVXOWV
2

STATE OF THE ART

&RQWLQXRXVPRQLWRULQJRIVWUXFWXUHVLVJDLQLQJLPSRUWDQFHLQQRZDGD\VVRFLHW\GHHSO\DI
IHFWLQJ IRFXV DQG LQWHUHVW LQ UHVHDUFK ILHOGV ,Q UHFHQW \HDUV PDQ\ FDWDVWURSKLF HYHQWV KDYH
VKRZQWKHLPSRUWDQFHRIDFRQWLQXRXVDVVHVVPHQWRIWKHUHVSRQVHRIVWUXFWXUHVLQVHUYLFHDVD
WRROIRUGHILQLQJWKHVWDWHRIKHDOWKDQGGDPDJHFRQGLWLRQV
2.1

Bearings of bridges monitoring

(DFK VWUXFWXUDO SDUW LV LQIOXHQFLQJ WKH FRUUHFW EHKDYLRU RI WKH VWUXFWXUH DQG EHDULQJV DUH
FUXFLDOHOHPHQWVVLQFHWKH\DOORZWKHFRUUHFWIORZRIVWUHVVHVDQGVWUDLQVIURPWKHVXSHUVWUXF
WXUHWRWKHVXEVWUXFWXUH7KHLUGLUHFWFRUUHODWLRQZLWKWHPSHUDWXUHYDULDWLRQVFDQEHDSSUHFLDW
HG ZLWK VWUDLQ JDXJHV DQG WHPSHUDWXUH VHQVRUV $Q DSSOLFDWLRQ RI WKH $, LQ EHDULQJV
PRQLWRULQJKDVEHHQREVHUYHGLQ >@±>@ZKHUHWKHFRUUHODWLRQ EHWZHHQHQYLURQPHQWDOWHP
SHUDWXUHVDQGWKHEULGJHPRYHPHQWVFRXOGZLWQHVVDVWDWHRIKHDOWKRIWKHEHDULQJ,QWKHFDVH
RIROGHUVWHHOEHDULQJVLWLVSRVVLEOHWRIDFHFRUURGHGDQGFULWLFDOO\GDPDJHGHOHPHQWV )LJXUH
 DQGLQVRPHRWKHUFDVHVWKHRULJLQDOGHVLJQDQGFRQVWUXFWLRQDOORZQRGLUHFWLQVSHFWLRQVWR
YHULI\WKHKHDOWKRIVXSSRUWV
7R EHWWHU RUJDQL]H UHSDLULQJ DQG UHSODFHPHQWV LW LV ILUVW QHFHVVDU\ WR NQRZ ZKDW LV WKH
FRQGLWLRQVRIGDPDJHRIWKHHOHPHQWLQGLUHFWRULQGLUHFWZD\,QPRVWFDVHVLWLVSRVVLEOHWR
HDVLO\DFFHVVWKHORFDWLRQRIWKHEHDULQJZLWKDE\EULGJHRUGLUHFWO\IURPDQLQVSHFWLRQSDWK
EXWVRPHWLPHVLWLVQRWSRVVLEOHWRYHULI\WKHFRQGLWLRQRIWKHEHDULQJVDVGLVSOD\HGLQ)LJXUH
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)LJXUH(QYLURQPHQWDOHIIHFWVRQVWHHOEHDULQJV

)LJXUH$SSOLFDWLRQRIVHQVRUVIRUPRQLWRULQJ³KLGGHQ´EHDULQJV

7KHEHQHILWVRIDPRQLWRULQJSHULRGRIIHZPRQWKVDUHVHYHUDO
x 2QH\HDURIGDWDFROOHFWHGIURPDVWUXFWXUHLQVHUYLFHIRUPVDXVHIXO³EDQN´FRQFHUQLQJ
WKHVWUXFWXUDOUHVSRQVHWKDWFDQEHDNH\SRLQWIRUIXWXUHQHFHVVLWLHV0RVWRIWKHWUDGL
WLRQDO PRQLWRULQJ DFWLYLWLHV KDYH D EODFN SHULRG RI D IHZ PRQWKV ZKHUH WKH PRQLWRULQJ
VHWXSQHHGVWREHFDOLEUDWHGDQGWKLVZRXOGEHDYRLGHG
x 6HQVRUVWKDWDUHSODFHGRQWKHVWUXFWXUHDUHKLJKO\SHUIRUPLQJIRUDORQJWLPHDQGXQGHU
FULWLFDOHQYLURQPHQWDOFRQGLWLRQVVRWKH\FRXOGEHOHIWLQVLWXZDLWLQJIRUWKHIROORZLQJ
GDWDVDPSOLQJ6HWXSDQGVHQVRUVSODFLQJWLPHDQGFRVWVZRXOGEHDYRLGHG
x 0DLQWHQDQFH RI FULWLFDO LQIUDVWUXFWXUHV LV XVXDOO\ H[SHQVLYH DQG WLPHFRQVXPLQJ WKH
SURSHU VFKHGXOH RI UHSDLULQJ DOORZV FRVW DQG WLPH RSWLPL]DWLRQ IRU D KLJKHU VWUXFWXUDO
VDIHW\
x 'DWDGULYHQ 6+0 LV RYHUFRPLQJ WKH WUDGLWLRQDO SUREOHPV DQG OLPLWV WKDW DUH DIIHFWLQJ
PRGHOEDVHG6+0ZLWKORZLPSDFWVRQWKHRSHUDWLYHOLIHRIWKHVWUXFWXUH
0RUHRYHUWKHDSSOLFDWLRQRI$UWLILFLDO,QWHOOLJHQFH $, WRVWUXFWXUDOPRQLWRULQJDOORZVWR
GHYHORSDOJRULWKPVWKDWDUHDEOHWRGHILQHLIWKHVWUXFWXUHLVGDPDJHGRUQRW7KLVLVVXHPXVW
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QRW EH XQGHUHVWLPDWHG VLQFH ELJ VWUXFWXUHV OLNH EULGJHV DQG YLDGXFWV DUH FKDUDFWHUL]HG E\
SURSHUWLHVWKDWGRQRWDOORZDGLUHFWLGHQWLILFDWLRQRIGDPDJH
x 6WUXFWXUDO UHVSRQVH LV DIIHFWHG E\ HQYLURQPHQWDO ORDGV WKHUPLF DQG ZLQG  RSHUDWLRQDO
DFWLRQV WUDIILFORDGV DQGPDWHULDOEHKDYLRU FUHHSDQGVKULQNDJH 
x (DFKFDVHVWXG\LVXQLTXHEHFDXVHRIWKHORDGLQJKLVWRU\GXULQJLWVVHUYLFHOLIHVWUXFWXUDO
PDWHULDOVFRQVWUXFWLRQSKDVHV
x 'DPDJHPHFKDQLVPVDUHVORZDQGWDNH\HDUVWRGHYHORSFULWLFDOFRQGLWLRQV
x 9DULDEOHVWKDWDUHPRQLWRUHGDUHDIIHFWHGE\ELDV
7KHLQQRYDWLRQSURSRVHGLQWKLVSDSHULVDPHWKRGWKDWLVUHTXLULQJDOLPLWHGDPRXQWRIGD
WDWREHDSSOLFDEOHDQGLQWHUSUHWDEOH2EYLRXVO\ZLWKWKHLQFUHDVHRILQIRUPDWLRQUHJLVWHUHGLW
LVSRVVLEOHWRKDYHKLJKHUDFFXUDF\EXWZKHQDTXLFNLQGLFDWLRQRIWKHPRQLWRULQJUHVXOWVLV
QHFHVVDU\LWLVSRVVLEOHWRVDIHO\DSSO\WKLVPHWKRG
2.2

Gaussian Processes

*DXVVLDQ3URFHVVHVDUHDIDPLO\RIDOJRULWKPVWKDWFDQEHH[WUHPHO\SRZHUIXOWRWKHHQGRI
UHJUHVVLRQ DQG SUHGLFWLRQ 7KH\ UHSUHVHQW VWRFKDVWLF SURFHVVHV WKDW DUH GHVFULEHG E\ WKHLU
PHDQ IXQFWLRQ
DQG FRYDULDQFH IXQFWLRQ
(TV      XVXDOO\ DSSOLHG IRU WKH
GHILQLWLRQRIDSULRULGLVWULEXWLRQLQ%D\HVLDQLQIHUHQFH>@,QIDFWDVWRFKDVWLFSURFHVVLVGH
S
ILQHGDVWKHSUREDELOLW\GLVWULEXWLRQRIDVDPSOHRIYDULDEOHV
FRKHUHQWWR

WKHLQSXWGDWDJLYHQDVDJURXSRIUDQGRPYDULDEOHV


7KH*DXVVLDQ3URFHVVWDNHVWKHIRUPRI

2ULQWKHH[WHQGHGZD\

$OWKRXJKLWLVJHQHUDOO\DJUHHGWRLQLWLDOO\DVVXPHDPHDQIXQFWLRQHTXDOWR]HURWKHFRYDU
LDQFHIXQFWLRQFDQEHFKRVHQDPRQJPDQ\SRVVLEOHIXQFWLRQV7KHLUPDLQUHTXLUHPHQWLVWKH
IRUPDWLRQRIDPDWUL[ZLWKQRQQHJDWLYHHOHPHQWVIRUHYHU\VHWRISRLQWVDQGWKLVLVREWDLQHG
ZLWKDFDOLEUDWLRQRIK\SHUSDUDPHWHUVRQWKHRULJLQDOJURXSRIYDULDEOHV
5HDOGDWDDUHXVXDOO\DIIHFWHGE\DZKLWHQRLVHLQEDFNJURXQGWKDWFDQEHDVVXPHGWRKDYH
D*DXVVLDQGLVWULEXWLRQZLWK]HURPHDQDQGDFHUWDLQVWDQGDUGGHYLDWLRQ ,QWKLVFDVHWKH
GHSHQGHQWYDULDEOH LVIXQFWLRQRIERWKFRPSRQHQWVDVUHSRUWHGEHORZ
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*3H[SORLWVDSUREDELOLVWLFDSSURDFKWRGHILQHDUREXVWXQVXSHUYLVHGPHWKRGEXWWKHFRU
UHFWLGHQWLILFDWLRQRIWUDLQLQJGDWDLVIXQGDPHQWDOWRDYRLGSUREOHPVRIXQGHUILWWLQJDQGRYHU
ILWWLQJ

)LJXUH*DXVVLDQ3URFHVV

7KHDSSOLFDWLRQRI*DXVVLDQ3URFHVVHVDOORZVWRLGHQWLI\DUHJUHVVLRQIXQFWLRQIURPNQRZQ
FRXSOHVRIYDULDEOHVDQGDUHJLRQZKHUHLWLVH[SHFWHGWRKDYHWKHIXWXUH GHSHQGHQWYDULDEOH
RQFHWKHLQGHSHQGHQWLVNQRZQUHSRUWHGLQ)LJXUH7KHH[SHFWDWLRQSUREDELOLW\LVVHWRQWKH
EDVLVRIWKHFRYDULDQFHIXQFWLRQ
3

CASE STUDY: THE BRIDGE

7KH FDVH VWXG\ FRQVLVWV RI D FRQWLQXRXV VWHHO EULGJH FRPSRVHG E\ WZR LQGHSHQGHQW FDU
ULDJHZD\VERWKVXSSRUWHGE\IRXUUHLQIRUFHGFRQFUHWHSLHUVPKLJK )LJXUHDQG)LJXUH 
7KHQRUWKFDUULDJHZD\LVPORQJ PPP ZKLOHWKH6RXWKLVP
PPP 7KH2UWKRWURSLF6WHHO'HFN 26' LVDER[JLUGHUZLWKYDULDEOH
KHLJKWWKDWLVPLQLPXPDWWKHWZRHQGV P DQGPD[LPXPDQGFRQVWDQWLQWKHFHQWUDOVSDQ
P 7KHPXOWLGLUHFWLRQDOVXSSRUWVFRQVLVWLQ37)(EHDULQJVWKDWDOORZVOLGLQJLQWUDQVYHUVH
DQGORQJLWXGLQDOGLUHFWLRQVWKH\DUHSODFHGLQDOOSLHUV ;;,;,,DQG;,,, ZKLOHLQWKHSLHU
;,RIERWKFDUULDJHZD\VDUHSODFHGWKHIL[HGVXSSRUWV,QSLHUV;;,,DQG;,,,DUHSODFHGDQ
WLVHLVPLFVXSSRUWV
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)LJXUH/RQJLWXGLQDOYLHZRIWKHWZRFDUULDJHZD\V

)LJXUH7RSYLHZRIWKHWZRFDUULDJHZD\V

$OOWKHPRELOHVXSSRUWVDUHPRQLWRUHGLQWKHORQJLWXGLQDOGLUHFWLRQZLWKDWRWDORIGLV
SODFHPHQWVHQVRUVDQGWZRWHPSHUDWXUHVHQVRUVDUHSODFHGLQWKHWZRHQGVRIWKHEULGJH SLHU
; DQG SLHU ;,,, RI WKH QRUWK FDUULDJHZD\  'DWD LV FRPPXQLFDWHG WR DFTXLVLWLRQ ER[HV WKDW
XSORDGDOOWKHLQIRUPDWLRQJDLQHGWRDFORXGDFFHVVLEOHUHPRWHO\6LQFHHOHFWULFLW\LVQRWSUR
YLGHGWRWKHVWUXFWXUHDVRODUSDQHOKDVEHHQQHFHVVDU\WRUHORDGWKHEDWWHU\RIHDFKDFTXLVL
WLRQER[OLPLWLQJWKHLQIRUPDWLRQVDPSOLQJWRRQHHYHU\PLQXWHVWRDYRLGEDWWHU\LVVXHV
4

DATA ANALYSIS

'DWDDUHGRZQORDGHGIURPWKHFORXGDQGDQDO\]HG,Q)LJXUHLWLVVKRZQWKHVHQVRUVSRVL
WLRQLQJDQGQRPHQFODWXUH

)LJXUH6HQVRUVSRVLWLRQLQJDQGQRPHQFODWXUH
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4.1

Preprocessing

$WILUVWGDWDPXVWEHFOHDQVHGLWLVQRWUDUHWRKDYHPDOIXQFWLRQVRIVHQVRUVWKHUHIRUHLWLV
QHFHVVDU\WRFKHFNWKHLQFRPLQJLQIRUPDWLRQWRZLWQHVVDSURSHUVDPSOLQJ>@2XWOLHUVDUH
GHWHFWHGH[SORLWLQJDVWDWLVWLFDODSSURDFKQRUPDOREMHFWVDUHEHORQJLQJWRUHJLRQVZLWKKLJK
SUREDELOLW\ ZKLOH RXWOLHUV DUH LQ ORZSUREDELOLW\ >@ $IWHUZDUGV WKH\ PXVW EH UHVFDOHG WR
DOORZDGLUHFWFRPSDULVRQEHWZHHQGLVSODFHPHQWDQGWHPSHUDWXUHYDULDWLRQVZKLFKDUHLQWZR
GLIIHUHQWXQLWV\VWHPV>@

)LQDOO\ WKH FRUUHODWLRQ EHWZHHQ GLVSODFHPHQWV DQG WHPSHUDWXUHV LV HYDOXDWHG ZLWK WKH
3HDUVRQFRHIILFLHQWDVVKRZQLQ(T  

x

KLJKGLUHFWFRUUHODWLRQEHWZHHQWKHWZRYDULDEOHV

x
x



x



x



x

KLJKLQGLUHFWFRUUHODWLRQEHWZHHQWKHWZRYDULDEOHV

,WLVH[SHFWHGWRKDYHDVWURQJFRUUHODWLRQEHWZHHQWKHGLVSODFHPHQWVDQGWHPSHUDWXUHYDUL
DWLRQVDQGWKLVLVFRQILUPHGIURPWKHHYDOXDWLRQRIWKH3HDUVRQFRHIILFLHQWDVVKRZQLQ)LJXUH


)LJXUH3HDUVRQFRHIILFLHQWVRIVHQVRUV

4.2

Postprocessing

'DWDSRVWSURFHVVLQJLVEDVHGRQDQHTXLYDOHQWDQDO\WLFDOPRGHORIDEHDPVXSSRUWHGE\D
KLQJHDQGDUROOHUVXSSRUWLQ)LJXUH7KLVODWWHULVQRWDOORZHGWRPRYHIUHHO\EXWLWLVFRQ
QHFWHGWRDVSULQJZLWKDFHUWDLQHTXLYDOHQWVWLIIQHVVKZKLFKLVWKHSURSHUW\RIHDFKEHDULQJ
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WREHHYDOXDWHGDQGPRQLWRUHG7KHEHDPLVVXEMHFWHGWRDXQLIRUPWHPSHUDWXUHYDULDWLRQWKDW
FDXVHVDQD[LDOIRUFHLQWKHHOHPHQWHYDOXDWHGDVFLQ(T  






:KHUH
x
LVWKHWKHUPDOFRHIILFLHQWRIWKHPDWHULDORIWKHGHFN
x
x
x

LVWKHXQLIRUPWHPSHUDWXUHYDULDWLRQ
LVWKHFURVVVHFWLRQDODUHD
LVWKHGHFNVWLIIQHVV


)LJXUH6WDWLFVFKHPH


7KHJDXVVLDQGLVWULEXWLRQRIGLVSODFHPHQWVDQGWHPSHUDWXUHYDULDWLRQVKLJKOLJKWVWKHPHDQ
VWLIIQHVVRIWKHVSULQJWKHPLQLPXPDQGWKHPD[LPXPYDOXHVWKDWFDQPD[LPL]HWKHLQWHUYDO
FRQWDLQLQJ RIWKHUHJLVWHUHGGDWD $OO LQIRUPDWLRQ FRPLQJIURP WKH *DXVVLDQSURFHVVHV
DUHH[SORLWHGDWWKHLUEHVWWRPD[LPL]HWKHPRQLWRULQJDFWLYLWLHVDWWKHLUHDUO\VWDJH
,QIDFWLWLVQRWDOZD\VSRVVLEOHWRZDLWXQWLODSURSHUDPRXQWRILQIRUPDWLRQLVDYDLODEOH
IRU GDWD DQDO\VLV DQG GHFLVLRQ PDNLQJ DQG IRU WKLV HQG WKLV SURFHGXUH KDV EHHQ GHYHORSHG
DIWHU D IHZ PRQWKV RI GDWD LW LV SRVVLEOH WR KDYH D SUHOLPLQDU\ LQGLFDWLRQ RI WKH EHDULQJV¶
KHDOWK
'DWDLVVSOLWLQWZRJURXSVWKHILUVWVDPSOH 6 SURYLGHVDWHUPRIFRPSDULVRQDQGLGHQ
WLILHVDQLQGLFDWLRQRIVWLIIQHVVIRUHDFKEHDULQJZKLOHWKHVHFRQGVDPSOH 6 LVDVVHVVHGWR
EHORQJWRWKHVDPHSRSXODWLRQRIGDWD7KHDUHDZKLFKLVGHILQHGE\WKHRI6DOVRGH
ILQHV WKH WKUHVKROG YDOXHV WKDW PXVW EH YDOLG IRU6 VLQFH WKLV JURXS LVFKDUDFWHUL]HG E\ D
ORZHU YDULDELOLW\ LW LV DOVR H[SHFWHG WR GHFUHDVH LWV GLVSHUVLRQ LQ WKH *DXVVLDQ 3URFHVV 7KH
ILUVW GD\VEHORQJ WR WKHVDPSOH6DQGDOOWKHGDWDIURPWKHWKGD\EHORQJ WR WKHQG
VDPSOH,WLVH[SHFWHGWRXSGDWHWKHHOHPHQWVRI6VDPSOHDWWKHVHDVRQFKDQJHGXHWRWKH
QRQOLQHDUEHKDYLRURIWKHEHDULQJVZLWKWHPSHUDWXUHYDULDWLRQV

5

RESULTS AND DISCUSSION

7KHVWURQJFRUUHODWLRQEHWZHHQWHPSHUDWXUHYDULDWLRQVDQGGLVSODFHPHQWVRIWKHEHDULQJVLV
ILUVW KLJKOLJKWHG E\ 3HDUVRQ FRHIILFLHQWV DQG WKHQ FRQILUPHG IURP WKH HYDOXDWLRQ RI WKH
HTXLYDOHQW VWLIIQHVV RI WKH EHDULQJ 7KH PHDQ VWLIIQHVV LV DVVRFLDWHG WR WKH *3 UHJUHVVLRQ
ZKLOHWKHPD[LPXPDQGWKHPLQLPXPVWLIIQHVVHVDUHREWDLQHGIURPWKHPD[LPL]DWLRQRIWKH
FRQILGHQFHLQWHUYDO
$IWHURQHPRQWKRIPRQLWRULQJ 6 GD\V6 GD\V LWLVSRVVLEOHWRLGHQWLI\WKH
EHKDYLRURIWKHEHDULQJVDVVKRZQLQ)LJXUH
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)LJXUH'DWDDIWHURQHPRQWKRIPRQLWRULQJ

)LJXUH'DWDDIWHUWZRPRQWKVRIPRQLWRULQJ

)LJXUH'DWDDIWHUWKUHHPRQWKVRIPRQLWRULQJ

$VH[SHFWHGGDWDEHORQJLQJWRWKH6JURXSDUHOHVVGLVSHUVLYHZLWKWKHLQFUHDVHRIWKH
PRQLWRULQJGXUDWLRQ )LJXUHDQG)LJXUH   7KHDLPRIWKHPRQLWRULQJ V\VWHP LV WR DVVHVV
WKDWWKHEHDULQJGRHVQRWUHDFKDOHYHORIVWLIIQHVVWRRKLJKWKDWLVUHODWLYHWRD³KDUGHQLQJ´
EHKDYLRURIWKHHOHPHQWVPHDQLQJDSRVVLEOHFKDQJHLQWKHVWDWLFVFKHPH>@RIWKHEULGJH
7KH HYDOXDWLRQ RI VWLIIQHVVHV FDQ EH D JRRG SUDFWLFDO DSSURDFK WR YLVXDOL]H WKH EHDULQJV¶
KHDOWKEXWLWFRXOGEHDIIHFWHGE\LPSURSHUVLPSOLILFDWLRQV7RGRXEOHFKHFNWKHFRUUHFWQHVV
RIGDWDLV SRVVLEOHWRWUDLQ DJDXVVLDQSURFHVV RQ6DQG DSSO\LWRQ6GDWDREWDLQLQJ D
SUHGLFWLRQRIGDWD7KLVVXJJHVWHGDSSURDFKLVFRPSXWDWLRQDOO\PRUHH[SHQVLYHEXWFDQEHWWHU
LQYHVWLJDWHDQRPDOLHVZKHQGHWHFWHG
6

CONCLUSIONS

7KHSDSHULQWURGXFHVDQHZSURFHGXUHIRUWKHPRQLWRULQJRIEHDULQJVRIEULGJHV,WFRUUH
ODWHVGLVSODFHPHQWVRIWKHEULGJHGHFNDQGWHPSHUDWXUHYDULDWLRQVGHILQLQJDILFWLWLRXVVWLII
QHVV RI HDFK EHDULQJ 7KLV SDUDPHWHU LV FKDUDFWHUL]LQJ WKH KHDOWK RI WKH PRYLQJ EHDULQJ D
VPDOO VWLIIQHVV LV UHSUHVHQWLQJ DQ HOHPHQW WKDW LV IUHH WR PRYH ZLWKRXW FDXVLQJ H[FHVVLYH
VWUHVVHVLQWKHSLHUV
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$IWHUDIHZPRQWKVIURPWKHDFWLYDWLRQRIWKHVHQVRUVLWLVSRVVLEOHWRGUDZWKHIROORZLQJ
FRQFOXVLRQV
x $VDPSOLQJIUHTXHQF\RIWZRGDWDHDFKKRXULVHQRXJKWRDSSUHFLDWHWKHHIIHFWVRIWKHU
PDOORDGVRQWKHVWUXFWXUH
x ,QFRPLQJ GDWD PXVW EH YHULILHG WR XVH FRUUHFW LQIRUPDWLRQ DQG FKHFN WKH KHDOWK RI WKH
VHQVRUV
x *DXVVLDQ3URFHVVHVDUHYDOLGWRROVWRSURFHVVWKLVW\SHRIGDWDSURYLGLQJUREXVWDQGHQ
JLQHHULQJPHDQLQJIXOGDWDIRUWKHPRQLWRULQJDLP
x 9DULDEOHVWKDWDUHLQIOXHQFLQJWKHVWLIIQHVV.FDQEHLGHQWLILHGVXFKDVGHDGORDGVGDP
DJHDQGDJHRIWKHEHDULQJVSRVLWLRQRIWKHHOHPHQW
x 7KLVSURFHGXUHFDQEHVXSSRUWLQPDQDJHPHQWDQGLQWHUSUHWDWLRQRIGDWDFRPLQJIURPQRW
IXOO\NQRZQVWUXFWXUHV
x 7KLVSURFHGXUHFDQEHDSSOLHGWRRWKHUSDUDPHWHUVFKDUDFWHUL]LQJWKHVWUXFWXUDOUHVSRQVH
VXFKDVURWDWLRQVFXUYDWXUHVYHUWLFDOGLVSODFHPHQWVFUDFNZLGWK
7

APPENDIX

7KH IROORZLQJ JUDSKV DUH VKRZLQJ WKH *DXVVLDQ 5HJUHVVLRQV ZLWK RQH WZR DQG WKUHH
PRQWKVRIGDWDDYDLODEOH

Figure 12: Gaussian Regression of LXN1 and LXN2 after one month of data
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Figure 12: Gaussian Regression of LXN1 and LXN2 after two months of data

Figure 12: Gaussian Regression of LXN1 and LXN2 after three months of data
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Figure 12: Gaussian Regression of LXIIN1 and LXIIN2 after one month of data

Figure 12: Gaussian Regression of LXIIN1 and LXIIN2 after two months of data
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Figure 12: Gaussian Regression of LXIIN1 and LXIIN2 after three months of data

Figure 12: Gaussian Regression of LXIIIN1 and LXIIIN2 after one month of data
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Figure 12: Gaussian Regression of LXIIIN1 and LXIIIN2 after two months of data

Figure 12: Gaussian Regression of LXIIIN1 and LXIIIN2 after three months of data

8

ETHICS DECLARATION

7KHDXWKRUVZLVKWRFRQILUPWKDWWKHUHDUHQRNQRZQFRQIOLFWVRILQWHUHVWDVVRFLDWHGZLWK
WKLVSXEOLFDWLRQ
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SOFTWARE PACKAGE FOR THE NUMERICAL SOLUTION OF
NONLOCAL OPTIMIZATION PROBLEMS
Pavel S. Sorokovikov, and Alexander Yu. Gornov


2SWLPDO&RQWURO/DERUDWRU\0DWURVRY,QVWLWXWHIRU6\VWHP'\QDPLFVDQG&RQWURO7KHRU\RI
6LEHULDQ%UDQFKRI5XVVLDQ$FDGHP\RI6FLHQFHV
/HUPRQWRY6WUHHW,UNXWVN5XVVLD 
HPDLOVRURNRYLNRYSV#JPDLOFRPJRUQRY#LFFUX

Abstract
The paper discusses the developed first version of the MEOPT (“Multi-Extremal
OPTimization”) software package designed to solve multiextremal problems of parametric
identification of nonlinear models. The project includes the following components: software
framework that provides a uniform approach to the implementation of algorithms and
includes basic functionality; libraries of optimization algorithms; collection of test
problems with known solutions; tool and service modules; metacomponents. The
implemented libraries of optimization algorithms include multidimensional nonconvex
optimization methods and algorithms for solving auxiliary problems of global univariate
search. The library of test problems includes both mathematical programming problems and
tasks of optimization of dynamic systems. The software package was developed using the C
language and the GCC compiler; it operates under Linux, Windows, and Mac OS operating
systems. To date, prototypes of the main modules of the package have been completed. The
technical testing of the first version of the software was carried out.
Keywords:6RIWZDUH3DFNDJH1RQFRQYH[2SWLPL]DWLRQ3DUDPHWULF,GHQWLILFDWLRQ2SWLPDO
&RQWURO
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1

INTRODUCTION

&RPSXWDWLRQDO WHFKQRORJLHV IRU VROYLQJ SUREOHPV RI RSWLPL]DWLRQ RI G\QDPLFDO V\VWHPV
RSWLPDO FRQWUROWUDMHFWRU\ RSWLPL]DWLRQ  GHYHORSHGLQ SDUDOOHO ZLWK WKHUHVXOWV LQ WKHRU\ ,Q
WKHGHYHORSPHQWVEHORZWKHPDLQHIIRUWVZHUHGLUHFWHGDWUHGXFLQJRSWLPDOFRQWUROSUREOHPV
WRPDWKHPDWLFDOSURJUDPPLQJSUREOHPVDQGXVLQJDGYDQFHGVRIWZDUHWRROVIRUVROYLQJILQLWH
GLPHQVLRQDORSWLPL]DWLRQWDVNV
,QWKHILUVW&21752/VRIWZDUHFRPSOH[ZDVGHYHORSHGLQ5XVVLDGHVLJQHGWR
VROYH RSWLPDO FRQWURO SUREOHPV >@ 7KH XVH RI PDWKHPDWLFDO SURJUDPPLQJ PHWKRGV IRU
VROYLQJWKHVHSUREOHPVZDVLPSOHPHQWHGLQWKH³'LDORJXH2SWLPL]DWLRQ6\VWHP´ ',26 >
@ 7KLV V\VWHP SURYLGHG WKH RSSRUWXQLW\ WR ZRUN LQ D GLDORJXH PRGH DOORZLQJ WKH XVH RI
YDULRXV LQWHUDFWLYH WHFKQRORJLHV IRU VROYLQJ WKH SUREOHP 7KH GHYHORSPHQW RI VRIWZDUH
SDFNDJHV KDV EHHQ FDUULHG RXW DW WKH ,UNXWVN &RPSXWLQJ &HQWHU RI WKH 6% 5$6 VLQFH LWV
LQFHSWLRQ 7KHVH VRIWZDUH SDFNDJHV ZHUH GHVLJQHG IRU ERWK OLQHDU RSWLPDO FRQWURO SUREOHPV
>@DQGQRQOLQHDURSWLPL]DWLRQSUREOHPV VRIWZDUH0$35±³0DWKHPDWLFDOSURJUDPPLQJLQ
PXOWLGLPHQVLRQDOSUREOHPV´ >@0$35KDVEHHQUHSHDWHGO\XVHGWRVROYHDSSOLHGSUREOHPV
RIRSWLPL]DWLRQRIG\QDPLFV\VWHPV>@7KH³VRIWZDUHSDFNDJHIRURSWLPDOFRQWUROSUREOHPV´
LQFOXGHGPHWKRGVEDVHGRQVXIILFLHQWRSWLPDOLW\FRQGLWLRQVDQGZDVXVHGWRVROYHHFRORJLFDO
HFRQRPLFDQGQDYLJDWLRQSUREOHPV>@&RPSXWLQJWHFKQRORJLHVRIVHTXHQWLDOVDPSOLQJZHUH
LPSOHPHQWHG LQ WKH SDFNDJH RI SURJUDPV ³&RPSOH[ RSWLPL]DWLRQ RI QRQOLQHDU FRQWUROOHG
V\VWHPV´ &21&6  >@ 7KH ILUVW YHUVLRQ RI WKH 237&21 VRIWZDUH SDFNDJH IRU VROYLQJ
RSWLPDO FRQWURO SUREOHPV ZDV GHYHORSHG E\ $<X *RUQRY DQG KDV EHHQ XVHG LQ SUDFWLFDO
DSSOLFDWLRQVIRUVHYHUDOGHFDGHV VHHIRULQVWDQFH>@ 
%RHLQJ&RPSXWHU6HUYLFHVKDVFUHDWHGWKH62&6³6SDUVHRSWLPDOFRQWUROVRIWZDUH´ -7
%HWWV:3+XIIPDQ >@ZKLFKLVVXFFHVVIXOO\XVHGWRVROYHDSSOLHGSUREOHPVLQWKHILHOG
RIURERWFRQWURODQGQDYLJDWLRQ$QRWKHUZHOONQRZQVRIWZDUHSDFNDJHLVWKH0,6(5SURMHFW
>@ ./7HR&-*RK+RQJ.RQJ3RO\WHFKQLF8QLYHUVLW\ ZKLFKKDVDVROLGKLVWRU\7KH
',5&2/ VRIWZDUH SDFNDJH >@ 2 YRQ 6WU\N 7HFKQRORJLFDO 'DUPVWDGW 8QLYHUVLW\
*HUPDQ\  LV EDVHG RQ WKH XVH RI FRPSXWDWLRQDO WHFKQRORJ\ ZKLFK LV DOVR HPEHGGHG LQ WKH
61237 DQG 1362/ VRIWZDUH FRPSOH[HV 6\VWHPV 2SWLPL]DWLRQ /DERUDWRU\ 6WDQIRUG
8QLYHUVLW\  DQG LV IRFXVHG RQ WKH VROXWLRQ ILQLWHGLPHQVLRQDO RSWLPL]DWLRQ SUREOHPV %\
FRPELQLQJ H[LVWLQJ PDWKHPDWLFDO SURJUDPPLQJ SDFNDJHV &3/(; 0,126 61237
/362/9( 1362/'$(66$'$62/9  DFRPSXWDWLRQDO WHFKQRORJ\ IRUVROYLQJRSWLPDO
FRQWURO SUREOHPV 0,1237 ZDV GHYHORSHG >@ & 6FKZHLJHU & )ORXGDV 3ULQFHWRQ
8QLYHUVLW\ 86$  0 *HUGWV IURP %XQGHVZHKU 8QLYHUVLW\ 0XQLFK GHYHORSHG WKH 2SWLPDO
&RQWURO RI 2UGLQDU\'LIIHUHQWLDO (TXDWLRQV 2&2'(  VRIWZDUH >@ ZKLFK LV D VHW RI
URXWLQHVWRVROYHRSWLPDOFRQWUROWDVNVWKDWDSSO\DQDXWRPDWLFGLUHFWGLVFUHWL]DWLRQPHWKRGIRU
WKHUHGXFLQJRIWKHRSWLPDOFRQWUROSUREOHPLQWRDILQLWHGLPHQVLRQDOQRQOLQHDURSWLPL]DWLRQ
SUREOHP7KH'\QDPLF2SWLPL]DWLRQ7RROER[ZLWK9HFWRU&RQWURO3DUDPHWUL]DWLRQ '27FYS 
ZDVSURSRVHGDQGLPSOHPHQWHGE\7+LUPDMHU(%DOVD&DQWRDQG-5%DQJD %LRSURFHVV
(QJLQHHULQJ *URXS ,,0&6,& 6SDLQ  >@ 7KH 0XOWLSOH 6KRRWLQJ &2'H IRU 2SWLPDO
&RQWURO 0XVFRG,, GHYHORSHGLQ+HLGHOEHUJ8QLYHUVLW\>@LVWKHVRIWZDUHSDFNDJHIRUWKH
LQYHVWLJDWLRQ RI PL[HGLQWHJHU QRQOLQHDU RSWLPDO FRQWURO SUREOHPV DQG LV SDUW RI WKH 1(26
SODWIRUP &DV$'L LV DQ RSHQ VRXUFH IUDPHZRUN IRU QRQOLQHDU WUDMHFWRU\ RSWLPL]DWLRQ
'HSDUWPHQW RI &KHPLFDO DQG %LRORJLFDO (QJLQHHULQJ 8QLYHUVLW\ RI :LVFRQVLQ0DGLVRQ
86$  >@ 3( 5XWTXLVW 7RPODE 2SWLPL]DWLRQ $% 6ZHGHQ  DQG 00 (GYDOO 7RPODE
2SWLPL]DWLRQ,QF86$  GHYHORSHGWKH 35237 RSWLPDOFRQWURO VRIWZDUH>@ 3)DOXJL (
.HUULJDQDQG(:\NIURPWKH,PSHULDO&ROOHJH/RQGRQSURSRVHGDQGLPSOHPHQWHG,PSHULDO
&ROOHJH /RQGRQ 2SWLPDO &RQWURO 6RIWZDUH ,&/2&6  >@ $QRWKHU VROYHU IRU WKH
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LQYHVWLJDWLRQRIFRPSOH[WUDMHFWRU\RSWLPL]DWLRQSUREOHPVLVWKH36237GHYHORSHGE\90
%HFHUUDIURPWKH6FKRRORI6\VWHPV(QJLQHHULQJRIWKH8QLYHUVLW\RI5HDGLQJ>@,WVKRXOG
DOVR EH QRWHG WKH IROORZLQJ VRIWZDUH SDFNDJHV IRU VROYLQJ SUREOHPV RI RSWLPL]DWLRQ RI
G\QDPLFV\VWHPV VHHIRUH[DPSOH>@ %1'6&2326727,6*(62317*0,'$6
*0$7&23(51,&86.1,752','25,276B',5(&7 237&21752/&(175(
,3237*3236DQGRWKHUV
:H SUHVHQW WKH GHYHORSHG ILUVW YHUVLRQ RI WKH 0(237 ³0XOWL([WUHPDO237LPL]DWLRQ´ 
VRIWZDUH SDFNDJH GHVLJQHG WR VROYH PXOWLH[WUHPDO SUREOHPV RI SDUDPHWULF LGHQWLILFDWLRQ RI
QRQOLQHDUPRGHOV7KHGHYHORSHGVRIWZDUHGLIIHUV IURP WKHRWKHUDIRUHPHQWLRQHGVROYHUVE\
DQ H[WHQVLYH OLEUDU\ RI QRQORFDO RSWLPL]DWLRQ DOJRULWKPV RI YDULRXV JHQHVLV WKH DELOLW\ WR
ZRUN LQ VHYHUDO PRGHV DQG RWKHU FKDUDFWHULVWLFV GHVFULEHG LQ WKH SDSHU 7KH DUWLFOH LV
RUJDQL]HG LQ WKH IROORZLQJ ZD\ 6HFWLRQ  IRUPXODWHV WKH PDWKHPDWLFDO DQG WHFKQRORJLFDO
VWDWHPHQW RI WUDMHFWRU\ RSWLPL]DWLRQ SUREOHP 6HFWLRQ  SUHVHQWV WKH ORJLFDO VWUXFWXUH RI WKH
GHYHORSHGVRIWZDUHSDFNDJH6HFWLRQGHVFULEHVLPSOHPHQWHGIXQFWLRQDOVXEV\VWHPV6HFWLRQ
UHSRUWVRSHUDWLQJPRGHVRIWKHVRIWZDUHSDFNDJH6HFWLRQFRQFOXGHVWKHSDSHU
2
2.1

FORMULATION OF THE PROBLEM
Mathematical statement

:H GHVFULEHG WKH FRQWUROOHG SURFHVV E\ D V\VWHP RI RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV ZLWK
LQLWLDOFRQGLWLRQV

ZKHUH t LVWKHWLPHIURPWKHLQWHUYDO >t  t @  x t
SKDVH FRRUGLQDWHV u t

x  

f x t  u t  t  x t

x

u t  u t  ur t

x t  x t  xn t


LV WKH YHFWRU RI

LV WKH YHFWRU RI FRQWURO DFWLRQV $ YHFWRU

IXQFWLRQ f x t  u t  t LV DVVXPHG WR EH FRQWLQXRXVO\ GLIIHUHQWLDEOH IRU DOO DUJXPHQWV
H[FHSW t $GPLVVLEOHIXQFWLRQVDUHSLHFHZLVHFRQWLQXRXVFRQWUROIXQFWLRQV u t IRUDQ\WLPH
YDOXHV t EHORQJLQJWRWKHVHW U ZKHUH

^u

U

t  R r  ul d u t d ug ` 



ul  ug  R r DUHYHFWRUVRIORZHUDQGXSSHUFRQWUROFRQVWUDLQWV7KHRSWLPDOFRQWUROSUREOHPLQ
WKH VWDQGDUGVHWWLQJ LV WR ILQG DQ DGPLVVLEOH FRQWURO u t WKDW GHOLYHUV D PLQLPXP WR WKH
WHUPLQDOIXQFWLRQDO
I  u M  x t o PLQ 

7KHUHDUHDOVRWHUPLQDOUHVWULFWLRQV
Ij u

M j x t

d  j  m 



DQGLQHTXDOLW\W\SHSKDVHFRQVWUDLQWV
Ij u

$OO IXQFWLRQV M j x t  j

g j x t  u t  t d  j

m   mt 

 m DQG g j x t  u t  t  j

FRQWLQXRXVO\GLIIHUHQWLDEOHIRUDOODUJXPHQWV
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)RUWKHQXPHULFDOVROXWLRQRIRSWLPDOFRQWUROSUREOHPVWKHGLVFUHWL]DWLRQRIWKHV\VWHPRI
GLIIHUHQWLDOHTXDWLRQVDQGDSSUR[LPDWHPHWKRGVIRUVROYLQJWKH&DXFK\SUREOHPDUHXVHG:H
GLYLGHG WKH WLPH FKDQJH VHJPHQW LQWR nu   SDUWV DQG FRQVWUXFWHG D XQLIRUP JULG

^t



 ih i

`

 nu    t LQWKHQRGHVRIZKLFKWKHFRQWUROVDQGWUDMHFWRULHVDUHVWRUHG nu LV

WKHQXPEHURIVDPSOLQJSRLQWV 
2.2

Technological statement

7R QXPHULFDOO\ VROYH WKH SUREOHP RI LGHQWLI\LQJ QRQOLQHDU G\QDPLF PRGHOV XVLQJ D
VRIWZDUHSDFNDJHLWLVQHFHVVDU\WRZULWHGRZQWKHPDWKHPDWLFDOVWDWHPHQWRIWKHSUREOHPLQ
WKHSURJUDPPLQJODQJXDJH&$WWKLVVWDJHWKHULJKWKDQGVLGHVRIWKHFRQWUROOHGV\VWHPRI
GLIIHUHQWLDOHTXDWLRQVWKHYHFWRURILQLWLDOVWDWHVWKHWLPHLQWHUYDODQGWKHVHWRIDGPLVVLEOH
FRQWUROVDUHVHW
7KHWHFKQRORJLFDOIRUPXODWLRQRIWKHSUREOHPLVLPSOHPHQWHGLQWKHIRUPRIDILOHZLWKWKH
VRXUFHSURJUDPFRGHDQGFRQVLVWVRIWKHIROORZLQJSRLQWV>@
 'LPHQVLRQVRIWKHSUREOHP QXPEHURISKDVHFRRUGLQDWHVQXPEHURIFRQWUROV 
 7KHLQLWLDOYDOXHVRIWKHSKDVHFRRUGLQDWHV
 ,PSRVHGFRQVWUDLQWVRQFRQWUROV
 7KHULJKWSDUWVRIWKHG\QDPLFV\VWHPZLWKFRQWUROV
 $QDO\WLFDO H[SUHVVLRQV IRU WKH GHULYDWLYHV RI IXQFWLRQV LQFOXGHG LQ WKH SUREOHP
VWDWHPHQW,IWKH\DUHDEVHQWWKH\DUHUHSODFHGE\GLIIHUHQFHVFKHPHV
 ,QLWLDO GLVFUHWL]DWLRQ RI WKH SUREOHP PLQLPXP DQG PD[LPXP VL]HV RI WKH
GLVFUHWL]DWLRQJULG
 7KHYDOXHRIWKHUHTXLUHGLQWHJUDWLRQDFFXUDF\
 0D[LPXPSURFHVVRUWLPHIRUVROYLQJWKHSUREOHP
 0RGHVRIORJJLQJYLVXDOL]DWLRQDQGIL[DWLRQRIUHVXOWV
3

LOGICAL STRUCTURE OF THE SOFTWARE PACKAGE

7KHVSHFLDOL]HGVRIWZDUHLQFOXGHVWKHIROORZLQJFRPSRQHQWV
 $ VRIWZDUH IUDPHZRUN WKDW SURYLGHV D XQLIRUP DSSURDFK WR WKH LPSOHPHQWDWLRQ RI
DOJRULWKPVDQGLQFOXGHVEDVLFIXQFWLRQDOLW\ RUJDQL]DWLRQRIWKHSURFHVVRIQXPHULFDOUHVHDUFK
HYDOXDWLRQ WRROV UDQGRP FRPSXWLQJ PRGXOHV HWF  7KH VRIWZDUH SDFNDJH ZDV GHYHORSHG
XVLQJWKH&ODQJXDJHDQGWKH*&&FRPSLOHULWIXQFWLRQVXQGHUWKHRSHUDWLQJV\VWHPVRIWKH
/LQX[:LQGRZVDQG0DF26IDPLOLHV
 $OJRULWKPLFPRGXOHVLQFOXGLQJOLEUDULHVRIRSWLPL]DWLRQDOJRULWKPV7KHLPSOHPHQWHG
OLEUDULHV RI RSWLPL]DWLRQ DOJRULWKPV LQFOXGH ERWK PXOWLGLPHQVLRQDO QRQFRQYH[ RSWLPL]DWLRQ
PHWKRGV DQG DOJRULWKPV IRU VROYLQJ DX[LOLDU\ SUREOHPV RI JOREDO XQLYDULDWH VHDUFK VHH IRU
H[DPSOH>±@ 
 $FROOHFWLRQRIWHVWSUREOHPVZLWKNQRZQVROXWLRQV
 7RRODQGVHUYLFHPRGXOHV
 0HWDFRPSRQHQWV
7KHSUREOHPVWDWHPHQWLVIRUPHGLQWKHFILOH$IWHUWKDWDOOWKHQHFHVVDU\FRPSRQHQWVDUH
FRPSLOHG LQWR D SURJUDP GHVLJQHG WR VROYH WKLV SDUWLFXODU PDWKHPDWLFDO IRUPXODWLRQ DW WKH
VDPHWLPHPDQ\SDUDPHWHUVRIWKHWHFKQRORJLFDO IRUPXODWLRQFDQEHFKDQJHGRQOLQHGXULQJ
WKHFDOFXODWLRQV7KHUHVXOWRIWKHZRUNRIWKHREWDLQHGSURJUDPZLOOEHDVHWRIWH[WILOHVZLWK
GDWDRQWKHREWDLQHGVROXWLRQWKHFRXUVHRIWKHFRPSXWDWLRQDOSURFHVVDQGWKHSURFHVVRUWLPH
RIWKHVROXWLRQRIWKHSUREOHPVWDWLVWLFVRQPXOWLSOHUXQVRIWKHDOJRULWKPVDQGLIQHFHVVDU\
RWKHUGDWD
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7KH IXQFWLRQDO VXEV\VWHPV RI WKH GHYHORSHG VRIWZDUH DUH GHVFULEHG LQ PRUH GHWDLO LQ WKH
QH[W VHFWLRQ ZLWK DQ LQGLFDWLRQ RI WKHLU ILOH FRPSRVLWLRQV LQ ZKLFK ILOHV RI WKH VRIWZDUH
SDFNDJHDSDUWLFXODUPRGXOHLVLPSOHPHQWHG 7KHORJLFDOVWUXFWXUHRIWKHVRIWZDUHSDFNDJHLV
VKRZQLQ)LJXUH

)LJXUH7KHORJLFDOVWUXFWXUHRIWKHGHYHORSHGVRIWZDUHSDFNDJH

4

IMPLEMENTED FUNCTIONAL SUBSYSTEMS
$OJRULWKPLFPRGXOHV RIWKHVRIWZDUHSDFNDJHLQFOXGH
 OLEUDULHVRIVHDUFKDOJRULWKPVIRUQRQFRQYH[RSWLPL]DWLRQ>@
 OLEUDU\ RI DOJRULWKPV EDVHG RQ RQHGLPHQVLRQDO JOREDO VHDUFK PHWKRGV
PRGLILFDWLRQV RI WKH ³SDUDERODV´ WXQQHO VHDUFK 3RZHOO 5RVHQEURFN FXUYLOLQHDU
VHDUFK SDUWDQ VSKHULFDO VHDUFK PHWKRGV SDUDERODVF WXQQHOF SRZHOOF
URVHQEURFNFFXUYLOLQHDUFSDUWDQFVSKHULFF 
 VHWRIVHDUFKDOJRULWKPVWKDWGRQ¶WXVHRQHGLPHQVLRQDORSWLPL]DWLRQPHWKRGV
/XXV±-DDNROD5DVWULJLQWDEXVHDUFKVWRFKDVWLFFRYHULQJVH[SHUWPHWKRGV
OXXVFUDVWULJLQFWDEXFVFRYHUFH[SHUWF 
 OLEUDU\ RI ³ELRLQVSLUHG´ DOJRULWKPV PRGLILFDWLRQV RI WKH JHQHWLF VHDUFK
GLIIHUHQWLDO HYROXWLRQ ELRJHRJUDSK\ SDUWLFOH VZDUP RSWLPL]DWLRQ ILUHIO\ IORZHU
SROOLQDWLRQKDUPRQ\VHDUFKWHDFKLQJ±OHDUQLQJEDVHGRSWLPL]DWLRQFXOWXUDOPHWKRGV
JDK JDSVRK GLIHYRK EERK SVRK ILUHIO\K IORZHUK KDUPRQ\K WOERK
FXOWXUDOK 
 VHWRIDOJRULWKPVIRUVROYLQJDX[LOLDU\SUREOHPVRIRQHGLPHQVLRQDORSWLPL]DWLRQ
 OLEUDU\ RI XQLYDULDWH JOREDO VHDUFK DOJRULWKPV PRGLILFDWLRQV RI WKH
(YWXVKHQNR 3L\DYVN\ 6WURQJLQ ³SDUDERODV´ %UHQW /HUD±6HUJH\HY ³FRPSUHVVLYH
VHDUFK´ PHWKRGV WKH FRPELQHG DOJRULWKP EDVHG RQ ³SDUDERODV´ DQG 6WURQJLQ
PHWKRGV =KLJOMDYVN\±=LOLQVNDV ³SUREDELOLVWLF´ 3DOJRULWKPV RQHBHYWXVKHQNRF
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RQHBSL\DYVN\F RQHBVWURQJLQF RQHBSDUDEROF RQHBEUHQWF RQHBOHUDF
RQHBFRQWUDFWLRQFRQHBVWURQJLQBSDUFRQHBSDOJRF 
 LPSOHPHQWDWLRQ RI WKH FRPELQHG %UHQW PHWKRG IRU RQHGLPHQVLRQDO ORFDO
VHDUFK RQHBORFBEUHQWF 
 VHW RI PXOWLYDULDWH ORFDO VHDUFK DOJRULWKPV %)*6 /%)*6 FRQMXJDWH JUDGLHQW
PHWKRGVJUDGLHQWGHFRPSRVLWLRQPHWKRG EIJVFOEIJVFFJPFUDLGHUF 
 OLEUDU\RIDOJRULWKPVIRUVROYLQJ&DXFK\SUREOHPV ɫDXFK\F 
 FROOHFWLRQ RI DOJRULWKPV IRU VROYLQJ DX[LOLDU\ ORZHUOHYHO SUREOHPV JHQHUDWLQJ
SVHXGRUDQGRP QXPEHUV FDOFXODWLQJ LQWHJUDOV LQWHUSRODWLQJ SKDVH FRRUGLQDWHV DQG WDEOH
YDOXHGFRQWUROVVROYLQJV\VWHPVRIOLQHDUHTXDWLRQVHWF VWDQGDUWF 
6HUYLFHDQGWRROPRGXOHV RIWKHVRIWZDUHSDFNDJHFRQVLVWRI
 PHDQVRIORJJLQJWKHFRPSXWDWLRQDOSURFHVV PDLQF 
 WRROVIRUFUHDWLQJFRQWUROSRLQWVRIWKHFRPSXWDWLRQSURFHVV PDLQF 
 WRROVIRUFDOFXODWLQJVWDWLVWLFVRQUXQQLQJDOJRULWKPV VWDWVK 
 WDEXODUDQGJUDSKLFDOPHDQVRIYLVXDOL]DWLRQRIFDOFXODWLRQUHVXOWV SRVWSURFK 
 PHDQVRIDFFRXQWLQJIRUDYDLODEOHDQDO\WLFDOIRUPXODVIRUJUDGLHQWV JUDGF 
 PHDQVRIYHULILFDWLRQRIDQDO\WLFDOIRUPXODVIRUGHULYDWLYHV JUDGF 
 DOJRULWKPVIRUGLIIHUHQWLDOHVWLPDWLRQRIGHULYDWLYHV JUDGF 
 PHDQVIRUFRQVWUXFWLQJDVXERSWLPDOVDPSOLQJJULG VHUYLFHF 
 DOJRULWKPVIRUHVWLPDWLRQRIHUURUVRILQWHJUDWLRQDQGVDPSOLQJ VHUYLFHF 
0HWDFRPSRQHQWVRIWKH0(237VRIWZDUHSDFNDJHDUH
 GLDORJXHV\VWHPWKDWLPSOHPHQWVDQLQWHUIDFHIRUWKHXVHU PDLQF 
 PHDQVRILQIRUPLQJDQGFRQVXOWLQJWKHXVHU LQIRUPF 
 PHDQVRIDXWRPDWLRQDQGFRQWURORIWKHSUREOHPVHWWLQJ PDLQF 
 DOJRULWKPVIRUSODQQLQJDQGDXWRPDWLRQRIFDOFXODWLRQV SODQQHUF 
 PHFKDQLVPVIRUVHWWLQJWKHSDUDPHWHUVRIDOJRULWKPV PDLQF 
&ROOHFWLRQ RI WHVW SUREOHPV 7R WHVW WKH 0(237 VRIWZDUH SDFNDJH WKH DXWKRUV RI WKH
SURMHFW DUH GHYHORSLQJ D VSHFLDOL]HG FROOHFWLRQ RI WHVW SUREOHPV FKDUDFWHUL]HG E\ GLIIHUHQW
OHYHOV RI FRPSOH[LW\ DQG VLPXODWLQJ VSHFLILF GLIILFXOWLHV LQKHUHQW LQ WKH VWXGLHG FODVVHV RI
SUREOHPV 7KH OLEUDU\ RI WHVW SUREOHPV LQFOXGHV ERWK PDWKHPDWLFDO SURJUDPPLQJ SUREOHPV
DQGSUREOHPVRIRSWLPL]DWLRQRIG\QDPLFDOV\VWHPV
5
5.1

OPERATING MODES OF THE SOFTWARE PACKAGE
Available operating modes

7KHVRIWZDUHSDFNDJHFDQIXQFWLRQLQWKUHHPRGHV
 ,QWHUDFWLYH ,Q WKH LQWHUDFWLYH PRGH WKH XVHU LV DOORZHG WR FRQWURO WKH FRXUVH RI WKH
FRPSXWDWLRQDOSURFHVVDQGWRFKRRVHWKHDOJRULWKPVIRUODXQFKLQJKLPVHOIXVLQJWKHGLDORJXH
V\VWHP
 %DWFK,QEDWFKPRGHWKHFDOFXODWLRQSURFHVVLVFDUULHGRXWZLWKRXWWKHSDUWLFLSDWLRQRI
WKHXVHUZKRJHQHUDWHVLQDGYDQFHIRUWKHFRPSXWHUERWKDSURJUDPVWDWHPHQWRIWKHSUREOHP
DQGDVHWRILQVWUXFWLRQVIRUH[HFXWLRQ
 '\QDPLF VFKHGXOHU ,Q WKH G\QDPLF VFKHGXOHU PRGH PXOWLPHWKRG VFKHPHV DUH
DXWRPDWLFDOO\ JHQHUDWHG EDVHG RQ WKH EDVLF DOJRULWKPV IURP WKH OLEUDU\ 7KH GHYHORSHG
YHUVLRQRIDSUREDELOLVWLFVLQJOHOHYHOG\QDPLFVFKHGXOHURIFRPSXWDWLRQVLVGHVFULEHGIXUWKHU
LQWKHSDUDJUDSK
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5.2.

Probabilistic single-level dynamic computation scheduler for the global search

7R HIIHFWLYHO\ VROYH FRPSOH[ SUREOHPV RI JOREDO RSWLPL]DWLRQ WKH XVH RI RQH PHWKRG LQ
VRPH FDVHV LV QRW HQRXJK $Q\ VXFFHVVIXO VHDUFK VWUDWHJ\ LV EDVHG RQ D EDODQFH EHWZHHQ
JOREDOVFDQQLQJRIWKHIHDVLEOHVHWDQGORFDOUHILQHPHQWRIWKHREWDLQHGDSSUR[LPDWLRQV7KH
SDSHU SURSRVHV D YDULDQW RI D SUREDELOLVWLF G\QDPLF VFKHGXOHU RI FDOFXODWLRQV IRU WKH JOREDO
VHDUFKSUREOHPLPSOHPHQWHGEDVHGRQWKHSURSRVHGRSWLPL]DWLRQDOJRULWKPV
7KHDOJRULWKPRIWKH³SUREDELOLVWLF´VFKHGXOHULVDVIROORZV
 $OO DOJRULWKPV DUH ODXQFKHG RQH E\ RQH IURP WKH VDPH VWDUWLQJ SRLQWV IRU D FHUWDLQ
WLPH
 )RU HDFK JOREDO VHDUFK DOJRULWKP DQ HVWLPDWH LV FDOFXODWHG ) k 'f PD[  'f k 
ZKHUH 'f k

k
k
f rec
 f  f rec
LV WKH UHFRUG YDOXH RI WKH IXQFWLRQ IRXQG E\ WKH k WK DOJRULWKP

f LV WKH JOREDO PLQLPXP YDOXH 'f PD[

PD[ 'f i  M LV WKH QXPEHU RI JOREDO VHDUFK

di d M

DOJRULWKPV
 )RUHDFKORFDOVHDUFKDOJRULWKPDQHVWLPDWH M k LVFDOFXODWHGXVLQJDIRUPXODVLPLODU
WRWKDWVSHFLILHGLQVWHS
 %DVHG RQ WKH HVWLPDWHV ) k REWDLQHG RQH RI WKH JOREDO VHDUFK DOJRULWKPV LV VHOHFWHG
DQGODXQFKHGLQDSUREDELOLVWLFZD\XQWLOWKHVWRSFULWHULRQLVPHW
 %DVHGRQWKHREWDLQHGHVWLPDWHV M k RQHRIWKHORFDOVHDUFKDOJRULWKPVLVVHOHFWHGDQG
ODXQFKHGLQDSUREDELOLVWLFZD\XQWLOWKHVWRSSLQJFULWHULRQLVPHWWRUHILQHWKHVROXWLRQIRXQG
DWVWHS
 ,IWKHFULWHULRQIRUVWRSSLQJWKHVFKHGXOHULVPHWLWVWRSVZRUNLQJRWKHUZLVHLWJRHVWR
VWHS
7KHSODQQHUWUDLQLQJPHWKRGRORJ\LVEDVHGRQWKHVHTXHQWLDOODXQFKRIDOOEDVLFJOREDOL]HG
DOJRULWKPV IURP WKH VDPH VWDUWLQJ SRLQWV WKH FDOFXODWLRQ RI HIILFLHQF\ HVWLPDWHV GHILQHG DV
WKHGLIIHUHQFHEHWZHHQWKHUHFRUGDQGWKHIRXQGDOJRULWKPYDOXHRIWKHREMHFWLYHIXQFWLRQDQG
WKHSUREDELOLVWLFUHVWDUWRIWKHDOJRULWKPVZLWKWKHEHVWHVWLPDWHV,QWKLVFDVHIRUDQ\RIWKH
EDVLF DOJRULWKPV D QRQ]HUR UHVWDUW SUREDELOLW\ UHPDLQV GHSHQGLQJ RQ WKH YHFWRU RI LWV
HVWLPDWHV VXPPHG XS DW LWHUDWLRQV LQ WKLV FDVH DFWLQJ DV D WUDLQLQJ PRGHO /RFDO VHDUFK
DOJRULWKPV DUH XVHG WR SHULRGLFDOO\ UHILQH WKH UHFRUG YDOXH RI WKH REMHFWLYH IXQFWLRQ E\ D
PHWKRG WKH FKRLFH RI ZKLFK DOVR GHSHQGV LQ D QRQGHWHUPLQLVWLF ZD\ RQ LWV VXFFHVV DW
SUHYLRXV LWHUDWLRQV 7KH FULWHULRQ IRU VWRSSLQJ WKH ZRUN RI WKH VFKHGXOHU LV H[FHHGLQJ WKH
VSHFLILHGWLPHOLPLW
6

CONCLUSIONS
x 7KHVRIWZDUHSDFNDJH0(237IRUWKHQXPHULFDOVROXWLRQRIPXOWLH[WUHPDORSWLPL]DWLRQ
SUREOHPVZDVGHYHORSHGXVLQJWKH&ODQJXDJHDQGWKH*&&FRPSLOHU,WRSHUDWHVXQGHU
/LQX[:LQGRZVDQG0DF26RSHUDWLQJV\VWHPV
x 7KH OLEUDULHV RI RSWLPL]DWLRQ DOJRULWKPV KDYH EHHQ FUHDWHG V\VWHPDWLFDOO\ GLYLGHG LQWR
VHYHUDOVXEVHWVEDVHGRQWKHJHQHVLVRIWKHDOJRULWKP$OODOJRULWKPVZHUHLPSOHPHQWHG
XVLQJXQLIRUPVRIWZDUHVWDQGDUGVDQGLQWHJUDWHGLQWRWKH0(237SDFNDJH
x 7KUHH RSHUDWLQJ PRGHV RI WKH GHYHORSHG VRIWZDUH SDFNDJH DUH DYDLODEOH LQWHUDFWLYH
EDWFKDQGG\QDPLFVFKHGXOHUPRGHV
x 7RGDWHSURWRW\SHVRIWKHPDLQPRGXOHVRIWKHSDFNDJHKDYHEHHQFRPSOHWHG
x 7KHWHFKQLFDOWHVWLQJRIWKHILUVWYHUVLRQRIWKHVRIWZDUHZDVFDUULHGRXW
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7

FUNDING

7KLVUHVHDUFKZDVIXQGHGE\ WKH5XVVLDQ)RXQGDWLRQIRU%DVLF5HVHDUFKSURMHFWQXPEHU
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TESTS OF SCRATCH RESISTANCE OF POLYMER
MATERIAL SURFACES
Janusz W. Sikora and Daniel Pieniak


/XEOLQ8QLYHUVLW\RI7HFKQRORJ\
1DGE\VWU]\FND'/XEOLQ
HPDLOMDQXV]VLNRUD#SROOXESO


8QLYHUVLW\RI(FRQRPLFVDQG,QQRYDWLRQ
3URMHNWRZD/XEOLQ
HPDLOGDQLHOSLHQLDN#ZVHLOXEOLQSO

Abstract
The paper presents the results of comparative tests of resistance to scratching of two polymer
samples made via the extrusion method. The first sample was a homogenous low-density polyethylene Lupolen 2426 H, while the second sample was a two-layer polymer of the same thickness with an outer layer of polypropylene Marlex HGX-030SP and an inner layer of Lupolen
2426 H. The Micro Scratch Tester and the Dektak 150 profilometer were used to perform the
appropriate measurements. The following values were recorded: coefficient of friction, force
of friction, depth of indenter penetration and residual depth after scratching. Surface profilograms and boxwhisker diagrams of hardness, width of the gap and area of the crack crosssection were made. The results of the research indicate the possibility of applying polypropylene to a layer protecting low-density polyethylene against mechanical damage, especially
against scratches.
Keywords:3RO\HWK\OHQH3RO\SURS\OHQH6FUDWFKUHVLVWDQFH6FUDWFKWHVW3URILORPHWHU
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1

INTRODUCTION

6FUDWFKHVPD\RFFXUGXULQJPDQXIDFWXUHDVVHPEO\WUDQVSRUWDQGRSHUDWLRQXQGHUH[SHFWHG
RSHUDWLQJFRQGLWLRQV>@,QDVFUDWFKWHVWWKHPDWHULDOVXUIDFHUHVLVWDQFHLVPHDVXUHGEDVHGRQ
WKHFKDUDFWHULVWLFSDUDPHWHUVRIVFUDWFKUHVLVWDQFHHJWKHIULFWLRQIRUFH 4XDQWLWDWLYHO\WKH
GHJUHHRIVFUDWFKUHVLVWDQFHFDQEHDOVRUHODWHGWRWKHVFUDWFKZLGWKGHSWK 5G RUWKHSURGXFHG
JURRYHYROXPH>@7KHVFUDWFKLWVHOILVDOVRVXEMHFWWRPDFURVFRSLFTXDOLWDWLYHHYDOXDWLRQ$
VFUDWFKRQDSRO\PHUPDWHULDOVXUIDFHFDXVHVDFRQFHQWUDWLRQRIVWUHVVDQGGHFUHDVHVGXUDELOLW\
XQGHURSHUDWLQJFRQGLWLRQVXQGHUZKLFKWHQVLOHEHQGLQJDQGLPSDFWORDGVRFFXUDOVRZLWKD
IDWLJXHFKDUDFWHU>@,QFRQVHTXHQFHVWUXFWXUHVZLWKWKLVW\SHRIGDPDJHWHQGWRVKRZ³VWUHVV
ZKLWHQLQJ´ZKLFKKDVDQDGYHUVHLPSDFWRQWKHDSSHDUDQFHRIWKHVXUIDFH7KLVSKHQRPHQRQ
LVFRQQHFWHGZLWKWKHIRUPDWLRQRIFRKHVLYHPLFURGDPDJHZKLFKUHIOHFWVDQGUHIUDFWOLJKWV
ZDYHV7KLVLVSDUWLFXODUO\LPSRUWDQWIRUDSSOLFDWLRQVLQZKLFKVXUIDFHDHVWKHWLFVLVHVVHQWLDO>
@,QWKHSDSHU>@LWZDVFRQILUPHGWKDWWKHVFUDWFKVWUHVVYDOXHLVFRQQHFWHGQRWRQO\ZLWK
WKH LQGHQWHU VKDSH DQG DSSOLHG ORDG EXW DOVR ZLWK WKH YHORFLW\ ,W LV DOVR LQIOXHQFHG E\ WKH
VWUXFWXUDOSURSHUWLHVRIWKHSRO\PHUPDWHULDOLHWKHULJLGLW\KDUGQHVVDQGIOH[LELOLW\%DVHGRQ
WKH UHVHDUFK LQFOXGHG LQ WKH SDSHUV > @ LW ZDV HVWDEOLVKHG WKDW WR REWDLQ JRRG VFUDWFK
UHVLVWDQFHLWLVQHFHVVDU\WRPDLQWDLQEDODQFHEHWZHHQULJLGLW\DQGIOH[LELOLW\7KHLPSRUWDQFH
RIWKHVHSDUDPHWHUVZDVZHOOH[SODLQHGXVLQJWKHH[DPSOHLQFOXGHGLQWKHSDSHU>@'LDPRQG
EHLQJWKHKDUGHVWDQGPRVWULJLGPDWHULDOLVUHVLVWDQWWRLQGHQWDWLRQDQGVFUDWFKLQJ+RZHYHU
HODVWRPHU ³SHUIHFW UXEEHU´ DFFRUGLQJ WR >@ LV IOH[LEOH  FDSDEOH RI PDMRU GHIRUPDWLRQV
FRPSOHWHO\ UHYHUVLEOH QRQSHUPDQHQW  DIWHU WKH ORDG LV UHPRYHG 7KHRUHWLFDOO\ WKHVH WZR
PDWHULDOVIHDWXUHWKHKLJKHVWVFUDWFKUHVLVWDQFHGXHWRVXUIDFHGHIRUPDWLRQDQGFRKHVLYHGDPDJH
FDXVHGE\FRQWDFWVWUHVVHV7KHKLJKVKDUHRIFU\VWDOOLQHSKDVHLQWKHPDWHULDOFRQWULEXWHVWR
VFUDWFKUHVLVWDQFHDVZHOO>@+RZHYHUPRVWSRO\PHUPDWHULDOVDUHVXVFHSWLEOHWRGDPDJH
LQWKHIRUPRIVFUDWFKHV$VFUDWFKWHVWDQGVFUDWFKHYDOXDWLRQPHWKRGZDVGHVFULEHGLQWHFKQLFDO
VWDQGDUG$670*>@
7KHSXUSRVHRIWKHSDSHULVWRSURYHWKHSRVVLELOLW\RILQFUHDVLQJWKHVFUDWFKUHVLVWDQFHRI
SURGXFWVPDGHRIPDWHULDOVVXEMHFWWRPHFKDQLFDOIDFWRUVGXULQJVWRUDJHSDFNDJLQJWUDQVSRUW
DVVHPEO\DQGFOHDQLQJGXHWRWKHVSHFLILFVRIWKHLUXVH
2

TEST CHARACTERISTICS

2.1 Test object
7KHWHVWREMHFWVZHUHF\OLQGULFDOFRPSRQHQWVPDGHRISRO\HWK\OHQHSLSHDQGWZROD\HUHG
SRO\SURS\OHQHSRO\HWK\OHQH SLSH ZLWK D FLUFXODU VKDSH RI FURVVVHFWLRQ )LJ   'XH WR WKH
GLPHQVLRQV RI SURYLGHG VDPSOHV WKH\ ZHUH FXW XVLQJ D ODERUDWRU\ FXWWHU 7KH ORZGHQVLW\
SRO\HWK\OHQHFDOOHG/XSROHQ+XVHGWRSURGXFHDXQLIRUPSRO\HWK\OHQHSLSHZDV

)LJXUH6DPSOHVXVHGLQVFUDWFKUHVLVWDQFHWHVWV

PDQXIDFWXUHGE\/\RQGHOO%DVHOO 7DE DQGLQFOXGHGDVOLSDQGDQWLEORFNLQJDJHQWLWZDV
SULPDULO\GHVLJQHGIRUILOPH[WUXVLRQ,QWXUQWRSURGXFHWKHWZROD\HUSLSHWKHLQWHUQDOOD\HU
ZDVFRDWHGZLWKDSRO\SURS\OHQHFDOOHG0DUOH[+*;63PDQXIDFWXUHGE\6DXGL3RO\PHUV
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&RPSDQ\ 7DE ZKLOHWKHLQWHUQDOOD\HUZDVPDGHRIWKHVDPHORZGHQVLW\SRO\HWK\OHQHDV
WKHXQLIRUPSLSH
3URSHUW\
'HQVLW\
0HOWIORZUDWH 0)5 
7HQVLOHVWLIIQHVVPRGXOXV
7HQVLOH\LHOGOHQJWK
7HQVLOHVWUHQJWK
/RQJLWXGLQDO
7UDQVYHUVH
8OWLPDWHHORQJDWLRQ
/RQJLWXGLQDO
7UDQVYHUVH
9LFDWVRIWHQLQJWHPSHUDWXUH $ 
R
&K1 
0HOWLQJSRLQW

7HVWPHWKRG
,62
,62
,62
,62
,62


,62



9DOXH











8QLW
NJPñ
JPLQ
03D
03D

03D
03D




,62



&

,62



&




7DEOH3URSHUWLHVRIWKHORZGHQVLW\SRO\HWK\OHQH/XSROHQ+E\/\RQGHOO%DVHOO


3URSHUW\
'HQVLW\
0HOWIORZUDWH 0)5 FRQGLWLRQV
&NJ
7HQVLOHVWUHQJWK
PPPLQ
,]RGQRWFKLPSDFWVWUHQJWKR&
(ODVWLFLW\PRGXOXV
'W\SHKDUGQHVV
+HDWGHIOHFWLRQWHPSHUDWXUH03D

7HVWPHWKRG
$670'
$670'

9DOXH



8QLW
NJP
JPLQ

$670'



03D

$670'
$670'
$670'
$670'






-P
03D

&

7DEOH3URSHUWLHVRISRO\SURS\OHQHXQGHUWKHWUDGHQDPH0DUOH[+*;63E\6DXGL3RO\PHUV&RPSDQ\ 


2.2 Test method
7KHWHVWRIVFUDWFKUHVLVWDQFHZDVFRQGXFWHGRQWKH0LFUR6FUDWFK7HVWHU 067 PDQXIDFWXUHG
E\$QWRQ3DDUDFFWRWKHGLDJUDPVKRZQLQ)LJ$5RFNZHOOLQGHQWHULQWKHIRUPRIDGLDPRQG
FRQHZLWKDFXUYDWXUHUDGLXVRIPPZDVXVHG7KHLQGHQWHUZDVORDGHGXVLQJWKHFRQVWDQWQRU
PDOIRUFH )Q RI1ZLWKWKHYHORFLW\RI1V
7KHQDVFUDWFKZDVPDGHDORQJWKHVHJPHQWRIPPZLWKWKHYHORFLW\RIPPPLQ 'XULQJ
WKHWHVWWKHIROORZLQJSDUDPHWHUVZHUHUHFRUGHGDWDIUHTXHQF\RI+]IULFWLRQFRHIILFLHQW P 
IULFWLRQ IRUFH )W  LQGHQWHU SHQHWUDWLRQ GHSWK 3G  DQG UHPDLQLQJ GHSWK DIWHU VFUDWFK 5G  $
³SUHVFDQ´DQG³SRVWVFDQ´ZHUHFRPSOHWHGWRLGHQWLI\WKHVXUIDFHSURILOH
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)LJXUH6FUDWFKUHVLVWDQFHWHVWGLDJUDP

7KHVFUDWFKZDVHYDOXDWHGXVLQJDQRSWLFDOPLFURVFRSHFRXSOHGZLWKWKH0677KLVGHYLFHRQO\
HQDEOHGWKHPHDVXUHPHQWRIVFUDWFKZLGWK6: )LJ 

)LJXUH0HDVXUHPHQWRIVFUDWFKZLGWKZDVPDGHXVLQJDQRSWLFDOPLFURVFRSH

'XHWRWKHVPDOOGLIIHUHQFHVLQWKHZLGWKRIVFUDWFKHVPHDVXUHGXVLQJWKHRSWLFDOPLFURVFRSH
RQWKHVXUIDFHRIERWKWHVWHGPDWHULDOVDKLJKHUSUHFLVLRQPHDVXUHPHQWPHWKRGZDVXVHG,Q
WKHWHVWVWKH'HNWDNFRQWDFWSURILORPHWHUZDVXVHG7KHSURILORPHWHUHQDEOHV'WRSRJUD
SK\PHDVXUHPHQWVDQG'VXUIDFHPHDVXUHPHQWVZLWKWKHUHVROXWLRQRIȝPRQWKH=D[LV
7KHHTXLSPHQWLQFOXGHVPHDVXULQJWLSV UHSODFHDEOHVW\OL ZLWKDFXUYDWXUHUDGLXVRIȝP
DQGȝP,QWKHVXEMHFWWHVWVDVW\OXVZLWKDFXUYDWXUHUDGLXVRIȝPZDVXVHGWRZKLFKD
IRUFHHTXLYDOHQWWRPJZDVDSSOLHG7KHPHDVXUHPHQWUHVROXWLRQZDVGHWHUPLQHGDWȝP
7KHPHDVXUHPHQWSDWKZDVLQWKHUDQJHRIȝP )LJ 7KHXVHRIDSURILORPHWHU
HQDEOHGWKHGLVFRYHU\RIWKHFKDUDFWHURIPDWHULDOGHIRUPDWLRQ7KHIRUPDWLRQRIWKHVFUDWFKLV
FRQQHFWHGZLWKWKHIRUPDWLRQRISHUPDQHQWSODVWLFGHIRUPDWLRQVQRWRQO\RQWKHERWWRPRIWKH
JURRYHEXWDOVRRQLWVODWHUDOHGJHVLQWKHIRUPRIWKHVRFDOOHGSODVWLFSLOHXS6FLHQWLILFSDSHUV
RQWKHVFUDWFKUHVLVWDQFHRISRO\PHUPDWHULDOVHJ>@UHSRUWHGWKDWWKHVFUDWFKZLGWK
VKRXOGEHPHDVXUHGLQFOXGLQJWKHSODVWLFSLOXSVRQJURRYHHGJHVZKLFKLVLPSRVVLEOHWRGH
WHUPLQHXVLQJWKHRSWLFDOPLFURVFRSHLHLWLVLPSRVVLEOHWRLGHQWLI\WKHKLJKHVWSRLQWVRISODVWLF
SLOHXSV )LJ 
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)LJXUH0HDVXUHPHQWRIVORWZLGWK 6: DVWKHGLV
WDQFHEHWZHHQWKHKLJKHVWSRLQWVRISODVWLF³SLOHXSV´
WKHZLGWKRIWKHJUHHQDUHD DQGWKHVXUIDFHDUHDRIWKH
VORWVHFWLRQ6DU

)LJXUH0HDVXUHPHQWRIVXUIDFHSURILOH
DWWKHVFUDWFKSRLQW

)RUDEHWWHULOOXVWUDWLRQRIWKHPDJQLWXGHRIWKHGDPDJHWRWKHVXUIDFHRIWHVWHGPDWHULDOVWKH
VXUIDFH DUHD RI WKH JURRYH VHFWLRQ 6DU ZDV PHDVXUHG DV ZHOO 7KH KRUL]RQWDO D[LV ³´ ZDV
URXWHGWKURXJKWKHKLJKHVWSRLQWVRISODVWLFSLOXSV7KHYHUWLFDOOLQHVOLPLWLQJWKHPHDVXUHPHQW
UDQJH³0´DQG³5´SDVVHGWKURXJKWKHVHSRLQWVDVZHOO,QFRQVHTXHQFHWKHVXUIDFHDUHDZDV
PHDVXUHGLQWKHDUHDOLPLWHGE\WKHD[LV³´WKHOLQHV³0´DQG³5´DQGWKHVXUIDFHSURILOH,V
ZRUWKQRWLQJWKDWWKHSDUDPHWHU6DUZDVQRWFRQVLGHUHGLQWKHHYDOXDWLRQRIVFUDWFKHVLQSDSHUV
>@KRZHYHULWZDVRIWHQXVHGLQSDSHUVLQWKHILHOGRIWULERORJ\%DVHGRQWKHREWDLQHG
UHVXOWVRIVFUDWFKJHRPHWU\H[DPLQDWLRQWKHVFUDWFKKDUGQHVV+VZDVFDOFXODWHGDVZHOO7KH
+VSDUDPHWHUZDVFDOFXODWHGDFFRUGLQJWRWKHIRUPXODLQFOXGHGLQWKHSDSHU>@


ZKHUH
+VVFUDWFKKDUGQHVVLQ1PP
)QQRUPDOIRUFHLQ1
6:VORWZLGWKLQPP
[SDUDPHWHUDVVXPHGLQWKHUDQJHRIyLQWKLVUHSRUWWKHYDOXHRIZDVDVVXPHG
DFFRUGLQJWR>@
3

TEST RESULTS

3.1 Results of measurements on the MST scratch tester
7KHFKDUDFWHULVWLFSDUDPHWHUVRIWKHVFUDWFKGDPDJHRQWKHVXUIDFHRIWKHWHVWHGPDWHULDOVLV
SUHVHQWHGLQSORWV )LJ ,QWKHSORW )LJ DYHUDJHFXUYHVFRUUHVSRQGLQJWRWKHSHUPD
QHQW VFUDWFK GHSWK 5G  DUH MX[WDSRVHG 7KH VKDSH RI 5G FXUYHV LV GLIIHUHQW ZKLFK LV PRVW
SUREDEO\FRQQHFWHGZLWKWKHGDPDJHIRUPDWLRQPHFKDQLVP )LJDQG 
,Q)LJXUHWKHLQGHQWHUSHQHWUDWLRQGHSWKXQGHUQRUPDOORDG 3G LVSUHVHQWHG7KHLQGHQ
WDWLRQ3GLQFOXGHGSODVWLFDQGHODVWLFGHIRUPDWLRQVRIWKHPDWHULDOVXUIDFH+LJKHU3GYDOXHV
ZHUHQRWHGLQWKH3(PDWHULDO7KHSHQHWUDWLRQGHSWKLQWKH3(PDWHULDOZDVWZRWLPHVKLJKHU
WKDQLQWKH33PDWHULDO
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)LJXUH3LQSRLQWSHQHWUDWLRQGHSWK 3G 
GXULQJVFUDWFKWHVW XQGHUQRUPDOIRUFHRI
1 PE, PP 

)LJXUH$YHUDJHSHUPDQHQWVFUDWFKGHSWK
5G RQWKHVXUIDFHRIWHVWHGSRO\PHUPDWHULDOV
PE, PP 

)LJXUH$YHUDJHFRXUVHVRIIULFWLRQFRHIILFLHQW
 GXULQJVFUDWFKWHVW XQGHUQRUPDOIRUFHRI
1  PE, PP 

)LJXUH$YHUDJHFRXUVHVRIIULFWLRQIRUFH
)W GXULQJVFUDWFKWHVW XQGHUQRUPDOIRUFHRI
1  PE, PP 

,Q)LJXUHVDQGWKHDYHUDJHFRXUVHVRIWKHIULFWLRQIRUFH )W DQGIULFWLRQFRHIILFLHQW P 
DUH VKRZQ 7KH FRXUVHV GR QRW RYHUODS 7KH IULFWLRQ IRUFH FRUUHVSRQGLQJ WR WKH VFUDWFK UH
VLVWDQFHRIWKHPDWHULDOLVKLJKHUIRUWKH33PDWHULDO$OVRDQRQOLQHDU)WDQGPFRXUVHIRUWKH
33PDWHULDOLVVKRZQZKLFKLVSUREDEO\FRQQHFWHGZLWKWKHGDPDJHGHVWUXFWLRQ7KH33PDWH
ULDOGHVWUXFWLRQPHFKDQLVPGLIIHUVIURPWKH3(GHVWUXFWLRQPHFKDQLVP)RU33FRKHVLYHGDP
DJHLQWKHIRUPRIFRQIRUPDOPLFURFUDFNVDSSHDUDWWKHERWWRPRIWKHJURRYH

)LJXUH7KHRSWLFDOPLFURVFRSHLPDJHRIWKHVFUDWFKHGVXUIDFHRIWKH33PDWHULDO OHQV2O\PSXV[DSHU
WXUH 
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7KLVW\SHRIGDPDJHLVIRUPHGGXULQJDPDWHULDOJURRYLQJUHVSRQVHWHVW7KHHGJHVRIWKHJURRYH
DOVRVKRZPLFURFUDFNVFDXVHGE\PDWHULDOEXFNOLQJXQGHULQGHQWHU )LJ 7KLVGDPDJHLVUH
IOHFWHGLQWKHQRQOLQHDUFRXUVHVRI5G)WDQGPFXUYHV,QFDVHRIWKH3(PDWHULDOQRVXFKGDPDJH
LVQRWHG2QO\GDPDJHUHODWHGWRPLFURFXWWLQJLVYLVLEOHDFFRUGLQJWRWKHLQGHQWHUVKLIWGLUHFWLRQ
)LJ 

)LJXUH7KHRSWLFDOPLFURVFRSHLPDJHRIWKHVFUDWFKHGVXUIDFHRIWKH3( OHQV2O\PSXV[DSHUWXUH 

3.2 Results of tests on the Dektak 150 profilometer
,Q)LJXUHDQGWKHVHOHFWHGSURILORJUDPRIWKHVFUDWFKGDPDJHGVXUIDFHVRIWHVWHGPDWHULDOV
DUHMX[WDSRVHG

)LJXUH3URILORJUDPRIWKHVFUDWFKGDPDJHGVXU
IDFHRIWKH3(PDWHULDO 6: PP6DU 
PP 

)LJXUH3URILORJUDPRIWKHVFUDWFKGDPDJHGVXU
IDFHRIWKH33PDWHULDO 6: PP6DU 
PP 

,Q)LJXUHVDQGER[SORWVDUHSUHVHQWHGFRUUHVSRQGLQJWRWKHUHPDLQLQJVORWZLGWK6:
DQGWKHVXUIDFHDUHDRIWKHVFUDWFKVHFWLRQ6DUUHVSHFWLYHO\

)LJXUH%R[SORWRIWKHVXUIDFHDUHDRIVFUDWFK
VHFWLRQ6DU

)LJXUH%R[SORWRIWKHVFUDWFKZLGWK6:
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,Q)LJXUHDER[SORWRIWKHVFUDWFKWHVWKDUGQHVV+VLVVKRZQ










)LJXUH%R[SORWRIWKHVFUDWFKWHVWKDUGQHVV+V


4

CONCLUSIONS
7KHIROORZLQJPDMRUFRQFOXVLRQVPD\EHGUDZQIURPWKHFRPSOHWHGWHVWV
x $FFRUGLQJWRWKHPHWKRGRORJ\DVVXPHGLQVSHFLDOLVWOLWHUDWXUHWKHPHDVXUHPHQWRIPDJQL
WXGHRIVFUDWFKGDPDJHLVWKHFRUUHVSRQGLQJVFUDWFKZLGWK 6: 7KHDYHUDJHVFUDWFKZLGWK
RQWKHVXUIDFHRIWKH3(PDWHULDOZDVDOPRVWWZRWLPHVJUHDWHUWKDQWKHDYHUDJHYDOXHRIWKH
VDPHSDUDPHWHUIRUWKH33PDWHULDO%DVHGRQWKLVFULWHULRQWKH33PDWHULDOIHDWXUHVKLJKHU
VFUDWFKUHVLVWDQFH
x ,QWKHTXDQWLWDWLYHHYDOXDWLRQRIVFUDWFKUHVLVWDQFHWKH+VSDUDPHWHULVXVHIXODVZHOO,Q
VSHFLDOLVWOLWHUDWXUHLWLVXVHGLQFRPSDUDWLYHVWXGLHV7KHDYHUDJHYDOXHRIWKLVSDUDPHWHU
IRUWKH33PDWHULDOLVPRUHWKDQWKUHHWLPHVJUHDWHUWKDQWKH+VYDOXHRIWKH3(PDWHULDO
x 7KH6DUSDUDPHWHUVKRZVDUHYHUVHRSSRVLWHWRWKH6:DQG+VSDUDPHWHUV+RZHYHULWLVQRW
DVFRPPRQO\XVHGLQWKHVFUDWFKUHVLVWDQFHWHVWVRISRO\PHUPDWHULDOVXUIDFHVDVWKH6:DQG
+VSDUDPHWHUV
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